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ABSTRACT. In this paper we develop efficient heuristic algorithms to
solve the bottleneck traveling salesman problem (BTSP). Results of ex-
tensive computational experiments are reported. Our heuristics pro-
duced optimal solutions for all the test problems considered from TSPLIB,
JM-instances, National TSP instances, and VLSI TSP instances in very
reasonable running time. We also conducted experiments with specially
constructed ‘hard’ instances of the BTSP that produced optimal solu-
tions for all but seven problems. Some fast construction heuristics are
also discussed. Our algorithms could easily be modified to solve related
problems such as the maximum scatter TSP and testing hamiltonicity
of a graph.

Key Words: Traveling salesman problem, bottleneck TSP,
experimental analysis, maximum scatter T'SP.

1. INTRODUCTION

Let G = (V,E) be a complete undirected graph on n nodes. For each
edge (i,7j) € E a non-negative cost c;; is prescribed. Then the bottleneck
traveling salesman problem (BTSP) is to

Minimize max{c;; : (i,7) € H}
Subject to
H eIl
where II is the collection of all Hamiltonian cycles (tours) in G. The matrix
C = (¢ij)nxn is called the cost matrix associated with the BTSP.

To the best of our knowledge, BTSP was introduced by Gilmore and
Gomory [11] in 1964, where the edge costs were assumed to be specially
structured. Related works on special cases of the BTSP include various ex-
tensions of the Gilmore and Gomory class of problems [17, 18, 20, 23, 40, 41]
and BTSP on a Halin graph [27]. Many of these special cases can be solved
in polynomial time. For a state-of-the-art discussion on polynomially solv-
able cases of the BTSP, we refer to book chapter by Kabadi and Punnen [18].
The BTSP with a general cost matrix was first studied by Gabovich et al. [9]
in 1971. The BTSP is well known to be NP-hard. In fact, unless P = NP,
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there does not exist a polynomial time e-approximation algorithm for the
BTSP for any € > 0 [6, 26, 34]. However, polynomial algorithms with guar-
anteed performance ratios exist for various special cases. For example, when
the edge costs satisfy the 7-triangle inequality (i.e. ¢;; < 7(ci + cx;) for all
1,5,k € Vand 7 > %), a 27-approximate solution can be obtained in polyno-
mial time [18] and this performance bound seems to be the best possible for
problems in this class. That is, unless P = NP, there exists no polynomial
27 — € approximation algorithm for the BTSP for any € > 0 even if the edge
costs satisfy the 7-triangle inequality for 7 > 1/2 [18]. The special case of the
above result where 7 = 1 (i.e. the edge costs satisfy the triangle inequality)
has been obtained independently by Parker and Rardin [26] and Doroshko
and Sarvanov [6]. For similar results on other bottleneck problems, includ-
ing the BTSP, we refer to Hochbaum and Shmoys [13]. It is well known that
the Euclidean TSP can be solved by a polynomial approximation scheme [3].
However, for any € > 0 it is NP-hard to obtain a (2 — €)-approximate solu-
tion for the BTSP even with a Euclidean cost matrix [34]. In this sense the
Fuclidean version of BTSP is harder than its TSP counterpart.

Despite these negative results, our main heuristic algorithms produced
optimal solutions (in many cases with a proof of optimality) for almost all
of the test problems considered, even for problems with over 30,000 nodes.
Furthermore, these excellent computational results were achieved in a very
reasonable computational time.

All of the known exact algorithms for the BTSP are of an enumerative
type. Garfinkel and Gilbert [8] proposed a branch and bound algorithm
to solve the BTSP and its directed version. They reported computational
results on random problems with the number of nodes ranging from 10 to
100. Carpeneto, Martello and Toth [5] reported computational results with
branch and bound algorithms on random problems of size between 40 to 200
nodes. Sergeev [35, 36] proposed dynamic programming based algorithms
to solve the BTSP. One of our heuristic algorithms can easily be modified
to get an exact optimal solution for the BTSP.

Although heuristic algorithms for the traveling salesman problem (TSP)
have been thoroughly investigated in literature with well designed experi-
mental analysis [16], systematic experimental analysis of heuristic algorithms
for the BTSP reported in literature are limited to small-size problems.
Garfinkel and Gilbert reported experimental results using a construction
heuristic on random problems of sizes up to 100 nodes. The algorithm pro-
duced optimal solutions in many cases. In one set of problems the solution
quality appeared to be decreasing as the problem size varied from 10 to 100.
Ramakrishnan, Punnen and Sharma [30] considered a simple binary search
based threshold algorithm using the 2-max bound [23] as a starting lower
bound and the objective function value of the nearest neighbor heuristic as
the upper bound. The 2 — max bound is obtained as follows: For each node
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1 find the second smallest cost of an edge incident on 4, counting multiplici-
ties. Let ((i) be this value. Note that if the smallest cost of an arc incident
on node ¢ is not unique, then ((i) takes the value of this smallest cost.
The 2-max bound is defined as max{((i) | ¢ € V}. Computational results
on 72 TSPLIB problems of sizes up to 783 nodes are reported in [30] with
optimality guaranteed for 37 problems. The optimality of these solutions
were established by showing that the objective function value of the solu-
tion produced was equal to a lower bound to the optimal objective function
value. The optimality of the remaining 35 problems was not proven because
of the low quality of the 2-max lower bound. Our experiments show that
the solutions produced by the algorithm of Ramakrishnan et al [30] for the
remaining 35 problems were also optimal. They also discussed a generalized
threshold algorithm without computational results.

In this paper we develop several heuristics for the BTSP. One of our al-
gorithms could be viewed as a generalization of the threshold heuristic of
Ramakrishnan et al. [30]. Results of extensive computational experiments
conducted using these algorithms are reported. The algorithms produced
provably optimal solutions for all problems from TSPLIB with sizes vary-
ing from 14 to 18512 nodes with the exception of linhp318'. We could not
attempt to solve plad3810 and pla85900 due to memory limitations. Our al-
gorithms also produced provably optimal solutions on random problems gen-
erated by the TSP instance generator of Johnson and McGeoch [14, 16, 32]
of sizes 1000 to 30,000 from the categories of Euclidean problems with ran-
dom uniform points, Euclidean problems with random clustered points, and
random distance matrices. Further, we obtained optimal solutions to the
National T'SP instances and VLSI TSP instances of [37]. All these excellent
experimental results were achieved within a very reasonable computational
time. Our implementation used an explicit cost matrix and hence we could
not solve problems of size more than 32000 cities due to memory limitations.

The optimality of many of the solutions is established by showing that
the objective function values of the solutions obtained are equal to a lower
bound. For some solutions without such proof of optimality, we used an
exact solver obtained by modifying our heuristic algorithm to verify opti-
mality. Since for most of the standard TSP test problems the lower bound
value was optimal, we have tested the algorithms on specially constructed
hard instances that are generated in such a way that our lower bound for
the optimal objective function value is not equal to the optimal objective
function value of the corresponding BTSP. Out of 81 such hard instances
all except seven problems produced optimal solutions. In addition to these
powerful (heuristic) algorithms, we also have results on some simple and

We did not test linhp318 because its format in TSPLIB was different from other
problems and required separate processing to be consistent with our input format
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fast heuristics which are adaptations of the corresponding TSP heuristics.
As expected, the performance of these heuristics was not as good as that
of our primary algorithms in terms of solution quality, but these algorithms
computed reasonable solutions quickly.

Another problem closely related to the BTSP is the mazimum scatter
traveling salesman problem (MSTSP) [2] which is defined as follows:
Maximize min{c;; : (i,7) € H}
Subject to
Hell

Any instance of the MSTSP can be reduced to an equivalent instance
of the BTSP using cost matrix C' = (Cij)nxn Where ¢;j = max,scp Crs —
c;j. Although this transformation preserves optimality, it does not preserve
theoretical approximation ratios. Nevertheless, our BTSP heuristics can be
used to solve MSTSP using these transformations.

Applications of the BTSP model are not widely discussed in the liter-
ature as that of the TSP. However, many applications of the TSP model
have an interpretation in the BTSP context. Specific applications of the
BTSP model discussed in the literature include sequencing problems on sin-
gle state variable machines [11], minimizing makespan in a two machine
flow-shop [31], printed circuit board assembly [4], reconstructing sequential
order from inaccurate adjacency information [19], medical image process-
ing [2], and obtaining riveting sequences in joining metals in the aircraft
industry [2].

The paper is organized as follows: In Section 2 we discuss our heuris-
tic algorithms for BTSP. Computational results with these algorithms are
reported in Section 3 and concluding remarks are given in Section 4.

2. ALGORITHMS FOR THE BOTTLENECK TSP

We first introduce some notation. For any subgraph S of G with cost
matrix C, Maz(S,C) = max;jesc;; and Sum(S,C) = > . cgcij.  Let
BOBJ(C) denote the optimal objective function value of the BTSP with
cost matrix C' and TOBJ(C) be that of the TSP with cost matrix C. Let
us now discuss some simple construction heuristics for the BTSP.

