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Abstract. We present in this paper alternating linearization algorithms based on an alternating direction augmented
Lagrangian approach for minimizing the sum of two convex functions. Our basic methods require at most O(1/¢) iterations to
obtain an e-optimal solution, while our accelerated (i.e., fast) versions of them require at most O(1/+/€) iterations, with little
change in the computational effort required at each iteration. For both types of methods, we present one algorithm that requires
both functions to be smooth with Lipschitz continuous gradients and one algorithm that needs only one of the functions to be
so. Algorithms in this paper are Gauss-Seidel type methods, in contrast to the ones proposed by Goldfarb and Ma in [22] where
the algorithms are Jacobi type methods. Numerical results are reported to support our theoretical conclusions and demonstrate

the practical potential of our algorithms.
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1. Introduction. In this paper, we are interested in the following convex optimization problem:

(1.1) min F(z) = f(2) + ()

where f,g : R™ — R are both convex functions such that the following two problems are easy to solve for

any p > 0 and z € R™ relative to minimizing F'(z):

1
(12) min { £(0) + 5ol = 217}
and

1
(1) min {afa) + 5 le = 217}

Note that when f(-) (g(-), resp.) is a function of a matrix X € R™*" Problem (1.2) ((1.3), resp.) is
associated with a matrix Z € R™*" instead of z € R™ and the || - || norm is the Frobenius norm rather
than the Euclidean norm. In particular, we are specially interested in cases where solving (1.2) (or (1.3))
takes roughly the same effort as computing the gradient (or a subgradient) of f(x) (or g(z), respectively).
Problems of this type arise in many applications of practical interest. The following are some interesting
examples.

Example 1. ¢; minimization in compressed sensing (CS). Signal recovery problems in compressed

sensing [9, 14] use the ¢; norm ||z||; :== Y"1, |z;| as a regularization term to promote sparsity in the solution
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x € R™ of a linear system Az = b, where A € R™*" and b € R™. This results in the unconstrained problem

. 1
(14 min {314z 013 + plel |

where p > 0, which is of the form of (1.1) with f(z) = 1||Az — b||3 and g(x) := p[|z|/;. In this case, the two
problems (1.2) and (1.3) are easy to solve. Specifically, (1.2) reduces to solving a linear system and (1.3)

reduces to the vector shrinkage operation « = T},,(z), where componentwise

(1.5) Tup(2)i = sgn(2i)(|zi| — pp)+, Vi,

which requires O(n) operations (see e.g., [26]). Depending on the size and structure of A, solving the system
of linear equations required by (1.2) may be more expensive, less expensive or comparable to computing the
gradient AT (Az —b) of f(x). In the application we consider in Section 4, these computations are comparable

due to the special structure of A.

Example 2. Nuclear norm minimization (NNM). The nuclear norm minimization problem, which

seeks a low-rank solution of a linear system, can be cast as

1
1. i —IA(X) — b2 Xl ?,
(16) i {51400 ol + x|

where p > 0, X € R™*" A : R™*"™ — RP is a linear operator, b € R? and the nuclear norm || X, is defined
as the sum of the singular values of the matrix X. Problem (1.6) and a special case of it, the so-called
matrix completion problem, have many applications in optimal control, online recommendation systems,
computer vision, etc. (see e.g., [41, 8, 10, 30]). In Problem (1.6), if we let f(X) = %[|.A(X) — b[|3 and
g(X) = p||X||«, then Problem (1.2) reduces to solving a linear system. The solution of Problem (1.3) is
given by the matrix shrinkage operation (see e.g., [33, 23]), X = UDiag(5)V ", where UDiag(c)V " is the
singular value decomposition of Z and 7; = (0; — pup)+, for all i. Note that the matrix shrinkage operation
is comparable in cost to computing a subgradient of | X||., or the gradient of the smoothed version of this

function, which also require an SVD.

Example 3. Robust principal component analysis (RPCA). The RPCA problem seeks to
recover a low-rank matrix X from a corrupted matrix M. This problem has many applications in computer

vision, image processing and web data ranking (see e.g., [7]), and can be formulated as
(17) min (X + oVl X +Y = M},

where p > 0, M € R™ " and the {; norm Y}y := 3, ; |[Yi;[. Note that by defining f(X) = || X[, and
9(X) = p||M — X1, (1.7) can be rewritten in the form of (1.1). Moreover, the two problems (1.2) and
(1.3) corresponding to (1.7) have solutions given respectively by a matrix shrinkage operation and a vector

shrinkage operation.

Example 4. Sparse inverse covariance selection (SICS). Gaussian graphical models are of great
interest in statistical learning. Because conditional independence between different nodes correspond to zero
entries in the inverse covariance matrix of the Gaussian distribution, one can learn the structure of the
graph by estimating a sparse inverse covariance matrix from sample data by solving the following maximum
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likelihood problem with an ¢;-regularization term, (see e.g., [51, 19, 48, 4]).
max {log det(X) — (X, X) — p[| X[l },

or equivalently,

(1.8) min {—log det(X) + (X, X) + p|| X1},

where p > 0 and ¥ € S7 (the set of symmetric positive semidefinite matrices) is the given sample covariance
matrix. Note that by defining f(X) := —logdet(X)+(X, X) and ¢g(X) := p||X||1, (1.8) is of the form of (1.1).
Moreover, the solution to Problem (1.2), a comparable effort to computing the gradient of f(X), is given by
X = UDiag(5)U ", where UDiag(c)U " is the spectral decomposition of uX—Z and &; = (—0;++/0? + 4p)/2

for all i. The solution of Problem (1.3) corresponds to a vector shrinkage operation. (See [42] for details.)

Algorithms for solving Problem (1.1) have been studied extensively in the literature. For large-scale
problems, for which problems (1.2) and (1.3) are relatively easy to solve, the class of alternating direction
methods that are based on variable splitting combined with the augmented Lagrangian method are partic-
ularly important. In these methods, one splits the variable x into two variables, i.e., one introduces a new

variable y and rewrites Problem (1.1) as
(1.9) min{ f(z) + g(y) : ¢ —y = 0}

Since Problem (1.9) is an equality constrained problem, the augmented Lagrangian method can be used to
solve it. Given a penalty parameter 1/, at the k-th iteration, the augmented Lagrangian method minimizes

the augmented Lagrangian function

1
(1.10) Ll d) = fl@) +9w) = vz =) + 5ol - yl?,
with respect to x and y, i.e., it solves the subproblem
(1.11) (2%, y") = argmin £,,(, y; A")
and then updates the Lagrange multiplier A\* via:

k+1 " k
(1.12) AT = A — — (2" —yY).
I

Minimizing £,,(x,y; A) with respect to « and y jointly is often not easy. In fact, it generally is not any
easier than solving the original Problem (1.1). However, if one minimizes £, (z,y; A) with respect to z and
y alternatingly, one needs to solve problems of the form (1.2) and (1.3), which as we have already discussed,
is often easy to do. Such an alternating direction augmented Lagrangian method (ADAL) for solving (1.9)

is given below as Algorithm 1.

The history of alternating direction methods (ADMs) goes back to the 1950s for solving PDEs [15, 40] and
to the 1970s for solving variational problems associated with PDEs [20, 21]. ADMs have also been applied to
solving variational inequality problems by Tseng [46, 45] and He et al. [27, 29]. Recently, with the emergence
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Algorithm 1: Alternating Direction Augmented Lagrangian Method (ADAL)

1 Choose p, A% and 20 = ¢/°.
2 for k=0,1,--- do
3 | 2Fl:=argmin, £, (z,y*; \F)

4 y* 1= argmin, £, (2%, y; AF)
5 )\k+1 — /\k _ l(karl _ ykJrl)
m

of compressed sensing and subsequent great interest in ¢; minimization [9, 14], ADMs have been applied to
{1 and total variation regularized problems arising from signal processing and image processing. The papers
of Goldstein and Osher [25], Afonso et al. [1] and Yang and Zhang [50] are based on the alternating direction
augmented Lagrangian framework (Algorithm 1), and demonstrate that ADMs are very efficient for solving
¢; and TV regularized problems. The work of Yuan [52] and Yuan and Yang [53] showed that ADMs can
also efficiently solve ¢;-regularized problems arising from statistics and data analysis. More recently, Wen,
Goldfarb and Yin [49] and Malick et al. [34] applied alternating direction augmented Lagrangian methods
to solve semidefinite programming (SDP) problems. The results in [49] show that these methods greatly
outperform interior point methods on several classes of well-structured SDP problems. Furthermore, He et
al. proposed an alternating direction based contraction method for solving separable linearly constrained

convex problems [28].

Another important and related class of algorithms for solving (1.1) is based on operator splitting. The

aim of these algorithms is to find an x such that
(1.13) 0 € Th(z) + To(z),

where T and T» are maximal monotone operators. This is a more general problem than (1.1) and ADMs
for it have been the focus of a substantial amount of research; e.g., see [12, 16, 11, 17, 13, 32, 43]. Since the

first-order optimality conditions for (1.1) are:
(1.14) 0 € df(x)+ dg(z),

where df(z) denotes the subdifferential of f(z) at the point x, a solution to Problem (1.1) can be obtained
by solving Problem (1.14). For example, see [16, 32, 43] and references therein for more information on this
class of algorithms.

