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Abstract

A class of trust-region methods for large scale bound-constrained sys-
tems of nonlinear equations is presented. The methods in this class follow
the so called affine-scaling approach and can efficiently handle large scale
problems. At each iteration, a suitably scaled region around the current
approximate solution is defined and, within such a region, the norm of the
linear model of F is trusted to be an adequate representation of the merit
function ∥F∥. Both spherical and elliptical trust-regions are allowed. An
inexact dogleg method is used to obtain an approximate minimizer of the
linear model within the trust-region and the feasible set Ω. Thus, strictly
feasible iterates are formed and a strictly feasible approximation of the
solution is ensured. Global convergence results are established without
any Lipschitz assumption on F ′(x) and locally fast convergence is showed
under standard assumptions. Convergence analysis is performed without
specifying the scaling matrix used to handle the bounds. In fact, a rather
general class of scaling matrices is allowed in actual algorithms. An algo-
rithm based on the standard spherical trust-region and the pioneer scaling
matrix given by Coleman and Li is implemented in a Matlab code and its
numerical performance is shown.

Key words: bound-constrained equations, affine scaling, trust-region
methods, dogleg methods, inexact Newton methods, global convergence.

1 Introduction

In this paper we discuss affine scaling trust-region methods for large scale sys-
tems of nonlinear equations with simple bounds. The problem is to find a vector
x ∈ Rn satisfying

F (x) = 0, x ∈ Ω, (1)

where F : X 7→ Rn is a continuosly differentiable mapping, X ⊆ Rn is an
open set containing the n-dimensional box Ω = {x ∈ Rn | l ≤ x ≤ u}. Here,
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the inequalities are meant component-wise and the vectors l ∈ (R ∪ −∞)n,
u ∈ (R∪+∞)n are specified lower and upper bounds on the variables such that
Ω has nonempty interior.

The numerical solution of large scale bound constrained nonlinear systems
is required in many contexts from different areas of scientific, economic and
engineering computations [15, 11, 14, 19, 5, 27] and their numerical solution has
recently attracted several researchers [4, 24, 25, 12].

Inexact Newton methods augmented with trust-region procedures can effi-
ciently solve constrained systems when the number of equations is large. In
particular, the recent works [4, 2] focus on subspace affine scaling globally con-
vergent methods where Newton-Krylov methods are augmented with a strategy
for handling the constraints and with a trust-region procedure defined on a low
dimensional subspace. These methods generate a sequence of strictly feasible
points. Both spherical and elliptical trust-regions are allowed and the trust-
region step is approximated by a procedure which basically consists in a double
dogleg method. In fact, the trust-region problem is approximately solved by a
dogleg strategy on a low (two) dimensional subspace. Then this approximate
trust-region step is projected onto Ω and a convex combination of this projected
step and the generalized Cauchy step gives the required approximated solution
of the trust-region problem in Rn.

The main motivation for the current work is the recent paper by Pawlowski
et al. [23]. In such paper, which deals with the numerical solution of systems
of nonlinear equations, the authors provide a very general dogleg method in an
inexact Newton framework. However, in [23] only nonlinear systems without
constraints on the solutions are addressed.

The present paper aims at generalizing the method proposed in [23] (ex-
tending it to systems with simple constraints) and looking for a simple proce-
dure to approximate the trust-region step thus possibly obtaining more efficient
algorithms than those previously proposed for constrained nonlinear systems.
Nevertheless, some desirable features of the algorithms given in [4] should be
maintained. In particular, we require that all the iterates produced lie in the
strict interior of Ω. This way, the method is able to solve constrained problems
even if F is not defined outside the feasible set Ω. Further, global and locally
fast convergence must be ensured independently of the position of the asked
solution. This way, we expect good numerical performance both on problems
with solution within the interior of Ω and on problems with solution on the
boundary of the feasible set.

To define a robust iterative process for the solution of large scale problems,
an inexact Newton method is incorporated into a globally convergent affine
scaling trust-region scheme. At each iteration, a suitably scaled region around
the current approximate solution xk is defined and, within such a region, the
norm of the linear model of F is trusted to be an adequate representation of
the merit function ∥F∥. Both spherical and elliptical trust-regions are allowed.
Therefore, an approximate minimizer of the linear model within the trust-region
and the feasible set Ω is required at each iteration. This is accomplished by an
inexact dogleg method that, taking into account the given constraints, ensures a
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strictly feasible approximation of the solution. More precisely, the linear model
is minimized along a path whose foundations are a scaled Cauchy step and a
projected Inexact Newton step. Unlike the standard dogleg, in this approach
the path is not a convex combination of these two steps, but a more general
combination: this is due to the fact that, as the Newton step is not exact and it
may be projected, many theoretical properties of the dogleg curve are lost and
more flexibility is allowed in the choice of the step. This is the reason why we
refer to this procedure as an inexact dogleg.

We stress the significant differences betweeen our proposal and all the affine
scaling trust-region methods previously given for the numerical solution of con-
strained nonlinear systems. The inexact dogleg strategy employed here is rel-
atively simpler than those used in the methods discussed in the literature
[3, 4, 16, 21, 26, 28]. Moreover, here, the foundation is the linear model of the
merit function ∥F∥, whereas in the previous works the merit function 1

2∥F∥
2 is

approximated by a quadratic model.
The aforementioned paper [23] has played an important role for the design

of our algorithm and a few theoretical results given in [23] are useful in our
context, too. In the convergence analysis carried out in the present paper,
we point out where we follow the approach suggested in [23]. However, as we
work in a constrained context within an affine scaling trust-region framework,
different tools are required in order to prove the convergence properties of our
method. On the other hand, proofs of theoretical properties of our method beat
different paths with respect to those commonly used in the analysis of affine
scaling methods for constrained nonlinear systems. This is mainly due to the
adopted linear model of F . Moreover, global convergence is proven without any
Lipschitz assumption on the Jacobian of F (x) and locally fast convergence is
ensured under standard assumptions.

Finally, we remark that the theoretical analysis performed here is carried
out without specifying the scaling matrix used to handle the bounds. This
distinguishes the present work from previous papers on affine scaling trust-
region methods to solve (1) and gives rise to an algorithm with some flexibility
in choosing the scaling matrix. In fact, a rather general class of scaling matrices
is allowed in actual implementations of the method.

The paper is organized as follows. In Section 2 we derive our affine scaling
inexact dogleg method for the solution of (1) and discuss some implementation
issues. In Section 3 we show convergence properties of the method. In Section 4
we give details of our implementation of the proposed algorithm and report on
our computational experience. Some conclusions and perspectives are presented
in Section 5.

1.1 Notation

Throughout the paper we use the following notation. For any mapping F :
X → Rn, differentiable at a point x ∈ X ⊂ Rn, the Jacobian matrix of F at
x is denoted by F ′(x). The subscript k is used as index for a sequence and
when clear from the context the argument of a mapping is omitted. Then, for

3



any function F , the notation Fk is used to denote F (xk). To represent the i-th
component of a vector x ∈ Rn the symbol (x)i is used but, when clear from the
context, the brackets are omitted. For any vector y ∈ Rn, the 2-norm is denoted
by ∥y∥ and the open ball with center y and radius ρ is indicated by Bρ(y), i.e.
Bρ(y) = {x : ∥x− y∥ < ρ}.

2 The method

We start by noting that every solution of (1) is a solution of the following
constrained optimization problem:

min
x∈Ω

f(x) = min
x∈Ω

1

2
∥F (x)∥2. (2)

Then, in a framework for (1), we expect that a numerical method generates a
sequence of points converging to a solution x∗ of (2).

As originally shown by Coleman and Li [7], a solution x∗ to (2) satisfies

D(x∗)∇f(x∗) = 0, (3)

where ∇f(x) = F ′(x)
T
F (x) and D(x) is a proper diagonal scaling matrix of

order n with diagonal elements given by

dCL
i (x) =


ui − xi if (∇f(x))i < 0 and ui <∞,
xi − li if (∇f(x))i > 0 and li > −∞,
min{xi−li, ui−xi} if (∇f(x))i = 0 and li > −∞ or ui <∞,
1 otherwise.

(4)
We remark that this scaling matrix is possibly discontinuous in points x for
which ∇f(x)i = 0 for some component i.

The original scaling matrix proposed in [7] was generalized in [13]. In this
latter paper it is shown that first order optimality conditions for problem (2)
are given by (3) for any diagonal matrix D(x) with diagonal elements satisfying

di(x)


= 0 if xi = li and ∇f(x)i > 0,
= 0 if xi = ui and ∇f(x)i < 0,
≥ 0 if xi ∈ {li, ui} and ∇f(x)i = 0,
> 0 otherwise.

