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Abstract

We show that the Hedge Algorithm, a method that is widely used in Machine Learn-
ing, can be interpreted as a particular subgradient algorithm for minimizing a well-chosen
convex function, namely as a Mirror Descent Scheme. Using this reformulation, we es-
tablish three modificitations and extensions of the Hedge Algorithm that are better or at
least as good as the standard method with respect to worst-case guarantees. Numerical
experiments show that the modified and extended methods that we suggest in this paper
perform consistently better than the standard Hedge Algorithm.
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1 Introduction

The Weighted Majority Algorithm, discovered by Littlestone and Warmuth [I0] in the mid-
nineties, has acquired a prominent status in Online Machine Learning. This algorithm aims at
learning how to place smarter and smarter bets on the outcome of a repeated game. Freund
and Schapire [5] have introduced its natural generalization, namely the Hedge Algorithm.
Using a particularly simple and elegant reasoning, they have obtained convergence guarantees
for this algorithm, and they showed how it can be related to their now widely used AdaBoost
Algorithm.

In this paper, we propose an alternative viewpoint on the Hedge Algorithm, using methods
and techniques from Convex Analysis and Convex Optimization. We show how the Hedge
Algorithm can be expressed as a particular subgradient algorithm for minimizing a well-
chosen convex function, namely as a Mirror Descent Scheme [I1]. An immediate adaptation of



standard complexity results on subgradient algorithms allows us to derive optimal parameters
for the Hedge Algorithm and to improve the convergence guarantee of the Hedge Algorithm
obtained in [5] slightly. Freund and Schapire’s analysis of the Hedge Algorithm is based on an
assumption that we do not need when we interprete their algorithm as a subgradient method.
Eliminating this unnecessary restriction enables us to formulate an alternative version of the
Hedge algorithm with a worst case guarantee that is further improved.

Some extensions of these Mirror Descent Algorithms with provable convergence guarantees
have recently been introduced by Nesterov in [I4]. Adapting these extensions to the Hedge
Algorithm, we obtain a new method that requires less a priori information on the repeated
game, but performs in the worst case asymptotically at least as well as previous schemes.
Comparing the different methods with respect to the computational time they need, all mod-
ifications and extensions of the Hedge Algorithm that we derive in this paper are roughly
as efficient as the Hedge Algorithm. Finally, numerical results show that these modified or
extended methods perform consistently better than the standard Hedge Algorithm.

We review the necessary concepts and algorithms of Convex Optimization in Section
We start from the most simplistic Gradient and Subgradient Algorithms. We show how these
elementary Subgradient Algorithms have extended naturally to Mirror Descent Methods [11],
which were further extended to Primal-Dual Subgradient Algorithms [I4]. These two last
classes of Subgradient Methods are meant to minimize a convex function over a convex set
using from the objective function exclusively first-order information. Moreover, Nemirovski
and Yudin [IT] have proved that these methods have an optimal worst-case complexity, in the
sense that whatever first-order method one might use, there always exists a convex function
whose minimization needs a computational effort that is at least proportional to this worst-case
complexity.

Mirror Descent Methods and Primal-Dual Subgradient Algorithms are flexible and robust
enough to allow the use of approximate first-order information on the objective function. Of
particular interest is the situation where the objective function is the expectation of some
parametrized integrable function. If we do not have access to the exact value of the objec-
tive function and to its subgradient, we can try to approximate these objects by sampling
the underlying random variable. Nesterov showed that the expected output of Primal-Dual
Subgradient Algorithms is the solution to the original problem. We complete his result in
Theorem by providing a probabilistic guarantee on this output.

We briefly recall how the Hedge Algorithm works in Section [3] The algorithm attributes
scores to some possible strategies. Those scores are altered individually at every iteration in
view of the loss that the corresponding strategy has faced. The way these scores are modified
depends on how these losses are perceived by the algorithm. We describe simple strategies
that ensure the convergence of the corresponding Hedge Algorithm. Interestingly, one of them

can be interpreted as an approximation of the utility function over gains and losses used in
Prospect Theory [8] [9].



In Section @l we show how the Hedge Algorithm can be expressed as a Mirror Descent
Algorithm that uses (approximate) first-order information. This observation allows us to
address several issues concerning the standard Hedge Algorithm from a new viewpoint: what
is an optimal update strategy? How do we optimally perceive losses? What do we achieve by
extending the Hedge Algorithm the very same fashion that Nesterov extended Mirror Descent
Schemes into Primal-Dual Subgradient Algorithms? Based on these questions, we derive new
methods, the Standard Hedge Algorithm with Optimal Update Parameter, the Optimal Hedge
Algorithm, and the Optimal Exponential Weights Update Method.

We test these three schemes versus the Hedge Algorithm in Section The proof of a
technical result is left to the Appendix of the paper.

2 Subgradient methods in convex optimization

We give in this section a brief account on subgradient methods for convex optimization prob-
lems. As this topic has been studied extensively and developed dramatically during the last
forty years (see e.g. [11l, [I5], [16] and the references therein), we focus on a few results that are
relevant for our analysis of the Hedge Algorithm.

The most elementary gradient method solves unconstrained convex optimization problems,
where the objective function f : R™ — R is convex and differentiable. Starting from a given
point xg, the algorithm generates a sequence xp.1 = xp — \pf'(x), where A\, > 0 is an
appropriate step-size and the gradient f’(xy) is the vector for which

/ T f(xk+)\h)_f(xk)
f'(an)"h = Lim "

vV heR"™

(Note the choice of the standard dot product in the left-hand side.) Many strategies exist for
fixing the step-size, from a simple approximate line-search method to extremely elaborated
techniques (see e.g. [17]).

If the convex function f is not differentiable, but its epigraph is still closed, i.e., f is closed,
we can use a subgradient g, as a substitute for the gradient f’(zy), that is an element of the
set:

Of (xp) :={g € R™ : f(x) > f(xp) + g7 (x — ) for all z € R"}. (1)

The above set comprises all the vectors that describe affine spaces passing through (xy, f(xx))
and defining half-spaces that contain the entire epigraph of f. Closedness and convexity of f
ensure that this set is not empty on points zp in the relative interior of the domain of f. If
the convex function f is differentiable in xy, the set 0 f(xy) contains only one element, namely
1/ (x). We will use later the following equivalent way of defining the elementary subgradient



algorithm x4 := xx — A\pgr, where \; > 0 is an appropriate step-size and g € Of (xy):
k T 1
= i \igi — “lz —z0l]5 ¢ . 2
Ther 1= arg min <; zgz> (= 20) + 5[z — woll3 (2)

For constrained problems, the simplest strategy consists in using for ;11 the Euclidean pro-
jection of the point x; — Argr on the feasible set.

