ON DUALITY GAP IN BINARY QUADRATIC PROGRAMMING*
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Abstract. We present in this paper new results on the duality gap between the binary quadratic
optimization problem and its Lagrangian dual or semidefinite programming relaxation. We first
derive a necessary and sufficient condition for the zero duality gap and discuss its relationship with
the polynomial solvability of the primal problem. We then characterize the zeroness of the duality
gap by the distance, §, between {—1,1}" and certain affine subspace C' and show that the duality gap
can be reduced by an amount proportional to §2. We finally establish the connection between the
computation of é and cell enumeration of hyperplane arrangement in discrete geometry and further

identify two polynomially solvable cases of computing §.
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1. Introduction. Consider the following quadratic binary optimization prob-
lem,

) ey, =+ 2T
where @) € R™*" is symmetric and ¢ € R™.

There are many real-world applications of problem (P), for example, financial
analysis [16], molecular conformation problem [18] and cellular radio channel assign-
ment [9]. Many combinatorial optimization problems are special cases of (P), such as
maximum cut problem (see e.g., [10, 12]). Specifically, by setting ¢ = 0, problem (P)
reduces to the form of maximum cut problem which has been proved to be NP-hard
[11]. Thus, (P) is NP-hard in general. Polynomially solvable cases of (P) are inves-
tigated in [1, 7, 8, 19]. A systematic survey of the solution methods for solving (P)
can be found in Chapter 10 of [14].

We investigate in this paper the Lagrangian relaxation and the dual problem of
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(P). Notice that (P) can be rewritten as

(P.) minf(z) =2TQxz 4+ 2c"x

st. 22 —1=0,4i=1,...,n.

Dualizing each 27 —1 = 0 by a multiplier \;, we get the Lagrangian relaxation problem
(L):

() = inf L(x,2) = f(z) + Y Ni(wf —1)
i=1

(1.1) = in]Rf {27(Q + diag(\))x + 2cT 'z — €T N},
reR™

where e = (1,...,1)T and diag(\) denotes the diagonal matrix with )\; being its ith
diagonal element. The dual problem of (P.) (or (P)) is

(D) max d(X).

Let v(-) be the optimal value of problem (-). Obviously, the weak duality holds:
v(D) < v(P). While a strict inequality holds, (v(P) — v(D)) measures the duality
gap.

It is well known that (D) can be reduced to a semidefinite programming (SDP)
problem (see [22]). Moreover, the Lagrangian bound v(D) is equal to bounds gener-
ated by several other convex relaxation schemes (see [6, 13, 20, 21]). Malik et al. [15]
investigated the gap between maximum cut problem, which is a special case of (P)
where ¢ = 0, and its semidefinite relaxation and showed that the gap can be reduced
by computing a reduced-rank binary quadratic problem. Recently, Ben-Ameur and
Neto [4] derived spectral bounds for maximum cut problem which are tighter than the
well known Goemans and Williamson’s SDP bound [12]. The spectral bounds in [4]
invoke the eigenvalues of a matrix @ with modified diagonal entries and the distance
from {—1,1}" to some subspaces spanned by the eigenvectors of the modified Q.

The contribution of this paper is twofold. First, we characterize the duality gap by
the distance § between {—1,1}" and set C = {z € R" | (Q+diag(\*))z = —c}, where
A* is the optimal dual solution to (D). We show that the duality gap can be reduced
by an amount &, 162, where &, is the smallest positive eigenvalue of Q + diag(\*).
This leads to an improved lower bound v = v(D) + &,4162 for (P) which is tighter
than the Lagrangian bound or SDP bound of (P). Second, we establish the connection
between the computation of § and the cell enumerations of hyperplane arrangement
in discrete geometry. It turns out § can be computed in polynomial time for fixed r,
where r is the rank of @ +diag(A\*). In the special cases r = 1 and r = n— 1, we show

that § can be computed efficiently.
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The paper is organized as follows. We investigate the basic duality properties
of (P) in Section 2. Based on the optimality condition for zero duality gap, we
characterize in Section 3 the duality gap by the distance §. We then discuss the
relations of the improved lower bound developed in this paper with the bound of
[15] and the spectral bound of [4] for maximum cut problem, a special case of (P).
In Section 4, we establish the connection between the computation of § and the cell
enumerations of hyperplane arrangement related to C. Finally, we conclude the paper

in Section 5 with some further discussions.