(5)

It is straightforward to note that elements given by (4) satisfy (5).
In this paper, we consider a quite general scaling matrix D(x) satisfying (5).

In fact, in the next section, we will state that, for global convergence purposes
D(x) must satisfy suitable assumptions that are very natural in a constrained
context. We will show that the choice (4) satisfies such requirements and other
existing scaling matrices from the recent literature are allowed in our context.

We remark that our aim is to define an iterative method that generates a
sequence {xk} of strictly feasible points converging to a solution of (1). Then,
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given xk ∈ int(Ω) at hand, in order to ensure a stepsize large enough to produce
a strictly feasible point and an acceptable progress towards a solution, we need to
move towards the interior of Ω along search directions well-angled with respect
to the bounds. The direction of the scaled gradient dk, i.e.

dk = −Dk∇fk, (6)

is an useful tool to achieve our aim, allowing implicit handling of the bounds by
means of the diagonal matrix Dk and providing global convergence, as it will
be shown in the next section. However, in order to go beyond a scaled gradient
direction and obtain fast convergence of the method, we adopt a trust-region
strategy. At iteration k, given an iterate xk ∈ int(Ω) and the trust-region size
∆k > 0, we consider the scaled bound-constrained trust-region problem

min
p∈Rn

{mk(p) : ∥Gk p∥ ≤ ∆k, xk + p ∈ int(Ω)} (7)

where mk is the linear model for ∥F (x)∥ at xk, i.e.

mk(p) = ∥Fk + F ′
kp∥

and Gk = G(xk) ∈ Rn×n with G : Rn 7→ Rn×n. Here the two choices Gk = I

or Gk = D
−1/2
k are allowed. The first choice of G yields the standard spherical

trust-region problem. The second one leads to an elliptical trust-region problem.
In the context of large scale problems, a suitable way of approximating the

solution of (7) is a dogleg-type method where an inexact Newton method is
employed. Let pINk be an inexact Newton step satisfying

F ′
k p

IN
k = −Fk + rk, ∥rk∥ ≤ ηk∥Fk∥, (8)

where ηk ∈ [0, 1) is called forcing term.
In order to guarantee that the new step is in the interior of Ω a projection,

followed by a step back, is performed. That is, we consider the step p̄INk given
by:

p̄INk = αk(P (xk + pINk )− xk), αk ∈ (0, 1), (9)

where P (x)i = max{li,min{xi, ui}}. We clearly have

∥p̄INk ∥ < ∥pINk ∥. (10)

To define the dogleg curve and find the next iterate, we look for the so-called
generalized Cauchy point pc(∆k) along the scaled gradient direction dk, i.e. the
minimizer of the model along dk, constrained to be in the trust-region and to
satisfy xk + pc(∆k) ∈ int(Ω). The vector pc(∆k) has the form

pc(∆k) = τk dk, (11)

where dk is given by (6) and the scalar τk is so that xk+pc(∆k) ∈ int(Ω). More
precisely, the value of τk is fixed in the following way. We consider

τ ′k = argmin
∥τGkdk∥≤∆k

mk(τdk) = min

{
− FT

k F
′
kdk

∥F ′
kDk∇fk∥2

,
∆k

∥GkDk∇fk∥

}
(12)
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and, if xk + τ ′kdk ∈ int(Ω), we let τk = τ ′k in (11). Otherwise we let λk be the
stepsize along dk to the boundary, i.e.

λk = min
1≤i≤n

Λi, where Λi =

{
max

{
li−(xk)i
(dk)i

, ui−(xk)i
(dk)i

}
if (dk)i ̸= 0

∞ if (dk)i = 0
,

(13)
and set τk smaller than λk.

Summarizing, the parameter τk in (11) is given by

τk =

{
τ ′k if xk + τ ′kdk ∈ int(Ω)
θλk, θ ∈ (0, 1) otherwise.

(14)

Now, we let

pgCk = − FT
k F

′
kdk

∥F ′
kDk∇fk∥2

dk. (15)

The vector pgCk is the unconstrained Cauchy step, i.e. the minimizer of the
model along dk without taking into account the trust-region constraint and the
feasible set Ω. From the previous discussion it is straightforward to note that
the generalized Cauchy step pc(∆k) has always the form

pc(∆k) = βkp
gC
k , βk ∈ (0, 1], (16)

where βk = 1 if τk = − FT
k F ′

kdk

∥F ′
kDk∇fk∥2 and βk < 1 if τk = ∆k

∥GkDk∇fk∥ or τk = θλk.

Then, pc(∆k) is our reference direction that produces a reasonable progress
towards satisfying

lim
k→∞

∥Dk∇fk∥ = 0.

Next, in order to produce an approximate trust-region step, we follow [23] and
consider the linear path p(γ) given by:

p(γ) = (1− γ)pc(∆k) + γp̄INk , γ ∈ R. (17)

Note that γ is not necessarily confined to the interval [0, 1], as in a standard
dogleg approach: this is due to the fact that, as the Newton step is not exact
and it may be projected, many theoretical properties of the dogleg curve are
lost and we allow more flexibility in the choice of the step (see [23]). We point
out a (slight) difference with the approach in [23]: here, the dogleg is based on

pc(∆k), whereas in [23] it is based on pgCk . This difference is due to the fact that

we cannot simply consider pgCk as we have to take into account the presence of
the bounds.

Then, we minimize our model along p(γ) within the trust-region and the
strictly feasible set. That is, we consider the function

ϕ(γ) = ∥Fk + F ′
kp(γ)∥

= ∥Fk + (1− γ)F ′
kpc(∆k) + γF ′

kp̄
IN
k ∥

= ∥Fk + F ′
kpc(∆k) + γF ′

k(p̄
IN
k − pc(∆k))∥.
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The function ϕ(γ) is convex, as it is the composition of an affine function
and a convex function [6].

For the sake of simplicity let us set a = Fk + F ′
kpc(∆k) and b = F ′

k(p̄
IN
k −

pc(∆k)). We have

ϕ′(γ) =

∑n
i=1(ai + γbi)bi
∥a+ γb∥

=
aT b+ γbT b

∥a+ γb∥
.

Hence ϕ′(γ) = 0 for γ = γ̂ with

γ̂ = −a
T b

bT b
= − (Fk + F ′

kpc(∆k))
TF ′

k(p̄
IN
k − pc(∆k))

∥F ′
k(p̄

IN
k − pc(∆k))∥2

. (18)

Further, we have

ϕ′′(γ) =
bT b∥a+ γb∥ − (aT b+ γbT b)ϕ′(γ)

∥a+ γb∥2
.

Hence

ϕ′′(γ̂) =
bT b

∥a+ γb∥
> 0

and ϕ(γ) is therefore attaining a minimum at γ̂.
Let us observe that γ̂ > 0 whenever ∥Fk + F ′

kpc(∆k)∥ > ∥Fk + F ′
kp̄

IN
k ∥. In

fact,

aT b = (Fk + F ′
kpc(∆k))

T ((Fk + F ′
kp̄

IN
k )− Fk − F ′

kpc(∆k))

= (Fk + F ′
kpc(∆k))

T (Fk + F ′
kp̄

IN
k )− ∥Fk + F ′

kpc(∆k)∥2

≤ ∥Fk + F ′
kpc(∆k)∥(∥Fk + F ′

kp̄
IN
k ∥ − ∥Fk + F ′

kpc(∆k)∥).

Now, since we need p(γ) in the trust-region, we compute the values of γ for
which p(γ) intersects the trust-region boundary.

Taking squares of ∥Gkp(γ)∥ = ∆k, we obtain

(1− γ)2∥Gkpc(∆k)∥2 + γ2∥Gkp̄
IN
k ∥2 + 2γ(1− γ)pc(∆k)

TG2
kp̄

IN
k = ∆2

k

which rearranged gives

γ2∥Gk(pc(∆k)− p̄INk )∥2−2γpc(∆k)
TG2

k(pc(∆k)− p̄INk )+∥Gkpc(∆k)∥2−∆2
k = 0
(19)

Then, two values γ±, given by

γ± =

(
pc(∆k)

TG2
k(pc(∆k)− p̄INk )±

((
pc(∆k)

TG2
k(pc(∆k)− p̄INk )

)2 −
∥Gk(pc(∆k)− p̄INk )∥2(∥Gkpc(∆k)∥2 −∆2

k)
) 1

2

)
/∥Gk(pc(∆k)− p̄INk )∥2

solve the above equation. Note that condition pc(∆k) ̸= p̄INk is always verified,
as otherwise the path p(γ) degenerates to the Cauchy point. Then, the argument
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of the square root in γ± is non negative if ∥Gkpc(∆k)∥ ≤ ∆k. Clearly, we cannot
have ∥Gkpc(∆k)∥ > ∆k, so existence of two real solutions of (19) is ensured.