While global convergence results for various splitting and alternating direction algorithms have been
established under appropriate conditions, our interest here is on iteration complexity bounds for such algo-
rithms. By an iteration complexity bound we mean a bound on the number of iterations needed to obtain

an e-optimal solution which is defined as follows.

DEFINITION 1.1. z. € R™ is called an e-optimal solution to (1.1) if F(z.) — F(z*) < €, where x* is an

optimal solution to (1.1).

Complexity bounds for first-order methods for solving convex optimization problems have been given by
Nesterov and many others. In [36, 37], Nesterov gave first-order algorithms for solving smooth unconstrained
convex minimization problems with an iteration complexity of O(\/L;/e)7 where L is the Lipschitz constant
of the gradient of the objective function, and showed that this is the best complexity that is obtainable
when only first-order information is used. These methods can be viewed as accelerated gradient methods
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where a combination of past iterates is used to compute the next iterate. Similar techniques were then
applied to nonsmooth problems [38, 47, 5, 39] and corresponding optimal complexity results were obtained.
The ISTA (Tterative Shrinkage/Thresholding Algorithm) and FISTA (Fast Iterative Shrinkage/Thresholding
Algorithm) algorithms proposed by Beck and Teboulle in [5] are designed for solving (1.1) when one of
the functions (say f(z)) is smooth and the other is not. It is proved in [5] that the number of iterations
required by ISTA and FISTA to get an e-optimal solution to Problem (1.1) are respectively O(L(f)/¢) and
O(\/L(f)/¢€), under the assumption that V f(x) is Lipschitz continuous with Lipschitz constant L(f), i.e.,

IVf(z) =Vl < Ll —yll2, Yo,y eR"

ISTA computes a sequence {z*} via the iteration

(1.15) 2F = argmin Ql]i(:mgck)7
where
(1.16) (4, v) = g(u) + £(v) + (VF(0),u - v) + iuu o,

while FISTA computes {z*} via the iteration

xk = argmianfz(m, k)

Yy
(1.17) i = (1+y/I+48) /2
Y S (tkfl) (2% — k1)

te+1

starting with t; = 1, y* = 2° € R" and k = 1.

Note that ISTA and FISTA treat the functions f(x) and g(x) very differently. At each iteration they
both linearize the function f(x) but never directly minimize it, while they do minimize the function g(x) in
conjunction with the linearization of f(z) and a proximal (penalty) term. These two methods have proved
to be efficient for solving the CS Problem (1.4) (see e.g., [5, 26]) and the NNM Problem (1.6) (see e.g.,
[33, 44]). ISTA and FISTA work well in these areas because f(x) is quadratic and is well approximated by
linearization. However, for the RPCA Problem (1.7) where two complicated functions are involved, ISTA
and FISTA do not work well. For the SICS Problem (1.8), intermediate iterates X* may not be positive
definite, and hence the gradient of f(X) = —logdet(X) + (X, X) may not be well defined at X*. Therefore,
ISTA and FISTA cannot be used to solve the SICS Problem (1.8). In [42], it is shown that SICS problems
can be very efficiently solved by our ADM approach.

Our contribution. In this paper, we propose both basic and accelerated (fast) versions of alternating
linearization methods (ALMs) based on an alternating direction augmented Lagrangian approach for solving
(1.1), and analyze their iteration complexities. Our basic methods require at most O(L/¢) iterations to obtain
an e-optimal solution, while our fast methods require at most O(4/L/¢) iterations with only a very small
increase in the computational effort required at each iteration, where L is a constant that depends on the
Lipschitz constants of the functions involved. Thus, our fast methods have the same iteration complexity
as optimal first-order methods. For both types of methods, we present an algorithm that requires both
functions to be continuously differentiable with Lipschitz constants for the gradients denoted by L(f) and
L(g). In this case L = L(f)L(g)/(L(f) + L(g)). We also present for each type of method, an algorithm
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that only needs one of the functions, say f(z), to be smooth, in which case L = L(f)! The algorithms that
require both functions to be smooth are related to the multiple splitting algorithms in a recent paper by
Goldfarb and Ma [22]. The algorithms in [22] are Jacobi type methods since they do not use information
from the current iteration to solve succeeding subproblems in that iteration, while the algorithms proposed
in this paper are Gauss-Seidel type methods since information from the current iteration is used later in the
same iteration. These algorithms can also be viewed as extensions of the ISTA and FISTA algorithms in [5].
The complexity bounds we obtain for our algorithms are similar to those in [5].

At each iteration, our algorithms alternatively minimize two different approximations to the original
objective function, obtained by keeping one function unchanged and linearizing the other one. Our basic
algorithm is similar in many ways to the alternating linearization method proposed by Kiwiel et al. [31]. In
particular, the approximate functions minimized at each step of Algorithm 3.1 in [31] have the same form as
those minimized in our algorithm. However, our basic algorithm differs from the one in [31] in the way that
the proximal terms are chosen, and our accelerated algorithms are very different. Moreover, no complexity
bounds have been given for the algorithm in [31]. To the best of our knowledge, the complexity results in
this paper are the first ones that have been given for a Gauss-Seidel type alternating direction method 2.
Complexity results for related Jacobi type alternating direction methods are given in [22].

Organization. The rest of this paper is organized as follows. In Sections 2 and 3 we propose our
alternating linearization methods based on alternating direction augmented Lagrangian methods and give
convergence/complexity bounds for them. We compare the performance of our ALMs to other competing

algorithms using an image deblurring problem in Section 4. Finally, we offer some conclusion in Section 5.

2. Alternating Linearization Methods. In each iteration of the ADAL method, Algorithm 1, the
Lagrange multiplier A is updated just once, immediately after the augmented Lagrangian is minimized with
respect to y. It seems natural to also update A after solving the subproblem with respect to x. By doing

this, we get a symmetric version of the ADAL method. This algorithm is given below as Algorithm 2.

Algorithm 2: Symmetric Alternating Direction Augmented Lagrangian Method (SADAL)

1 Choose p, A% and 20 = ¢/°.
2 for k=0,1,--- do
3 | 2Fl:=argmin, £, (z,y"; \F)

1
a Aotz = \F — %(xk“ —y¥)
5 y* 1= argmin, £, (2%, y; At a)
AL . R+ l(xk-&-l _ yk+1)

m

(=)

This ADAL variant is described and analyzed in [21]. Moreover, it is shown in [21] that Algorithms 1 and
2 are equivalent to the Douglas-Rachford [15] and Peaceman-Rachford [40] methods, respectively, applied to
the optimality condition (1.14) for Problem (1.1). If we assume that both f(z) and g(x) are differentiable,
it follows from the first-order optimality conditions for the two subproblems in lines 3 and 5 of Algorithm 2
that

(2.1) Ats = ViRt and AT = —vg(yFth).

INote that if L(g) — oo then L(f)L(g)/(L(f) + L(g)) — L(f).

2 After completion of an earlier version of the present paper, which is available on http://arxiv.org/abs/0912.4571, Monteiro
and Svaiter [35] gave an iteration complexity bound to achieve a desired closeness of the current iterate to the solution, rather
than for obtaining € optimality, for ADMs for solving the more general Problem (1.13).
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Substituting (2.1) into Algorithm 2, we get the following alternating linearization method (ALM) which is
equivalent to the SADAL method (Algorithm 2) when both f and g are differentiable. In Algorithm 3,

Algorithm 3: Alternating Linearization Method (ALM)
Choose u and 20 = 3°.
for k=0,1,--- do
zF+1 = arg min, Q4 (=, y*)
y**+1 = argmin, Ql’i(y, oht)

BW N =

Qs (u,v) is defined by (1.16) and

(2.2) QL (u,v) = f(u) +g(v) + (Vg(v),u —v) + illu — 3.

In Algorithm 3, we alternatively replace the functions g and f by their linearizations plus a proximal
regularization term to get an approximation to the original function F'.

A drawback of Algorithm 3 is that it requires both f and g to be continuously differentiable. In many
applications, however, one of these functions is nonsmooth, as in the examples given in Section 1. Although
Algorithm 2 can be applied when f(z) and g(x) are nonsmooth, we are unable to provide a complexity bound
in this case without smoothing. However, when only one of the functions of f and g is nonsmooth (say g
is nonsmooth), the following variant of Algorithm 3 applies, and for this algorithm, we have a complexity
result. To give a more general algorithm, we allow different penalty parameters p to be used in the two

subproblems. Note that these  act like step lengths for the steps zF+ — y* and y**! — zF*+1 that are taken.