2. Lagrangian Dual and Zero Duality Gap. In this section, we first intro-
duce some basic properties of the Lagrangian dual problem (D). We then develop
necessary and sufficient conditions for the zero duality gap between (P) and (D).
Finally, we give a sufficient condition for the polynomial solvability of (P) based on
a property of the optimal dual solution.

Using Shor’s relaxation scheme, the dual problem (D) can be rewritten as a

semidefinite programming problem:

(2.1) (D) max —71—el\
ot Q + diag(\) ¢ 0,
e T
(2.2) TeR, XeR".

Problem (Dy) is a semidefinite programming problem with v(Dy) = v(D) and is poly-
nomially solvable by interior point method (see [17, 24]). Obviously, (D) is equivalent
to (Ds) in the sense that v(D,) = v(D) and A* is optimal to (D) if and only if (\*, 7*)
is optimal to (D), where 7* = —uv(D) — eTA\*. It has been proved in [15] that the
optimal solution to (D;) is unique.

An alternative way to derive an SDP relaxation for (P) is lifting z € R™ to
Y € 8" Note that Y = xzT for some z € {—1,1}" if and only if ¥ = zzT and
Yii=1,4=1,...,n. Relaxing Y = 227 to Y > 227, we get the following SDP

Y
(Ps) min Q@ «c . x
¢’ 0 2T 1

st. V=1, i1=1,...,n,

Y:E>_0
2T 1 ) 77

where Y € §™. It can be shown that (P;) is the conic dual of (Dy).
It is easy to see that the strict feasibility (Slater condition) of (Ds) and (P;)

relaxation problem:

always hold. By the conic duality theorem (see, e.g., Nesterov and Nemirovskii [17]
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or Ben-Tal [5]), the strict feasibility of (Ds) and (Ps) imply that (Ds) and (Dy) are
solvable, v(P;) = v(D,) and the complementary condition X e H(A,7) = 0 holds for
any optimal solutions (Y, z) to (Ps) and (A, 7) to (D;), where we denote

Y = Q + diag(\) ¢
(2.3) X:( . 1>,H()\,T):< e )

x C T

Since X = 0 and H(A,7) = 0, X ¢ H(\,7) = 0 is equivalent to XH (A, 7) = 0.
The KKT optimality conditions for (Ps) and (D;) can then be described as follows.
LEMMA 1. Let (Y, x) and (A, 7) be feasible solutions to (Ps) and (Ds), respectively.
Then they are optimal if and only if

(2.4) XH(\,7) =0,

where X and H(X\,7) are defined in (2.5).
By the definition of X and H (A, 7), condition (2.4) is equivalent to

[Q + diag(\)]Y + ez =0,
[Q + diag(\)]z + ¢ = 0,
Y 4+ 2T =0,

Tr+71=0.

LEMMA 2. ([3]) For any A € R™, d(\) > —oo with x solving (L)) if and only if

(i) Q + diag()\) = 0;

(ii) [Q + diag(\)]z + ¢ = 0.

The following condition of saddle point type characterizes a zero duality gap
between (P) and (D).

LEMMA 3. Let * € {—1,1}" and \* € R™. Then, x* solves (P), A* solves (D)
and v(P) = v(D) if and only if

(2.9) Q + diag(A\*) = 0,
(2.10) [Q + diag(\*)]z* + ¢ = 0,

Proof. Suppose that conditions (2.9)-(2.10) hold for some z* € {—1,1}" and
A* € R™. From conditions (i)-(ii) in Lemma 2, we know that z* solves (Ly~) and
d(\*) = m%{{n L(z,\") = L(z*,\*) = f(z*) > v(P).
me n
By the weak duality, A* solves (D) and v(D) = v(P).
Conversely, if z* € {—1,1}" and A* € R" solve (P) and (D), respectively, and
v(P) = v(D), then

ERSING

L', \) = fa)+ 3o Xi[(@)? 1] = ") = d(\') = min Lz, \').
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Thus, z* solves (Ly~) and by Lemma 2, conditions (2.9)-(2.10) hold. O
Let A* be the optimal solution to (D). Let

(2.11) Q" = Q + diag(\"),
(2.12) C={zeR"|Qz+c=0}

PROPOSITION 1. Let A\* be an optimal solution to (Ds). Then C # (0 and
v(P) =v(D) if and only if C N {=1,1}" # (. Furthermore, any x* € CN{-1,1}" is
an optimal solution to (P).