2.1. Nearest Neighbor Heuristics. Perhaps the simplest construction
heuristic for both the TSP and the BTSP is the nearest neighbor heuristic
(NNH) [21]. This algorithm was used by Ramakrishnan et al [30] to obtain
a starting upper bound for their threshold heuristic. The NNH selects a
starting node and moves to its closest neighbor. From there, it moves to
the closest unvisited neighbor and repeats this process until all nodes are
visited. The quality of the solution produced might be improved by selecting
different starting nodes and choosing the overall best solution. Such an
algorithm where each node is tried as a starting node is called the enhanced
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nearest neighbour heuristic (ENNH). For any real number §, let C° be the
n X n matrix defined by

oo <
o {0 if cij < 0, (1)

cij otherwise

Instead of using the original cost matrix C', we could also use the cost
matrix C° where ¢ is a lower bound on the optimal objective function value
for the BTSP. This provides additional flexibility in selecting edge-costs in
the NNH allowing possible random selections at various iterations. NNH
applied on C? is called the bottleneck nearest neighbor heuristic (BNNH).
Note that NNH when applied on the original cost matrix will produce the
same solution for both TSP and BTSP if the same tie breaking rules are
followed.

2.2. Bottleneck Node Insertion Heuristic. Simple modifications of the
well known node insertion heuristic (NIH) for the TSP [21] yields another
construction heuristic for the BTSP. We call this algorithm the bottleneck
node insertion heuristic (BNIH). A general step of the BNIH can be de-
scribed as follows:

Let H* = (n(1),7(2),...,7(k),n(1)) be a tour on k nodes in G. From
the remaining n — k nodes, choose a node r randomly and insert it into H*
optimally. Replace H* by the new tour H**! on k+1 nodes and continue this
process until a tour H" in G is obtained. A straightforward implementation
of this algorithm takes O(n?®) time. We now observe that the BNIH can be
implemented in O(n?) time. Let

k _ _
Maz(H”,C) = max {er(in(i+1)} = Crip)n(p+1) (2)

and
Maa(H ~ {(x(p), w(p-+ 1)},C) = max {exyreen)
i#p
where k41 = 1. Note that the index p in (2) may not be unique and hence

Max(H¥) could be equal to Max(H* — {(n(p),n(p+1))}). The cost Al of
inserting node r between nodes 7 (i) and 7 (i + 1) is given by

AT — maX{Mal‘(Hkv C)? Cr(i)rs cr7r(1'+1)} ifi#p

! max{Maz(H* — {(7(p),m(p+ 1))}, 0), Cr(iyrs Crr(it1) ) if @ = D.
(3)
Choose g such that Aj = minj<;<x A]. Then node r is inserted between
nodes 7(q) and 7(g+1) in H* to obtain the new cycle H**! on k41 nodes.
The algorithm outputs a tour H™ on n nodes. It may be noted that given
Max(H* C) and Max(H* — {(n(p),n(p + 1))},C) for H* and the index
q, corresponding values for H*! can be obtained in O(1) time. It may be
noted that updating other relevant information per iteration, including com-
putation of g, takes O(n) time. Thus the complexity of BNIH can be verified



6 JOHN LARUSIC, ABRAHAM P. PUNNEN, AND ERIC AUBANEL

to be O(n?). We omit the step by step description of this algorithm and
its complexity analysis. The performance of the BNIH might be enhanced
by using the cost matrix C° instead of C' and repeating the algorithm for
different starting cycles and random tie breaking rules.

NNH, BNNH, ENNH, and BNIH are construction type heuristic algo-
rithms that produce approximate solutions quickly (ENNH is found to be
very time-consuming and does not appear to be cost-effective in solving
BTSP even if one needs only an approximate solution.). The quality of
these construction heuristic solutions is not very impressive as we will see
in Section 3. However, the objective function value of the solutions provide
upper bounds for the optimal objective function value of BTSP. This in-
formation could be used effectively in other algorithms to obtain improved
running time.

2.3. Feasibility Oracle. Let us now discuss a procedure central to the rest
of our algorithms.

The J-feasibility problem: Given a real number §, does there exist a
tour H in G with Max(H,C) < 67

Clearly the d-feasibility problem can be answered by solving the TSP on
the cost matrix C?%. Let H* be an optimal solution to the TSP with cost
matrix C°. Then Sum(H*,C?%) = 0 if and only if there exists a tour H
in G such that Max(H,C) < 6. In fact H* will be one such tour. Let
21,22, ..., %m be an ascending arrangement of all distinct ¢;; : (4,5) € G.
Choose the smallest index i € {1,2,...,m} such that the z;-feasibility prob-
lem has a “yes” answer. Then an optimal solution to TSP(C*) is an optimal
solution to the BTSP. The index ¢ can be identified by sequential search or
binary search. This is the well known threshold algorithm [7] for bottleneck
problems specialized to the BTSP. However, for this approach we need to
solve in the worst case O(logm) TSPs which may not be computationally
efficient.

In the past few decades, excellent heuristic algorithms have been devel-
oped by researchers to solve the TSP that produce optimal or near optimal
solutions. For a state-of-the-art discussion of such heuristics we refer to the
book chapter by Johnson and McGeoch [16]. Our algorithms exploit the
power of these TSP heuristics to develop powerful heuristics to solve the
BTSP. Suppose that we use a TSP heuristic, say «, instead of an exact
algorithm to solve the J-feasibility problem. Let H® be the solution pro-
duced. If Sum(H®,C?) = 0 then clearly there exists a tour H in G such that
Max(H,C) < 6, and in this case we have an “yes” answer for the d-feasibility
problem. But unlike the case of an exact TSP solver, if Sum(H®,C?%) # 0
then we cannot conclude a “no” answer for the d-feasibility problem. This is
because «, being a heuristic algorithm, could possibly return a non-optimal
solution. To explore this case further we “shake” the cost matrix to see if
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we can get an “yes” answer for the -feasibility problem. Note that the c;;
values in C° could be any positive number for the case of the d-feasibility
problem as long as we preserve the zero values. By changing the ¢;; values

and applying a again on the changed problem we might get a better solution.
The shake operation does precisely this. Consider the matrix C*% = (cfj’.R)

defined by

(4)

Note that for a tour H, Sum(H,C?) = 0 if and only if Sum(H, C>%) = 0.
The shake operation simply applies algorithm « on the cost matrix C%. If
no solution H* with Sum(H®, C5’R) = 0 is obtained, the shake operation
is repeated a prescribed number, say #S, of times. If we have no tour H
with Sum/(H, C‘s*R) = 0, we are tempted to conclude a “no” answer to the -
feasibility problem. This approximate solution approach for the é-feasibility
problem can be incorporated in the threshold algorithm to obtain a heuristic
for BTSP. We will come to this later. Let us now discuss how to extract
a heuristic solution for BTSP by one application of the heuristic approach
discussed above (with minor modifications) to solve the d-feasibility problem.

SR 0 if Cij < 0
Y a positive random number if ¢;; > ¢

2.3.1. Ezxtracting a heuristic solution. Suppose ¢ is a lower bound for the
optimal objective function value. Such a lower bound can be obtained
by solving the bottleneck biconnected spanning subgraph problem (BB-
SSP) [29] on G using the cost matrix C. This is one of the strongest known
lower bounds for the BT'SP. Other popular lower bounds include the 2-max
bound [18, 30], bottleneck spanning tree bound [5, 18] and the bottleneck
assignment bound [5]. Several algorithms are available to solve the BB-
SSP [6, 23, 26, 29, 38]. Punnen and Nair [29] proposed an O(m + nlogn)
algorithm to solve this problem, and Manku [23] improved the algorithm
with an O(m) time bound, where m is the number of arcs in the underlying
graph. For our applications, both these algorithms have complexity O(n?)
since G is a complete graph.

Choosing ¢ as a lower bound to BOBJ(C), solve the d-feasibility problem
approximately by one application of a TSP heuristic & on the matrix C?.
Let H® be the solution produced and output H®. If Sum(H®, C%) = 0 then
H® is an optimal solution. Otherwise use at most #S shake operations
and solve the TSP on the resulting cost matrix C®® and output the best
solution obtained. We call this heuristic the simple threshold heuristic or
(ST — heuristic). The steps of the ST-heuristic is summarized below.
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ST-Heuristic

Step 1: Set the value of the control parameter #S and compute the lower
bound § (possibly by solving BBSSP).

Step 2: Use a TSP heuristic a to solve the TSP with cost matrix C°. (For
example, use some recent variations of the Lin-Kernighan heuris-
tic [1, 16, 22]). Let H® be the resulting solution. If Sum(H®,C® = 0
output H* and stop. Otherwise, designate H* as the “current solu-
tion” and Max(H®*,C) as the “current objective function value”.

Step 3: ( Shake operation begins if #S> 0) Solve the TSP on the cost matrix
C%F using o and let H® be the resulting solution. If Sum(H®,C?%) =
0 Stop. H® is an optimal solution to BTSP. Otherwise update “cur-
rent solution” and “current objective function value” if necessary
and repeat this step #S times or until some other termination cri-
terion is satisfied. (Note that the matrices C%f generated in each
repetition are different with high probability.)