Let us comment on the case ∥Gkpc(∆k)∥ = ∆k. We have

γ± =
pc(∆k)

TG2
k(pc(∆k)− p̄INk )± |pc(∆k)

TG2
k(pc(∆k)− p̄INk )|

∥Gk(pc(∆k)− p̄INk )∥2

i.e., one of the two solutions is given by γ = 0, that is p(γ) = pc(∆k). Indeed, if
the Cauchy point lies on the boundary of the trust-region (∥Gkpc(∆k)∥ = ∆k),
one of the solutions of (19) is trivially the Cauchy point itself. Furthermore, if
Gkpc(∆k) and Gk(pc(∆k)− p̄INk ) are orthogonal vectors, the path p(γ) cuts the
boundary of the trust-region in a unique point corresponding to pc(∆k). Then,
the path degenerates to the Cauchy point. We underline that in finite precision
this event in unlikely to happen.

Finally, we have to take into account that p(γ) is required to produce a
strictly feasible point, as our aim is to generate a strictly feasible sequence. We
note that the new point xk + p(γ) belongs to the interior of Ω if γ ∈ [0, 1],
because both pc(∆k) and p̄

IN
k are feasible steps. On the other hand, if we move

along p(γ) with γ negative or γ > 1 we need to check if strict feasibility of the
new point is mantained and shorten the step if necessary. Recalling that

p(γ) = pc(∆k) + γ(p̄INk − pc(∆k)),

let us consider the stepsize to the boundary from xk+pc(∆k) along p̄
IN
k −pc(∆k).

Then, if γ > 1, we set:

Λi =

{
max

{
li−((xk)i+(pc(∆k))i)

(p̄IN
k −pc(∆k))i

, ui−((xk)i+(pc(∆k))i)

(p̄IN
k −pc(∆k))i

}
if (p̄INk − pc(∆k))i ̸= 0

+∞ if (p̄INk − pc(∆k))i = 0

and take
γ̄+ = min

i
Λi(p), (20)

whereas if γ < 0 we set:

Λi =

{
max

{
li−((xk)i+(pc(∆k))i)

−(p̄IN
k −pc(∆k))i

, ui−((xk)i+(pc(∆k))i)

−(p̄IN
k −pc(∆k))i

}
if (−p̄INk + pc(∆k))i ̸= 0

+∞ if (−p̄INk + pc(∆k))i = 0

and
γ̄− = −min

i
Λi(p). (21)

To summarize, the choice of γ is made as follows. Since we want to minimize
∥Fk + F ′

kp(γ)∥, we seek γ = γ̂. Moreover, since p(γ) must belong to the trust-
region and xk + p(γ) is required to be strictly feasible, we perform the following
choice: if γ̂ > 0, we choose γ = min(γ̂, γ+, θγ̄+), whereas if γ̂ < 0, we choose
γ = max(γ̂, γ−, θγ̄−), with θ ∈ (0, 1) and we set the trial step p(∆k) = p(γ).

Next, we sketch the process for finding p(∆k). It is based on Procedure
3.6 of [23], modified in order to take into account the presence of bounds. We
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underline that this procedure generates a step that produces a decrease in the
value of the model which is at least the decrease provided by the generalized
Cauchy step. In other words, the step satisfies the condition

ρc(p(∆k)) =
∥Fk∥ − ∥Fk + F ′

kp(∆k)∥
∥Fk∥ − ∥Fk + F ′

kpc(∆k)∥
≥ 1. (22)

STEP SELECTION. Finding a step p(∆k) that satisfies the model
decrease (22).

Input parameters: xk ∈ int(Ω), ∆k > 0, dk, p̄
IN
k , θ ∈ (0, 1)

Compute pc(∆k) by (11) and (14).
Compute γ̂ by (18).
If γ̂ > 0

compute γ+ and γ̄+ and set γ = min{γ̂, γ+, θγ̄+}
Else

compute γ− and γ̄− and set γ = min{γ̂, γ−, θγ̄−}
Set p(∆k) = (1− γ)pc(∆k) + γp̄INk

As for the unconstrained problems, the sufficient improvement condition

ρf (p(∆k)) =
∥Fk∥ − ∥F (xk + p(∆k))∥
∥Fk∥ − ∥Fk + F ′

kp(∆k)∥
≥ β (23)

is required to hold for a given constant β ∈ (0, 1). Namely, if (23) is satisfied,
then p(∆k) is accepted, the new iterate xk+1 = xk + p(∆k) is formed and the
trust-region radius may be increased. Otherwise, p(∆k) is rejected and ∆k is
shrunk.

Below we summarize the overall procedure.

Affine Scaling Inexact Dogleg (AS ID) Method

Input parameters: the starting point x0 ∈ int(Ω), the function G, ∆min > 0,
the initial trust-region size ∆̄0 > ∆min, β, δ, θ ∈ (0, 1).

For k = 0, 1, . . .
1. Set ∆k = ∆̄k.
2. Choose αk ∈ (0, 1), ηk ∈ [0, 1).
3. Compute the solution pINk to (8).
4. Form p̄INk by (9).
5. Set dk = −Dk∇fk.
6. Find p(∆k) by the Step Selection procedure.
7. While ρf (p(∆k)) < β

7.1 Set ∆k = δ∆k.
7.2 Find p(∆k) by the Step Selection procedure.

8. Set xk+1 = xk + p(∆k).
9. Choose ∆̄k+1 > ∆min.
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Now, we make some comments that mainly focus on some algorithmic ques-
tions. First, we point out that the trust region size is updated according to
standard rules, i.e. on the basis of accuracy of the adopted model to the merit
function. So, at each iteration ∆k is enlarged if (23) is satisfied. Otherwise,
the trust region radius is reduced. The positive constant ∆min is employed as
a lower bound on the initial trust region size allowed at each iteration.

We underline that p̄INk does not depend on the trust-region radius and so it
is computed only once at each iteration, even if reductions of the trust-region
radius are needed.

Furthermore, it is worth mentioning that, as suggested in [23], before com-
puting the inexact Newton step we could first check if the Cauchy step pc(∆̄k)
satisfies the inexact Newton condition. If this is the case, the Cauchy step itself
is an inexact Newton step. Furthermore, condition (22) is certainly satisfied and
no linear system needs be solved in order to find p̄INk and consequently p(∆k).
This may lead to computer time savings.

Another important point is that each iteration of the above method is well-
defined because the while-loop at step 7 cannot continue indefinitely. In fact, we
prove that there exists a sufficiently small ∆k such that condition (23) is verified.
So, after at most a finite numbers of repetitions, the while-loop terminates (see
the following Proposition 3.1).

Finally, we underline that our method cannot be straightforwardly imple-
mented in a matrix-free manner. In fact, the gradient of ∥F∥2 (i.e. the product

F ′(x)
T
F (x)) must be computed and the sign of its components is of crucial

importance for a good behaviour of the method.

3 Convergence analysis

The convergence analysis of AS ID method is organized as follows. First, in
Section 3.1 we will prove well-posedness of the scheme, i.e. finite termination
of the while loop in step 7 of AS ID method. Then, in Section 3.2 global con-
vergence is proved without any Lipschitz assumption on F ′. This distinguishes
the results given here from those of [1], as global convergence is proved under
weaker assumptions. Finally, in Section 3.4 the local convergence properties of
the method are investigated, after introducing some technical results in Section
3.3.

3.1 Finite termination

Finite termination of the while loop in step 7 of AS ID method is proved under
the following assumptions.

Assumption 1: The sequence {xk} generated by the AS ID method is bounded

Assumption 2: The scaling matrix D(x):

(i) satisfies (5);

10



(ii) is bounded in Ω ∩Bρ(x) for any x ∈ Ω and ρ > 0;

(iii) there exists a λ̄ > 0 such that the stepsize λk to the boundary from
xk along dk (see (13)) satisfies λk > λ̄ whenever ∥∇fk∥ is uniformly
bounded above.

Assumption 3: F ′(x) is uniformly continuous in Ω.

Note that Assumption 2-(iii) implies the constraint compatibility of dk: this
property avoids the problem of running directly into a bound by ensuring that
the stepsize to the boundary remains bounded away from zero. Furthermore,
it is straightforward to note that, as D(x) satisfies (5), it is nonsingular for
x ∈ int(Ω).

We remark that the scaling matrix (4) proposed by Coleman and Li, satisfies
Assumption 2. In fact, we have already noted that it satisfies (5). Moreover,
condition (ii) holds as for any x̄ ∈ Bρ(x), we have ui − xi ≤ ui − x̄i + ρ and
xi − li ≤ x̄i + ρ− li. Note that the term ui − xi appears only if ui is finite and
the same is true for xi− li. Finally, note that in the definition (13) of λk, for any

1 ≤ i ≤ n the maximum is li−(xk)i
(dk)i

whenever (∇fk)i > 0 and ui−(xk)i
(dk)i

whenever

(∇fk)i < 0. Then, from the definition of the scaling matrix (4) we have

λk = min
i

(
1

|(∇fk)i|

)
≥ 1

∥∇fk∥∞
,

and condition (iii) is satisfied.
The following technical lemma paves the way for proving finite termination

of the while loop in Step 7 of AS ID method.

