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Abstract. Uncertain programs have been developed to deal with optimization problems in-
cluding inexact data, i.e., uncertainty. A deterministic approach called robust optimization
is commonly applied to solve these problems. Recently, Calafiore and Campi have proposed a
randomized approach based on sampling of constraints, where the number of samples is deter-
mined so that only small portion of original constraints is violated at the randomized solution.
Our main concern is not only the probability of violation, but also the degree of violation i.e.,
the worst-case violation. We derive an upper bound of the worst-case violation for the sampled
convex programs and consider the relation between the probability of violation and worst-case
violation. The probability of violation and the degree of violation are simultaneously bounded
by small values, when the number of random samples is sufficiently large. Our method is ap-
plicable to not only a bounded uncertainty set but also an unbounded one such as Gaussian
uncertain variables.
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1 Introduction

Uncertain programs have been developed to deal with optimization problems including inexact
data, i.e., uncertainty. In realistic decision-making environments, the exact forms of objective
functions or constraint functions are generally not known, since optimization problems are con-
structed based on observed data for which contamination is inevitable. Some information on the
future may be required to formalize exact cost functions or constraints. The uncertain convex
program (UCP) is formalized as a convex program under uncertain constraints. Without loss
of generality, an objective function is assumed to be linear without uncertainty parameters, and
only constraints have uncertainty parameters, u € . When a realized value of uncertainty pa-
rameter is u € U, the constraint for optimization problem is expressed as f(x,u) < 0, where x
is optimization variable and f is convex in . We do not know which uncertainty parameter will
be realized; therefore, we need to deal with all the constraints, f(x,u) < 0 (u € U) according
to some optimization criteria.

Robust convex program (RCP) is one of the standard approaches to UCP, see [1,2,10-13].
In the RCP approach, one looks for a solution that is feasible under all possible realizations
of uncertainty parameters. This implies that the worst-case constraints are considered. The
feasible region for RCP is described as {x | f(x,u) < 0, Yu € U}. In some applications,
the worst-case scenario needs to be considered, if the violation of constraints causes significant
detriments. From the viewpoint of computation, although RCP is still a convex optimization
problem, it is generally difficult to solve it numerically, because RCP may have infinitely many
constraints. If the constraint function f and uncertainty set U satisfy some nice properties,
RCP can be reduced to a tractable problem. For example, robust linear programs and robust
second order cone programs result in second order cone programs and semidefinite programs,
respectively [15].

Sampled convex program (SCP) is a practical alternative to RCP for problems with uncer-
tainty. The purpose of SCP is to find an approximate solution for RCP, which satisfies almost
all uncertainty constraints, while retaining the tractability. In SCP, a probability distribution
P is defined on the uncertainty set I/, and the set of constraints for SCP is defined by random
samples from P. Let random samples, uq, ..., uy, be N independent and identically distributed
from P over U. Then, the feasible region for SCP is defined as {x | f(x,u;) <0,i=1,...,N},
which depends on the realization of random samples. SCP is a convex optimization problem
with finite number of constraints, and therefore, it is tractable for a wide range of UCPs. This
is an advantage of SCP over RCP, although resulting solutions do not necessarily satisfy all the
constraints. Random sampling is a widely used technique in practical situations.

Estimation of the number of random samples N is important to guarantee that the resulting
solution violates only a small portion of constraints. Calafiore and Campi [4,6] and Campi
and Garatti [8] have defined violation probability for randomized solutions, and proposed some
practical lower bounds for the number of random samples to achieve a small violation proba-

bility. If the number of random samples N is determined properly according to the criterion



proposed by Calafiore and Campi, the obtained solution satisfies almost all the constraints with
high probability. Although the fact that the violation probability is equal to zero does not nec-
essarily denote that all the constraints are satisfied, solutions with small violation probability
are acceptable in many practical situations.

Chance constrained program (CCP) is one of the classical approaches for solving optimization
problems with uncertainty [9], which also uses probability distributions over the uncertainty set
U. In general, the constraint set for CCP is nonconvex, and therefore, it is difficult to obtain
exact solutions. Some researchers have studied the relation between CCP and SCP, see [6,7].