Algorithm 4: Alternating Linearization Method with Skipping Steps (ALM-S)
1 Choose puy > 0, pg > 0, A% and 20 = o0,

2 for k=0,1,--- do

2= argmin, £, (2, y"; AF)

If F(zMY) > £, (a"T1 y*; AF), then o*t! = yF

y*F = argmin, Qf, (y, z*1)

AL = VF (@) = (@ = o) Juy

(<L B ]

We call Algorithm 4, ALM with skipping steps (ALM-S) because in line 4 of Algorithm 4, if
(2.3) F(zFh) > L, (2 HL, gk ARy

holds, we let 2**1 := y* ie., we do not set z**! to the value computed in line 3. As we shall see in the
proof of Theorem 2.3 below, F(z*™) < £, (z*T1,y*; A¥) is necessary for obtaining the iteration-complexity
bounds for Algorithm 4. An alternative version of Algorithm 4 that in general requires less work when the

k+1 is not skipped is the following Algorithm 5.

computation of x

Note that in Algorithm 5, when (2.3) does not hold, we update A instead of computing V f(z**1) as is
done in the SADAL algorithm. Algorithm 5 is usually faster than Algorithm 4 when computing V f(z**1) is
costly. Note also that when (2.3) holds, then the steps of the algorithm reduce to those of ISTA, and when
(2.3) does not hold, then the steps of the algorithm reduce to those of ALM. Thus, ALM-S is a hybrid of

ISTA and ALM.



Algorithm 5: Alternating Linearization Method with Skipping Steps (equivalent version)

1 Choose g1y > 0, g > 0, A% and 20 = 3°.

2 for k=0,1,--- do

3 | aFti=argmin, £, (z,y*;\F)

4 if F(zFt1) > £, (2%, 4% \*) then

5 bt = yF

6 y*+l = arg min, Qﬁf (y, xF+1)

7 )\k-ﬁ-l = Vf(xk-i-l) _ (.Z‘k+1 _ y"'“)/uf
8 else

9 Net3 .= Nk (zF T —yF) g
10 y" 1= argmin, £, (zF 1, y; Mot z)
11 AL kS (xk-&-l _ yk-s-l)/uf

The following theorem gives conditions under which Algorithms 2, 3, 4 and 5 are equivalent.

THEOREM 2.1. (i) If both f and g are differentiable, and \o is set to —Vg(y°), then Algorithms
2 and 3 are equivalent. (ii) If in addition g is Lipschitz continuous with Lipschitz constant L(g), and
w=pr=pg <1/L(g), then Algorithms 3 and 4 are equivalent. (i) If f is differentiable, then Algorithms

4 and 5 are equivalent.

Proof. When both f and g are differentiable and Ay = —Vg(y°), (2.1) holds for all k¥ > 0, and it
follows that £, (z,y"; A\F) = Q4 (z,y*) and L, (%1, y; MNotz) = Q1 (y, z*1). This proves part (i). If Vg(x)
is Lipschitz continuous and p, < 1/L(g),

2
g(@* ) < g(yF) + (Vg(yF), 2" — yF) + o [l
g

holds (see e.g., [6]). This implies that (2.3) does not hold and hence, #*** := arg min,, £,,, (z, y*; A\¥), and the

k+1

equivalence of Algorithms 3 and 4 follows. This proves part (ii). The optimality of """ in line 3 of Algorithm

5 implies that A¥+2 = V f(2%*+1) when (2.3) does not hold and hence that Ly, (@F Ly Nota) = Qﬁf (y, zFL).
This proves part (iii). O

We show in the following that the iteration complexities of Algorithms 3 and 4 for appropriate choices of
wand py and pg are both O(1/€) for obtaining an e-optimal solution for (1.1). First, we need the following

generalization of Lemma 2.3 in [5].

LEMMA 2.2. Let ¢ : R™ — R and ¢ : R® — R be convex functions and for a given point v € R™, define
[ 1 2
Qi (u,v) = d(u) + ¥ (v) + (g, u —v) + Ellu —vlf3,
and
(2.4) Py (V) 1= arg min Qﬁ’(u,v),
where 7y is any subgradient of ¢ at v. Let () = ¢(-) +¢(-). If

(2.5) D(py(v)) < QF (py(v),v),
8



then for any u,

(2.6) 26(®(u) — (py(v))) = llpy (v) = ull® — [lo - ul|*.

Proof. From (2.5), we have

D(u) — @(py(v))

@(u) — QF (py(v),v)

27 D) = (6(pol0)) +6(0) + (10-0(0) = 1) + & [pol0) — v]3)

Since ¢ and @ are convex we have

(2.8) ¢(u) = ¢(py(v)) + (1o, u — py(v)),
and
(2.9) Y(u) = P(v) + (v, u—v),

where 4 is a subgradient of ¢ at py(v). Summing (2.8) and (2.9) yields

D(u) = ¢(py(v)) + ¥ (v) + (vg,u — Py (v)) + (1 (v),u —v),
which when combined with (2.7) yields

1
(2.10) ®(u) = 2(py(v) 2 (Yy + 76,1 — py(v)) — ﬂllpw(v) —vl3-
Now using the fact that py(v) satisfies the first-order optimality conditions for (2.4), i.e.,
1

(2.11) ’Y¢+w+;(pw(v) —v) =0,
it follows that (2.10) is equivalent to

B(u) — B(py(v)) > <—i<p¢<v> )= py(v)) — inpw(v) — 2 = i (lpy () = ull® = [[v — ul|?) O

We now analyze the iteration complexity of a slightly generalized version of Algorithm 4, where instead
of keeping py and p, fixed throughout the algorithm, we allow for these penalty parameters (step lengths)

to vary from one iteration to the next. That is, at iteration k we use ,u];é and u’g“.

THEOREM 2.3. In Algorithm 4, suppose that at iteration k, uy is set to u’; > 1 for some fized T > 0
and fig 18 set to p’; >0, and /ﬂ; is chosen so that

(212) F(yk+1) S Qil}; (Ik+1,yk+1).
9



Then the iterates {y*} in Algorithm 4 satisfy

(213) Pk - Fa®) < 2 =1

= k—1 ; N
237 20 (1 + dj45)

v,

where x* is an optimal solution of (1.1) and & = 1 if F(z*+1) < L, (a1 y*; \F), i.e., iteration k was not a
skipping step, and &, = 0 otherwise. Thus, the sequence {F(y*)} produced by Algorithm 4 converges to F(x*).
Moreover, if Vf(-) is Lipschitz continuous with Lipschitz constant L(f) and 1/(BL(f)) < py < 1/L(f)
where B > 1, the number of iterations needed to obtain an e-optimal solution is at most [C/e], where
C = BL(P)lla® — a*[12/2.

Proof. By letting 1 = f, ¢ = g, u = 2* and v = 2/t in (2.6) of Lemma 2.2, and using (2.12), we get
py(v) =yt & = F and

(2.14) 20} (F(z") = F(y'™) > o/ —a* | — |27 — ™%,
Similarly, by letting 1 = g, ¢ = f, u=2* and v = ¢/ in (2.6) we get py(v) = 271, & = F and
(2.15) 205 (F(a*) = F(a7t1)) > (|27 — 2|2 — ||y —a*||.

Note that (2.15) also holds when §; = 0 since 27T = 7 in this case. Taking the summation of (2.14) and
(2.15) we get

(2.16) 2(i} + 85 ) F (%) — 26;) F (a7 4) = 2p F (i) > Iy T — 27|” — |l — ¥,

Summing (2.16) over j =0,1,...,k — 1 we get

k—1 k—1 k—1
(2.17) 2 (uh + ) F(a®) =2 S (2™ =23 phF(y™*)
§=0 §=0 j=0

el
|
—

> (I =2 P = Iy’ —2*|?)
i
=y =2 |* = lly° - 2"

> — [|2° —2*||*.

Il
o

For any j, since Lemma 2.2 holds for any u, letting u = 2771 instead of x* we obtain similarly to (2.14)
that

(2.18) 2 (F(@?t) = F(y'™h) = Iy — 2/ > 0.

Similarly, letting u = ¢’ instead of 2* we get from (2.15) that

(2.19) 266 (F(y') — F(a7*1) > 2771 — 7[> > 0.
Hence we have

(2.20) F(y)> F(y'™) and F(29) > F(2/t1), for all j.
10



The inequalities (2.20) show that the sequences of function values F((y?) and F(27) are non-increasing. Thus

we have,

k—1 k—1 k—1
(2.21) DEF@TY 2 Y W) and ) Gu) (et =Y 6 F(at
J=0 j=0 §=0

J=0

Combining (2.17) and (2.21) yields

(222) 23 () + Gy F —2Zu () =23 G Fat) 2 —[a® - 2* .