Clearly, if Sum(H®,C®) = 0 then H® is an optimal solution to the BTSP.
Our experimental results show that this is indeed the case for many of the
test problems we have considered. But if Sum(H®,C?%) # 0, then H® uses
some edges of non-zero costs. In the ST-algorithm we perform a shake
operations by choosing different random numbers for the non-zero values
of C° (i.e. by using C%%) to see if Sum(H*,C?) = 0. Ideally we would
like to make the largest value of such non-zero costs in H® as small as
possible so that an improved bottleneck objective value is achieved. We
try to achieve this using “controlled shake operations” discussed below. Let
21 < 29 < ... < z, be an ascending arrangement of the distinct edge costs
ci; such that ¢;; > d. Let ry <7y <--- <1y be random numbers generated
from the interval [a, b] for some a and b. Consider the matrix

0 if c;; <6
= { i (5)
ze +1s if ¢y = 2

It can be verified that the BTSP with cost matrix C' and the BTSP with
cost matrix C%*% have the same set of optimal solutions. In the simple
threshold algorithm we could use C%@? instead of C%%. The advantage
of using €%l is that the difference between consecutive non-zero values
of elements of C%[@tl is larger compared to corresponding values of C°.
This in turn encourages the TSP heuristic a when applied on Colab] o
pick smaller non-zero values and hence a solution with better bottleneck
objective function value could result. The built in randomness allows us to
generate different matrices having this desirable property and could mimic
the effect of a shake operation with additional advantages. Thus we call the
operation of using « on the matrix C%%8 a type 1 controlled shake, and the
parameter #CS1 denotes the number of type 1 controlled shakes permitted.
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We have also tested using another cost matrix defined as follows. Let U
be an upper bound on the optimal objective function value of the BTSP and
21 < z2 < ... < %z, be an ascending arrangement of the distinct edge costs
Cij, 0 < ¢;j < U. Define d; = z; + R; where R; is a random number in the
interval (R;—1+6,R;_1 +7) and § and 7 (f < 7) are prescribed parameters.
Consider the cost matrix C%97 = (cfj’-e’T) defined by

0 if Cij <4
6?39,7 =1¢d, ifej=zandc; <U (6)
M otherwise

where M is a large number. Note that the value of M is selected such that
it is significantly larger than d,. The matrix C%%7 has similar properties
as C%lb with more control on the random numbers. The shake operation
performed using C%%7 is called type 2 controlled shake and the parameter
#CS2 denotes the number of type II controlled shakes performed. Using
these controlled shake operations we obtain an enhanced version of our ST-
heuristic which we call enhanced threshold heuristic or ET-heuristic. An
informal description of the ET-heuristic is given below.

ET-Heuristic

Step 1: Set the values of the control parameters 0, 7, a, b, #CS1 and #CS2

Step 2: Compute the lower bound ¢ (possibly by solving the BBSSP)

Step 3: Use a TSP heuristic a to solve TSP on the cost matrix C°. (For
example, use some recent variations of the Lin-Kernighan heuris-
tic [1, 16, 22].) Let H* be the solution produced. Set H® as the
“current solution” and Max(H®,C) as the current objective func-
tion value. If Sum(Ho‘,C"s) = 0 Stop. H¢ is an optimal solution
to the BTSP. Otherwise designate H* as the “current solution” and
Max(H®,C) as the “current objective function value”.

Step 4: (Type 1 controlled shake begins if #CS1> 0) Solve the TSP on the
cost matrix C%l%¥ using o and let H* be the resulting solution.
If Sum(H® C% = 0 Stop. H® is an optimal solution to BTSP.
Otherwise update “current solution” and “current objective func-
tion value” if necessary and repeat this step #CS1 times or until
some other termination criterion is satisfied. (Note that the ma-
trices €%t generated in each repetition are different with high
probability.)

Step 5: (Type 2 controlled shake operation begins if #CS2 > 0) Solve a
TSP on the cost matrix C%%7 using a and let H® be the resulting
solution. If Sum(H®,C°) = 0 Stop. H® is an optimal solution to
BTSP. Otherwise update “current solution” and “current objective
function value” if necessary and repeat this step #CS2 times until
some other termination criterion is satisfied. (Note that the matrices
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C%97 generated in each repetition are different with high probability
in each repetition.)
Step 6: Output “current solution”

2.4. Enhanced binary search algorithm. By choosing § as any real
number (instead of a lower bound to BOBJ(C)) in the ET-heuristic we
can (heuristically) solve the d-feasibility problem. Thus, the ET-heuristic
can be used repeatedly in a binary search fashion among possible candidates
for BOBJ(C). Let ETH(6) denotes the algorithm where Step 2 of the ET-
heuristic is removed and J is considered as an input parameter. We also
use the ET-heuristic to obtain a heuristic solution, say H, to calculate an
upper bound U = Max(H,C) for BOBJ(C). Let L be a lower bound for
BOBJ(C). If L = U, then H is an optimal solution to the BTSP. Otherwise
L < BOBJ(C) < U. Choose ¢ as the median of the set {c;;|L < ¢;; < U}
and call ETH(9) to test (heuristically) if there is tour H in G such that
Maz(H,C) < 6. If the answer is “yes”, we have an improved solution, say
H*. Then the upper bound can be updated as U = Maxz(H*,C). Note that
this value will be less than or equal to 6. (Whenever we update the upper
bound U, we also update the solution associated with it.) If the answer is
“no” we conclude (heuristically) that there is no solution with bottleneck
objective function value smaller than § and update L = §. The process is
continued until {¢;;|L < ¢;; < U} becomes empty. At this stage the current
solution has bottleneck objective function value L.

In the binary search phase, we also use some special updates for the lower
bound. Note that when an upper bound is updated at any iteration, it con-
tinues to remain a valid upper bound for BOBJ(C). However, when the lower
bound L is updated, we make a heuristic decision. The updated L may not
be a lower bound for BOBJ(C), although the probability of this happening
is less if «r is powerful. Nonetheless, we need to take care of this possibility of
ETH(J) generating a solution H* at some iteration with Max(H*,C) < L.
If this happens, we reset L back to the original lower bound obtained in the
beginning of the algorithm and set U = Max(H*,C). We never observed
this phenomenon and this was not included in our final code. However, we
keep this step in the description of our primary algorithm for completeness.

The foregoing discussions lead to our main algorithm to solve BT'SP which
is called the enhanced binary search threshold algorithm or EBST-algorithm.
A formal description of the algorithm is given in Figure 1 (as Algorithm 1
EBST-Algorithm). Note that ETH(J) is used to solve the J-feasibility prob-
lem within the algorithm. Thus in the description of the algorithm we
assume that ETH(J) produce a solution H such that if Mazx(H,C) < § we
have an “yes” answer to the d-feasibility problem and a no answer otherwise.
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Algorithm 1 EBST-Algorithm

Solve the bottleneck biconnected spanning subgraph problem on G with
cost matrix C. Let § be the objective function value produced.
Call ETH(0). Let H be the resulting tour. {* ETH(S) also produced
FLAG. If FLAG = YES, the algorithm is terminated and we have an
optimal solution. *}
Tour <= H, OBJ <= max;jcp{ci;}
Let 21 < 22 < --- < 2, be an ascending arrangement of all distinct values
of the set {¢;j: 0 <¢;; <OBJ}. <=1, u<p
while v — ¢ > 1 do
k< I_H?UJ, 0=z
Call ETH(9). Let H be the output tour.
if FLAG = “yes” then
{* update the upper bound *}
Choose ¢ such that z; = max;jem{ci;}
u < q, OBJ < z,, Tour & H
{* special reset *}
if ¢ </ then
<=1, u<q
end if
else
{* update the lowerbound*}
l<=k+1
{* special update of the upperbound *}
if max;jcpy cij < 2z, then
choose ¢ such that z; = max;jcy ¢;j
u<=q
end if
end if
end while
output Tour and OBJ

The performance of the algorithm depends on various parameters such
as #CS1,#CS2, 0, a, b and 7. Extensive computational experiments have
been carried out to fine tune the values of these parameters. Considering the
outcomes of these experiments and using our intuition we have decided to set
the default values of these parameters are set to #CS1 =3, #CS2=3,a =1,
b=mn, 0 =5 and 7 = 50. No claim is made that these are the best values.
In fact for hard problems, one may try to change the parameter values to
explore improved solutions. Nevertheless, for definiteness we decided that
it is important to give definite values for all parameters. We have used
the implementation of the LK-algorithm in the Concorde Library [1] as our
TSP heuristic. It may be noted that a simple binary search algorithm using
Helsgaun’s implementation of the LK-algorithm [12] in place of ETH(J)
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has been used by Ramakrishnan et al [30] and reported good experimental
results on TSPLIB problems of size up to 783 cities. Their algorithm is
a special case of our EBTS-algorithm by setting #CS1 = #CS2 = 0, and
using Helsgaun’s implementation of LK-algorithm in ETH(J), the 2-max
lower bound [26, 30] is used in place of the superior BBSSP lower bound, and
using the NNH solution to compute the starting upper bound. The heuristic
reported in [30] considered only 72 problems all, from the TSPLIB with
size no more that 783. Optimality was guaranteed for 37 problems. From
our experiments, their solutions for the remaining 35 problems were also
optimal. Our algorithm also obtained optimal solutions to these problems,
often without entering into the binary search phase, except for one problem.