Proof. Equation (2.6) implies that C is nonempty. The rest of the corollary
follows directly from Lemma 3.0

PROPOSITION 2. The duality gap v(P) —v(D) = 0 if and only if there exists an
optimal solution (Y,z) to (Ps) satisfying Y = xxT.

Proof. The “if” part is obvious since (Ps) is relaxed from (P) by replacing Y =
T with Y = zz”. Suppose that v(P) — v(D) = 0. Let z € {—1,1}" and A
be optimal solutions to (P) and (D), respectively. By Lemma 3, the saddle point
conditions (2.9)-(2.10) hold. Let Y = zz? and 7 = —c'2. Then, V;; = 27 = 1
for i = 1,...,n. Thus (Y,z) and (A, 7) are respectively feasible to (Ps) and (D).
Moreover, the complementarity condition (2.4) holds. Thus, by Lemma 1, (Y, z) is
an optimal solution to (P) satisfying Y = x2T. O

The following is a sufficient condition for the zero duality gap between (P) and
(D).

PROPOSITION 3. Assume that the optimal solution A\* to (D) satisfies Q* >
0. Then z* = —(Q*)"'c is the unique optimal solution to (P) and v(P) = v(D).
Moreover, (P) is polynomially solvable.

Proof. Let (Y, z) be an optimal solution to (Ps). By Lemma 1, the complementar-
ity conditions (2.5)-(2.8) hold. However, the equation in (2.6) has a unique solution
r = —(Q*)te. Substituting it into (2.5), we obtain Y = (Q*) " lecT (Q*)7! = zaT.
Thus, 22 = Y;; = 1 for i = 1,...,n, i.e., z is feasible to (P). It then follows from

Lemma 3 that z is the unique solution to (P) and v(P) —v(D) =0.0

3. Duality gap and improved bound. In this section, we discuss how to verify
the zero duality gap between (P) and (D) when Q* = @ + diag(\*) is singular. By
characterizing the duality gap by the distance between {1, —1}" and set C' defined in
(2.12), we can either determine the zeroness of the duality gap or reduce the nonzero
duality gap. A lower bound tighter than v(D) is then obtained in cases where the

duality gap is nonzero.

3.1. Duality gap and improved lower bound. Let A* be the optimal solution
to (Ds). Assume that rank(Q*) =n—r with 0 <r <n. Let 0 =& =--- =& <
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&1 < -0 <&, be the eigenvalues of Q*. Then, there exists an orthogonal matrix
U= (U,,...,U,) such that
(3.1) UTQ*U = diag(0,...,0,& 41, .., &)

It is easy to see that the null space of @* is spanned by Uy, ..., U,.
LEMMA 4. Let A* be the optimal solution to (D) and U be defined in (3.1). Then
(G) TU; =0, fori=1,...,r;
(ii) v(D) = —eT X\ — Z?:r+1(cTUi)2/§i;
(iii) For any x € {—1,1}", the objective value of (P) is given by
L'U; 2,

%

fl@)=v(D)+ Y &G+

1=r+1

where x = Uy.
Proof. (i) Since d(A*) > —oo, by Lemma 2, there exists « such that Q*z = —c.
By (3.1), for i = 1,...,r, we have
—CTUZ' = ITQ*Ul
_ T . T
=2'U -diag(0,...,0,&41,...,&)U" U;
= ‘rTU : dlag(07 .0, §T+17 s 7§n)ei
=0.
(ii) By the definition of the dual problem, we have

v(D) = d(\*) = min [z7Q*z + 2cTz — T \*]

TER™
i CTUi 2 T i (CTU;;)2
= min &y + —et N — —_
yERn[i:zr;rl ( i : izzr;rl i |
n TUi 2
— _eTA* _ Z (C ) ,
i=r+1 fl

where the relation x = Uy is used in the above derivation.
(iii) Let © = Uy. For any x € {—1,1}", by (3.1) and part (ii), we have
f(x) =2TQx + 2"
= 27[Q + diag(\*)]z + 2¢Tx — T \*
= yT(UTQ*U)y + 27Uy — e N*

= D &y 2 Uy — e\

i=r+1
i CTUZ' 2 % = CTUi 2
= Z&(ymt 3 ) —efar =y ( 5)
i=r+1 v i=r+1 v

n 2
=v(D) + Z & <yz+CZUZ> .