J

S
—

I\
=)

Hence, since F(y*) < F(aF),

k-1
2 (ph + ) (F(a®) = F(y*) > —[la® — 2*|]%,
j=0
which gives us the desired result (2.13). The last two statements of the theorem follow immediately from
(2.13) and the facts that ,uJ} >1 >0, ,ug >0 and §; >0 for all 7. O
COROLLARY 2.4. Assume V[ and Vg are both Lipschitz continuous with Lipschitz constants L(f) and
L(g), respectively. For 0 < py <1/L(f) and 0 < py < 1/L(g), Algorithm 3 satisfies

(2.23) Pl - Pty < S =2

< VK,
2k(ps + pg)

where x* is an optimal solution of (1.1). Thus sequence {F(y*)} produced by Algorithm 3 converges to F(z*).
Moreover, if 1/(BL(f)) < uy <1/L(f) and 1/(BL(g)) < pg < 1/L(g) where 8 > 1, the number of iterations
needed to get an e-optimal solution is at most [C/€], where C = B||a° — x*||2L(f)L(g)/(2(L(f) + L(g))).
Proof. The conclusion follows from Theorems 2.1 and 2.3 and the fact that there are no skipping steps.00
REMARK 2.5. The complexity bound in Corollary 2.4 is smaller than the analogous bound for ISTA
in [5] by a factor of (L(f)+L(g))/L(g). It is also interesting to observe that if L(f) ~ L(g) then the gain
in the number of iterations needed to obtain an e-optimal solution is roughly 2. On the other hand, if
L(f) > L(g), the gain over ISTA can be very large, while if L(g) > L(f) the theoretical gain is negligible.
As our computational results show, the gain in practice is often substantial. It is easy to see that the bound
in Theorem 2.8 is also an improvement over the bound in [5] as long as F(z*+1) < L, (81, y*; \*) holds
for at least one value of k. It is reasonable then to ask if the per-iteration costs of Algorithms 8 and 4 are
comparable to that of ISTA. This is indeed the case when the assumption holds that minimizing L, (x, yF: AF)
has a cost comparable to (and often involves the same computations as) computing the gradient ¥V f(y*).

REMARK 2.6. Our algorithms can be applied to more general problems of the form

(2.20) min  f(2) + g(y)
st. Ar+4+y=0b,

since one can express (2.24) as min  f(x) 4+ g(b — Ax). While the iteration complexity bounds in Theorem
2.8 and Corollary 2.4 still apply, the subproblems that must be solved at each iteration may not be “easy”.
For example, even if Problem (1.3) is easy to solve, the problem mingeprn{g(b— Ax) + ﬁ”x — 2|12} may not
be.

11



REMARK 2.7. If a convex constraint x € C, where C is a convez set is added to Problem (1.1), and we
impose this constraint in the two subproblems in Algorithms 3 and 4, i.e., we impose x € C in the subproblems
with respect to x and y € C in the subproblems with respect to y, the complexity results in Theorem 2.3 and
Corollary 2.4 continue to hold. The only changes in the proof are in Lemma 2.2. In the statement both u
and v are restricted to lie in C. Also in the proof of Lemma 2.2, the first equality in (2.10) becomes a “>”
inequality due to the fact that the optimality conditions (2.11) become

(Yo (P (v) + 7y (v) + i(pw(v) —v),u—py(v)) = 0,Vu € C.

As in Remark 2.6, for Algorithm 8 and 4 to be effective, one must be able to solve the subproblems at each
iteration efficiently. Clearly, this will only be the case for fairly simple sets C. (See, for example [3]).

3. Fast Alternating Linearization Methods. In this section, we propose a fast alternating lin-
earization method (FALM) which computes an e-optimal solution to Problem (1.1) in O(/L/¢) iterations,
while keeping the work at each iteration almost the same as that required by ALM, where L is a constant
that depends on the Lipschitz constants of the functions involved.

FALM is an accelerated version of ALM for solving (1.1), or equivalently (1.9), when f(z) and g(z) are
both differentiable, and is given below as Algorithm 6. Clearly, FALM is also a Gauss-Seidel type algorithm.

In fact, it is a successive over-relaxation type algorithm since (tx — 1)/tx11 > 0,Vk > 2.

Algorithm 6: Fast Alternating Linearization Method (FALM)

1 Choose iy >0 and g, >0 and 2° = y° = 21, set t; = 1.
2 for k=1,2,--- do
k

2" 1= arg min, Q) (z,2%)
i .

y" := arg min, Q{Lf (y, %)
thr i= (14 /1 +483)/2

SRl gk tt;;;l (yF — y*=1)

[ IC

Algorithm 6 assumes that both f and g are continuously differentiable. This assumption is needed
to construct @ (z,2%) and Qi: ; (z,2%) and provide a theoretical complexity bound for Algorithm 6. To
develop an algorithm and the corresponding complexity results for the case when one of the functions is
non-differentiable, we use a skipping technique as in Algorithm 4. FALM with skipping steps (FALM-S),
which does not require g(z) to be smooth, is given below as Algorithm 7.

The following theorem gives conditions under which Algorithms 6 and 7 are equivalent.

THEOREM 3.1. If both f(x) and g(x) are differentiable and Vg(x) is Lipschitz continuous with Lipschitz
constant L(g), and pg < 1/L(g), then Algorithms 6 and 7 are equivalent.

Proof. As in Theorem 2.1, if f and g are differentiable, £, (z, 27 \F) = Q7 (x,2F). The conclusion
then follows from the fact that F(z*) < £, (2%, 2%; A\F) always holds when 1y < 1/L(g) and thus there are
no skipped steps. O

Note that as in Algorithm 4, Algorithm 7 keeps p, and pt¢ fixed in all iterations. This is done to simplify
the presentation. In fact it is possible to adjust py and p4 at each iteration in both Algorithms 4 and 7. A
full backtracking strategy for selecting step parameters py and g, which includes Algorithm 7 as a special
case, can be found in [24], however, the algorithmic setting in [24] is substantially more complicated, and it
is yet to be shown that such strategy is efficient in practice. Hence, we present here only the much simpler

12



Algorithm 7: FALM with Skipping Steps (FALM-S)

1 Choose iy >0 and py >0, 2° =y = 2! and A\! € —9g(z1), set t; = 1.
2 fork=1,2,--- do
3 a* ;= argmin, £, (z,2"; \F)
4 if F(2*) > L,, (2%, 2%; \F) then
5 if z-step was not skipped at iteration k — 1 then
6 ‘ 9, = Hiths
23
7 else
8 L 0, =1
9
10 tei= (1414400183 _,) /2
11 b =2k =gkt 4 % (y*~' —y*=2); i.e. a-step is skipped at iteration k
12
13 y* := arg min, Qﬁf (y, ")
14 if z-step was skipped at iteration k then
15 ‘ 0, = L&
Hgtpg
16 else
17 | O =1
18
19 | fpgr = (1 +/1 +40kt§> /2
N I
21 | Choose \*1 € —9g(2F11)

Algorithm 7. We present for completeness the following result from [24], which we specialize for the case of
Algorithm 7.

LEMMA 3.2. If at every step of Algorithm 7, F(y*) < Qf:f (xF, y*), then
(3.1) 2 ithog — a2 1veen) > [l = b,

where u* = ty* — (t, — Dy*~ —a*, vp == 2F(y*) — 2F(2*) and fig41 = pup/2 if the x-step was skipped at
iteration k and fig41 = (1by + pg)/2, otherwise.

Proof. We will prove that the following inequality holds:

2(fustivr — firs1th V1)

(3.2)
St (tepr — 1) ([l = 912 = 1257 = 9% 1%) + e (Il =272 = 129 = 27)?) .

The proof of (3.1) and hence, the lemma, then follows from the fact that the right hand side of inequality
(3.2) equals

s 1y™ = (s = Dy" = 21 = It = (Br = Dy* = 2™ = a2 = )%,

kfl) k kfl).

where we have used the fact that tp 12! :=tp1y* +te(yF —y — (Y -y
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First, noting that 8 = ﬂ’;‘—:l for all k, it follows from the expression for 41 that

(3.3) ity = gatipn (b — 1)

Then by applying Lemma 2.2 to the function Qﬁf (u,v) with u = y* and v = ¢+ we get le:f (v) = yF+1,
and
(34) 2us(F(y") = Fy*)) > [ly** = yF > — [|la"* — ")

Now let us define ,u’;“ := 0 if the x-step was skipped on the k + 1-st iteration, and to ,u’g““ = [t otherwise.

Therefore if iteration k + 1 is a regular iteration (i.e., ,u]g““

Qik+l(u’v) with u = yk’ v = 2" we get kaJrl(U) =ttt
g 9

= pg) applying Lemma 2.2 to the function
and

(3:5) 20 T (F (YY) = F@*0) > [l — "2 — M =y

In the z-step was skipped on the k + 1-st iteration (i.e., uk*! = 0), (3.5) still holds since z*+1 = ZF+1 .
Summing (3.4) and (3.5), and using the definition of fiz;1 and the fact that F(y*t!) < F(zF*1), we

obtain,

(3.6) 2011410k — V1) = 21 (2F (%) = 2F (yF11)) > [yt — y* )2 — |25 = oF|?
Furthermore, if p*! = py, applying Lemma 2.2 to the function QZ’““ (u,v) with u = z*, v = 2F*+1 we
g

get pik“ (v) = z**! and
9

(3.7) 2pg T (F(a*) = F(2"1) > [|la™ — 2| — || — a2

On the other hand, if 5+ = 0 then (3.7) still holds, since 2**! := z¥*! Lemma 2.2 applied to the function

k

Q}if (u,v) with u = 2*, v = 2**1 and p{:f (v) = yF*+1, gives

(3.8) 2up(F(x*) = Fy**) > [l — a2 = 2"t — 27|,

Summing (3.7) and (3.8), and again using the fact that F(y**!) < F(2**1) and the definition of fipyq, we

obtain
(3.9) =2/l 10k41 = 2041 (2F (%) = 2F (y"F1)) > [y — a¥|)® — [|2MF — 2.