3. COMPUTATIONAL RESULTS FOR BTSP

The algorithms discussed in the previous section were coded in ANSI C
and tested using the GNU GCC compiler version 3.2 under Redhat Linux
8.0. Two classes of test problems are considered; standard benchmark prob-
lems and specially constructed hard problems. All the experiments with
standard benchmark problems were carried out on the 164-processor Sun
V60 clustered computer, Chorus at the University of New Brunswick, Fred-
ericton. Chorus consists of 60 slave nodes of dual 2.8GHz Intel Xeon proces-
sors with 2 to 3 GB of RAM. Detailed information about the cluster can be
found on UNB’s ACRL site [39]. We did not use the multi-processing capa-
bilities of the workstation; all tests were carried out using a single processor.
The specially constructed hard problems were tested on a Dell Precision
workstation with 2.0 GHz Intel Xeon Processor and 512 MB of memory. We
used the Lin-kernighan implementation of Concorde Library [1] for solving
all TSPs within our algorithms. Computational time was measured in sec-
onds of CPU time corrected to two decimal digits. This does not include
input and output times. All computational times reported for benchmark
problems are average over 10 runs. Also, whenever ‘best objective function
value’ is indicated, it is based on these 10 independent runs. We have done
these 10 repetitions to investigate the effect of randomness within the algo-
rithm on solution quality as well as running time and found no significant
effect. The purposes of our preliminary experiments are to assess the perfor-
mance of the algorithms on various classes of test problems and to fine-tune
the parameters to set their default values.

The test problems we considered can be divided into five different cat-
egories: (1) TSPLIB problems [33], (2) Random problems of Johnson and
McGeoch [16, 14], (3) Specially designed ‘hard’ problems, (4) National TSP
instances [37] and (5) VLSI instances [37]. TSPLIB is a well known collec-
tion of TSP instances selected from practical applications and primarily used
as a test bed for TSP algorithms. Our heuristics obtained optimal solutions
for all TSPLIB problems except two very large ones with size more than
35,000 nodes. These very large problems were not tested due to memory
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limitations. We call the test problems in class 2 the JM-instances. These
instances were introduced by Johnson and McGeoch [16]; again, for testing
TSP algorithms. The JM-instances are classified into three different groups:
uniform point, clustered points, and random distance matrices. For most of
the problems in classes (1) and (2) the BBSSP lower bound turned out to
be the optimal objective function value. Thus, we have generated a special
class of problems which do not have this property. The cost matrices in this
class have a partitioned structure. See Figure 1.

reolumns 5 columns

B ¥ rows

H D & TOWE

FIGURE 1. Structure of the special cost matrix

Here A is a symmetric r X r matrix with entries in the range [3 + 1,7]; B
is a r X s matrix with entries in the range [0,5]; D is a s X s symmetric
matrix with entries in the range [+ 1,7]; and r > 2, s > 2, r+s=n. We
generated problem instances from 100 to 2500 nodes for various values of 3,
v, and r. Unless the dimensions of A and B are equal, this class of problems
assures that the BBSSP lower bound is strictly less than the optimal BTSP
objective function value. In fact the BBSSP lower bound will be no more
that 8 and the optimal BTSP objective function value will be at least 5+ 1.

Our first set of experiments were performed on TSPLIB problems of size
up to 7397 nodes to assess the relative strength of 2-max bound and BBSSP
bound. The BBSSP lower bound was optimal for all problems except ts225
and the 2-max bound was optimal for 52 out of the 101 problems tested.
The computational time for 2-max bound was, however, lower. Both al-
gorithms took less than 0.01 seconds for problems within 225 nodes. The
time for 2-max bound gradually increased to 0.15 seconds as problem size
increased to 4461 nodes, whereas for BBSSP bound the computational time
increased to 7.68 seconds. As the number of nodes increased to 7397 BB-
SSP computational time increased to 48.39 seconds but the time for 2-max
bound was only 0.37 seconds. Because of the superior quality of the lower
bound and its reasonable computational time, we have decided to use BB-
SSP lower bound in our experiments. Experimental results on these lower
bound heuristics are reported in Table 1. For larger problems, the time
bound for computation of this lower bound could be reduced by using the
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linear time algorithm of Manku [23] or Punnen and Nair [29]. Our imple-
mentation used the O(n?logn) threshold algorithm discussed in Parker and
Rardin [26].

Problem 2-max bound BBSSP bound

LB | %-gap | Time LB | %-gap | Time
8225 500.00 | 50.00 | 0.00 500.00 | 50.00 | 0.01
atth32 227.00 0.87 | 0.00 229.00 0.00 | 0.10
alib35 3889.00 0.00 | 0.00 3889.00 0.00 | 0.12
si535 186.00 | 18.06 | 0.00 227.00 0.00 | 0.06
pab61 16.00 0.00 | 0.00 16.00 0.00 | 0.08
ub74 345.00 0.00 | 0.00 345.00 0.00 | 0.12
ratb7b 23.00 0.00 | 0.00 23.00 0.00 | 0.11
p654 934.00 | 23.63 | 0.00 1223.00 0.00 | 0.17
d657 1368.00 0.00 | 0.00 1368.00 0.00 | 0.13
er666 4264.00 0.00 | 0.00 4264.00 0.00 | 0.20
u724 152.00 | 10.59 | 0.00 170.00 0.00 | 0.14
rat783 26.00 0.00 | 0.01 26.00 0.00 | 0.14

dsj1000 | 92501.00 | 68.74 | 0.01 | 295939.00 0.00 | 0.84
prl002 1662.00 | 21.94 | 0.01 2129.00 0.00 | 0.43
si1032 107.00 | 70.44 | 0.01 362.00 0.00 | 0.27
ul060 2378.00 0.00 | 0.01 2378.00 0.00 | 0.73
pcb1173 243.00 0.00 | 0.01 243.00 0.00 | 0.61
d1291 1289.00 0.00 | 0.01 1289.00 0.00 | 0.78
r11304 789.00 | 48.60 | 0.01 1535.00 0.00 | 0.62
rl1323 1905.00 | 23.46 | 0.01 2489.00 0.00 | 0.66
nrwl379 105.00 0.00 | 0.02 105.00 0.00 | 0.56

11400 530.00 0.00 | 0.01 530.00 0.00 | 0.52
ul432 300.00 0.00 | 0.02 300.00 0.00 | 1.06
11577 137.00 | 68.21 | 0.02 431.00 0.00 | 1.58
d1655 1476.00 0.00 | 0.02 1476.00 0.00 | 1.38
ul817 234.00 0.00 | 0.02 234.00 0.00 | 1.54
rl1889 752.00 | 16.07 | 0.02 896.00 0.00 | 1.11
d2103 1133.00 0.00 | 0.03 1133.00 0.00 | 1.52
u2152 105.00 0.00 | 0.03 105.00 0.00 | 2.66
u2319 224.00 0.00 | 0.04 224.00 0.00 | 2.26

pr2392 401.00 | 16.63 | 0.04 481.00 0.00 | 4.10
pcb3038 181.00 8.59 | 0.07 198.00 0.00 | 5.68

13795 528.00 0.00 | 0.10 528.00 0.00 | 3.57
fnl4461 132.00 0.00 | 0.15 132.00 0.00 | 7.68
rl5915 580.00 3.65 | 0.24 602.00 0.00 | 12.24
rl5934 533.00 | 40.51 | 0.24 896.00 0.00 | 10.47

pla7397 | 69772.00 | 14.33 | 0.37 | 81438.00 0.00 | 48.39

TABLE 1. TSPLIB - Comparison of lower bounds
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Let us now discuss experimental results on NNH, BNNH, ENNH, and BNIH
heuristics. Table 2 summarizes the results of these experiments for midsize prob-
lems in our test set. In the table %-gap refers to the quantity %100 where
H is the heuristic value and LB is the lower bound value. As the data indicates,
the quality of these solutions are not very impressive but computational times are
low except for ENNH. Due to poor quality of solutions, we decided not to test
these heuristics on other classes of test problems. However, if one needs to select a
construction heuristic, we recommend BNIH.

We now consider our ST and ET-heuristics. Preliminary experiments have been
conducted using TSPLIB problems to set the values of the parameters #S, #CS1,
#CS2, a, b, 7, and 0. We first considered ST-Heuristic with no shake operation and
a single shake, 3 shakes, and 5 shakes. The random numbers for C%% are selected
from the interval [1,7n2]. Problems up to size 2103 produced provably optimal so-
lution without shake except ts225. Five more problems did not produce optimal
solutions for ST-heuristic with no shakes. Computational results on these problems
including ts225 are reported in Table 3.