Lemma 3.1 Let xk be generated by Method AS ID and assume that ∥D1/2
k ∇fk∥ ̸=

0. Then
∥Fk∥ − ∥Fk + F ′

kp(∆k)∥ ≥ (1−
√
1− ωk)∥Fk∥ (24)

with

ωk = min

(
θλk,

∆k

∥GkDk∇fk∥
,

1

∥F ′
k∥2∥Dk∥

)
∥D1/2

k ∇fk∥2

∥Fk∥2
. (25)

Proof. First of all, we note that ∥Fk + F ′
kpc(∆k)∥ < ∥Fk∥ and from (22) it

follows that

∥Fk∥ − ∥Fk + F ′
kp(∆k)∥ ≥ ∥Fk∥ − ∥Fk + F ′

kpc(∆k)∥. (26)

Then, we proceed proving some inequalities for the Cauchy step pc(∆k). Let
us set

ηck :=
∥Fk + F ′

kpc(∆k)∥
∥Fk∥

.

First, assume that the step has the form pc(∆k) = pgCk , given in (15), i.e.
pc(∆k) = σkdk with

σk := − FT
k F

′
kdk

∥F ′
kDk∇fk∥2

= −F
T
k F

′
kdk

∥F ′
kdk∥2

.

11



Then, we have

(ηck)
2 =

∥Fk + F ′
kpc(∆k)∥2

∥Fk∥2
=

∥Fk + σkF
′
kdk∥2

∥Fk∥2

=
FT
k Fk + 2σkF

T
k F

′
kdk + σ2

kd
T
k (F

′
k)

TF ′
kdk

∥Fk∥2

= 1 + 2σk
FT
k F

′
kdk

∥Fk∥2
+ σ2

k

∥F ′
kdk∥2

∥Fk∥2

= 1− 2
(FT

k F
′
kdk)

2

∥F ′
kdk∥2∥Fk∥2

+
(FT

k F
′
kdk)

2∥F ′
kdk∥2

∥F ′
kdk∥4∥Fk∥2

= 1−
(

FT
k F

′
kdk

∥F ′
kdk∥∥Fk∥

)2

= 1−

(
∥D1/2

k ∇fk∥2

∥F ′
kdk∥∥Fk∥

)2

≤ 1−

(
∥D1/2

k ∇fk∥
∥F ′

k∥∥Fk∥∥D1/2
k ∥

)2

. (27)

Next, assume that pc(∆k) has the form pc(∆k) = σkdk with

σk = min

(
θλk,

∆k

∥GkDk∇fk∥

)
< −F

T
k F

′
kdk

∥F ′
kdk∥2

.

Then, proceeding as to prove (27) we get:

(ηck)
2 = 1 + σk

(
2
FT
k F

′
kdk

∥Fk∥2
+ σk

∥F ′
kdk∥2

∥Fk∥2

)
≤ 1 + σk

(
2
FT
k F

′
kdk

∥Fk∥2
− (FT

k F
′
kdk)∥F ′

kdk∥2

∥F ′
kdk∥2∥Fk∥2

)
= 1−min

(
θλk,

∆k

∥GkDk∇fk∥

)
∥D1/2

k ∇fk∥2

∥Fk∥2
. (28)

Relations (27) and (28) straightforwardly give

(ηck)
2 ≤ 1− ωk,

with ωk given in (25). Note that, as (ηck)
2 is positive, it follows that 0 < ωk < 1.

The previous inequality immediately yields (24). �

Now, we are ready to show that the while loop terminates.

Proposition 3.1 Let xk be generated by Method AS ID and assume that ∥D1/2
k ∇fk∥ ≠

0. Then the while loop in Step 7 terminates.

Proof. In order to prove the thesis we need to consider the quantity

ρf (p(∆k)) = 1− ∥F (xk + p(∆k))∥ − ∥Fk + F ′
kp(∆k)∥

∥Fk∥ − ∥Fk + F ′
kp(∆k)∥

.
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Taylor’s theorem gives

F (xk + p(∆k)) = F (xk) + F ′
kp(∆k) +

∫ 1

0

(F ′(xk + tp(∆k))− F ′
k)p(∆k) dt,

then the triangle inequality yields

∥F (xk + p(∆k))∥ ≤ ∥Fk + F ′
kp(∆k)∥+ ∥p(∆k)∥

∫ 1

0

∥F ′(xk + tp(∆k))− F ′
k∥ dt

(29)
and we obtain:

∥F (xk + p(∆k))∥ − ∥Fk + F ′
kp(∆k)∥ ≤ ∥G−1

k ∥∆k

∫ 1

0

∥F ′(xk + tp(∆k))− F ′
k∥ dt

(30)
Moreover, for

∆k ≤ min

(
θλk,

1

∥F ′
k∥2∥Dk∥

)
∥GkDk∇fk∥

from (25) we get:

ωk =
∆k∥D1/2

k ∇fk∥2

∥GkDk∇fk∥∥Fk∥2
.

Note that, for ωk ∈ (0, 1) it follows 1−
√
1− ωk >

1
2ωk. Then (24) yields

∥Fk∥ − ∥Fk + F ′
kp(∆k)∥ ≥ 1

2
∆k

∥D1/2
k ∇fk∥2

∥GkDk∇fk∥∥Fk∥
.

Then, from (30) we obtain

ρf (p(∆k)) ≥ 1− 2
∥G−1

k ∥
∫ 1

0
∥F ′(xk + tp(∆k))− F ′

k∥ dt
∥D1/2

k ∇fk∥2

∥GkDk∇fk∥∥Fk∥

.

Since F ′ is continuous, the limit of the right-hand-side of the previous inequal-
ity goes to 1 as ∆k tends to 0, therefore for ∆k sufficiently small we have
ρf (p(∆k)) > β and the while loop terminates. �

3.2 Global convergence

Now we are ready to prove global convergence. Following [23], our proof is based
on [9, Corollary 3.6], which is reported here for the reader’s convenience.

Theorem 3.1 [9, Corollary 3.6] Let F : X 7→ Rn be continuously differentiable
and assume that {xk} ∈ X is such that the conditions

∥Fk∥ − ∥F (xk + pk)∥ ≥ β1 (∥Fk∥ − ∥Fk + F ′
kpk∥) (31)
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∥Fk∥ − ∥Fk + F ′
kpk∥ ≥ 0 (32)

are satisfied for each k, with β1 ∈ (0, 1) independent of k and pk = xk+1 − xk.
If ∑

k≥0

predk
∥Fk∥

=
∑
k≥0

∥Fk∥ − ∥Fk + F ′
kpk∥

∥Fk∥

diverges, then Fk → 0. If in addition x∗ is a limit point of {xk} such that F ′(x∗)
is invertible, then F (x∗) = 0 and xk → x∗.

Our convergence result is stated in the following Theorem.

Theorem 3.2 Let Assumptions 1 and 2 be satisfied. Then all the limit points
of {xk} are stationary points for problem (2). Further, if there exists a limit
point x∗ ∈ int(Ω) of {xk} such that F ′(x∗) is nonsingular, then ∥Fk∥ → 0 and
all the accumulation points of {xk} solve problem (1). If, in addition, there
exists a limit point x∗ ∈ Ω such that F (x∗) = 0 and F ′(x∗) is invertible, then
xk → x∗.

Proof. Let x∗ be a limit point of {xk} and suppose that x∗ is not a stationary
point. Then F (x∗) ̸= 0 and

D(x∗)∇f(x∗) ̸= 0.

In particular, for at least an index i ∈ {1, ..., n} we have di(x
∗) ̸= 0 and

∇f(x∗)i ̸= 0. We also have as an immediate consequence

D1/2(x∗)∇f(x∗) ̸= 0.

Looking at (5), this means we are in one of the following three situations:
i) li < x∗i < ui, ii) x

∗
i = li and ∇f(x∗)i < 0, iii) x∗i = ui and ∇f(x∗)i > 0.

Due to the continuity of ∇f(x), there exists a neighborhood Ñ of x∗ such that
∇f(x∗)i∇f(x)i > 0 ∀x ∈ Ñ ∩ Ω. Let us consider case i) and let ε = min{x∗i −
li, ui − x∗i } and N∗ ⊂ Ñ such that N∗ ∩ Ω ⊂ Bε/2(x

∗). Then di(x)∇f(x)i ̸= 0

for any x in N∗ ∩ Ω. Then, we have D(x)∇f(x) ̸= 0 and D(x)1/2∇f(x) ̸= 0
for any x ∈ N∗ ∩ Ω. The same result is obtained in case ii) and case iii) using
analogous arguments, letting ε = ui − x∗i and ε = x∗i − li, respectively.