If we multiply (3.6) by tg41(tr+1—1) and (3.9) by ¢x41, and take the sum of the resulting two inequalities,
we get (3.2) by using (3.3). O
Let r(k) be the number of iterations among the first k iterations generated by Algorithm 7 that are regular

iterations (hence, k — r(k) is the number of skipping iterations). We now prove the following specialized

version of Lemma 3.5 in [24].

LEMMA 3.3. For all k > 1 the sequence of scalars {fixt:} generated by Algorithm 7 satisfies:

(3.10) path > (k= r(B) 7 + (R 1)
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Proof. Our proof is by induction. Since t; = 1 and fi; = % if (1) =1 and oy = & if r(1) = 0,

(3.10) holds for k = 1. Now assuming that (3.10) holds for a given k£ > 1 from

tes1 1= (1+,/1+4_“’“ ti) /2
Hk+1

= vV HE+1 —
Vikg1terr 2 5 + vV ikl

S (Vs + (6 = r{R) 7 + (k) /iy y)
= Sk 1 = vk 4 )7 + (1) T 7).

we have

V

v

The last equation is derived by considering two different possible values of u1 and the corresponding value
ofr(k+1). 0

Now we are ready to give the iteration complexity of Algorithm 7.

THEOREM 3.4. Let a = 1/% — 1. Assuming V f(+) is Lipschitz continuous with Lipschitz constant
L(f), if 0 < puy < 1/L(f), the sequence {y*} generated by Algorithm 7 satisfies

oy < 22— a2
(3.11) PO = F6) < e

Hence, the sequence {F(y*)} produced by Algorithm J converges to F(x*). Moreover, if 1/(BL(f)) <
wr < 1/L(f), where 8 > 1, the number of iterations required by Algorithm 7 to obtain an e-optimal solution
to (1.1) is at most |\/C/e|, where C = 2BL(f)||2° — z*||?.

Proof. Using the same notation as in Lemmas 3.2 and 3.3, (3.9) implies that
=21 2 Iyt — 2| — 2" = 2%

Thus we have

(3.12) 2i101 + Iyt — 2*|P < [l — 27 = [l2° — 2%

From Lemma 3.2 we know that the sequence {2fixt2vy, + [|u*|?} is non-increasing. Therefore, we have

(3.13) 2fitpor < 2futive + Wb < 2mttor + [lul? = 2001 + Iyt - 2 < [l - 27|,

where the equality follows from the facts that t; = 1 and u' = y! —2*, and the last inequality is from (3.12).
Recalling the definition of vj, in Lemma 3.2 and the lower bound on yt? from Lemma 3.3, we get from
(3.13) that

2x° — 2

((k = (k) /g +r(k) Vi +1g)*

F(y*) - F(a*) <

It is easy to check that this bound is equivalent to (3.11), and that the worst-case bound on the number
of iterations follows from (3.11). O
COROLLARY 3.5. Assume V[ and Vg are both Lipschitz continuous with Lipschitz constants L(f) and
15



L(g), respectively. For 0 < py <1/L(f) and 0 < py < 1/L(g), Algorithm 6 satisfies

(3.14) Fly) - Py < A2 =1

P 77 Vk?
(g + pg)k?

where x* is an optimal solution of (1.1). Hence, the sequence {F(y*)} produced by Algorithm 6 converges
to F(z*). Moreover, if 1/(BL(f)) < puy < 1/L(f) and 1/(BL(g)) < pg < 1/L(g), where 8 > 1, the number
of iterations needed to get an e-optimal solution is at most [\/Ci/e — 17, where C = QﬂL(fL)(Lf()%Z”Lw((;)_‘C*”z.

Proof. Note that since puy < 1/L(f) and pgy < 1/L(g), from Theorem 3.1 we know that Algorithms 6
and 7 are equivalent; i.e., every step in Algorithm 7 is a regular step. Therefore, Theorem 3.4 holds and
r(k) = k, which leads to (3.14). O

REMARK 3.6. The complezity bound in Corollary 3.5 is smaller than the analogous bound for FISTA

in [5] by a factor of %{5@ Similarly to the case of the basic algorithms in the previous section, if
L(f) ~ L(g) then the gain in the number of iterations needed to obtain an e-optimal solution is roughly /2.
On the other hand, if L(f) > L(g), the gain over FISTA can be very large. while if L(g) > L(f), the gain
is negligible. Our computational results show that the gain is substantial in many cases, but is smaller than
the gain observed in the case of the basic algorithm, in accordance with the theory. It is easy to see that the
bound in Theorem 3.4 is also an improvement over the bound in [5] as long as F(zF+1) < £, (z*+1 y*; AF)
holds for at least one value of k. As in the case of Algorithms 3 and 4, the per-iteration costs of Algorithms
6 and 7 are comparable to that of FISTA.
REMARK 3.7. Line 6 in Algorithm 6 and Line 15 in Algorithm 7 can be changed to:

1 _ -
Zk+1 — wk + [tk(yk _ wk 1) _ (wk _ wk 1)}7
Thet1

where w* := az® + (1 — a)y*, a € (0,1), and Theorem 3.4 and Corollary 3.5 still hold.

4. Comparison of ALM, FALM, ISTA, FISTA, ADAL and SADAL. In this section we focus
on comparing the performance of our basic and fast ALMs, with and without skipping steps, against ISTA,
FISTA, ADAL (Algorithm 1) and SADAL (Algorithm 2) on benchmark wavelet-based image deblurring
problems from [1, 18]. In our first set of tests, we used the well-known Cameraman image [1] of size
256 x 256 after a uniform blur of size 9 x 9 (denoted by the operator R) was applied to it and Gaussian
noise (generated by the function randn in MATLAB with a seed of 0 and a standard deviation of 0.56) was
added. We also tested another blurring kernel and image, which we will describe later. Since the vector of
coefficients of the wavelet transform of the image is sparse in this problem, one can try to reconstruct the

image u from the observed blurred image b by solving the problem:
_ . 1 2
(4.1) 7= argmin || Az~ b3 + pllell,

and setting u := WZ, where A := RW and W is the inverse discrete Haar wavelet transform with four levels.
By defining f(z) := 3||Az — b||3 and g(z) := pl|lz|1, it is clear that (4.1) can be expressed in the form of
(1.1) and can be solved by ALM-S (Algorithms 4 and 5), FALM-S (Algorithm 7), ISTA, FISTA, ADAL and
SADAL. However, in order to use ALM (Algorithm 3) and FALM (Algorithm 6), we need to smooth g(x)
first, since these two algorithms require both f and g to be smooth to ensure the existence of the gradients.
Here we apply the smoothing technique introduced by Nesterov [38] since this technique guarantees that the
gradient of the smoothed function is Lipschitz continuous. A smoothed approximation to the ¢; function
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g(x) := p||z||1 with smoothness parameter o > 0 is

(4.2) 9o () := max{(z, z) — %Hzllg lzlloe < p3-
It is easy to show that the optimal solution z,(z) of (4.2) is

(4.3) 2 (x); = min{p, max{x; /o, —p}}, Vi.

According to Theorem 1 in [38], the gradient of g, is given by Vg, (z) = z,(x) and is Lipschitz continuous
with Lipschitz constant L(g,) = 1/0. After smoothing g, we can apply Algorithms 3 and 6 to solve the

smoothed problem:
(4.4) min f(z) + go(2).

We have the following theorem about the e-optimal solutions of problems (4.1) and (4.4).

THEOREM 4.1. Let 0 = 3% and € > 0. If xz(0) is an €/2-optimal solution to (4.4), then x(o) is an
e-optimal solution to (4.1).

Proof. Let Dy := max{3$|z|3 : |zl < p} = inp* and z* and 2*(o) be optimal solution to problems

(4.1) and (4.4), respectively. From 0D, = § and the facts that z(o) is an €¢/2-optimal solution to (4.4) and

(4'5) ga(m) < g(l‘) < go(m) + O’DQ,VCC € R,
we have

f(z(0)) + g(z(0)) = f(2") — g(a") < f(x(0)) + go(2(0)) + 0Dy — f(2(0)) — go(2"(0))
<e€/2+ 0Dy =¢e. 0

Thus, to find an e-optimal solution to (4.1), we can apply Algorithms 3 and 6 to find an ¢/2-optimal
solution to (4.4) with 0 = 5. The results in Corollaries 2.4 and 3.5 hold since Vg, is Lipschitz continuous.
However, the numbers of iterations needed by ALM and FALM to obtain an e-optimal solution to (4.1)
become O(1/€?) and O(1/¢), respectively, since the Lipschitz constant L(g,) = 1/0 = @ = O(1/e).