This elementary subgradient algorithm suffers from several inconsistencies. From a purely
mathematical viewpoint, the most visible one is due to the definitions of gradient and sub-
gradient. These objects depend on a scalar product — namely the dot product — that we
have chosen arbitrarily. However, there is no reason to believe that our optimization problem
is particularly well adapted to the geometry that this scalar product induces. In the next
subsections, we briefly describe how this issue and some others have been addressed, leading
to the design of new subgradient-type algorithms.

2.1 Mirror Descent Schemes

The family of Mirror Descent Schemes, designed by Nemirovski and Yudin (see Chapter 3 in
[11]), constitutes an answer to the mathematical inconsistency we have pointed out above. As
many variants of these algorithms exist, we have preferred to use the version that can be best
compared with Nesterov’s Primal-Dual Algorithm introduced in the next subsection.

Let us formalize our setting. We write E for a Euclidean space of dimension n and (-, )
for its scalar product. We designate by E* its dual, i.e., the set of all linear applications from

E to R. We denote by || - || a norm on F — not necessarily the norm induced by the scalar
product — and by || - ||« its corresponding dual, defined as:
[|h]|« == max (h,z), h e E*.
||l=[[=1

The definition () of subgradient can be easily extend to our more general setting (i.e., when
the scalar product is not necessarily the standard dot product):

Of (z) :={g9g € R": f(x) > f(ar) + (g, — ) for all z € R"}.

We will use this definition of subgradient from now on.

Mirror Descent Schemes solve convex optimization problems that are formulated as:

fr= gggf(w),

where () C F is a closed convex set. The function f: Q — R is closed, convex, and equipped
with an oracle, that is a device (e.g. a piece of compiled code) that takes as input a point



x € @ and returns the value f(x) and a subgradient g € f(x). In addition, we equip @ with
a marror operator: a function Vg that maps a point in E* to a point in (). The precise form
of the mirror operator Vg will be defined later.

A Mirror Descent Scheme accumulates subgradients in a dual variable, that is, a variable
in E*, and projects this variable back (or mirrors it) in @ using Vj.

Algorithm 2.1 Set s := 0, select a set of step-sizes {\; }i>0 and a starting point xo € Q.
for k>0,

Determine a g € 0f (xg).

Set Sk+1 = Sk — )\kgk.

Compute w11 = Vo(skp+1).
end [ |

Remark 2.1 The above algorithm corresponds to the scheme described in Section 4.1 in [{),
where, according to their notation, we have taken X =Y. In particular, our simplified version
does not require the use of a separator from Q. [ |

Let us now discuss the construction of the mapping V. Mirror Descent Schemes require a
proz-function d : Q — R, that is, a strongly convex continuously differentiable function: there
exists o > 0 such that for every x,y € Q,

dly) > d(x) + (d (2),y — =) + Sy — ]

Also, we assume that d has a minimizer xg on ). This minimizer is then unique by strong
convexity, and we use it as starting point in the above algorithm.

Let us now define:

Vo(s) := arg I;léié({(S, x —x0) — d(z)}.

This maximizer is well-defined and unique since d is strongly convex. We assume that the
structure of @) and of d are simple enough for Vi(s) to be easily computable. Note that
the standard subgradient algorithm for unconstrained problems is exactly a Mirror Descent
Scheme with d(z) := ||z — z¢|3/2 (for s := — Zf:o Aigi, compare the definition of Vg with
@)). Also, the mapping Vg corresponds to the standard Euclidean projection when the prox-
function d(z) is ||=||3/2, for which xg = 0.

Nemirovski and Yudin have determined the complexity of the above algorithm. We display
here the version appearing in the paper [14], which corresponds better to our setting.

Theorem 2.1 (Consequence of Theorem 1 in [14]) Assume that there exists a constant
D such that D > d(z*), where z* € Q and f(z*) = f*. With fr := min{f(x;) : 0 <1i < k},



we have:
1 1 &
o= < —=—— D+ =) Mal?].
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If the subgradients are uniformly bounded, in particular if there is a constant I" for which
llgill« < T for all 7, Nesterov has observed in [14] that the above algorithm is guaranteed to
converge as long as Z?:o \; diverges and Z?:o )\? converges as k goes to infinity. The latter
condition implies that the weights \; converge to 0. However, the common sense dictates that
new subgradients should be treated with more consideration than old ones as they are likely
to contain more relevant information. Nesterov’s Primal-Dual Subgradient Algorithm resolves
this apparent contradiction.

2.2 Nesterov’s Primal-Dual Subgradient Algorithm

Nesterov’s Primal-Dual Subgradient Algorithm [14] can be understood as a generalization of
the Mirror Descent Algorithm presented in the previous section. This method also solves
convex problems of the form:

min f(z),

where the only information on f is available through an oracle that returns the value of f
and one of its subgradient at an input point. As for standard Mirror Descent Schemes, we
choose a prox-function d : @) — R that is o-strongly convex with respect to the norm || - || and
minimized on @ in xg, where d(zg) = 0. We use this prox-function to construct a parametric
mirror operator. Given a parameter value § > 0, we set:

Vo, p(s) == arg mag(s,x — x9) — fd(x).
Te

Following Nemirovski and Yudin’s strategy, Nesterov’s Algorithm constructs a sequence of
points in the dual space and project it on the feasible set Q).

Algorithm 2.2 Set s := 0, select a set of step-sizes {\;}r>0 and a non-decreasing sequence
{Br}r>0 of projection parameters. Set xy := argmin{d(z) : x € Q}.
for k>0,
Determine a gy, € Of (xg).
Set Sk+1 ‘= Sk — )\kgk.
Compute xpy1 := Vg, (Skr1)-
end u



For 8, = 1 for any k, we recover Nemirovski and Yudin’s Mirror Descent Scheme 211 In
his paper, Nesterov [14] has determined the complexity of the generalized algorithm. In order
to bound the duality gap, Nesterov employed a quantity, which we define in this paper as:

k
Ry := max{zx\i (gisxi —x): z€Q, dx) < D}.