1=r+1
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Now, let’s define the distance between {—1,1}" and C' = {x € R" | Q*z = —c}:
(3.2) 0 =dist({—1,1}",C) = min{|jz — z|| | z € {-1,1}", z € C}.

Obviously, 6 = 0 if and only if there exists * € {—1,1}" N C. It then follows from
Proposition 1 that ¢ = 0 if and only if v(P) = v(D). Moreover, any z* € {—1,1}"
achieving the distance § = 0 is an optimal solution to (P).

THEOREM 1. If § > 0, then an improved lower bound of the optimal value of (P)

can be computed by

(3.3) v=uv(D)+ & 4162

Proof. Let Uw € C. By (3.1), Q*Uw = —c gives rise to
U -diag(0,...,0,&41, ..., &) UTUw = —c,
which in turn yields
diag(0,...,0,&41,...,&)w = ~U7e,
Notice that Ul'c = 0 by Lemma 2 (i). Thus, 2 = Uw € C' if and only if
cT'U;

(3.4) w, €ER, i=1,....7, w; = — 3 ,i=r+1,...,n.

Using (3.4) and the orthogonality of U, we have

6 =min{|lz — z|* |z € {~1,1}", 2 € C}
= min{||Uy — Uw||? | Uy € {-1,1}", Uw € C}

T
U
=min{|ly —w|? | Uy € {~1,1}", w; €R, i=1,...,n, wi:—cg_z,i:r—kl,...,n}
. . 2 - Ui, n .
=min{ >y —wilP+ Y (wi+ S IUy (-1 wieR =1
i=1 i=r+1 ¢

Cmind S (g 4 C Uiy R
min ¢ > (v + e IUye{-1L1" .

i=r+1 v

Thus, for any x = Uy € {—1,1}", it holds

i CTUZ'
(3.5) N (T 3 ).
i=r+1 *
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It then follows from Lemma 4 (iii) and (3.5) that, for any z = Uy € {—1,1}",

CTUZ' )2
&i

CTUZ'
&

fla)=v(D)+ Y &y +
i=r+1

>0(D) + &1 Y (yi +

1=r+1
Z ’U(D) + §r+162.

)2

Therefore, v = v(D) + &,4162 is an improved lower bound to v(P). O

3.2. Relations between v and other bounds for maximum cut problem.
Next, we turn to discuss the relationships of the improved bound v given in (3.3) with
two other bounds in the literature for maximum cut problem, which is a special case
of (P) with ¢ = 0.

Malik et al. [15] considered the maximum cut problem in the following form:

* T
(3.6) = {E?ﬁn ' Q.

It is easy to see that the SDP relaxation of (3.6) is given by

(3.7 ~* = min Z i
=1
(3.8) s.t. diag(A) — @ = 0.

Let (diag(A) — @) have the following spectral decomposition:

(3.9) diag(A\*) — Q = (V, V) < % AO )(Vv )
+ f

where Ay = diag(&41,...,&) with 0 < &1 < - -+ < &,. By considering the following

reduced rank problem:

0* = max zTVV%g,
{_171}'”

Malik et al. [15] proved that
(310) Vm = '7* - €r+1(n - 5*)

is an improved upper bound of f*.
Applying the improved bound v defined in (3.3) to problem (3.6), we have the
following upper bound for (3.6):

(311) Vg = 7* - 67'—‘,—1527

where ¢ = dist({—1,1}",C) and C = {x € R™ | (diag(A\*) — Q)x = 0}.
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PROPOSITION 4. For the mazimum cut problem (3.6), it holds vy, = v, where
Vm and vg are the improved bounds defined in (3.10) and (3.11), respectively.