When Algorithms 4 and 7 are applied to solve (4.1), the subproblems (1.2) and (1.3) are easy to solve.
Specifically, (1.2) corresponds to solving a linear system which requires O(nlogn) operations as does the
computation of V f(x), due to the special structures of R and W (see [1, 2]); (1.3) corresponds to the vector
shrinkage operation (1.5). When Algorithms 3 and 6 are applied to solve (4.4), (1.3) with g replaced by g,

is also easy to solve; its optimal solution is

1

x = z — 7 min{p, max{—p, Py
We now list the algorithms that we tested and some of their implementational details.
e Our ADAL, FISTA, and ISTA implementations were based on the MATLAB codes for SALSA and
FISTA that we downloaded from http://cascais.Ix.it.pt /~mafonso/salsa.html. For ADAL we used
the SALSA code with one alternating direction minimization pass per iteration as described in [1].
For FISTA we used the MATLAB FISTA code’s default inputs and for ISTA we simply deleted the
second and third steps in (1.17) from the FISTA code.
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e Since ALM is equivalent to SADAL when both functions are smooth, we implemented ALM as
SADAL when we solved (4.4), which means that no gradient computations were performed in ALM.

e SADAL was applied directly to the nonsmooth Problem (4.1) (without smoothing); hence its iterates
were slightly different from those of ALM.

e We implemented ALM-S as Algorithm 5 since the latter was usually faster than Algorithm 4. The
main difference between ALM-S and SADAL is that ALM-S allows for different values of ;14 and py
and it allows steps to be skipped, hence our theory applies to all our ALM-S variants.

e Analogously the difference between FALM and FALM-S is the ability of the latter to use different
values for p1y and 11y and that due to the implementation of the step skipping mechanism FALM-S
variants satisfy our convergence theory.

e In our tests for ALM-S and FALM-S, py was always set to 1, and we tested several different values
for 4 for each problem that were chosen proportional to 1/p, since p is proportional to the change in
the subgradient of g(z). We present results for four values of u4 for each p that were most indicative
of the effects of the choice of .

e In all algorithms, we set the initial points 2° = 3° = 0, and in FALM and FALM-S we set z' = 0.
Moreover, A was set to 0 in Algorithms 1, 2, 5 and 7 since Vg, (2°) = 0 and 0 € —9g(2°) when
2% = 0. Also, whenever g(x) was smoothed, we set the smoothing parameter o = 1076, p was set
to 1 in ADAL and SADAL since the Lipschitz constant of the gradient of function %||RW () — b||3
was known to be less than or equal to 1 in all of our tests. We set p to 1 even for ALM and FALM
for solving the smoothed problems. Although this violates the requirement p < % in Corollaries
2.4 and 3.5, as we see from our numerical results reported below, ALM and FALM still worked very
well.

e All of our codes were written in MATLAB and run in MATLAB 7.12.0 on a laptop with Intel Core
15 2.5 GHz CPU and 4GB of RAM.

We compared the performance of the different algorithms based on the results produced by FISTA. We
first ran FISTA for 1000 iterations and recorded the objective function value FISTA(j) obtained by FISTA
at the j-th iteration. Then for all other algorithms, we recorded when they first reached an objective function
value that was smaller than FISTA(100), FISTA(500) and FISTA(1000), or when the maximum number of
iterations, which was set to 5000 in our tests, was reached. We report the number of iterations, CPU times
and the number of skipping steps (in parentheses), needed by each algorithm at each recording point in
Tables 4.1, 4.2 and 4.3, corresponding to p = 0.001,0.0075 and 0.1, respectively. Note that skipping steps
only occur in Algorithm ALM-S and FALM-S. Also note that p = 0.0075 was suggested in [1] to give a good

image recovery.

In Table 4.1, we report the results for p = 0.001 using four different values of 114 (0.1,1,10, 100) for ALM-
S and FALM-S. Specifically, for ALM-S1 we used py = 0.1, for ALM-S2 we used pg = 1, etc. From Table
4.1 we see that the fast algorithms (FISTA, FALM and FALM-S) took much fewer iterations and were much
faster than the basic algorithms (ISTA, ADAL, SADAL, ALM and ALM-S) for solving Problem (4.1) with
p = 0.001. For example, to reduce the objective function value to below FISTA(100) = 16221.24, the basic
algorithms ISTA and ADAL needed more than 1300 iterations, and SADAL and ALM needed 689 iterations,
while all the fast algorithms needed less than 100 iterations. In particular, FALM-S4 (i.e., uy = 100) needed
only 9 iterations for this purpose. To reduce the objective function value to below FISTA(1000) = 12868.14,
all the basic algorithms needed more than 5000 iterations, while the fast algorithms needed less than 1000
iterations, except for FALM-S2, which needed 1440 iterations. We also see that FALM-S was much faster
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TABLE 4.1
Comparison of the algorithms for solving (4.1) with p = 0.001 and uniform kernel on the Cameraman image. Four different
1g’s were used: S1,S52,53,54 :0.1,1,10,100. FISTA(100) = 16221.24, FISTA(500) = 13427.78, FISTA(1000) = 12868.14.
ISTA(500) = 17993.24, ISTA(2500) = 15466.98, ISTA(5000) = 14735.47

solver iter CPU || iter CPU iter CPU
FISTA 100 13 500 60 1000 124
ISTA 1374 166 >5000 >591 >5000 >591
ADAL 1375 282 >5000 >1047 || >5000 >1047
SADAL 689 154 >5000 >1123 || >5000 >1123
ALM 689 154 >5000 >1147 || >5000 >1147
FALM 70 17 351 89 701 180
ALM-S1 1251 (0) | 338 >5000 (0) >1363 || >5000 (0) >1363
ALM-S2 689 (0) 187 >5000 (1) >1349 || >5000 (1) >1349
ALM-S3 127 (0) 34 4456 (2028) | 1244 >5000 (2300) | >1396
ALM-S4 15 (0) 4 3360 (3104) | 988 >5000 (4670) | >1456
FALM-S1 || 96 (0) 28 477 (0) 138 970 (343) 281
FALM-S2 || 70 (0) 20 351 (0) 101 1440 (616) 418
FALM-S3 || 29 (0) 8 161 (21) 47 670 (530) 196
FALM-S4 || 9 (0) 3 179 (146) 52 687 (654) 200
ISTA 500 61 2500 298 5000 591
ADAL 501 102 2501 515 5001 1047
SADAL 252 56 1252 280 2502 561
ALM 252 54 1252 285 2502 578
ALM-S1 456 (0) 121 2274 (0) 616 4547 (0) 1239
ALM-S2 252 (0) 68 1252 (0) 336 2502 (0) 674
ALM-S3 47 (0) 13 229 (0) 62 497 (44) 136
ALM-S4 7 (0) 2 27 (0) 7 87 (36) 24

than ALM-S for the same choice of p1,. We see from Table 4.1 that the larger u, was in ALM-S, the faster
the algorithm was. To further compare the performance of the basic algorithms, we report the number of
iterations, CPU times, etc., needed by them to first obtain a lower objective function value than that obtained
by ISTA at its 500th, 2500th and 5000th iterations. From the second part of Table 4.1 we see that ADAL
needed almost the same number of iterations as ISTA to achieve the same objective function value, but took
more CPU time, since instead of computing the gradient, it required solving a specially structured system of
linear equations. We also see that SADAL and ALM needed the same number of iterations, and they both
took fewer iterations and less CPU time than ISTA and ADAL to achieve a given objective function value.
We also see that ALM-S1, ALM-S2, ALM-S3 and ALM-S4 were all faster than ISTA in terms of number
of iterations, and ALM-S3 and ALM-S4 were both faster than ISTA in terms of CPU times. This indicates
that the alternating linearization technique helps for this particular image deblurring problem, especially

when a larger step size u, was chosen.

We plot in Figure 4.1 the objective function value versus the number of iterations taken by ISTA, FISTA,
ALM-S3 and FALM-S3 (i.e., ug = 10) for solving (4.1) with p = 0.001. We see from Figure 4.1 that, for
this particular problem, the performance of the accelerated algorithm FALM-S3 was much better than that
of ALM-S3. We also see that ALM-S3 performed much better than ISTA, and FALM-S3 performed much
better than FISTA, further illustrating the benefit of our alternating linearization approach.