Problem No Shake one Shake 3 Shakes 5 Shakes
%-gap | Time | %-gap | Time | %-gap | Time | %-gap | Time

ts225 253.6 | 0.12 | 253.60 0.50 | 253.60 1.30 | 253.60 2.20

u2152 2.10 | 23.11 0.00 | 21.27 0.00 | 55.23 0.00 | 18.73

pr2392 3.37 | 21.62 0.60 | 27.00 0.00 | 21.50 3.01 | 203.56
rl5915 12.51 | 46.24 0.50 | 95.15 0.50 | 194.51 3.80 | 433.90
r15934 8.78 | 48.03 0.00 | 44.14 0.00 | 43.99 0.00 | 47.15
pla7397 | 40.21 | 64.72 | 35.51 | 101.50 | 67.02 | 277.02 | 53.61 | 347.75

TABLE 3. TSPLIB instances with ST-heuristic: Effect of
shake operations. %-gap = w where H is the heuris-
tic solution value and LB is the BBSSP lower bound value.

Although additional shake operations did produce optimal solutions in some
cases, random shaking did not perform consistently better. (See Table 3.) In some
cases, 5 shakes produced worse solutions than one shake. We believe this is dues to
the randomness in our algorithm and possibly in the LK algorithm as well. Let us
now look at the effect of controlled shaking used by the ET-heuristic. We initially
set #CS2 = 0 to assess the effect of type 1 controlled shake. The value of a is set
to 1 and b is set to n. We considered three different values, 1, 3, and 5, for #CS1
and obtained optimal solutions to all but 3 problems (pla7397, rl5915, ts225) for
#CS1 = 1 and 3. Further the accuracy was better for #CS1 = 3 for problems
that were not solved to optimality. For #CS1 = 5, we obtained optimal solution
for all but two problems (ts225,pla7397). Considering the computational time and
solution quantity, we believe #CS1 = 3 could be a reasonable choice if #CS2 = 0
is selected. These results are summarized in Table 4
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Problem one shake 3 shakes 5 Shakes
%-gap | Time | %-gap | Time | %-gap | Time
ts225 182.8 0.30 | 164.41 0.64 | 190.32 0.95
u2152 0.00 | 23.68 0.00 | 30.08 0.00 | 28.08
pr2392 0.00 | 23.15 0.00 | 28.60 0.00 | 34.04
r15915 9.70 | 113.51 3.21 | 153.45 0.00 | 162.96
r15934 0.00 | 52.08 0.00 | 55.25 0.00 | 54.10
pla7397 26.81 | 211.62 20.10 | 254.21 33.51 | 451.67

TABLE 4. TSPLIB instances ET-heuristic with only Type I
controlled shake. %-gap = w where H is the heuris-

tic solution value and LB is the BBSSP lower bound value.

Similar experiments were conducted using #CS1 = 0 and #CS2 = 1, 3, and
5. We also examined the effect of varying the values of {6,7} as {5,10}, {10,25},
{5,100}, and {50,100}. No significant difference in quality of solutions is observed.
#CS2 = 3 and {0,7} = {10,25} appeared a good choice, although no significant
difference is observed in solution quality for other choices of the parameters. It
solved optimally all but 3 problems (ts225, r15915,pla7397). Table 5 shows results
of these experiments.

Problem 0=5717=10 | #=10,7=25 | 8§ =5,7=100 | 8 = 50,7 = 100

%-gap | Time | %-gap | Time | %-gap | Time | %-gap | Time
ts225 253.6 0.40 | 253.60 0.40 | 253.60 0.45| 253.6 0.46
u2152 0.00 | 42.74 0.00 | 47.12 2.10 | 34.91 0.00 32.69
pr2392 0.00 | 33.23 0.00 | 39.01 0.00 | 34.32 0.00 49.34
r15915 9.82 ] 196.63 9.70 | 232.78 9.65 | 145.64 | 49.45 | 214.76
r15934 0.00 | 58.11 0.00 | 51.22 0.00 | 56.33 8.78 75.81
pla7397 33.51 | 229.96 | 40.21 | 238.55 | 46.91 | 257.63 | 40.21 | 265.27

TABLE 5. TSPLIB instances ET-heuristic with only Type 11
controlled shakes(3 shakes). %-gap = w where H
is the heuristic solution value and LB is the BBSSP lower
bound value.

The result in this experiment was not as good as that in Type I controlled

shake. We believe that this might be due to the usage of M for elements in
the shake matrix corresponding to ¢;; > U. Thus it may be reasonable to
avoid using M and choose controlled random numbers of value more than M.
No harm is done with this change and used this strategy in our final exper-
iments. Finally, we have conducted experiments with the EBST-heuristic.
In one case, for the corresponding ETH(4) we set #CS1 = 0 and in the
other case for the corresponding ETH(J) we set #CS2 = 0. The values of
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the other parameters are set as follows: ¢« = 1,b = n, 7 = 25, and 6 = 10.
For the run with #CS1 = 0 we obtained optimal solutions for all problems
tested from the TSPLIB except ts225, and for the run with #CS2= 0 we
obtained optimal solutions for all but two problems with very minimal %
deviation from optimum (.08% and .55%). The computation times for the

two runs are given in Tables 6 and 7.

. Optimal Type I Type 2
Problem | Size | Value obj. value | %-gap | Time | obj. value | %-gap | Time
5225 225 | 1000 1,000.00 0.00 8.67 1,000.00 0.00 | 11.62
d2103 2103 | 1133 1,133.00 0.00 | 42.29 1,133.00 0.00 | 42.29
u2152 2152 | 105 105.00 0.00 | 44.06 105.00 0.00 | 45.35
u2319 2319 | 224 224.00 0.00 | 24.89 224.00 0.00 | 24.80
pr2392 2392 | 481 481.00 0.00 | 30.10 481.00 0.00 | 51.18
pcb3038 | 3038 | 198 198.00 0.00 | 32.91 198.00 0.00 | 32.83
13795 3795 | 528 528.00 0.00 | 52.45 528.00 0.00 | 52.22
fnl4461 | 4461 | 132 132.00 0.00 | 46.85 132.00 0.00 | 46.68
r15915 5915 | 602 602.50 0.08 | 197.15 602.00 0.00 | 163.96
r15934 5934 | 896 896.00 0.00 | 66.52 896.00 0.00 | 70.59
pla7397 | 7397 | 81438 81,884.90 0.55 | 737.69 | 81,438.00 0.00 | 418.32

TABLE 6. EBST heuristic for TSPLIB problems. %-gap =

% where H is the heuristic solution value and LB is

the BBSSP lower bound value.

Problem size | Number of | Type I Type 11
range problems | Avg. Time | Avg. Time
14-99 22 0.25 0.25
100-198 25 1.39 1.41
200-318 11 3.27 3.33
400-493 6 9.92 10.06
532-575 6 11.06 10.97
654-783 5 16.33 16.03
1000-1291 6 29.79 30.14
1304-1432 5 25.45 25.41
1577-1889 4 31.65 30.62

TABLE 7. EBST heuristic results for grouped TSPLIB prob-
lems - Average computational time. %-gap = (H=LB)100
where H is the heuristic solution value and LB is the BBSSP

lower bound value.
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. Type I shake Type II shake
Problem Size Av. Sol. | Best Sol. | Av. Time Av. Sol | Best Sol. | Av. Time
C1k.0 1000 | 290552.00 | 290552.00 32.95 | 290552.00 | 290552.00 31.86
Cilk.1 1000 | 335184.00 | 335184.00 34.56 | 335184.00 | 335184.00 34.23
C1k.2 1000 | 225295.00 | 225295.00 29.68 | 225295.00 | 225295.00 30.60
C1k.3 1000 | 416768.00 | 416768.00 41.93 | 416768.00 | 416768.00 37.19
Cilk.4 1000 | 318930.00 | 318930.00 34.09 | 318930.00 | 318930.00 31.95
C1k.5 1000 | 260389.00 | 260389.00 47.43 | 260389.00 | 260389.00 57.74
C1k.6 1000 | 175740.00 | 175740.00 32.18 | 175740.00 | 175740.00 32.15
Clk.7 1000 | 301366.00 | 301366.00 36.01 | 301366.00 | 301366.00 35.94
C1k.8 1000 | 246519.00 | 246519.00 32.84 | 246519.00 | 246519.00 31.61
C1k.9 1000 | 208091.00 | 208091.00 30.10 | 208091.00 | 208091.00 30.22
C3k.0 3162 | 252245.00 | 252245.00 69.17 | 252245.00 | 252245.00 81.19
C3k.1 3162 | 167466.00 | 167466.00 102.30 | 167466.00 | 167466.00 68.28
C3k.2 3162 | 194007.00 | 194007.00 67.67 | 194007.00 | 194007.00 67.75
C3k.3 3162 | 180852.00 | 180852.00 72.52 | 180852.00 | 180852.00 79.93
C3k.4 3162 | 180583.00 | 180583.00 67.29 | 180583.00 | 180583.00 67.58
C10k.0 | 10000 | 161062.00 | 161062.00 376.47 | 161062.00 | 161062.00 325.26
C10k.1 | 10000 | 100349.00 | 94139.00 | 33354.23 | 100333.20 | 94139.00 5945.74
C10k.2 10000 | 121209.00 | 121209.00 430.84 | 121209.00 | 121209.00 343.23

TABLE 8. JM - Instances Type C. All solutions are optimal
and their values are equal to the BBSSP bound

Thus EBST-heuristic clearly very effective in obtaining good quality so-

lutions in reasonable running time. We have also tested our algorithm on
other classes of problems with type I and type II shakes separately. Table 8
report experimental results with JM-instances of clustered type with size
ranging from 1000 to 10000 nodes. All averages hereafter are taken over
10 trials. In the table, the columns corresponding to type I shake, we set
#CS2 =0 and other parameters have default values. Likewise, the columns
corresponding to type Il shake, we set #CS1 = 0 and other parameters have
default values. The running times were almost uniform except for C10K.1
which is an outlier. Table 9 represents similar data on JM-instances of
Fuclidian and random types. All the solutions obtained for this class are
guaranteed to be optimal and computational times have a uniform behavior.