Proof. Since ¢ = 0, we have the following from (3.9),

T
C:{xER"|x:ZziVi, z € R"}.

i=1

Thus,

6% = min{[|lz — y||* |z € {-1,1}",y € C}

T
=min{[lz = Y #Vi|* |2 € {-1,1}", z € R"}
i=1

= min min |z — Vz|?
ze{—1,1}" zeR"

= min |z—-VV7Tz|?

ze{—-1,1}"
=n— max [VTz|?
ze{—1,1}n
=n-—0",

where the fact that VIV = I, is used. It then follows from (3.10) and (3.11) that
U = Vg. 0
Recently, Ben-Ameur and Neto [4] derived some spectral bounds for maximum
cut problem in the following form:
1< 1 1
(3.12) w* =max f(z) = 1 Z wi; (1 —zyz5) = B Z Wy — ZxTWx

i,5=1 1<i<j<n
st.x e {-1,1}",

which has the following equivalent form,

1
(3.13) W = min §xTWx

stz e {-1,1}",

while the SDP relaxation of (3.13) is given by

(3.14) d=min Y A
i=1
s.t. W + 2diag(A) = 0.

Obviously, w* = %Zl§i<j§n w;; — 2. Let A* be the optimal solution to (3.14) and
W* =W + 2diag(A\*) = 0 have the following spectral decomposition:

(3.15) W* = Udiag(&,---,&)U7T,
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where &1, &9, ..., &, are the eigenvalues of W* with a nondecreasing ranking order.

Ben-Ameur and Neto [4] introduced a family of distance measures,
(3.16) dy, = dist({—1,1}",span(Uy,...,Uy)), k=1,...,n,

which yields, especially, d,, = 0 and

(3.17) dy =dist({—1,1}",U1) = \/n — ||U1]3,

where [lall; = >°1, |a;| for a € R™. Let

(318) Z W4 + - Zwu — 7GQ1M,

1<7,<]<n
(319) Vo = 5 Z w;; + Zwu - 1” - 7(52 - 51)(77' - ”Ul” )
1<i<j<n
1 1 n—1
(3.20) 5 2 witg Zw“ - 36 =5 D (G - &),
1<7,<]<n =1

Ben-Ameur and Neto [4] showed that v; (i = 1,2, 3) are all upper bounds of w*, while
v is exactly the SDP bound of (3.12), namely,
1-
132@ Ty
Applying the improved bound v defined in (3.3) to problem (3.13), we obtain the
following upper bound for the maximum cut problem (3.12):
(3.21) vy = 1 Z wi; — %S - %67‘—}-152 =v — igr—&-léQa
1<i<j<n
where § = dist({—1,1}",C) and C = {z € R" | W*z = 0}. Let rank(W*) = n —r.
Notice that 1 < r < n — 1 (see [15]). Using (3.15), we have C' = span(Uy,...,U,),
which gives rise to 6 = d,. with d, being defined in (3.16). If r = 1, then § = d; =
v/n —||UL[3. Thus, from (3.17), (3.18) and (3.19), we have vy = v. If 7 > 2, then
vo =1y > vyg. Notice that dy > do > --->d,—1 >0and & =--- =& =0. It follows
from (3.20) and (3.21) that

n—1
V3 = Z Wi + - Zwu - ifln - i Z d3(€l+1 - 5@)
i=1

1<7.<]<n
1 2
=r-—7 Zdi (it1 — &)
=1
1 1 n—1
_ 2 206 ¢
=v1— J&ndy — i:;qdi (§iv1— &)

n—1
=vy— i > (G — &)

i=r+1
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In particular, when » = n — 1, we have v3 = v4. The above discussion leads to the
following result:

PROPOSITION 5. Let rank(W*) =n —r. Then

(i) vo = vq when r =1 and vo > vy when r > 1;

(ii) v3 = vy whenr =n—1 and v3 = vy — iZZ::H d?(&iv1 — &) < v4 when
r<n-—1.

The above result indicates that for maximum cut problem, the improved bound
vy is tighter than vs, while it is dominated by r3. We notice, however, that com-
puting v3 requires more computational efforts than v4 since the additional distances
dryo,...,d,—1 have to be computed. It was shown in [4] that computing d,,_; is
NP-hard.

4. Computation of §. In this section, we discuss the issue of how to compute
the distance 6. We first establish the relation between the computation of § and the
cell enumeration of hyperplane arrangement in discrete geometry. Two special cases,

r=1and r =n — 1, will be then discussed.