We report results in Table 4.2 for p = 0.0075 and four different values of ;14 in ALM-S and FALM-S:
1/7.5,1/0.75,1/0.075,1/0.0075. Table 4.2 shows that the fast algorithms were much faster than the basic
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TABLE 4.2

Comparison of the algorithms for solving (4.1) with p = 0.0075 and uniform kernel on the Cameraman image.

different pg’s were used: S1,52,53,54 :

Four

1/7.5,1/0.75,1/0.075,1/0.0075. FISTA(100) = 76909.27, FISTA(500) = 71006.83,
FISTA(1000) = 69685.65. ISTA(500) = 79532.22, ISTA(2500) = 75099.91, ISTA(5000) = 73630.42

solver iter CPU || iter CPU iter CPU
FISTA 100 13 500 60 1000 119
ISTA 1208 147 >5000 >606 >5000 >606
ADAL 1208 236 >5000 >975 >5000 >975
SADAL 607 122 >5000 >1018 || >5000 >1018
ALM 607 128 >5000 >1064 || >5000 >1064
FALM 70 18 353 90 712 182
ALM-S1 1067 (0) 276 >5000 (0) >1271 || >5000 (0) >1271
ALM-S2 535 (27) 136 >5000 (300) >1264 || >5000 (300) >1264
ALM-S3 155 (73) 40 >5000 (3421) | >1310 || >5000 (3421) | >1310
ALM-S4 || 409 (401) | 113 || >5000 (4852) | >1324 || >5000 (4852) | >1324
FALM-S1 || 94 (0) 26 494 (392) 138 994 (892) 275
FALM-S2 || 84 (17) | 24 548 (481) 154 1057 (990) 296
FALM-S3 || 49 (32) 14 451 (434) 127 951 (934) 267
FALM-S4 || 71 (68) 20 469 (466) 131 968 (965) 269
ISTA 500 61 2500 304 5000 606
ADAL 501 98 2500 488 5000 975
SADAL 252 51 1256 253 2511 506
ALM 252 53 1256 266 2511 536
ALM-S1 || 443(0) | 114 | 2207 (0) 569 4413 (0) 1125
ALM-S2 || 221 (8) | 57 1109 (62) 282 2219 (129) 560
ALM-S3 | 53 (17) | 13 355 (192) 93 774 (455) 202
ALM-S4 200 (196) | 55 754 (738) 205 1282 (1252) 346

[ 1000 2000 3000
iteration

4000 5000

1000 2000 3000
iteration

4000 5000

125

100 200 300 400 500 600 700 800 900 1000
iteration

Fic. 4.1. The comparison of objective function values versus number of iterations for Algorithms ISTA, FISTA, ALM-S3,

FALM-S8 for p =0.001

algorithms.

In particular, FALM took the fewest iterations.

We again observe that FALM-S was much

faster than ALM-S for the same choice of 14, and ALM-S took fewer iterations and was much faster than
ISTA, when ;14 was set to a large value (as in ALM-S2, ALM-S3 and ALM-S4). Again, this indicates that
the alternating linearization technique helped for this particular problem. We also note that although the
performance of ALM-S1, ALM-S2 and ALM-S3 improved as p4 increased, the performance of ALM-S4 was
worse than ALM-S3. The reason for this is that 11, was too large in ALM-S4, causing it to take more skipping
steps, which resulted in ALM-S4 being more like ISTA and hence slower. As suggested in [1], p = 0.0075
gives the best image recovery. Therefore, we exhibit the original and blurred images, and those recovered by
ALM-S1 and FALM-S1 (i.e., g = 1/7.5) in Figure 4.2. We see that both ALM-S1 and FALM-S1 recovered
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TABLE 4.3
Comparison of the algorithms for solving (4.1) with p = 0.1 and uniform kernel on the Cameraman image. Four different
g ’s were used: S1,S52,53,54:0.01,0.1,1,10. FISTA(100) = 834675.05, FISTA(500) = 807350.97, FISTA(1000) = 803361.57.
ISTA(500) = 850979.64, ISTA(2500) = 825934.44, ISTA(5000) = 818918.90

solver iter CPU || iter CPU iter CPU
FISTA 100 12 500 60 1000 120
ISTA 1272 151 >5000 >588 >5000 >588
ADAL 1272 287 >5000 >1128 || >5000 >1128
SADAL 711 165 >5000 >1125 || >5000 >1125
ALM 711 169 >5000 >1187 || >5000 >1187
FALM 83 21 963 250 >5000 >1441
ALM-S1 1261 (0) 342 >5000 (0) >1372 || >5000 (0) >1372
ALM-S2 1158 (0) 311 >5000 (0) >1331 || >5000 (0) >1331
ALM-S3 645 (13) 169 >5000 (50) >1386 || >5000 (50) >1386
ALM-S4 338 (242) | 96 >5000 (3611) | >1437 || >5000 (3611) | >1437
FALM-S1 || 101 (80) 32 501 (480) 158 1001 (980) 313
FALM-S2 || 100 (80) 31 500 (480) 155 1000 (980) 312
FALM-S3 || 97 (88) 30 497 (488) 154 997 (988) 310
FALM-S4 || 94 (91) 29 494 (491) 154 994 (991) 309
ISTA 500 61 2500 296 5000 588
ADAL 500 110 2501 564 5001 1128
SADAL 272 63 1439 331 3000 682
ALM 272 65 1438 339 2996 709
ALM-S1 497 (0) 134 2477 (0) 669 4952 (0) 1359
ALM-S2 456 (0) 121 2274 (0) 609 4547 (0) 1211
ALM-S3 256 (8) 68 1262 (20) 343 2518 (31) 698
ALM-S4 156 (119) | 44 626 (436) 178 1215 (834) 348

the image very well. It is interesting to note that, although FALM-S reduces the objective function value

faster, the image recovered by ALM-S was better.
We report results in Table 4.3 for p = 0.1 and four different values of pg in ALM-S and FALM-S:

0.01,0.1,1,10. Conclusions can be drawn from Table 4.3 that are similar to those can be drawn from Tables
4.1 and 4.2, except that in this case the performance of the theoretically unsupported FALM algorithm was
worse than all of the theoretically supported FALM-S variants.

We also illustrate our comparisons graphically by plotting in Figures 4.3, 4.4 and 4.5 the number of
iterations needed to reduce the objective function value to FISTA(100), FISTA(500) and FISTA(1000) for
the fast algorithms, and to ISTA(500), ISTA(2500) and ISTA(5000) for the basic algorithms. In the graphs
in the left portion of Figures 4.3, 4.4 and 4.5, each group of three bars gives the number of iterations needed
by each algorithm to reduce the objective function value to FISTA(100), FISTA(500) and FISTA(1000) in
that order. In the graphs in the right portion of Figures 4.3, 4.4 and 4.5, each group of three bars gives
the number of iterations needed by each algorithm to reduce the objective function value to ISTA(500),
ISTA(2500) and ISTA(5000) in that order.

We also solved Problem (4.1) with a different blurring kernel, the kernel 3A in [1] (see Table 1 in [1] for
details). We report results for this deblurring problem with p = 0.001,0.04 and 0.1 in Tables 4.4, 4.5 and
4.6, respectively. Note that p = 0.04 is given as the default value for the regularization parameter for this
problem in the SALSA code since this value approximately gives the best recovery [1]. We now compare the
results reported in Tables 4.1 and 4.4 corresponding to solving Problem (4.1) with the same p (p = 0.001),
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F1c. 4.3. Comparison of the number of iterations needed for the Cameraman tmage for p = 0.001

but with a different operator A and blurred image b. We see that, to reduce the objective function to

FISTA(100), the number of iterations needed by the basic algorithms in these two tables differ by about

10%, while the difference between the number of iterations needed by the fast algorithms for the two blurring

kernels is negligible. These tables show that to obtain higher accuracy, i.e., objective values corresponding to

FISTA(500) and FISTA(1000), the fast algorithms FISTA-S3 and FISTA-S4 that used large step sizes (i.e., a
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F1a. 4.5. Comparison of the number of iterations needed for the Cameraman image for p = 0.1

g of 10 and 100), behaved quite differently for the two blurring kernels. To reduce the objective function to
ISTA(500) and ISTA(2500), the numbers of iterations needed by all of the basic algorithms were essentially
the same. To reduce the objective function to ISTA(5000), the number of iterations needed by ALM-S3 and
ALM-54 (i.e., those variants that used a large p,4) differed by about 8.7% and 67%, respectively, while the
numbers of iterations needed by other algorithms were almost the same. Similarly, comparing the results
reported in Table 4.3 with those in Table 4.6 corresponding to p = 0.1, we again observe that to reduce
the objective function value to FISTA(100), the numbers of iterations needed by the basic algorithms were
slightly different, while the numbers of iterations needed by the fast algorithms were almost identical. Also,
to reduce the objective function to ISTA(5000), the numbers of iterations needed by the basic algorithms
were almost the same, except for ALM-S4 (1, = 10) where there was about a 3.5% difference.

We also solved Problem (4.1) with the uniform kernel on a different image (the Lena image) with a
higher resolution with 512 x 512 pixels. The results for p = 0.001 are reported in Table 4.7. Comparing
the results reported in Tables 4.1 and 4.7, we can see the effects of using different images with different
resolutions since the two problems have the same blurring kernel and p. We see from Tables 4.1 and 4.7
that, to reduce the objective function value to FISTA(100) and ISTA(500), the numbers of iterations needed
by the algorithms are almost the same. To reduce the objective function value to FISTA(1000), the number
of iterations needed by FALM-S2, FALM-S3 and FALM-S4 differ about 6%, 12% and 11%, respectively. To
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reduce the objective function value to ISTA(5000), the number of iterations needed by ALM-S3 and ALM-S4
differ greatly.