Taking guidance from previous experiments, we tested specially struc-
tured hard instances with parameter values set as #CS1 = 3, #CS2 = 3,
a=1,b=mn,0 =5 and 7 = 50. The parameters (3, v and r used to gen-
erate the test problems are given along with the seed value to initialize the
random number generator. When r = n/2 the BBSSP lower bound may co-
incide with the optimal objective function value. For all other values of r the
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Type I shake

Type II shake

Problem Size Av. Sol. | Best Sol. | Av. Time | Av. Sol | Best Sol. | Av. Time
E1k.0 1000 | 64739.00 | 64739.00 16.87 | 64739.00 | 64739.00 16.90
Elk.1 1000 | 67476.00 | 67476.00 18.05 | 67476.00 | 67476.00 17.98
E1k.2 1000 | 88522.00 | 88522.00 22.67 | 88522.00 | 88522.00 22.36
E1k.3 1000 | 59220.00 | 59220.00 15.86 | 59220.00 | 59220.00 15.84
Elk.4 1000 | 68259.00 | 68259.00 17.97 | 68259.00 | 68259.00 17.91
E1k.5 1000 | 61406.00 | 61406.00 16.07 | 61406.00 | 61406.00 15.99
E1k.6 1000 | 68777.00 | 68777.00 18.81 | 68777.00 | 68777.00 18.65
Elk.7 1000 | 70389.00 | 70389.00 18.71 | 70389.00 | 70389.00 18.60
E1k.8 1000 | 57597.00 | 57597.00 15.20 | 57597.00 | 57597.00 15.13
E1k.9 1000 | 68420.00 | 68420.00 18.30 | 68420.00 | 68420.00 18.26
E3k.0 3162 | 39854.00 | 39854.00 41.96 | 39854.00 | 39854.00 41.93
E3k.1 3162 | 37500.00 | 37500.00 39.37 | 37500.00 | 37500.00 39.59
E3k.2 3162 | 35145.00 | 35145.00 38.39 | 35145.00 | 35145.00 38.56
E3k.3 3162 | 44428.00 | 44428.00 43.92 | 44428.00 | 44428.00 43.98
E3k.4 3162 | 36621.00 | 36621.00 39.36 | 36621.00 | 36621.00 39.15
E10k.0 | 10000 | 20174.00 | 20174.00 239.55 | 20174.00 | 20174.00 239.07
E10k.1 | 10000 | 22883.00 | 22883.00 243.48 | 22883.00 | 22883.00 243.08
E10k.2 | 10000 | 20208.00 | 20208.00 237.07 | 20208.00 | 20208.00 237.03
M1k.0 1000 | 9328.00 | 9328.00 52.21 | 9328.00 | 9328.00 52.39
Mik.1 1000 | 8856.00 | 8856.00 51.71 | 8856.00 | 8856.00 51.46
Mi1k.2 1000 | 11282.00 | 11282.00 55.36 | 11282.00 | 11282.00 54.92
M1k.3 1000 | 11617.00 | 11617.00 53.94 | 11617.00 | 11617.00 53.91
M3k.0 3162 | 3289.00 | 3289.00 129.47 | 3289.00 | 3289.00 130.00
M3k.1 3162 | 3034.00 | 3034.00 128.01 | 3034.00 | 3034.00 127.84
M10k.0 | 10000 | 1189.00 | 1189.00 536.46 | 1189.00 | 1189.00 534.94

TABLE 9. JM-Instances of E and M types. All solutions are
optimal and their values are equal to the BBSSP bound

bound is guaranteed to be strictly lower than the BTSP optimal objective
function value. Table 10 summarizes results on specially structured hard
instances with 500 nodes. All solutions obtained were optimal. Table 11
report similar results on 2500 nodes. We obtained optimal solutions for 20
out of 27 problems. The running time for these hard instances are higher
compared to other classes of problems. We have also tested hard instance
with 100 nodes (table not included for these results) and obtained optimal
solutions for all. The optimality of these instances were verified by using a
modified version of our algorithm with an exact TSP solver.
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As the final experiment, we have used the parameter values #CS1 =
3, #CS2 =3, a =1, b =n, 8 = 5 and 7 = 50 and tested all available
standard problems (subject to memory limitations). The outcome of these
experiments are summarized in Tables 12,13, 14, 15, 16, 17. Our algorithm
produced optimal solutions for all these problems. Using the large amount
of data generated in the experiments, we tried a linear and quadratic fit
to estimate the running time of our algorithm as a function of the prob-
lem size. The quadratic fit approximates the running time very well. (See
Figure 2.) This is consistent with the known experimental results on the
average complexity of O(n*?) for the LK-heuristic [12, 16].

Problem Size vs Avg. Running Time
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FIGURE 2. Problem size vs Avg. running time

4. CONCLUSION

In this paper we have developed powerful heuristic algorithms for solving
the BTSP. Results of systematic and detailed computational experiments
are also reported. No such study is available in the literature so far for
the BTSP. Our algorithms use powerful TSP heuristics as a subroutine.
We obtained optimal solutions for all the TSPLIB problems, JM-instances,
National TSP instances, and VLSI instances. Almost all the solutions pro-
duced also have a proof of optimality. We also obtained optimal solutions for
several hard instances we have created. All these impressive experimental
results were achieved in very reasonable computational time. We believe the
algorithms we have developed in this paper and our experimental analysis
provide substantial insight into the structure of the BT'SP and offer effective
solution methods.
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Problem | Size Best BBSSP BBSSP Avg LK Avg. LK Avg. Total
obj. value | Lower bound | Avg. time | calls time time
bbz25234 | 25234 | 15 15 259.39 1.00 154.36 467.37
bch2762 | 2762 | 15 15 2.50 1.00 8.69 11.83
bck2217 | 2217 | 16 16 1.61 1.00 8.25 10.27
bcl380 380 16 16 0.05 1.00 2.09 2.15
beg3293 | 3293 | 24 24 4.01 1.00 10.08 15.00
bgh4355 | 4355 | 13 13 6.90 1.00 14.52 23.01
bgd4396 | 4396 | 28 28 717 1.00 12.49 21.27
bgfd475 | 4475 | 25 25 7.35 1.00 12.26 21.28
bnd7168 | 7168 | 15 15 18.86 1.00 18.72 41.90
b0a28924 | 28924 | 18 18 377.03 1.00 193.97 641.48
bva2144 | 2144 |15 15 1.69 1.00 7.86 9.93
dbj2924 2924 | 16 16 3.16 1.00 9.11 12.99
dcal389 | 1389 |18 18 0.72 1.00 7.51 8.39
dcb2086 | 2086 | 21 21 1.42 1.00 8.22 10.00
decl1911 | 1911 | 16 16 1.34 1.00 7.80 9.45
dea2382 | 2382 |25 25 2.35 1.00 8.93 11.75
dga9698 | 9698 | 15 15 34.51 1.00 28.36 70.74
dhb3386 | 3386 | 17 17 4.23 1.00 9.69 14.87
djal436 1436 | 15 15 0.51 1.00 7.03 7.72
djb2036 | 2036 |15 15 1.36 1.00 7.84 9.54
djc1785 1785 | 24 24 1.06 1.00 8.31 9.63
dkal376 | 1376 | 15 15 0.63 1.00 7.38 8.16
dke3938 | 3938 | 16 16 6.28 1.00 9.96 17.53
dkd1973 | 1973 | 14 14 1.42 1.00 7.86 9.61
dke3097 | 3097 | 19 19 3.52 1.00 9.44 13.75
dkf3954 | 3954 | 20 20 5.72 1.00 10.54 17.57
dkg813 813 18 18 0.22 1.00 5.19 5.46
dlb3694 | 3694 | 19 19 5.02 1.60 48.48 55.45
fdp3256 | 3256 | 20 20 3.88 1.00 11.70 16.46
feab557 5557 | 15 15 11.18 1.00 22.56 36.32
fjr3672 3672 | 21 21 6.09 1.00 10.45 17.65
fjs3649 3649 | 21 21 5.48 1.00 10.42 17.01
fma21553 | 21553 | 16 16 206.98 1.00 108.81 354.83
fnb1615 1615 | 45 45 0.86 1.00 10.38 11.46
fnc19402 | 19402 | 18 18 152.32 1.00 90.24 274.10
fqmb087 | 5087 | 16 16 10.44 1.00 12.60 25.19
fral488 1488 | 13 13 0.81 1.00 7.23 8.23
frh19289 | 19289 | 28 28 151.02 1.00 89.00 271.25
frv4410 4410 | 15 15 6.33 1.00 11.05 19.00
fyg28534 | 28534 | 15 15 330.94 1.00 187.94 587.37
icw1483 | 1483 | 21 21 0.74 1.00 8.15 9.07
icx28698 | 28698 | 18 18 335.63 1.00 190.00 594.93
ida8197 | 8197 | 14 14 26.95 1.00 22.03 55.20
ido21215 | 21215 | 16 16 182.31 1.10 121.90 345.75
ird29514 | 29514 | 16 16 354.49 1.00 201.55 629.35
irw2802 | 2802 |15 15 2.57 1.00 9.30 12.52
irx28268 | 28268 | 15 15 323.91 1.00 183.93 575.07