Further by continuity we have

sup
x∈N∗∩Ω

∥F ′(x)∥ < +∞.

The previous arguments imply that there exist constants m > 0 and M > 0
such that ∀x ∈ N∗ ∩ Ω we have

∥D(x)1/2∇f(x)∥ ≥ m, ∥F ′(x)∥ ≤M.

Assumption 2 implies that there exist constants χD > 1 and λ̄ > 0 such that

∥D1/2
k ∥ ≤ χD, ∥GkD

1/2
k ∥ ≤ χD,
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and
λk > λ̄

for any xk ∈ N∗ ∩ Ω. Hence for xk ∈ N∗ ∩ Ω, recalling (25) we have

ωk =
∥D1/2

k ∇fk∥
∥Fk∥2

min

(
θλk∥D1/2

k ∇fk∥,
∆k∥D1/2

k ∇fk∥
∥GkDk∇fk∥

,
∥D1/2

k ∇fk∥
∥F ′

k∥2∥Dk∥

)

≥ m

∥F0∥∥Fk∥
min

(
θλ̄m,

∆k

χD
,

m

M2χ2
D

)
. (33)

Then, for

∆k < mχD min

(
θλ̄,

1

M2χ2
D

)
=: ∆̃

we have from (33)

ωk ≥ ∆km

χD∥F0∥∥Fk∥
.

Therefore, as 1−
√
1− ωk >

1
2ωk, proceeding as in Proposition 3.1 we obtain:

ρf (p(∆k)) ≥ 1−
2∥G−1

k ∥∆k

∫ 1

0
∥F ′(xk + tp(∆k)− F ′

k∥ dt
∆km

χD∥F0∥∥Fk∥∥Fk∥

≥ 1− 2
χ2
D

m
∥F0∥

∫ 1

0

∥F ′(xk + tp(∆k)− F ′
k∥ dt .

The uniform continuity of F ′ implies that there exists ∆̂ < ∆̃ such that for
∆k ≤ ∆̂ we have ρf (p(∆k)) > β for any xk ∈ N∗ ∩ Ω. This implies, for the

updating rule of the trust-region radius, that ∆k > δ∆̂. Then, from (24) and
(33) we have

∥Fk∥ − ∥Fk + F ′
kp(∆k)∥

∥Fk∥
≥ 1−

√
1− ω̄,

with

ω̄ =
m

∥F0∥2
δ∆̂

χD
> 0.

Since xk ∈ N∗ for infinitely many k, the series

∞∑
k=1

predk
∥Fk∥

diverges.
Note that the sequence {xk} satisfies (31) and (32). Then we are in a position

to apply Theorem 3.1 and to conclude that F (x∗) = 0. This is a contradiction
and therefore x∗ is a stationary point.

Moreover, ∥Fk∥ is a bounded and strictly decreasing sequence, hence it is
convergent, then, if there exists a limit point x∗ ∈ int(Ω) such that F ′(x∗) is
nonsingular, it follows that limk→∞ ∥Fk∥ = 0. Finally, if there exists x∗ ∈ Ω
such that F (x∗) = 0 and F ′(x∗) is invertible, we can apply Theorem 3.3 of [9]
with η = 1, that proves the convergence of xk to x∗. �
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3.3 Superlinear convergence: technical results

In this section we develop a theoretical foundation for proving superlinear con-
vergence of the AS ID method. We start recalling from [4] some technical results
tailored on the AS ID method. In the sequel we assume the following:

Assumption 4: ∥F ′∥ is bounded above on

L = ∪∞
k=0 {x ∈ X : ∥x− xk∥ ≤ r}, r > 0,

and χJ = supx∈L ∥F ′(x)∥.

Assumption 5: F ′ is Lipschitz continuous in an open, convex set containing
L, with constant 2γL.

Assumption 6: For any x̄ in int(Ω) there exists ρ̄ > 0 and χx̄ such that
Bρ(x̄) ⊂ int(Ω) and ∥D(x)−1∥ ≤ χx̄ for any x in Bρ̄/2(x̄).

Note that Assumption 4 is always satisfied if Ω is compact as F ′ is continu-
ous.

In the following lemma we report some useful inequalities whose proof is not
reported here as it is a straightforward adaption of that of [4, Lemma 4.2].

Lemma 3.2 Let x∗ ∈ Ω be a limit point of the sequence of iterates {xk} gen-
erated by the AS ID method such that F (x∗) = 0 and F ′(x∗) is nonsingular.
Let K1 = 2 ∥F ′(x∗)∥, K2 = 2 ∥F ′(x∗)−1∥, µ = max{K1,K2}/2, Γ ∈ (0, 1/µ) be
given. Then, there exists ρ > 0 so that if x ∈ Bρ(x

∗) then x ∈ L and

∥x− x∗∥ ≤ K2 ∥F (x)∥, (34)

∥F (x)∥ ≤ K1 ∥x− x∗∥, (35)

∥F ′(x)
−1∥ ≤ K2, (36)

∥F (x)− F (z)− F ′(z)(x− z)∥ ≤ Γ∥x− z∥2 for all z ∈ Bρ(x
∗). (37)

In order to discuss the convergence rate issues, we make the additional hy-
pothesis ∥Gkp

IN
k ∥ → 0 as k → ∞. In practice, this condition may fail to hold

only when Gk = D
−1/2
k and x∗ belongs to the boundary of Ω. On the other

hand, it is guaranteed when Gk = I or when Gk = D
−1/2
k and x∗ lies in the

interior of Ω. To show this, note that by (8) and (36) we get

∥pINk ∥ = ∥F ′−1
k (−Fk + rk)∥ ≤ (1 + ηk) ∥F ′−1

k ∥ ∥Fk∥ ≤ 2K2 ∥Fk∥, (38)

whenever xk ∈ Bρ(x
∗). This implies that ∥pINk ∥ → 0 as k → ∞. Further, when

x∗ ∈ int(Ω), by Assumption 6 we have ∥D−1
k ∥ ≤ χx∗ for any xk ∈ Bρ̄/2(x

∗).

Letting ρ̃ = min(ρ̄, ρ), as x∗ is a limit point of {xk}, there exists k̃ such that xk ∈
Bρ̃/2(x

∗) for any k > k̃. Then, eventually we have ∥D−1/2
k pINk ∥ ≤ χ

1/2
x∗ ∥pINk ∥ →

0 as k → ∞.
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From now on, with γL and χJ as in Assumptions 4-5, K1, K2 and Γ as in
Lemma 3.2, we let

K∗ = ∥F ′(x∗)∥ ∥F ′(x∗)−1∥, (39)

ν = 8K∗ (K2χJ + 1), (40)

δk = K2Γν
2∥xk − x∗∥+ 4K∗ ηk, (41)

ψk = χJδk + γLν
2∥xk − x∗∥+K1(1− αk), (42)

σk = max{ψk, K2( Γν
2∥xk − x∗∥+ ψk)}. (43)

In the next two lemmas we give some technical results which pave the way for
proving fast convergence rate.

Lemma 3.3 Assume that there exists a solution x∗ of (1) such that F ′(x∗) is
nonsingular and that the sequence {xk} generated by the AS ID method con-
verges to x∗. Suppose that

• either Gk = I, k ≥ 0, or

• Gk = D
−1/2
k , k ≥ 0, and ∥Gkp

IN
k ∥ → 0 as k → ∞.

Then there exists ρ1 ≤ ρ such that for all xk ∈ Bρ1(x
∗) ∩ int(Ω)

∥Gkp̄
IN
k ∥ ≤ ∆̄k, (44)

where ∆̄k is the initial trust-region radius at kth iteration. Further, when xk ∈
Bρ1(x

∗) ∩ int(Ω) we have

∥Fk + F ′
kp

IN
k ∥ ≤ K1 ηk∥xk − x∗∥, (45)

∥p̄INk ∥ < ∥pINk ∥ ≤ ν∥xk − x∗∥, (46)

∥p(∆̄k)∥ ≤ ν∥xk − x∗∥. (47)

Proof. Relation (44) is proven by using the fact that ∆̄k ≥ ∆min, i.e. ∆̄k is
bounded below from zero for each k ≥ 0. First let us consider the case Gk = I,
∀k ≥ 0. Inequality (38) yields limk→∞ ∥pINk ∥ = 0. Then, with ρ as in Lemma
3.2, there exists ρ1 ≤ ρ such that ∥p̄INk ∥ ≤ ∥pINk ∥ ≤ ∆̄k when xk ∈ Bρ1(x

∗) ∩
int(Ω) and the thesis (44) follows. Now consider the case Gk = D

−1/2
k , ∀k ≥ 0.