4.1. Computation of § and cell enumeration. Notice that set C' can be

expressed as

(4.1) C:{xeR”|x:xo+szU;€, z € R™},
k=1

where Q*2° = —c and Uy, ..., U, are defined in decomposition (3.1). By (3.1) and

Lemma 4 (i), a special choice of solution z" is given by

Ulc

&
For any x € C with z; # 0 for ¢ = 1,...,n, its distance to {—1,1}" is entirely

2% = Uw, where w; =0, i =1,...,r, w; =

a=r4+1,...,n.

determined by the sign of z; for ¢ = 1,...,n. More precisely, dist(z,{-1,1}") =

dist(z, w), where w = sign(z) is the sign vector of x defined by

. 1, if xr; > 0
w; = sign(x;) =

-1, ifxz; <0
fori=1,...,n. Let

P={zeC|z;#0,i=1,...,n}.
For any x € P, define
(4.2) T, ={y € P |sign(y) = sign(z)}.

Then, w = sign(x) is the point of {—1,1}" that achieves the minimum distance from

T, to {—1,1}"™. Tt is easy to see that C = cl(U,cpT,) and there is only a finite number
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of distinct T,’s for all x € P. If we are able to find all such distinct 7}’s, then the
distance between {—1,1}" and C must be achieved in {—1,1}" at one of the sign
vectors of T},’s.

Suppose that we have found all the distinct T}’s for x € P, listed as T1,...,T).
Moreover, suppose that an interior point 7% of T} is obtained for each Tj. Let V =

(U1,...,U,). Using (4.1) and the projection theorem, we have

§ = dist({—1,1}",C)

= min dlSt(Slgn(ﬂ-l)a C)
7,:17...,])

(4.3) — min (VY7 = D)(sign(r’) — ")),

i=1,...,p

We now turn to discuss how to find all the distinct T},’s for x € C. Let
9i(2) =)+ > Viyz,
i=1

where V;; is the jth element of V;, j =1,...,n. Settingz; =0 (j =1,...,n) in (4.1)

gives rise to n hyperplanes in R":

These n hyperplanes partition C into a number of r-dimensional convex polyhedral
sets. All faces of these partitioned convex polyhedral sets define an arrangement of
C. Each r-dimensional convex polyhedral set from this partition is called a cell of the

hyperplane arrangement (see, e.g., [2][23]). Define

hj:{zeRT|gj(z)>0}7 i=1,---,n,
hy ={z € R" | gj(2) <0}, i=1,---,n.

Let ¢ be a cell generated from the hyperplane arrangement defined by (4.4) and 7 be
an interior point of ¢. Associate the cell ¢ with a sign vector x(¢) € {—1,1}" defined
by

1 if 7€ ht
C— ’ jo
X { 1, ifmeh.

Since the sign vector of a cell is invariant for any interior point of ¢, we can represent
a cell ¢ by its sign vector x(¢).

A key observation is that there is a one-to-one mapping between the cells of
the hyperplane arrangement defined by (4.4) and the sets T, defined in (4.2). More
precisely, each sign vector of a cell is the sign vector of a set T, and vice versa.
Therefore, the distance § can be calculated via formulation (4.3) by enumerating all

the cells of the hyperplane arrangement defined by (4.4).
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It has been known that the number of cells generated from the hyperplane arrange-
ment specified by (4.4) is O(n") (see, e.g., [25]). Therefore, for fixed r, the distance
0 can be computed in polynomial time. Efficient search methods for enumerating all
the cells of a hyperplane arrangement were proposed in [2][23].

EXAMPLE 1. Consider the following 10-dimensional instance of (P),

0 3 6 -3 6 3 -5 —4 8§ -1 -5
3 0 -6 -10 -3 8 —6 8 5 7 —4
6 -6 0 =7 7 7 —4 -5
-3 —-10 =7 0 9 8 6 -6 =5 4
Q- 6 -3 7 9 0 -4 -5 -3 1 -

3 8 7 8§ —4 0 -4 -10 -8 =5

-5 —6 4 6 -5 —4 0 9 —-10 6 —4
—4 9 9 4 =10 9 0 -1 4 -3
8 ) 2 -6 -3 -8 -—-10 -1 0 6