1=0

Observe that the above quantity can be easily related to the notion of regret used in the
Machine Learning community. For unitary weights A\; = 1, the above quantity coincides with
the standard definition of regret from Machine Learning. We will discuss this quantity in more
details in the subsequent sections.

Theorem 2.2 (Theorem 1 in [14])
Let D be an upper bound on d(z*), where x* € Q with f(z*) = f*. With f == ming<;<x f(2:),

we have:
k

fo =< = < — <5k+1D+_Z_Z||9i||* : (3)
oM i 20 <=5 Pi

This theorem suggests several possible strategies for selecting the weights 85 and the step-sizes
Ak In particular, we are not forced to take decreasing step-sizes as in Nemirovski’s Mirror
Descent Algorithm. For instance, we can set A\ := 1, fp = 1, and fi41 := Zf:o 1/p; for all
k> 0.

A more refined analysis shows that with Ax := 1, one can take:

k

. A A 1 r
=v , where =1, = —, and v:= . 4
Br+1 Br+1 Bo Br+1 iz:% ) J3oD (4)

As in the previous subsection, I' is an upper bound on the dual norm of the subgradient.
Alternatively, in order to give more weight to last subgradients — they are arguably more
relevant than the first one because they are closer from the minimizer — we can consider
for instance \j, := (k + 1) and By := vk*®, with which the right-hand side of (@) is still in
O(k~%5), provided that the subgradients output by the oracle are uniformly bounded. The
coefficient v is, as above, equal to I'/v/20D. More comments on the choice of v are given in
the next section.

2.3 Convex stochastic optimization

In order to model optimization problems where the objective to optimize is subject to some
uncertainties, for instance the outcome of a random process, a possible choice consists in



replacing this uncertain objective function by its expectation. Given a Borel probability space
(Q, B, P) and an objective function ¢ : @ x © — R that is P-integrable for each fixed x and
where ) C F is the feasible set, we aim at solving:

f* = min Ep[¢(z, ).
Here, we have f(z) := Ep[¢ = Jo#(x,w)dP(w). If the function ¢(-,w) is convex and
closed for every w € and 1f Q is convex and closed, the resulting optimization problem
is convex and can be solved by any of the subgradient schemes from the last subsections,
provided that the subgradient of Ep[¢(z,w)] is easily computable. So, we assume from now
on that ¢(-,w) is convex and closed for every w €  and that @ is convex and closed.

However, in most cases, it is impossible to compute exactly the value of the function
f at a given point, let alone its subgradient. Instead of using gr € 9f(xy), we have to
content ourselves with an approximation of it, usually generated with (quite) a few samples
{wk.ati<a<r, € Q. The estimation of g € Of(xk), or stochastic subgradient of f at xy, is
simply the average g := 25’;1 Vb (xk, wko)/Li, where Voo(zk, wk.o) € 0zP(x), wi o). Note
the slight abuse of notations by which we write g instead of g(wx) and by which we denote
by Vz¢(xk,wr o) a subgradient of ¢(-, wy o) at xy.

What is the effect of using inaccurate gradients on the algorithms? For his Primal-Dual
Subgradient Algorithm, Nesterov answers this question at least partially. In the statement
below, we use the notation:

Epm[F(z,w1,...,wn)] = /mF(:E,wl,...,wm)dP(wl)---dP(wm).

Theorem 2.3 (Theorem 7 in [14]) Assume that d(z*) < D, where x* € Q such that
f(x*) = f*, and that the stochastic subgradients are uniformly bounded in the norm || - ||«

by T'. We construct the sequence xg,x1,... as in Algorithm [Z24 where gi is replaced by gy.
With My, = Z?:o L; and

fk = FEpnmy,

L;
Jmin Z ¢, Wi,a)/Li] ;
-7 a=1
we have:

- A
fk—f*ﬁﬁ <5k+1D+%Z Z|| 2||2>

=0 1=0



The above result also holds when (i := 1 for every k > 0, that is, for the Mirror Descent
Scheme introduced earlier in this section, where the oracle produces stochastic subgradients
instead of subgradients. Instrumental in the proof of the above Theorem, Nesterov derives a
bound on the weighted stochastic regret:

k k

~ 2
Ry = max{z AilGi,zi —x): x €Q, dlx) < D} < Br+1D + S Z ﬁ”@”i (5)

20
i=0

i=0 "
This notion of weighted stochastic regret will be used later in the text.

Using Hoeffding’s inequality, we can obtain a probabilistic guarantee of the output of
Nesterov’s Algorithm with stochastic subgradients.

Theorem 2.4 (Hoeffding’s Inequality [7]) Let Zi,...,Zr be independent random vari-
ables on the probability space (2, B, P). Assume that there exists a # b € R for which

PlZ; € [a,b] = 1

for each 1 <1i < T, and that all these random variables have the same expectation . We have
for every € > 0:

T
Z Zi)T > p+ €| <exp(—22T/(b— a)?).

i=1

P

The proof of the following theorem combines ideas from Nesterov (especially from Theorem 1
in [I4]) with Hoeffding’s Inequality.

Theorem 2.5 Assume that the conditions of Theorem [2.3 hold and let
V := max {qﬁ(m,w) —¢(z,): ww' e, xe Q} < o0.

For every € > 0, the inequality

k
1 1 ZAZ 2
. i _ * < B — —Z
o2ip S o) =17 < PP <5k+1D+ 20 5 ) o

holds with a probability of at least

262 (T Aj>2 L2

min —
M, V?2 0<i<k A2

1—2exp | —



Proof
As in Theorem 1 in [14], we define:

k
Ry = max{z NilGiyx; —x) s z€Q, dlx) < D}.
i=0

In the mentioned theorem, Nesterov proves that

2
Ry, < Br1D + 2-2% 192
(]

We proceed to determine a highly probable lower bound on Rj. By convexity of z — o(x,w)
for each w € (), we have:

5 S (R O wia) 9@, wia)
> ; 19 7, o bl 7, . , < D )
Ry > max{;/\ (O; I, I ) zx€Q, dx) < } (6)
For any 0 <¢ <k and any 1 < a < L;, let

My Ni (f(2i) — ¢ (24, wia))
Li Z?:o Aj .