TABLE 12. VLSI Instances bbz25234-irx28268
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Problem | Size Best BBSSP BBSSP Aveg LK | Avg. LK | Avg. Total
obj. value | Lower bound | Avg. time | calls time time
lap7454 7454 | 16 16 20.44 1.00 20.47 45.54
ley2323 2323 | 27 27 2.24 1.00 8.77 11.47
1im963 963 13 13 0.26 1.00 6.65 6.98
Isb22777 | 22777 | 23 23 210.71 1.00 119.88 374.12
lsm2854 2854 |19 19 2.66 1.00 9.50 12.85
1sn3119 3119 |16 16 3.58 1.00 9.50 13.89
1ta3140 3140 |17 17 3.64 1.00 9.49 13.95
1tb3729 3729 |13 13 5.06 1.00 11.75 17.97
mlt2597 2597 | 21 21 2.48 1.00 8.94 11.98
pbd984 984 13 13 0.32 1.00 6.77 7.17
pbk411 411 14 14 0.05 1.00 2.48 2.54
pbl395 395 13 13 0.04 1.00 2.26 2.31
pbm436 436 15 15 0.06 1.00 2.63 2.70
pbn423 423 14 14 0.05 1.00 2.40 2.46
pds2566 2566 | 15 15 2.14 1.00 8.45 11.14
pia3056 3056 | 15 15 3.35 1.00 9.44 13.57
pjh17845 | 17845 | 14 14 128.50 1.00 76.89 231.96
pka379 379 11 11 0.05 1.00 1.69 1.75
pma3d43 343 15 15 0.04 1.00 1.72 1.77
rbu737 737 13 13 0.18 1.00 4.39 4.62
rbv1583 1583 | 18 18 0.72 1.00 7.75 8.68
rbw2481 2481 | 27 27 2.27 1.00 9.18 11.96
rbx711 711 15 15 0.13 1.00 4.18 4.35
rby1599 1599 | 18 18 0.74 1.00 8.63 9.58
xial6928 | 16928 | 15 15 115.89 1.70 153.71 310.45
xit1083 1083 | 11 11 0.39 1.00 5.98 6.46
xmc10150 | 10150 | 17 17 41.64 3.10 165.65 239.83
xpr2308 2308 | 14 14 1.77 1.00 7.88 10.09
xqc2175 2175 | 15 15 1.54 1.00 8.25 10.18
xqd4966 | 4966 | 16 16 9.89 1.00 12.05 23.99
xqe3891 3891 | 20 20 5.54 1.00 10.34 17.15
xqf131 131 23 23 0.00 1.00 0.57 0.57
xqg237 237 13 13 0.02 1.00 1.02 1.05
xql662 662 26 26 0.15 1.00 4.40 4.59
xrb14233 | 14233 | 14 14 82.20 1.00 53.88 153.11
xrh24104 | 24104 | 17 17 258.39 1.00 136.06 443.29
xsc6880 6880 | 18 18 17.24 1.00 17.31 38.49
xuad3937 | 3937 |15 15 5.71 1.00 9.91 16.91
xva2993 2993 | 12 12 3.29 1.00 8.67 12.71
xvb13584 | 13584 | 15 15 67.32 1.00 48.01 130.84

TABLE 13. VLSI Instances lap7454-xvb13584
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Problem | Size Best BBSSP BBSSP Avg LK | Avg. LK | Avg. Total
obj. value | Lower bound | Avg. time | calls time time
ar9152 9152 | 4871 4871 59.16 1.00 35.93 102.02
cad663 4663 | 13768 13768 16.27 1.00 17.22 35.18
dj89 89 437 437 0.00 1.00 0.28 0.29
eg7146 7146 | 2150 2150 28.43 1.00 34.21 65.86
€i8246 8246 | 124 124 36.16 1.00 23.86 65.69
fi10639 10639 | 768 768 59.86 1.00 37.33 106.56
gr9882 9882 | 1399 1399 56.73 1.00 32.92 97.15
ho14473 | 14473 | 440 440 118.28 1.00 72.54 208.38
it16862 | 16862 | 1499 1499 163.35 1.70 229.81 431.88
ja9847 9847 | 6413 6413 61.65 1.00 32.95 101.17
kz9976 9976 | 1602 1602 61.80 1.00 33.84 103.94
1u980 980 44 44 0.33 1.00 5.57 5.97
mol4185 | 14185 | 939 939 108.14 1.00 55.67 180.20
mul979 | 1979 | 1153 1153 2.22 1.00 11.58 14.10
nu3496 | 3496 | 650 650 6.68 1.00 17.14 24.84
pm8079 | 8079 | 331 331 36.15 1.00 33.93 75.56
qal94 194 370 370 0.02 1.00 1.11 1.13
rwl621 1621 | 150 150 1.23 1.00 10.01 11.46
sw24978 | 24978 | 1068 1044 357.33 27.40 5803.98 | 8270.68
tz6117 6117 | 486 486 21.28 1.00 15.89 40.26
uy734 734 389 389 0.27 1.00 4.73 5.04
vm22775 | 22775 | 388 388 293.00 1.00 141.35 477.76
wi29 29 2250 2250 0.00 1.00 0.02 0.02
ym7663 | 7663 | 3113 3113 37.08 1.00 25.83 66.67
71929 929 887 887 0.37 1.00 7.68 8.12

TABLE 14. National TSP instances
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Problem | Size | Best BBSSP BBSSP Avg LK [ Avg. LK | Avg. Total
obj. value | Lower bound | Avg. time | calls time time
a280 280 20 20 0.02 1.00 0.89 0.92
alib35 535 3889 3889 2.84 1.00 4.37 7.55
att48 48 519 519 0.00 1.00 0.08 0.08
atth32 532 229 229 0.27 1.00 3.53 3.85
bayg29 29 111 111 0.00 1.00 0.03 0.03
bays29 29 154 154 0.00 1.00 0.03 0.03
berlin52 | 52 475 475 0.00 1.00 0.12 0.13
bier127 127 7486 7486 0.01 1.00 0.77 0.78
brazil58 | 58 2149 2149 0.00 1.00 0.18 0.18
brd14051 | 14051 | 1306 1306 113.44 1.00 57.98 187.73
brg180 180 30 30 0.00 1.00 0.99 1.00
burmal4 | 14 418 418 0.00 1.00 0.00 0.01
ch130 130 142 142 0.01 1.00 0.41 0.42
ch150 150 93 93 0.01 1.00 0.37 0.38
d1291 1291 | 1289 1289 0.70 1.00 11.68 12.49
d15112 15112 | 1370 1370 133.18 1.00 75.59 227.86
d1655 1655 | 1476 1476 0.84 1.00 12.42 13.44
d18512 18512 | 476 476 184.11 1.00 91.34 304.16
d198 198 1380 1380 0.02 1.00 1.40 1.42
d2103 2103 | 1133 1133 2.02 1.00 12.30 14.65
d493 493 2008 2008 0.11 1.00 5.22 5.34
d657 657 1368 1368 0.21 1.00 6.68 6.92
dantzigd2 | 42 35 35 0.00 1.00 0.05 0.05
dsj1000 1000 | 295939 295939 1.01 1.00 10.85 11.96
eil101 101 13 13 0.00 1.00 0.25 0.25
eil51 51 13 13 0.00 1.00 0.05 0.05
€il76 76 16 16 0.00 1.00 0.22 0.22
11400 1400 | 530 530 0.86 1.00 9.57 10.58
1577 1577 | 431 431 1.08 1.00 9.66 10.94
13795 3795 | 528 528 6.99 1.00 13.91 22.01
fla17 417 472 472 0.07 1.10 5.58 5.67
fnl4461 4461 | 132 132 9.84 1.00 12.09 23.59
fri26 26 93 93 0.00 1.00 0.03 0.03
gil262 262 23 23 0.02 1.00 0.93 0.96
grl120 120 220 220 0.00 1.00 0.48 0.49
erl37 137 2132 2132 0.16 1.00 0.51 0.69
erl? 17 282 282 0.00 1.00 0.01 0.01
gr202 202 2230 2230 0.36 1.00 1.57 1.97
gr2l 21 355 355 0.00 1.00 0.02 0.02
gr229 229 4027 4027 0.47 1.00 1.31 1.85
gr24 24 108 108 0.00 1.00 0.02 0.02
grd31 431 4027 4027 1.81 1.00 3.44 5.46
grd8 48 227 227 0.00 1.00 0.07 0.07
gr666 666 4264 4264 4.62 1.00 5.17 10.33
gr96 96 2807 2807 0.07 1.00 0.35 0.43
hk48 48 534 534 0.00 1.00 0.06 0.07
kroA100 | 100 475 475 0.01 1.00 0.19 0.20
kroA150 | 150 392 392 0.01 1.00 0.32 0.34
kroA200 | 200 408 408 0.02 1.00 0.65 0.68
kroB100 | 100 530 530 0.00 1.00 0.24 0.25
kroB150 | 150 436 436 0.01 1.00 0.39 0.40
kroB200 | 200 344 344 0.02 1.00 0.52 0.55
kroC100 | 100 498 498 0.00 1.00 0.18 0.19
kroD100 | 100 491 491 0.01 1.00 0.18 0.19
kroE100 | 100 490 490 0.00 1.00 0.18 0.19