TABLE 4.4
Comparison of the algorithms for solving (4.1) with p = 0.001 and kernel 3A on the Cameraman image. Four different
fg’s were used: S1,52,53,54 :0.1,1,10,100. FISTA(100) = 16822.89, FISTA(500) = 11850.74, FISTA(1000) = 11310.35.
ISTA(500) = 27300.27, ISTA(2500) = 14447.61, ISTA(5000) = 12946.92

solver iter CPU || iter CPU iter CPU
FISTA 100 14 500 65 1000 130
ISTA 1522 202 >5000 >656 >5000 >656
ADAL 1523 347 >5000 >1157 || >5000 >1157
SADAL 763 185 >5000 >1161 || >5000 >1161
ALM 763 188 >5000 >1235 || >5000 >1235
FALM 71 21 351 106 701 209
ALM-S1 1385 (0) | 375 >5000 (0) >1333 || >5000 (0) >1333
ALM-S2 763 (0) 203 >5000 (1) >1326 || >5000 (1) >1326
ALM-S3 140 (0) 37 4361 (2172) | 1201 >5000 (2561) | >1377
ALM-S4 17 (0) 4 3463 (3233) | 990 >5000 (4707) | >1423
FALM-S1 || 96 (0) 29 477 (0) 144 965 (237) 289
FALM-S2 || 71 (0) 21 351 (0) 105 1455 (460) 442
FALM-S3 || 30 (0) 9 145 (0) 43 624 (466) 187
FALM-S4 || 10 (0) 3 120 (82) 37 637 (599) 194
ISTA 500 66 2500 328 5000 656
ADAL 501 114 2502 575 5000 1157
SADAL 252 61 1252 302 2502 593
ALM 252 63 1252 307 2502 617
ALM-S1 456 (0) 126 2274 (0) 610 4547 (0) 1213
ALM-S2 252 (0) 66 1252 (0) 332 2502 (0) 665
ALM-S3 47 (0) 12 229 (0) 61 457 (0) 121
ALM-S4 7 (0) 2 27 (0) 7 52 (0) 14

The results of our tests on the image deblurring Problem (4.1) show the following, at least with regard
to the limited set of image blurring kernels and regularization parameters that we tried.

e The accelerated (i.e., fast) algorithms take far fewer iterations and are indeed much faster than the
basic algorithms. Note that all S (skipping) variants satisfy the requirements for our complexity
theory.

e ALM (SADAL) and its skipping variants substantially outperform ISTA and ADAL; hence, the
extra linearization/minimization step pays off.

e FALM and its skipping variants usually outperform FISTA in terms of number of iterations, but the
degree to which this is true is not as great as in the ALM/ISTA comparison.

e Choosing a suitable p, for the z-minimization subproblem different from p¢ can result in significant
improvements in performance for both ALM-S and FALM-S. When appropriately chosen these algo-
rithms are substantially faster than ISTA and FISTA in reducing the objective function initially; as
higher accuracy is demanded these differences fade. It is clear from the results that a continuation
strategy for choosing 11, might work well; clearly, at the beginning choosing the step length p, large
works best, while towards the later iterations choosing p4 large can lead to erratic behavior. We
note however, that due to the fact that the problem data is noisy, once the level of noise is reached,
further iterations do not produced meaningful results; hence, the results for achieving an objective
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TABLE 4.5
Comparison of the algorithms for solving (4.1) with p = 0.04 and kernel 3A on the Cameraman image. Four different
tg’s were used: S1,52,53,54:1/40,1/4,1/0.4,1/0.04. FISTA(100) = 397184.14, FISTA(500) = 376921.35, FISTA(1000) =
372110.29. ISTA(500) = 407885.99, ISTA(2500) = 391039.34, ISTA(5000) = 386204.47

solver iter CPU || iter CPU iter CPU
FISTA 100 13 500 64 1000 127
ISTA 1252 162 >5000 >636 >5000 >636
ADAL 1252 270 >5000 >1058 || >5000 >1058
SADAL 639 139 >5000 >1088 || >5000 >1088
ALM 639 148 >5000 >1140 || >5000 >1140
FALM 72 20 375 103 784 218
ALM-S1 1222 (0) 321 >5000 (0) >1314 || >5000 (0) >1314
ALM-S2 1002 (0) 268 >5000 (0) >1320 || >5000 (0) >1320
ALM-S3 437 (108) | 117 >5000 (1255) | >1340 || >5000 (1255) | >1340
ALM-S4 328 (289) | 92 >5000 (4285) | >1398 || >5000 (4285) | >1398
FALM-S1 || 100 (69) 30 500 (469) 149 1000 (969) 295
FALM-S2 || 98 (72) 30 498 (472) 149 998 (972) 297
FALM-S3 || 91 (80) 27 491 (480) 146 991 (980) 293
FALM-S4 || 89 (86) 28 488 (485) 148 988 (985) 296
ISTA 500 64 2500 321 5000 636
ADAL 501 108 2500 536 5000 1058
SADAL 255 56 1283 280 2580 567
ALM 255 58 1282 293 2579 588
ALM-S1 489 (0) 129 2441 (0) 641 4880 (0) 1283
ALM-S2 402 (0) 107 2002 (0) 533 4002 (0) 1059
ALM-S3 174 (41) 47 872 (217) 234 1742 (436) 467
ALM-S4 150 (134) | 42 605 (527) 170 1133 (976) 317

value of FISTA(1000) may not be very significant.

e Ignoring the step skipping mechanism as is done is ALM, SADAL and FALM can result in erratic
behavior.

e The progress of both ALM-S and FALM-S eventually slows down if ;4 is chosen too large, but
it is clear that FALM-S is more sensitive to a poor choice of pg. This is not surprising, since

the FALM algorithms use over-relaxation and do not generate monotonically decreasing objective

function values.

For other problem classes, choosing values for p (uf and p,4) that may violate the requirements of our

theory, such as using continuation on p, may be necessary to obtain competitive results in practice.

5. Conclusion. In this paper, we proposed both basic and accelerated versions of alternating lin-
earization methods for minimizing the sum of two convex functions. Our basic methods require at most
O(L/e) iterations to obtain an e-optimal solution, if the penalty parameters 1/(BL(f)) < ps < 1/L(f) and
1/(BL(g)) < pg < 1/L(g) where 8 > 1, L(f), L(g) and L are Lipschitz constants for Vf, Vg and an appro-
priate combination of them, while our accelerated methods require at most O(\/Tk) iterations with only a
small additional amount of computational effort at each iteration. Algorithms with complexities O(L(f)/¢)
and O(y/L(f)/¢) for requiring only f to be smooth, were also analyzed. Numerical results on wavelet-based
image deblurring problems are reported. These results demonstrate the efficiency and the practical potential
of our algorithms.
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TABLE 4.6
Comparison of the algorithms for solving (4.1) with p = 0.1 and kernel 3A on the Cameraman image. Four different pig’s

were used: S1,S2,53,584 : 0.01,0.1,1,10. FISTA(100) = 911837.36, FISTA(500) = 877332.50, FISTA(1000) = 870941.70.
ISTA(500) = 929486.61, ISTA(2500) = 902074.88, ISTA(5000) = 893555.94

solver iter CPU || iter CPU iter CPU
FISTA 100 14 500 64 1000 127
ISTA 1283 163 >5000 >637 >5000 >637
ADAL 1283 269 >5000 >1048 || >5000 >1048
SADAL 699 153 >5000 >1126 || >5000 >1126
ALM 699 157 >5000 >1126 || >5000 >1126
FALM 78 21 485 133 >5000 >1378

ALM-S1 1271

( 332 || >5000 (0) >1302 || >5000 (0) >1302
ALM-S2 || 1167 (0
1

(
307 || >5000 (0) >1316 || >5000 (0) >1316
(

)

)
ALM-S3 |[ 651 (15) | 171 || >5000 (54) | >1318 || >5000 (54) | >1318
ALM-S4 || 345 (249) | 95 >5000 (3530) | >1383 || >5000 (3530) | >1383
FALM-SI || 101 (85) | 30 501 (485) 149 1001 (985) 298
FALM-S2 || 100 (85) | 30 500 (485) 1438 1000 (985) 296
FALM-S3 || 97 (88) | 29 497 (488) 148 997 (988) 295
FALM-S4 || 94 (91) | 28 494 (491) 147 994 (991) 297
ISTA 500 63 2500 319 5000 637
ADAL 501 105 | 2501 523 5001 1048
SADAL || 268 58 1336 303 2820 613
ALM 268 60 1385 311 2818 635
ALM-S1 | 497 (0) | 130 || 2477 (0) 645 4952 (0) 1289
ALM-S2 | 456 (0) | 120 || 2274 (0) 600 4547 (0) 1197
ALM-S3 || 256 (8) | 68 1264 (23) 334 2520 (35) 664
ALM-S4 || 157 (120) | 43 635 (446) 175 1256 (379) 347
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