-1 7T -4 =5 1 -5 6 4 6 0
By solving the SDP relaxation (Ds) for this example, we obtain the optimal dual solu-

tion \* = (5.0114, 14.7031, 19.8221, 20.8034, 13.6508, 23.0041, 10.1066, 12.8147, 15.6921, 7.9364)T

with v(D) = —298.6424. It can be verified that 7 = 10 —rank(Q*) = 2 and UTQ*U =

diag(¢), where £ = (0,0,6.0529,16.1134, 25.0209, 36.9903, 38.1915, 48.6065, 55.4609,

60.6526)T. By equation (4.1), we can express any r € C' = {z € R1® | Q*z = —c} as

follows,

1 = 0.8987 4 0.112127 — 0.483722, 2 = 0.3559 + 0.20922; + 0.430322

r3 = 0.0263 — 0.354221 4 0.194125, x4 = —0.0172 4 0.367421 + 0.1393 22

r5 = —0.1760 — 0.32872; 4 0.200225, ¢ = —0.2340 — 0.30432; — 0.1514 25,
x7 = 0.4983 — 0.365121 4 0.339422, x5 = —0.0229 — 0.31292; — 0.4873 22,
T9 = —0.2056 — 0.32292; + 0.193125, 10 = —0.5186 + 0.38362; — 0.266223,

where 21,29 € R. Each pair of two of the above equations gives rise to 4 candidate
points in I". It can be verified there are 56 different points in I' among the scanned
22 x 10 x 9/2 = 180 candidate points. Using formulation (4.3), we can calculate the
distance § = 0.6618. Thus, by Theorem 1 (ii), a tighter lower bound is given by

7 =v(D)+ &410% = —298.6424 + 0.5 x 0.6618% x 6.0529 = —295.9914.

Since v(P) = —290, the duality gap is v(P) — v(D) = 8.6424. Therefore, the ratio of
reduction in the duality gap is %&,D()D) = 30.68% for this example.

4.2. The case r = 1. When r = 1, C' is a one-dimensional line in R™ with the

following expression,

C={zeR"|z=2"+2U), 2 €R}.
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For each j with Uy; # 0, the sign of x; changes at point a; = —z3/Uy;. Tt is
possible that some o s take the same value. Rank all different a;’s in the following

ascending order,
aj <o, <0< Qg g

We see that p < n + 1. Let aj, = —oo and «a;, = +0o. Then C is partitioned into
p intervals C* = («aj, ,,a;,), i =1,...,p. An interior point 7" of C* can be taken as

follows,

(45) { al = 20 + (ajl — 1)U1, P = 20 + (ijIkl + ].)le7

=2+ Laj,_, +;)U1, i=2,...,p—1
Using (4.3), we have

(4.6) §= min |(U U] — I)(sign(r’ — z%)]|,

1=1,...,p

where 7! (i = 1,---,p) are calculated by (4.5).
PROPOSITION 6. Ifr =1, then 6 can be computed in polynomial time.
Proof. Since p < n + 1, the conclusion follows from (4.6). O

EXAMPLE 2. Consider an instance with

0 -7 -10 4 ~1
-7 0 -1 -2 3
Q= , c=
-10 -1 0 -6
4 -2 -6 0 -5

For this example, the optimal solution to (D) is \* = (7.4223,4.7188, 7.0063, 3.5195)T
with v(D) = v(D2) = —50.1242, and the vector of the eigenvalues of Q* = @ +
2diag(\*) is € = (0,4.9716,12.1793,28.1830). Thus, r = n — rank(Q*) =4 — 3 = 1.
Using (4.6), we can compute the distance 6 = 0.6042, which leads to a nonzero duality

gap. By Theorem 1, an improved lower is given by

7 = v(D) + x4.9716 x 0.60422 = —48.3092.
As v(P) = —48 in this example, the ratio of reduction in duality gap is v(i%% =
85.44%.

4.3. The Case r = n — 1. Suppose that »r = n — 1. Then, set C is an (n — 1)-
dimensional hyperplane in R™ and there exist a and b € R™ with a # 0 such that

C={reR"|a’z =0}
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LEMMA 5. Let P = {x € R" | Dz < ¢}, where D is an s X n matriz. Assume
that i) P is bounded and ii) either PC CT ={z € R" |aTx > b} or PCC~ ={z €
R" | aTz < b}. Then there exist an extreme point T of P and a point §j € C such that

17 — gll = dist(P, ) = min{[jz —y|| [z € P, y € C}.