Noting that |(p̄INk )i| ≤ |(pINk )i|, we immediately have ∥Gkp̄
IN
k ∥ ≤ ∥Gkp

IN
k ∥.

Hence, from the assumption limk→∞ ∥Gkp
IN
k ∥ = 0, we get (44).

The remaining results are proven independently of the form of Gk. Result
(45) is easily proven as by (8) and (35) we obtain

∥Fk + F ′
kp

IN
k ∥ ≤ ηk∥Fk∥ ≤ K1ηk∥xk − x∗∥.

Result (46) is derived noting that by (10), (38) and (35) we get

∥p̄INk ∥ < ∥pINk ∥ ≤ 2K2 ∥Fk∥ ≤ 8K∗ ∥xk − x∗∥. (48)

Then, by (40) relation (46) follows.

17



Finally, we move on proving (47). We have

∥p(∆̄k)∥ = ∥p(γ)∥ ≤ ∥pc(∆̄k)∥+ |γ|∥p̄INk − pc(∆̄k)∥. (49)

Let us consider the value of |γ|. From (18) we have

|γ| ≤ |γ̂| ≤ ∥Fk + F ′
kpc(∆̄k)∥

∥F ′
k(p̄

IN
k − pc(∆̄k))∥

≤ ∥Fk + F ′
kpc(∆̄k)∥∥(F ′

k)
−1∥

∥p̄INk − pc(∆̄k)∥

≤ K2∥Fk + F ′
kpc(∆̄k)∥

∥p̄INk − pc(∆̄k)∥
. (50)

Moreover, recalling (11) we have

∥pc(∆̄k)∥ = τk∥Dk∇fk∥ ≤ −FT
k F

′
kdk

∥F ′
kDk∇fk∥2

∥Dk∇fk∥

≤ ∥F ′
k∥∥Fk∥∥Dk∇fk∥2

∥F ′
kDk∇fk∥2

≤ ∥F ′
k∥∥Fk∥∥(F ′

k)
−1∥2.

From Assumption 4, (35) and (36), the last inequality yields

∥pc(∆̄k)∥ ≤ χJK1K
2
2∥xk − x∗∥. (51)

Finally, letting

ηgC =
∥Fk + F ′

kp
gC
k ∥

∥Fk∥
,

from (16) it follows:

∥Fk + F ′
kpc(∆̄k)∥ = ∥Fk + F ′

kβkp
gC
k ∥

≤ (1− βk)∥Fk∥+ βkηgC∥Fk∥
= (1− βk(1− ηgC))∥Fk∥.

Then, from (35) and ηgC ≤ 1, it follows:

∥Fk + F ′
kpc(∆̄k)∥ ≤ K1∥xk − x∗∥.

Hence, by (49) and (50) we have

∥p(∆̄k)∥ ≤ ∥pc(∆̄k)∥+K2∥Fk + F ′
kpc(∆̄k)∥

≤ χJK1K
2
2∥xk − x∗∥+K2K1∥xk − x∗∥

= K1K2(χJK2 + 1)∥xk − x∗∥.

This proves (47). �
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Lemma 3.4 Assume that there exists a solution x∗ of (1) such that F ′(x∗) is
nonsingular and that the sequence {xk} generated by the AS ID method con-
verges to x∗. Suppose that

• either Gk = I, k ≥ 0, or

• Gk = D
−1/2
k , k ≥ 0, and ∥Gkpk∥ → 0 as k → ∞.

Then, there exists ρ2 such that for all xk ∈ Bρ2(x
∗) ∩ int(Ω) we have

∥Fk + F ′
k p̄

IN
k ∥ ≤ σk∥xk − x∗∥, (52)

∥xk + p̄INk − x∗∥ ≤ σk∥xk − x∗∥. (53)

Proof. The thesis straightforwardly follows from [4, Lemma 4.4] replacing
ptr(∆̄k) with p

IN
k and p̄tr(∆̄k) with p̄

IN
k . �

3.4 Superlinear convergence: main result

In this section we show that, if ηk → 0 as k → ∞, eventually the step p(∆̄k) sat-
isfies condition (23). Then it is not necessary to reduce the trust-region radius.
Moreover, for k sufficiently large, p(∆̄k) is an inexact Newton step that provides
a linear residual bounded by σk∥xk−x∗∥. This yields the superlinear/quadratic
convergence of the procedure.

Theorem 3.3 Assume that there exists a solution x∗ of (1) such that F ′(x∗)
is nonsingular and that the sequence {xk} generated by the AS ID method con-
verges to x∗. Suppose that ηk → 0, αk → 1, as k → ∞, and

• either Gk = I, k ≥ 0, or

• Gk = D
−1/2
k , k ≥ 0, and ∥Gkp

IN
k ∥ → 0 as k → ∞.

Then, eventually, p(∆̄k) satisfies (23) and the sequence {xk} converges to x∗

superlinearly. Moreover, if

ηk = O(∥Fk∥), αk = 1−O(∥Fk∥) as k → ∞,

the convergence rate is quadratic.

Proof. Recall that, in the step selection rule, p(∆̄k) is obtained minimizing
the convex function ϕ(γ) within the intersection of the trust-region and the
interior of the feasible set Ω. Further, xk + p̄INk belongs to the trust-region
for xk ∈ Bρ1(x

∗), with ρ1 as in Lemma 3.3. Moreover it belongs to the path
described by ϕ(γ) and it is a feasible point. From these arguments and from
(52), it follows

∥Fk + F ′
kp(∆̄k)∥ ≤ ∥Fk + F ′

kp̄
IN
k ∥ ≤ σk∥xk − x∗∥ (54)
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for xk ∈ Bρ2
(x∗) with ρ2 as in Lemma 3.4.

Now we prove that eventually p(∆̄k) satisfies (23). First note that, from
(47), we get

∥xk + p(∆̄k)−x∗∥ ≤ ∥xk −x∗∥+ ∥p(∆̄k)∥ ≤ (1+ ν)∥xk −x∗∥ ≤ (1+ ν)ρ2 ≤ ρ1.

Hence, xk + p(∆̄k) belongs to Bρ1(x
∗). Then,

ρf (p(∆̄k)) =
∥Fk∥ − ∥F (xk + p(∆̄k))∥
∥Fk∥ − ∥Fk + F ′

kp(∆̄k)∥

=
∥Fk∥ − ∥F (xk + p(∆̄k))− Fk − F ′

kp(∆̄k) + Fk + F ′
kp(∆̄k)∥

∥Fk∥ − ∥Fk + F ′
kp(∆̄k)∥

≥ ∥Fk∥ − ∥F (xk + p(∆̄k))− Fk − F ′
kp(∆̄k)∥ − ∥Fk + F ′

kp(∆̄k)∥
∥Fk∥ − ∥Fk + F ′

kp(∆̄k)∥

= 1− ∥F (xk + p(∆̄k))− Fk − F ′
kp(∆̄k)∥

∥Fk∥ − ∥Fk + F ′
kp(∆̄k)∥

≥ 1− Γ∥p(∆̄k)∥2

∥Fk∥ − ∥Fk + F ′
kp(∆̄k)∥

≥ 1− Γ∥p(∆̄k)∥2
1
K2

∥xk − x∗∥ − σk∥xk − x∗∥

≥ 1− K2Γν
2∥xk − x∗∥2

(1−K2σk)∥xk − x∗∥

= 1− K2Γν
2∥xk − x∗∥

1−K2σk

Note that σk → 0 and ∥xk − x∗∥ → 0. Then, for k large enough we certainly
have

1− K2Γν
2∥xk − x∗∥

1−K2σk
> β.

Hence, xk+1 = xk + p(∆̄k).
From (34) and (37) we have

∥xk + p(∆̄k)− x∗∥ ≤ K2∥F (xk + p(∆̄k))∥
≤ K2(∥F (xk + p(∆̄k))− Fk − F ′

kp(∆̄k)∥+ ∥Fk + F ′
kp(∆̄k)∥)

≤ K2(Γ∥p(∆̄k)∥2 + ∥Fk + F ′
kp(∆̄k)∥). (55)

Further, from (54) and (47) we get

∥xk + p(∆̄k)− x∗∥ ≤ K2(Γ∥p(∆̄k)∥2 + σk∥xk − x∗∥)
≤ K2(Γν

2∥xk − x∗∥+ σk)∥xk − x∗∥. (56)

Since we have

σk = O(∥xk − x∗∥+ ηk + (1− αk)), k → ∞,
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(56) ensures superlinear convergence rate if ηk → 0 and αk → 1 as k → ∞.
Moreover, if ηk = O(∥Fk∥) and 1 − αk = O(∥Fk∥), by (34)-(35) we get σk =
O(∥xk − x∗∥) and this yields quadratic convergence rate. �

4 Numerical experiments

In this section, we report on numerical experiments with the AS ID method.
Our aim is to prove the computational feasibility of the method, give general
information about its numerical performance and demonstrate the feasible effi-
ciency of the proposed inexact dogleg method compared with the globalization
technique given in [4].