TABLE 15. TSPLIB Instances a280-kroE100
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: Best BBSSP BBSSP Avg LK | Avg. LK | Avg. Total
Problem | Size obj. value | Lower bound | Avg. time | calls timge timge
lin105 105 487 487 0.01 1.00 0.28 0.28
lin318 318 487 487 0.04 1.00 1.36 1.41
nrwl379 | 1379 | 105 105 0.94 1.00 7.34 8.44
p654 654 1223 1223 0.20 1.00 5.17 5.40
pab61 561 16 16 0.05 1.00 3.38 3.44
pcb1173 | 1173 | 243 243 0.67 1.00 7.52 8.30
pcb3038 | 3038 | 198 198 4.44 1.00 8.39 13.58
pch442 442 500 500 0.10 1.00 2.83 2.94
pla7397 | 7397 | 81438 81438 55.21 2.18 113.82 181.79
pr1002 1002 | 2129 2129 0.41 1.00 6.57 7.07
prl07 107 7050 7050 0.00 1.00 0.41 0.42
prl24 124 3302 3302 0.01 1.00 0.47 0.48
prl36 136 2976 2976 0.01 1.00 0.53 0.54
prl44 144 2570 2570 0.01 1.00 0.50 0.51
prl52 152 5553 5553 0.01 1.00 0.66 0.67
pr226 226 3250 3250 0.02 1.00 0.91 0.94
pr2392 2392 | 481 481 2.71 1.00 8.84 12.03
pr264 264 4701 4701 0.03 1.00 1.79 1.83
pr299 299 498 498 0.05 1.00 2.35 241
pr439 439 2384 2384 0.10 1.00 2.95 3.07
pr76 76 3946 3946 0.00 1.00 0.20 0.20
rat195 195 21 21 0.01 1.00 0.50 0.51
rat575 575 23 23 0.12 1.00 2.67 2.82
rat783 783 26 26 0.25 1.00 5.16 5.46
rat99 99 20 20 0.00 1.00 0.09 0.10
rd100 100 221 221 0.00 1.00 0.29 0.30
rd400 400 104 104 0.07 1.00 1.86 1.94
rl11849 | 11849 | 842 842 81.20 1.00 56.66 149.59
rl1304 1304 | 1535 1535 1.05 1.00 8.15 9.35
rl1323 1323 | 2489 2489 1.03 1.00 9.70 10.87
rl1889 1889 | 896 896 1.91 1.00 7.52 9.72
r15915 5915 | 602 602 21.19 4.20 188.47 229.82
r15934 5934 | 896 896 20.09 1.00 37.30 60.29
511032 1032 | 362 362 0.13 1.00 21.67 21.84
sil75 175 177 177 0.00 1.00 0.67 0.68
51535 535 227 227 0.04 1.00 4.30 4.35
st70 70 24 24 0.00 1.00 0.15 0.15
swissd2 | 42 67 67 0.00 1.00 0.06 0.06
15225 225 1000 500 0.02 10.40 2.92 2.99
tsp225 225 36 36 0.02 1.00 0.72 0.75
ul060 1060 | 2378 2378 0.59 1.00 7.72 8.39
ul432 1432 | 300 300 0.84 1.00 6.20 7.21
ulb9 159 800 800 0.01 1.00 0.51 0.52
ul817 1817 | 234 234 1.46 1.00 6.88 8.61
u2152 2152 | 105 105 2.05 1.00 23.22 25.66
u2319 2319 | 224 224 2.20 1.00 7.38 10.03
ub74 574 345 345 0.16 1.00 3.54 3.73
u724 724 170 170 0.24 1.00 3.72 4.00
ulysses16 | 16 1504 1504 0.00 1.00 0.01 0.01
ulysses22 | 22 1504 1504 0.00 1.00 0.02 0.03
usal3b09 | 13509 | 16754 16754 142.76 1.00 53.03 211.14
vmm1084 | 1084 | 998 998 0.73 1.00 6.08 6.91
vml748 | 1748 | 1017 1017 1.76 1.00 7.45 9.47

TABLE 16. TSPLIB Instances lin105-vi1748
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Problem | Size Best BBSSP BBSSP Avg LK Avg. LK Avg. Total
obj. value | Lower bound | Avg. time | calls time time
C10k.0 | 10000 | 161062 161062 86.80 1.60 125.16 225.32
C10k.1 | 10000 | 94139 94139 80.19 1.00 90.09 178.63
C10k.2 | 10000 | 121209 121209 87.36 1.10 76.53 173.08
C1k.0 1000 | 290552 290552 0.80 1.00 12.56 13.44
Cik.1 1000 | 335184 335184 0.83 1.00 11.20 12.12
C1k.2 1000 | 225295 225295 0.71 1.00 9.39 10.18
C1k.3 1000 | 416768 416768 0.76 1.20 26.80 27.66
Clk4 1000 | 318930 318930 0.90 1.00 9.88 10.86
C1k.5 1000 | 260389 260389 0.89 1.10 29.26 30.25
C1k.6 1000 | 175740 175740 0.80 1.00 10.06 10.94
Cik.7 1000 | 301366 301366 0.87 1.00 11.32 12.28
C1k.8 1000 | 246519 246519 0.84 1.00 9.83 10.75
C1k.9 1000 | 208091 208091 0.82 1.00 9.32 10.22
C31k.0 | 31623 | 84302 84302 888.35 1.67 652.06 1680.74
C3k.0 3162 | 252245 252245 8.55 1.00 22.83 32.21
C3k.1 3162 | 167466 167466 8.56 1.50 64.86 74.67
C3k.2 3162 | 194007 194007 8.32 1.00 18.28 27.43
C3k.3 3162 | 180852 180852 8.48 1.10 32.54 41.94
C3k.4 3162 | 180583 180583 8.60 1.00 20.19 29.63
E10k.0 | 10000 | 20174 20174 81.09 1.00 29.60 119.03
E10k.1 | 10000 | 22883 22883 81.23 1.00 31.47 121.10
E10k.2 10000 | 20208 20208 80.94 1.00 29.72 119.04
E1k.0 1000 | 64739 64739 0.74 1.00 5.26 6.09
Elk.1 1000 | 67476 67476 0.78 1.00 5.64 6.50
E1k.2 1000 | 88522 88522 0.76 1.00 7.24 8.08
E1k.3 1000 | 59220 59220 0.78 1.00 4.87 5.73
Elk.4 1000 | 68259 68259 0.78 1.00 5.68 6.54
Elk.5 1000 | 61406 61406 0.78 1.00 4.98 5.85
E1k.6 1000 | 68777 68777 0.74 1.00 5.87 6.70
E1k.7 1000 | 70389 70389 0.76 1.00 5.93 6.77
E1k.8 1000 | 57597 57597 0.83 1.00 5.00 5.92
E1k.9 1000 | 68420 68420 0.75 1.00 5.75 6.58
E31k.0 31623 | 12419 12419 863.27 1.00 243.78 1192.12
E31k.1 31623 | 15169 15169 862.53 1.00 248.05 1194.92
E3k.0 3162 | 39854 39854 8.13 1.00 8.71 17.68
E3k.1 3162 | 37500 37500 8.15 1.00 7.99 16.97
E3k.2 3162 | 35145 35145 8.14 1.00 7.59 16.57
E3k.3 3162 | 44428 44428 8.15 1.00 9.43 18.42
E3k.4 3162 | 36621 36621 8.14 1.00 7.98 16.96
M10k.0 | 10000 | 1189 1189 115.83 1.00 129.45 255.15
M1k.0 1000 | 9328 9328 0.60 1.00 17.13 17.77
Mik.1 1000 | 8856 8856 0.64 1.00 16.74 17.42
M1ik.2 1000 | 11282 11282 0.62 1.00 19.46 20.11
Mi1k.3 1000 | 11617 11617 0.59 1.00 19.28 19.91
M3k.0 3162 | 3289 3289 9.31 1.00 37.77 47.56
M3k.1 3162 | 3034 3034 9.27 1.00 36.82 46.57

TABLE 17. JM Random Instances
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As indicated earlier, the algorithms can easily be used to solve the MSTSP.
Also the algorithms can be used to test (heuristically) the existence of a
Hamiltonian cycle in a graph. It is also possible to solve the asymmetric
version of the BT'SP using the algorithms with appropriate modifications by
replacing the LK heuristic with a good ATSP heuristic. However, additional
experimentation is needed to assess the quality of the resulting solutions. For
experimental results on ATSP heuristics, we refer to the book chapter [15].
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