Observe that {Z;,}iq constitutes a collection of independent random variables with null
expectation. They are bounded because ¢ is, and their spread is not greater than

Lo = —

7Mkv ma ﬁ
Z?:o \j ogz‘gxk L;’

The first term of the right-hand side in (@) can be successively estimated as:

2¢ iy Wi b Li )\zf 7 Zk: )"Ziva
3oy el _ (§oys il R bfie)
L

=0 a=1 =0 a=1
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where, according to Hoeffding’s Inequality, the last relation is valid with a probability of at
least:

2
26 (Z] 0)\) L2
MkV2 Oglzgk /\2

l—exp| —

Similarly, we can guarantee that:

kL
>3 A
1=0 a=1
with the same probability as above. Thus:

Rk Zf:o ANi(f (i) — f(2))

——— > max —2e > mln flzi) — " —2e¢
k k
Do €@ D=0 A 0si=

with probability at least

Aj | (f(z) +e)

<.
o

2
k
2 (Siod)
A

1—2exp

Of course, the results also holds for the stochastic version of the Mirror Descent Scheme.
Note that the above theorem echoes Lemma 6 in [6], where the authors give probabilistic
guarantees on the outcome of a multiplicative weights algorithm.

2.4 The Black-Box Model: how fast can subgradient methods be?

The Black-Box Model for optimization has been created by Nemirovski and Yudin [I1] to
formalize the complexity study of some families of methods on some classes of problems.

In this framework, the optimizer knows in advance several characteristics of the problem she
wants to solve. For instance, she might know that her problem is convex, with a differentiable
objective, and she might also know the Lipschitz constant of her objective and so on. Given this
information, the optimizer chooses an optimization algorithm to solve the particular instance
of her problem. According to the Black-Box Model, the only information the algorithm can
get from the particular instance it is dealing with is given by an oracle. An oracle is an entity
that takes as input a test point and returns some relevant information on the instance, such
as the value of the function and/or the value of one of its subgradients at that point. Most
importantly, the information that the oracle give should be local, that is, if the instance is

11



modified outside of a certain neighborhood of the test point, the answer of the oracle should
stay identical. In fact, this condition is used to create hard instances by designing them
as nastily as allowed, given the current information the optimizer has already gathered. In
convex optimization, subgradient methods use a first-order oracle, which returns the value of
the objective function and of one of its subgradients at the input point.

Many negative complexity results emerged from this framework. A classical account on
this topic can be found in [I1I]. Of particular interest to us is the following theorem, which
concerns subgradient methods and shows the optimality of the presented algorithms.

Theorem 2.6 (Theorem 3.2.1 in [12])
Consider the unconstrained minimization problem min f(x), where f : R® — R is a convex
function, and let g € R™. Assume that there exists a minimizer x* of f and that

z* € B:={z e R": ||z — xol|]2 < R}.

Assume also that f is Lipschitz continuous on B with Lipschitz constant M.

We have at our disposal a first-order oracle x — (f(x),g) € Rxdf(x). If our optimization
method constructs a sequence of points xg,x1,... such that

x) € To + span{go, ..., gk—1}

then, for every 0 < k < mn, we have:

. MR

3 The Hedge Algorithm

3.1 The classical Hedge Algorithm

The Hedge Algorithm [5] is a generic method that encompasses many well-known schemes in
Machine Learning. The problem this algorithm aims at solving can be described as follows.
We have a pool of experts who place each one bet on the outcome of an event, e.g. the return
of a basket of financial products. Every day, these experts face a loss (positive or negative) due
to their initial bet. We would like to make use of the opinions of these experts to constitute
our own bet. Unlike these experts, we have the possibility of placing a different bet every day.

The Hedge Algorithm gives a strategy whose average loss per day converges to the average
daily loss of the best expert in the pool. The idea consists in assigning at every time step

12



a score to each expert, based on her previous losses. Then, the bet we place is a linear
combination of all the experts’ bets, with weights that are proportional to their respective
scores.

Let us describe this algorithm more formally. Let (€2, B, P) be a Borel probability space.
The loss is a P-measurable function ¢ : Q — [—pu, p|™, where n is the number of experts in the
pool, > 0 is the maximal gain they can get, and p > 0 the maximal loss they can face. We
assume that these quantities are known and finite. The component j of ¢ refers to the loss of
expert j. Observe that this setting does not rule out the possibility of having a deterministic
loss function.

We evaluate, or perceive, these losses through a decreasing function U, : [—pu, p] — (0, 1].
In a first step, we assume that U, satisfies:

ntt [
yere SUL(t) < 1= (1—7)—7, (7)

! 1+ p
where v € (0,1) and t € [—pu,p]. The above condition is used by Freund and Schapire [5]
to establish the convergence guarantees of the resulting algorithm. We will discuss several
standard choices of loss evaluation functions together with their corresponding parameter ~.

The algorithm looks as follows. The jth component of the vector wy € R™, denoted here
as wy, j, represents the score of expert j at iteration k.

Algorithm 3.1 Let v €]0,1[ and wo := (1/n,...,1/n)T.
for0<k<T,
Set pi := wy/ Z;LZI W j-
Bet py. ; of our unitary budget like expert j.
Draw/endure/experience wy, € ).
Set wit1,5 = w,jUy (¢ (wr)).
end. [

At iteration k, our strategy faces a loss of Ly, := 37 py jlj(wg).

Instead of drawing only one sample per time step, it can be relevant to draw several of
them, say (wk,q)1<a<r, at iteration k. The score we give to expert j is in that case an average
of the score of each individual draws. Namely, we set:

Ly
Wit 1,j 1= Wk <H Uv(@(fdku”)
a=1

Freund and Schapire have determined a bound on the convergence speed of the above scheme.
In their paper, they have considered the situation where p := 0 and p := 1. The immediate
extension of their reasoning to our more general setting yields the following result.