Several choices have been made here to perform this preliminary experi-
mental investigation and we are conscious of the fact that all the algorithmic
possibilities of the AS ID method are not fully investigated here. We briefly
discuss our choices and give details of the major issues addressed in the imple-
mentation of AS ID method. Furthermore, we describe the set of test problems
used for the numerical experiments, discuss the results obtained and compare
them with those obtained by the SIATR 2D algorithm given in [4].

4.1 Our implementation

We implemented the method AS ID in a Matlab code. The numerical exper-
iments were performed on Intel Xeon (TM) 3.4 Ghz, 1GB RAM using Matlab
7.6. and machine precision ϵm ≈ 2.10−16.

Several choices made here, although very reasonable from our point of view,
were due to the aim of investigating the numerical efficiency of the proposed
inexact dogleg compared with the subspace dogleg strategy (i.e. the SIATR 2D
method) given in [4]. Then, we decided to verify the basic effectiveness of
AS IDalgorithm by using the standard spherical trust-region and the pioneer
scaling matrix given by Coleman and Li. Furthermore, we have choosen to test a
Newton-GMRES implementation. That is, we used GMRES as iterative linear
solver for computing pINk . Also for sake of comparison, we implemented the
SIATR 2D method in a Matlab code and run both solvers with the same values
of the common parameters and the same choices of algorithmic options. More
specifically, we set ∆0 = 1, ∆min =

√
ϵm, β = 0.75, θ = 0.99995, δ = 0.25 and

updated the trust-region size as in [4], i.e. at step 7.1 of the AS ID algorithm
we reduced the trust region radius by setting ∆k = min{0.25∆k, 0.5 ∥pk∥} and,
at step 9, we allowed the next iteration with an increased trust-region radius if
condition (23) holds (in this case, we set ∆̄k+1 = max{∆k, 2∥pk∥}), otherwise,
we left unchanged the radius.

The forcing term were computed by the adaptive choice given in [10], i.e.

η0 = 0.9, and ηk = 0.9 ∥Fk∥2 / ∥Fk−1∥2, for k ≥ 1 , with the safeguards suggested
in [10, p. 305].
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The Jacobian matrices were evaluated analitically and the inexact Newton
step pINk was computed by GMRES with the null initial guess and a restart
parameter equal to 50. A maximum of 150 GMRES iterations was allowed
for each nonlinear iteration. If all these linear iterations were performed, the
algorithm continued with pINk given by the last computed GMRES iterate.

For the computation of the projected step p̄INk we used αk = max {0.95, 1− ∥Fk∥}
for all k.

We stopped all the runs when the condition

∥Fk∥ ≤ 10−6

was met. Such occurrence was indicated as a successful termination. On the
other hand, the code declares a failure either if the number of iterations was
greater than 150 or if the number of F -evaluations was greater than 1000. In
addition, a failure was declared if the trust-region size was reduced below 10−8

or if
∥Fk+1 − Fk∥ ≤ 10−6∥Fk∥.

This condition is commonly called stagnation and may indicate that the method
does not manage to escape from a local minimizer of the merit function which is
not a solution of (1). We remark that these two last situations never happened
in our tests.

4.2 The test problems

The experiments were carried out on a set of widely studied problems. These
problems have proved to be reasonably hard in the past and many of them are
regarded as challenging problems in the literature. All problems have more than
one solution and we fixed the bounds to select specified solutions. We performed
our experiments using four different initial guesses x0 for each test problem, for
a total of 32 tests. In the following, we give a short description of the test
problems. For each of them, we specify the source, the dimension selected, the
lower and upper bounds specified, the different starting points used. For any
vector z ∈ Rn and a ∈ R the notation z = a is used as a shorthand for zi = a,
for i = 1, . . . , n

P1. The Chandrasekhar H-equation. The discrete analogue of the Chan-
drasekhar H-equation [17, p. 87] is a nonlinear system that depends on a pa-
rameter c ∈ (0, 1]. This system has two solutions but only one has a physical
meaning. The bounds l = 0, u = ∞ are used to select the significant solution.
We set n = 400 and c = 0.9999 and we used the bounds l = 0, u = 10300,
to approximate the required solution. We solved this problem starting from
x0 = 10γ−2, γ = 0, 1, 2, 3.

P2. Integral equation. A discretization of the integral equation given in
[18] leads to a nonlinear system of equations of variable dimension. We fixed
n = 103 and approximated the negative solution by setting l = −10300, u = 0.
We started from x0 = −10γ−2, γ = 0, 1, 2, 3.
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P3. Five diagonal system. This nonlinear system is Problem 4.8 in [20]. It
has variable dimension and several solutions. We decided to solve this problem
with dimension n = 5 · 103, bounds l = 1, u = 10300 , and initial guesses
x0 = 1 + 10γ−2, γ = 0, 1, 2, 3.

P4. Seven diagonal system. This nonlinear system is Problem 4.9 in [20].
Again the problem has variable dimension and several solutions. We set n =
5 · 103 and used the bounds l = 0, u = 10300 , to avoid negative solutions. The
vectors x0 = 10γ−2, γ = 0, 1, 2, 3 have been used to start.

P5. Poisson problem. This nonlinear system of variable dimension follows
from the standard five-points finite differences analogue of the nonlinear partial
differential equation given in [20, Problem 4.25]. We solved this problem with
n = 104, l = −5, u = 5, and initial guesses given by x0 = l+(γ+1)(u−l)/5, γ =
0, 1, 2, 3.

P6. Bratu problem. This is the standard five-points finite differences ana-
logue of the nonlinear partial differential equation given in [20, Problem 4.24].
We set n = 104 and we fixed l = −10300, u = 1.5, i = 1, . . . , n. This problem
was solved starting from x0 = −10γ−2, γ = 0, 1, 2, 3.

P7. A chemical equilibrium system. The System 1 given in Ref. [22] is a
system of n = 11 nonlinear equations. A solution of this problem has a physical
meaning if all its components are real and positive. We augmented this problem
to the size n = 11 · 103, fixed the bounds l = 0 and u = 10300 and solved the
augmented problem starting from x0 = 10γ−2, γ = 0, 1, 2, 3.

P8. Bratu NCP The Bratu nonlinear complementarity problem [11] was refor-
mulated as a system of n = 12500 nonlinear equations with l = 0 and u = 10300.
It depends on a parameter λ and we set λ = 6. The solution of this problem
lies on the boundary of the feasible set and it was included in the tests set for
testing the considered methods on problems with solutions on the boundary of
Ω. We solved this problem starting from x0 = 10γ−2, γ = 0, 1, 2, 3.

We underline that in the solution of Problems P5, P6 and P8 the precon-
ditioner given by the incomplete LU factorization ILU(0) of the Jacobian was
used to speed up the convergence of GMRES.

4.3 Numerical results

In the following Table 1 we summarize the results of the numerical experiments.
For the sake of comparison, the table includes results for our Matlab implemen-
tations of AS ID algorithm and SIATR 2D algorithm.

For each problem, we give: the value (γ) of the parameter used to compute
the initial guess x0 and the value (∥F (x0)∥) of ∥F∥ at x0. Furthermore, for both
solvers AS ID and SIATR 2D, we show the number (It) of iteration performed
by the algorithm, the number (Fe) of function evaluations, the value (∥F (xc)∥)
of ∥F∥ at the computed solution xc. Finally, the symbol ∗ indicates a failure.
We use the rather standard notation m(c) to denote m · 10c.

We remark that we have chosen to measure the algorithm efficiency by the
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number It of iterations and the number Fe of F -evaluations performed to obtain
convergence. Note that the measure in terms of iteration count is equivalent to
considering the number of function evaluations if the initial trial step is accepted
and no reduction of the trust-region size is required. In fact, in this case we have
Fe = It + 1. On the other hand, the number of F-evaluations increases when
reductions of the trust-region size are needed. In this case, Fe > It+1 and the
quantity R = Fe − (It + 1) gives the number of the performed reductions of
the trust-region size. We remark that the computational cost of the algorithm
increases as the number of rejected trial steps. Then, severe reductions of the
trust-region size damage its numerical efficiency.

We now see in more details our numerical results. In Table 1, the values
∥F (x0)∥ show that we started all runs far from the solution. Both algorithms
seldom failed (on a total of 32 tests we count 3 failures for AS IDand 2 failures
for SIATR 2D) and reached good approximations of the solution.