Proof. By the assumption, if P N C # (), then b is the optimal value of the linear
program min{a’z | x € P} or max{a’z | € P}. So there is an extreme point Z of

T# = b. Hence, the lemma holds by taking

P that achieves this optimal value, i.e., a
Next, we suppose that P N C = (. By the definition of dist(P, C), there exist

=1x.
Z € P and g € C such that

|

1, 1
Sl =9l* = min{Z ||z —yl* |z € P, y € C}.

By the KKT conditions, there exists v € R® and p € R such that

(4.7) &—9+ DTy =0,

(4.8) —(& = g) + pa =0,

(4.9) yH(Di —¢) =0,

(4.10) Di<e, aty=0b, v>0.

Since PN C = ), we have & # ¢, which in turn implies z # 0 from (4.8). Using
(4.7)-(4.10), for any x € P, we have

(4.11) (g —2)"(x—2)=+"D(x — &) =+T(Dx —¢) <0.

Combining (4.8) and (4.11), we obtain pa’# < pa’x for all z € P. Therefore, 2 is
an optimal solution to the linear program: min{ua’x | x € P}. Thus, there exists

T#. Let g be the projection of Z on C.

an extreme point Z of P such that 72 = a
Then, there exists o # 0 such that £ — § = oa. Since both § and § € C, it holds
aT (g —9) = 0. It then follows that ol|a||?> = a®(z — §) = a* (2 — §) = pllal|*. Thus,
o = p and hence ||z — y|| = || — g|| = dist(P,C). O

PROPOSITION 7. Assume that r = n — 1 and C is of the expression C = {x €
R™ | Tz = b}. If either > i, |a;| < b or — 31| |a;| > b, then ¢ = dist({—1,1}",C)
can be computed in polynomial time.

Proof. By assumption, we have max{a’z | z € [-1,1]"} < b or min{a’z | z €
[-1,1]"} > b. Applying Lemma 5 with P = [—1, 1]", we have § = dist({—1,1}",C) =
dist([—1,1]",C). The computation of dist([—1,1]™, C) is equivalent to the following

convex quadratic program:

min ||z — y|*



16 X. L. Sun, C. L. Liu, D. Li and J. J. Gao

st. —1<x<1,i=1

geeey

a’y =0,
which is polynomially solvable. O

We notice from Proposition 7 that the condition that [—1, 1]™ lies in one of the two
half-spaces formed by hyperplane C' is indispensable for establishing the polynomial
solvability of 6. In general case of r = n— 1, computing § is still NP-hard as 6 = d,,_1
(cf. (3.16)) when ¢ = 0 and computing d,_; is NP-hard (see [4]).

5. Conclusion and discussions. We have presented new results in this pa-
per on the duality gap between the binary quadratic optimization problem and its
Lagrangian dual. Furthermore, we have gained new insights into the polynomial
solvability of certain subclasses of problem (P) by investigating the duality gap. Fa-
cilitated by the derived optimality conditions, we have characterized the duality gap
by the distance § between {—1,1}" and C and have showed that an improved lower
bound can be obtained if the distance is nonzero. We have also discussed the rela-
tions of the improved bound with other two bounds in the literature for maximum
cut problem. It worths pointing out that our approach can be easily extended to deal
with binary quadratic programming problem with linear constraints.

A key issue in utilizing the improved bound proposed in this paper is the compu-
tation of 6. We have established the connection between the computation of § and the
cell enumeration of hyperplane arrangement. As the total number of the cells grows
in O(n"), calculating the distance J by enumerating all the cells is computationally
expensive when r is large. Nevertheless, an improved lower bound of v(P) can be still
obtained if a positive lower bound of é can be estimated. In fact, for any 0 < § < 4,
it follows from (3.3) that

(5.1) o =v(D) + £410°

is still a lower bound of v(P). A simple way for estimating the lower bound of § is
to consider the origin-centered sphere Sy = {z € R™ | ||z|| < v/n}. Since {-1,1}" C
[-1,1]" C Sp, we have 0 < &, = [|2°|| — /n < & when Sy N C = @. Furthermore,
since §; < d, = dist([—1,1]",C) < § when [-1,1]" N C = 0, solving convex quadratic

programming problem

Jy =min ||z — Vz — 20|
st. 0<2; <1, 4=1,...,n,
zeR"

provides an improved lower bound for §.
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