1/Ly,

13



Theorem 3.1 (See Theorem 2 in [5]) With the above notation and for T > 0:

ZT ptp In(y) . ZT
k= k=0

: 1—7v 1<i<n

3.2 The function U,

The function In(Uy(+)) : [—u, p| = R represents the utility of the losses incurred. According
to the bounds (), its minimum equals 7 and is attained at p.
The simplest choice for this utility is an affine decreasing function:
t
(U, () = a1
[+ p
where a < 0. This function complies with the requirement (@) for v := exp(a).

For v := exp(a), we can suggest a value for a from Theorem Bl If we have an upper
bound B > 0 to the loss ZZ:O(M + lj(wg)), we can take:

a:=In VB <0 (8)
V2(p + p)In(n) + VB

(see Section 2.2 in [5]). Theorem [B] can be rewritten as follows, using the inequality

1 -2

In(1/7) < —5-

Theorem 3.2 With the above notation and for T > 0:

T

T
> Lr— min Y i(w) < (it p)In(n) + /241 + p) In(n) B.
k=0 =I=n k=0

If the number T of iterations in known in advance, we can always set B := (T + 1)(u + p),

implying in view of (8): .

C 2mm)/ T+ +1

v 9)

14



and, by Theorem 3.2, we obtain:

T

T
Zﬁk - 11<nji£1n Ci(wg) < (p+p) (ln(n) ++/2In(n)(T + 1)) .
k=0 T k=

In some situations, it is meaningful to evaluate losses through a utility function that
differs from the utility function for gains. For instance, we can use a function U, for which
In(Uy(+)) : [-=p, p] = R becomes piecewise linear:

{ln(U,y(t)) = Z—_—:__;a_l,_ for t € [—u, 0]

In(Uy (1)) := =22 for ¢ € [0, p).

For negative losses, this continuous function has a slope of a4 /(u+ p), while for positive ones,
the slope equals a_/(u + p). Also, the appropriate value for v is here:

<a_p+a+u>
yi=exp | ——— ).
A+ p

In order to ensure condition (), the utility for positive losses must drop at least as steep as
for gains, that is a— < ay < 0, and we must have

(I —a_)exp(ay) <1. (10)

We refer the reader to the Appendix for a demonstration. Note that if the scaling of the
utility is arbitrary, the condition (I0]) can always be enforced by multiplying a_ and a4 by a
sufficiently large constant r, for instance x > 2|a_|/a%.

Interestingly, the now well-established Prospect Theory in Econometrics [3] [8, 9], proposes
an analytic form for the utility In(U,(-)). This theory aims at taking into account subjective
choices of investors, with the ultimate goal of explaining the striking variability of stocks
returns over time. According to this theory, investors have a natural aversion for uncertain
outcomes and for losses. Based on experimental data, Kahneman and Tversky propose the
following subjective utility function for investors [9] (up to a convenient multiple). Observe
that the perceived utility of losses depreciates more than twice as fast as the utility of gains
appreciates.

In(Uy(t)) :== -2 (ﬁ—j_’;)o.% for t € [—p, 0]

0.88 0.88
In(U, (t)) := 2.5 (ﬁ) 45 (%ﬁ) for t € [0, ).

Unfortunately, because of the 0.88-power, there is no v < 1 for which the bounds () are
satisfied. Nevertheless, we can approximate this power by 1 as it is sometimes done in the
Prospect Theory literature, and get back to the piecewise-linear model presented above.
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Following the idea of a different evaluation of gains and losses, Arora et al [2] suggest a
score function of the following form:

U, (t) == (1 + )t/ maxlwrt for t € [—p, 0]

11
U, (t) == (1 — )/ maxdmrek  for t € [0, p). 1D

Uy:[=p,p] = R: tr—>{

Note that this score function slightly extends the one initially introduced in [2], as — in
contrast to our setting — we have p > p as further requirement in [2]. We observe that the
above score function U, does not comply with the assumptions that a score function needs to
satisfy in the setting of the standard Hedge Algorithm.

With the above score function, we obtain the following algorithm, which is known as
Multiplicative Weights Update Method.

Algorithm 3.2 Let v € (0,1) and wo := (1/n,...,1/n)T.
for0<Ek<T,
Set pi := wy/ Z;LZI W j-
Bet py. ; of our unitary budget like expert j.
Draw/endure/experience wy, € .
W (14 7) 5 ) if 1 (u0) € [0, 0
Set Wg41,5 =

w (1 — y)l@a/maxtie} 41w € [0, pl.
end -

4 The Hedge Algorithm is a Mirror Descent Algorithm

In this section, we reformulate the problem solved by the Hedge Algorithm into an optimization
problem, and we show that a particular Stochastic Mirror Descent Scheme for minimizing its
objective function generates ezactly the same sequence {py}r>0 as the Hedge Algorithm.

4.1 Random losses

Let us fix v € (0,1) and a score function U,, that is, a decreasing function from [—p, p] to
R . Importantly, the score function is not required to satisfy bounds (7). We assume that at
each turn the loss incurred by every expert is stochastic, i.e., given a Borel probability space
(Q, B, P), the loss

C: Q= [—p, p"
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is a P-measurable function. An option to deal with this uncertainty is to minimize the utility
expectation:

Inin 4 fu, (z) == Ep =Y an(U, (@) | ¢ = Inin = 2 Ep In(U,(4;(w)))]
" j=1 =1

where the set A,, is the standard simplex of R™:

A, = {:EERi:Z:Ej:1}.

i=1

The minimizer of the function fy, indicates the best expert. Also, this function is linear,
thus convex, and can therefore be minimized by any of the stochastic subgradient algorithms
described in Section 2l In our context of the Hedge Algorithm, the most convenient first-order
oracle returns one stochastic subgradient at every iteration:

— (U, (£(w))) € [~ (U (~ ), — In(U (o))"

Strong evidence (see [13], Section 4.1) suggests that the most appropriate prox-function
for the n-dimensional simplex is the entropy function:

d: A, >R, zw—d(z):= ij In(z;) + In(n),
j=1

with zg := (1/n,...,1/n)T. The entropy function is I-strongly convex with respect to the
I-norm, and gives for D := max{d(x) : x € A,} a value of In(n). The corresponding mirror
operator takes the following form:

exp(s;) ]
> iq exp(s;) 1<j<n

The Stochastic Mirror Descent Scheme can be written as follows.