We note that the AS ID method seems to be quite efficient. All the success-
ful runs required at most It = 27 iterations and Fe = 28 function evaluations.
On a total of 32 runs, these maximum values are reached only once. Further, we
count It > 20 and Fe > 20 five times whereas 17 runs have been ended with It
and Fe ranging from 10 to 20. We note that most problems have been success-
fully solved without employing reductions of the trust-region radius, that is the
first trial step is always accepted. In fact, only three runs required reduction
of the trust-region size. In particular, we count one test where two reductions
have been performed (R = 2 in the solution of Pb. 4 when γ = 3 is used to
compute x0) and two tests requiring one reduction of the trust-region (it results
R = 1 in the solution of Pb. 7 and Pb. 3 starting from x0 with γ = 0).

From the results obtained by the SIATR 2D solver we count It ≥ 27 four
times and Fe ≥ 28 six times. Further, often convergence is reached with a
reduction of the trust-region size. More specifically, it results R = 1 one time,
R = 2 two times, R = 3 four times, R = 22 two times and R = 30 one
time. Then, in our numerical experiments, the procedure given in [4] failed
more frequently than the AS ID method to produce good trial steps and severe
reductions of the trust-region size occurred, too.

To make in more significant evidence our results we conclude this section
comparing AS ID and SIATR 2D algorithms by adopting the performace pro-
file approach [8]. In Figure 1 the number of F -evaluations is used as a measure
of the computational effort of the solvers under comparison, while in Figure 2
the computational effort is measured in terms of nonlinear iterations. Again,
the conclusions follow the lines stated above and the profiles indicate that the
method proposed here is an efficient way to solve constrained systems of non-
linear equations. More precisely, the performance profiles show that the AS ID
method outperfoms SIATR 2D in our numerical tests, both in terms of F eval-
uations and nonlinear iterations. At this regard we underline that the number
of linear systems approximately solved to compute the inexact Newton steps
is equal to the number of nonlinear iterations. Then, from Figure 2, it can be
seen that in about the 78% of tests the AS ID method requires a smaller num-
ber of nonlinear iterations than SIATR 2D. Then, we have that in about the
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78% of tests the AS ID method solves a smaller number of linear systems than
SIATR 2D. Moreover, the remaining 12% of tests succesfully solved, requires a
number of nonlinear iterations that is at most the double of those required by
SIATR 2D.

5 Final remarks

We have introduced a new dogleg method for bound constrained nonlinear sys-
tems of equations. The method follows the so called affine-scaling approach and
generates strictly feasible iterates only. It differs from other methods of the
same type in the way of approximating the trust-region step and is suitable for
numerical solution of large scale problems. In fact, an Inexact Newton method
is incorporated into an affine scaling trust-region scheme. At each iteration, a
suitably scaled region around the current approximate solution is defined and,
within such a region, the norm of the linear model of F is trusted to be an
adequate representation of the merit function ∥F∥. The adopted linear model is
minimized along a path founded on a scaled Cauchy step and a projected Inexact
Newton step. Unlike the standard dogleg, the path is not a convex combina-
tion of these two steps, but a more general combination. Theoretical properties
of the method are stated and global locally fast convergence is ensured both
on problems with solution within the interior of the feasible region Ω and on
problems with solution on the boundary of Ω. These good performances are
guaranteed by using tools that are quite different from those commonly used in
performing convergence analysis of affine scaling trust-region methods for con-
strained nonlinear systems. The method also allows a great deal of flexibility in
specifying the scaling matrix used to handle the bounds. For global convergence
purposes, quite general scaling matrices are allowed and several existing scal-
ing matrices from the recent literature satisfy our requirements. To verify the
basic effectiveness of the proposed algorithm and perform a comparison with
the approach given in [4], the method has been implemented by using the stan-
dard spherical trust-region and the scaling matrix given by Coleman and Li.
From the obtained numerical results the new method seems an efficient tool for
solving large scale systems of nonlinear equations with bound constraints. We
believe, however, that more pronounced differences in numerical performances
of the method are possible by using different scaling matrices. We leave this
topic as part of our future research since the effect of different scaling matrices
on the practical behaviour of the method was not the main aim of this work.

References

[1] S. Bellavia, M. Macconi, and B. Morini, An affine scaling trust-
region approach to bound-constrained nonlinear systems, Applied Numerical
Mathematics, 44 (2003), pp. 257–280.

25



AS ID SIATR-2D
Pb# γ ∥F (x0∥ It Fe ∥F (xc)∥ It Fe ∥F (xc)∥
1 0 3.1(1) 12 13 2.6(-8) 13 14 1.2(-8)

1 2.9(1) 12 13 3.3(-10) 13 14 2.8(-9)
2 1.2(1) 11 12 3.3(-10) 11 12 3.4(-7)
3 5.5(2) * * * * * *

2 0 1.5(2) 8 9 3.2(-9) 10 11 1.3(-8)
1 1.4(2) 8 9 9.9(-9) 9 10 2.5(-8)
2 2.7(1) 4 5 2.9(-8) 6 7 1.1(-10)
3 1.7(4) 13 14 6.9(-7) 16 17 4.2(-9)

3 0 4.3(0) 6 8 4.7(-10) 5 6 6.5(-7)
1 5.1(1) 7 8 2.4(-7) 8 10 1.1(-11)
2 1.8(3) 13 14 3.8(-11) 13 14 1.3(-10)
3 6.5(5) * * * 61 84 2.4(-10)

4 0 1.4(2) 17 18 6.8(-7) 20 24 2.9(-7)
1 1.1(2) 16 17 8.9(-7) 16 17 9.6(-8)
2 2.0(0) 8 9 2.0(-7) 7 8 3.1(-7)
3 4.8(5) 23 26 4.5(-7) 26 30 1.1(-7)

5 0 3.6(1) 14 15 8.6(-8) 15 16 3.3(-11)
1 2.1(1) 11 12 3.8(-12) 12 13 2.2(-12)
2 5.6(0) 8 9 7.2(-13) 9 10 4.7(-9)
3 1.3(1) 14 15 5.5(-10) 13 14 9.6(-7)

6 0 5.7(-1) 10 11 3.7(-10) 10 11 1.1(-8)
1 1.0(0) 10 11 2.4(-10) 11 12 9.7(-10)
2 7.0(0) 11 12 9.6(-8) 12 13 2.1(-7)
3 6.9(1) 15 16 1.5(-7) 17 18 6.8(-11)

7 0 1.3(2) 24 26 1.2(-7) 46 77 1.8(-7)
1 1.3(2) 23 24 3.7(-8) 42 65 9.3(-9)
2 3.0(2) 24 25 5.2(-7) 23 26 3.9(-7)
3 1.3(5) 27 28 1.2(-7) 29 30 7.4(-9)

8 0 2.0(2) 15 19 7.0(-8) 18 21 1.8(-7)
1 1.9(2) 16 20 4.0(-8) 20 24 1.7(-9)
2 1.2(2) 15 18 9.4(-7) 25 29 3.0(-8)
3 7.5(3) * * * * * *

Table 1: Comparative numerical results

26



1 1.5 2 2.5 3 3.5 4 4.5 5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

t

p(
t)

 

 

AS_ID
SIATR_2D

Figure 1: Performance profile in [1,5] in terms of F-evaluations

27



1 1.5 2 2.5 3 3.5 4 4.5 5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 

 

AS_ID
SIATR_2D

Figure 2: Performance profile in [1,5] in terms of Nonlinear Iterations

28



[2] , A two-dimensional trust-region method for large scale bound-
constrained nonlinear systems, in Applied and Industrial Mathematics in
Italy II, V. Cutello, G. Fotia, and L. Puccio, eds., Series on Advances in
Mathematics for Applied Sciences, Vol.75, World Scientific, 2007, pp. 137–
148.

[3] S. Bellavia and B. Morini, An interior global method for nonlinear sys-
tems with simple bounds, Optimization Methods and Software, 20 (2005),
pp. 1–22.

[4] , Subspace trust-region methods for large bound constrained nonlinear
equations, SIAM J. Numer. Anal., 44 (2006), pp. 1535–1555.

[5] L. T. Biegler, O. Ghattas, M. Heinkenschloss, and B. van Bloe-
men Waanders, Large-scale PDE-constrained optimization, Lecture Notes
in Computational Science and Engineering, 30, Springer, 2003.

[6] S. Boyd and L. Vandenberghe, Convex Optimization, Cambridge Uni-
versity Press, 2004.

[7] T. F. Coleman and Y. Li, An interior trust-region approach for nonlin-
ear minimization subject to bounds, SIAM J. Optim., 6 (1996), pp. 418–445.
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