Vo(s) = argmax{(s,x —xp) —d(z) 1z € A, } = [

Algorithm 4.1 Set sg:=0, 29 := (1/n,...,1/n)T, and select a set of step-sizes {\p. }r>o0-
for k>0,

Call the oracle to obtain a stochastic subgradient g, = — In(Uy(€(wy))).

Set Sk+1 ‘= Sk — )\kgk

Compute

k

o Us (& (wim ) *

n k :
Zi:l Hm:O U’Y(el(wm)))\m 1<j<n

end ]

Try1 = VQ(sk+1) =

17



For a score function U, that complies with bounds (@) and with Ay := 1 for all £ > 0,
the sequence {xy}1>0 corresponds exactly to the sequence {py}r>o constructed by Algorithm
B Additionally, with a score function of the form (III) and with unitary \g’s, we recover
Algorithm With unitary step-sizes, the vector s; represents our accumulated knowledge,
as (—sy) is the sum of the utility vectors {In(Uy(¢(wm))) }o<m<k. Finally,

k

n

D1 = arg max ¢ > (U (Ewn))) @) = 3w In(z))
m=0 j=1

is the maximizer of the sum of the accumulated knowledge and the entropy, which reflects the

information contained in the current distribution over the experts.

4.2 Adversarial losses

As an alternative setting, we may think of losses that are chosen in an adversarial way. In
case of adversarial losses, we are confronted with the optimization problem:

n
min § fu, (@) = - Z:rvj (U, (45)) ¢ ¢ s
7j=1

where @ C [—pu, p]" is a closed set (and thus compact). We assume that the score function U,
is not only decreasing, but continuous, which means that the supremum in the above problem
can be replaced by a maximum. Observe that the function fy. is closed and convex, as it
is defined as the maximum of convex and closed functions. Furthermore, the above problem
becomes trivial when Q = [—pu, p]™.

For any = € A,,, we have:
S(z) :=conv{ —In(U,(¢)) : £ € Q such that fy, (z) = — Za:j In(U,(45)) ¢ C Ofv, ().
j=1

We make the following assumption: when we call the first-order oracle with input = € A,,, the
oracle returns an element g that belongs to S(z) and that is of the form g = —In(U,(¢)) for
an ¢ € Q. It is easy to verify that applying Algorithm 1] with A, = 1 for all k£ and with the
prox-function d(z) := > 1_; ;In(x;) + In(n), ® € Ay, generates the same sequence {py}x>0
of probability vectors as in Algorithm [B.Il Since the utility function in Algorithm can be
positive, this scheme does not fall strictly in the framework of Algorithm However, by
running Algorithm 1] with the same step-sizes and prox-function as before and with a score

function of the form [[I] we exactly generate the sequence {pj}r>o from Algorithm
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4.3 Optimal update parameter for the standard Hedge Algorithm

All the following results can be derived for both random and adversarial losses. However,
for notational simplicity, we only treat the case of random losses and suppose that all the
assumptions made in Subsection 1] hold.

If we choose the same affine utility as Freund and Schapire [5], namely

A+t

In(U (1)) = In(y) £

7€ (0,1),

we can recover a result similar to Theorem [32] from Nesterov’s bound on the stochastic regret
) by taking Ay = B = 1 for all k. With the above affine utility, we have:

(U5 ()]loe < —=In(y) Vi€ [=p,p]

Provided that the number of steps 7" is known in advance, the bound (@) yields:

In® (7) S
In(n) + 5 (T'+1) > max Z(—ln(Uy(ﬁ(wm))),xm —z): z €A,

m=0

T —
= max{Z(—ln(’y)'[ﬂ:if_(;}m),xm —z): x € An}

where 1 denotes the n-dimensional all one vector. Optimizing over the parameter v, we find:

v* = exp (— %}?ﬁ?) ) (12)

T

T
(L+p)\/2In(n) (T +1) > Z Ly — 1I<nji<nn li(wm)- (13)
m=0 7 m=0

and thus:

The right-hand side is precisely the regret standardly used in Machine Learning. Observe
that the stochastic regret with unitary weights coincides with the usual notion of regret in
Machine Learning, multiplied by In(1/v)/(x + p). The above result improves the bound in
Theorem by an additive quantity of (u + p)In(n).
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4.4 Optimal affine utility functions
Let v € (0,1), a > 0, and b € R. Consider the following affine utility function:
(U (1)) = n())(at +b), ¢ € [~p, g,
With the above utility function, we have:
Iy ()lo < ~In(V)al(a,) V1€ [,

where T'(a,b) := max{|—p + b/al,|p + b/a|]}. Assume that we perform T + 1 iterations of
Algorithm [£.1] where we choose constant step-sizes A\, = 1. Applying Nesterov’s bound ([l
with 8, = 1 for all k, we obtain:

Il2 a2 2 a I I
In(n) + (T + 1)1 (;) I“(a,b) > —In(y)a (g;oﬁm‘@i?n ej(wm)>.

This bound is minimized by parameters v*, a*, and b* that satisfy:

* _ ex - 2 2111(71) and bt — n— pa*
TP T eV T 1 o2

where a¢* > 0. For any optimal parameter choice, we obtain:

T

T
| In(n)(T + 1
kZ—O‘Ck - 1%%1” Ci(wr) < (n+p) %

This result improves bound (I3]) by a factor of 1/2.

4.5 An optimal algorithm setup that is independent from the number of
iterations

In view of our discussion in Section 2 we can use Nesterov’s Primal-Dual Subgradient Algo-
rithm for minimizing the convex function fy, whatever its form is. The only adaptation of
Algorithm ET] resides in the coefficients {Sj }x>0, which appear as powers in the score update.

Algorithm 4.2 (Exponential Weights Update Method) Set sy := 0, select a sequence
of step-sizes {\i }r>0 and a non-decreasing sequence {By }r>0. Set xg := (1/n,...,1/n)T.
for k>0,

Call the oracle and obtain .
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Set Sk+1 ‘= Sk — )\kgk
Compute
exp (sk+1,/Br+1)

:’L:l eXp (sk—i-l,z'/ﬁk—i-l)} 1<j<n ‘

end ]

T41 = VQ7Bk+1(Sk+1) = [Z

Alternatively, we may write the update rule for xy; as:

TTE,_o Us (£ (wpy)) /B ]
1<j<n

= V =
xk'f‘l Q75k+1(8k‘+1) [2?:1 Hicnzo Ufy(éz(wm))Am/ﬁk+1

That is, we simply replace U, by U«}/ Pes1 ot iteration k.

Interestingly, the very introduction of the sequence {f; }r>0 allows us to define strategies
for the sequences {Sj}r>0, {M}r>0 for which the best parameter « is independent of the
desired number of iterations 7'. Indeed, with a strategy of the form (@):

k

A i=1, Bryr:= VBkH, where  f3y =1, Bk.ﬁrl = Zl/@, fora v >0, (14)
i=0

the convergence bound on the stochastic regret given in (Bl becomes:
T . P2
max mZ:O(gm,xm —xz): v €A,y < Pri1 (1/ In(n) + 2—y> ,

where I' bounds the dual norm of f’s stochastic subgradients. Now, only the factor BT+1
depends on the iteration number. Thus, one does not need to know the iteration number in
advance to optimize the various coefficients involved here.

Assume now that we choose an affine utility function of the form:

In(Uy(t)) == In(y)(at +b),  t€[-p,pl,

where v € (0,1), a > 0, and b € R. With the above bound on the stochastic regret, we
immediately obtain:

T T 1 . F2
(mzzo Lom 1I§nj1£n = £ (wm)> - aln(l/v)&”_1 <V In(n) + 21/) (15)
Recall:

(U (0| < max [In(3)(at; + )| < —In()amax{|—u+ bfal [p+b/al} =T
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Therefore, the upper bound (&) can be expressed as a function of the ratio In(1/7)/v, a and
b. Optimizing over these parameters, we observe that bound (I&]) becomes minimal for *, v*,
a*, and b* that satisfy:

v* a*(p+ p) 2

where a* > 0 and v* € (0,1). For these optimal parameters, we obtain;

d In(n)

T
(Z Ly — min fj(wm)> < (1 + p)Brs1 5
m=0

1<j<n
m

It can be proved (see Lemma 3 in [I4]) that

. 1
VT 1< Brpn < V2T +1+ ———.
1+/3
This bound allows us to recover approximately the complexity bound obtained for the Mirror
Descent Scheme.

5 Numerical results

We test the methods presented for different sequences of random losses {(wy)}i_,, each
generated by realizations of a multivariate normally distributed random vector with mean f
and covariance matrix ¥. The data (g, ¥) is taken from [I]. We consider three different vector
sizes for [, that is, three different pools of experts of sizes 30, 167, and 808 experts, respectively.
We perform T := 7800 iterations, which corresponds to the number of transactions at New
York Stock Exchange (NYSE) during one month (20 trading days of 6h30), provided that
there is one transaction per minute. All experiments are run 10 times, and the obtained losses
are averaged afterwards.

We want to find a sequence {xy}o<r<r of probability distributions yielding averaged ex-

pected losses:
k

Z (T, U(wp)), where 0 < k < T,

m=0

L, 1
E+1 k41

that converge to the best expert’s averaged expected loss:

1 ¢
mln{k—+1 Z(x,@(wm»: x € An}.

m=0

Here, the scalar product (-, -) is the standard dot product.
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Figure 1: Averaged expected losses Li/(k + 1) with a pool of 167 experts. The continuous
line represents the averaged expected losses of the best expert. The dashed, dotted, and
dashed-dotted lines correspond respectively to the averaged expected losses of the Optimal
Exponential Weights Update Algorithm, of the Optimal Hedge Algorithm, and of the Standard
Hedge Algorithm. The numbers 352, 1145, and 2820 represent the last iteration, where the
Optimal Exponential Weights Update Algorithm, the Optimal Hedge Algorithm, and the
Standard Hedge Algorithm, respectively, suffer an averaged expected loss.

According to our discussion in the last section, we choose different utility functions. In
a first setting, we select the natural extension of Freund and Schapire’s utility function [5],
which is:

In(Uy(t)) == In(y)—— t € [~p,p)
We refer to Algorithm Bl where we choose U, as above and 7 as suggested by Freund
and Schapire (see ([@))), as the Standard Hedge Algorithm. By the Standard Hedge

Algorithm with Optimal Update Parameter, we denote Algorithm Bl with U, as above
and optimal update parameter v as defined in (I2)).

We call Algorithm 1] the Optimal Hedge Algorithm, provided that we have unitary
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30 experts (u = 0.4748, p = 0.4577):

Number of iterations 1950 3900 5850 7800
Best expert —0.0043 | —0.0039 | —0.0042 | —0.0041
Standard Hedge 0.0049 0.0041 0.0032 0.0028
Standard Hedge with Opt. Update Parameter 0.0049 0.0041 0.0032 0.0027
Optimal Hedge 0.0042 0.0028 0.0017 0.0011
Optimal Exponential Weights Update 0.0030 0.0020 0.0013 0.0009

167 experts (u = 1.3252, p = 1.3324):

Number of iterations 1950 3900 5850 7800
Best expert —0.0368 | —0.0368 | —0.0411 | —0.0356
Standard Hedge 0.0012 | —0.0012 | —0.0039 | —0.0062
Standard Hedge with Opt. Update Parameter 0.0011 | —0.0013 | —0.0039 | —0.0064
Optimal Hedge —0.0016 | —0.0067 | —0.0118 | —0.0153
Optimal Exponential Weights Update —0.0066 | —0.0104 | —0.0133 | —0.0154

808 experts (u = 5.5516, p = 5.6021):

Number of iterations 1950 3900 5850 7800
Best expert —0.0420 | —0.0423 | —0.0411 | —0.0402
Standard Hedge 0.0213 0.0196 0.0186 0.0175
Standard Hedge with Opt. Update Parameter 0.0212 0.0195 0.0185 0.0174
Optimal Hedge 0.0198 0.0171 0.0152 0.0131
Optimal Exponential Weights Update 0.0175 0.0154 0.0144 0.0134

Table 1: Averaged expected losses L /(k+ 1) after 1950, 3900, 5850, and 7800 iterations, i.e.,
after 1, 2, 3, and 4 weeks of trading.
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step-sizes A\ = 1 for all k£ and that we have the following optimal affine utility function:

(@ 0) =) (14 252) . ve ol

2 21In(n)
=exp | — :
7 P u+pV T'+1
We refer to Exponential Weights Update Method as Optimal Exponential Weights
Update Algorithm, if we are in the following situation: we choose a non-decreasing sequence

{Br}k>0 defined as in ([[]), where v := 1. Additionally, we have unitary step-sizes A\, = 1, and
we set:

where:

2

24/21n(n)
yi=exp | ———— .
[+ p

In all the experiments, we observe that all the extensions of the Hedge Algorithm yield
averaged loss sequences {Lj/(k + 1)}o<ip<r that are consistently better than the averaged
losses suffered by the Standard Hedge Algorithm; see Figure [Il and Table . Whereas the
Standard Hedge Algorithm with Optimal Update Parameter shows a performance that is very
similar to the efficiency of the Standard Hedge Algorithm, the Optimal Hedge Algorithm and
the Optimal Exponential Weights Update Algorithm clearly outperform the Standard Hedge
Algorithm. According to this observation, using the optimal affine utility function is much
more important than implementing the optimal update parameter ~.

(@ 0) =) (14 252), ve ol

where:

In the experiment with a pool of 167 experts, the best expert ends up with an accumulated
profit of 277.77; see Table [l The best method, the Optimal Exponential Weights Update
Algorithm, yields an accumulated profit of 120.20, which corresponds to 43.27% of the best
expert’s profit. This is more than twice as good as the performance of the Standard Hedge
Algorithm, which generates an accumulated profit of 48.69 (17.53% of the best expert’s profit).

All the methods are implemented in Matlab. For the computations, we use a computer
with two AMD Athlon processors with a CPU of 2.9 GHz, and with 3.7 GB of RAM. The
CPU times required by the three methods are of the same order; see Table 2
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Number of experts 30 167 808

Standard Hedge Alg. 0.3172” | 0.5175” | 1.4592”
Standard Hedge Alg. with Opt. Update Parameter | 0.3106” | 0.5193” | 1.4473”
Optimal Hedge Alg. 0.3109” | 0.5160” | 1.4459”
Optimal Exponential Weights Update Alg. 0.3416” | 0.5738” | 1.5995”

Table 2: CPU times required to perform 7800 iterations for different numbers of experts.

6 Appendix

6.1 Hedge Algorithm with piecewise linear utility

We provide here a proof for the assertions on the Hedge Algorithm with the piecewise linear
utility as described in Subsection

Theorem 6.1 Let p,p >0, let a_,ay <0 and let h: [0,1] = [—p, p] be the function

{ h(t) := ;’j—j:;(u_ fort € [—p,0]

h(t) := “*ff# fort €10, p].

Ifa_ <aq and (1 —a_)exp(as) <1,

ptt < ,u—l—t>
In(y)—— <h(t) <In(1—-(1—~)—— 16
() < hit) (- (16)
with
(a_p+a+u>
yi=exp| ——— | .
p+p
Proof

As ay > a_, the function h is concave. The lower bound and the upper bound in (I
match when t = p, in which case h(p) = In(y), given our expression for v. The lower bound
is an affine function which equals h(—u) at —pu, establishing the lower bound. As the case
ar = a_ is trivial, we disregard it in the rest of this proof. In order to comply with the
upper bound, which is a concave function in ¢, the function h should merely be smaller than
In(1—(1—9)u/(x+ p)) in its non-differentiable point 0, i.e., with X := p/(u + p):

exp(Aay) + A(1 —exp(Aat + (1 —Na_)) < 1.

Obviously, there is nothing to prove when A equals 0 or 1. Therefore, we assume that 0 < A < 1.
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Denoting v := exp(a—) € (0,1) and M := exp(a4)/exp(a—) > 1, we can rewrite this
condition after some manipulations as:

v — M 1/ 1
= < —.
9N ( 1—>\> =M

Observe that the numerator v — \v is positive because v*» > v > Av when 0 < A < 1 and
v < 1. Obviously, this condition can be checked for a particular choice of a_ and a4 given pu
and p, but it gives little insight on how to modify this choice to fit the desired bounds (I6l).
In order to simplify this condition, we determine some conditions on a_ and a4 that ensure
that Mg(\) <1 for every A € (0,1).

1. We have g(A) < 1 for 0 < A < 1. Indeed, by concavity of the logarithm function, we
have:
In(v) = Aln(v) + (1 = A\)In(1) < In(hw+1—N),

and therefore v» — Av <1 — X. Thus g(A\)* < 1, and g(\) < 1.

2. The function g is increasing on |0, 1[. Since g is positive, we prove the equivalent property
that In(g(-)) is increasing. The derivative of this function is:

o) = 5 (A (T ) o (53Y)):

Let o := Av'=*. Note that 0 < o < A. Checking that the above derivative is nonnegative
is equivalent to checking that for all 0 < a < A < 1:

A Ay _
0<vln(v) )\v+ )\)\—Hn(l )\>

- v — v 1— vA — v
In(v*) — A= A 1—A A\
T T +1—A+1n<1—m1—k>_ln<”)
In(v*) —a A 1— ) A
n 11—« —|—1_>\—|—ln<1_a>—ln(v>

—111(%) A @ + A - +1n L=
a AM1-Al—-a 1-X 1l-—-« 1—a)’

0§(1—a)(1—)\)ln<1_/\>—oz)\ln<i>+/\—oz. (17)

— «

or:

This inequality can probably be checked in many ways. Admittedly, the least elegant
way of proving it is by viewing the right-hand side as a function of A, and checking that
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this function is itself an increasing function on |a, 1[. The derivative of this function is,
after a few simplifications:

—(1—a)ln G:i) —aln (2) > —1In(1) = 0,

where the inequality comes from the concavity of the logarithmic function. Therefore,
the inequality (I7) has only to be checked when A | a. The limit happens to exist and
to equal 0.

Putting everything together, we have:

su A) =limg(\) < limg(A\)* = limv — v In(v) = v(1 — In(v)).

sup g(0) = limg(3) < lmg(1)* = lin () = (1 ~ In(v))
The first equality holds as g is an increasing function, the inequality because g(\) < 1 for
0 < A < 1, the third relation follows from de 'Hospital’s rulel] If (1 —a_)exp(ay) <1,
we conclude that sup{g(\) : 0 < A< 1} <1/M. [ ]
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