In this study, we investigate the statistical properties of the values of constraint functions
at the optimal solutions of SCP. Calafiore and Campi have mainly focused on percentage of
uncertain constraints violated at an optimal solution of SCP. It is also important to assess the
extent to which the solution violates each constraint function. In many applications, the degree
of violation of a solution is measured with respect to the value of each constraint function, and
plays a significant role in assessing the validity of the approximated solution. Therefore, we
focus on the values of constraint functions for UCP.

The degree of violation at a given solution « for SCP is governed by the worst-case violation,
which is defined as max f(x,u). Our main concern is to obtain an upper bound of the worst-
case violation in a solution of SCP. When the uncertainty set U/ is unbounded, the value of
max f(x,u) can be infinite. In such a case, we consider max f(x,u) for a compact set A C U
instead of max f(x,u), and as the result max f(x,u) can be assessed up to a certain probability.
To assess the worst-case violation, we need to evaluate the tail probability of f(x,u), i.e., the
probability that f(x,u) has a greater value than max f(x,u) — ¢ for some § > 0. Under some
conditions, a uniform lower bound of the tail probability is derived, which is applied to evaluate
the worst-case violation. Moreover, we study the relation between the violation probability
defined by Calafiore and Campi, and the worst-case violation. The worst-case violation and
violation probability are assured to take small values with high probability in case of a large
number of random samples. By exploiting the uniform lower bound of the tail probability, we
can estimate the number of random samples required to obtain a sufficiently accurate solution
before solving SCP. This is a priori evaluation. Min-max problems are common applications of
UCP, and our results can be applied to determine the optimal value of min-max problems.

A criterion for a posteriori assessment is also proposed. After obtaining an optimal solution
of SCP, one can make a posteriori assessment of the worst-case violation in the solution with
small computation cost. The assessment is useful to evaluate the worst-case violation with high
accuracy. In general, the uniform lower bound of the tail probability is not sufficiently tight
in a priori evaluation, and therefore, the number of samples required to achieve high accuracy
becomes quite large. Although it is intractable to solve SCP with such a large amount of
constraint functions, a posteriori assessment at a given solution is still tractable, because in the
phase of a posteriori assessment, we require to compute the values of constraint functions and

not solve the optimization problem.



The paper is organized as follows. In Section 2, we introduce some results of sampled convex
programs proposed by Calafiore and Campi [5] and Campi and Garatti [8]. Then, we define
violation probability, the worst-case violation, and uniform lower bound of tail probability. In
Section 3, illustrative examples are presented before discussing the details. In Section 4, the
probabilistic assessment of the worst-case violation is presented. Here, we assume a condition
that there exists a uniform lower bound of the tail probability. In Section 5, uniform lower
bounds are derived under several conditions. Results of the numerical studies are presented
in Section 6. Section 7 is devoted to concluding remarks. Long proofs are provided in the

Appendix.

2 Worst-case Violation of Sampled Convex Programs

A general robust convex program is described as

min ¢’z

rex

RCP
( ) st. fx,u) <0 Yuecl CRY,

where f(x,u) is a convex function in @, and & is a convex subset in R™. Throughout the paper,
we assume the feasibility of (RCP). Calafiore and Campi [4,5], and Campi and Garatti [8] have
considered sampled convex program (SCP) as an approximation of (RCP),

min ¢’ x

xrex

SCP
( w) st. f(x,U;)) <0 i=1,...,N,

where U;, © = 1,..., N, are N independent identically distributed random variables on U/. Let
P be the probability distribution of these random variables. The fundamental issue concerning
randomized optimization problems is the number of samples needed to achieve the required
accuracy of the solution. The feasible region of (SC'Py) is regarded as an approximation for the
original robust optimization problem (RC P), which consists of infinitely many constraints. Note
that the feasible region of (SC'Py) depends on random variables, and therefore, probabilistic
discussions are useful to deal with convergence properties of optimal solutions.

In general, the optimal solution of (SC Py) is not necessarily feasible under the constraints of
(RCP). The ratio of violated constraints in the solution is measured by violation probability [4]
defined below.

Definition 2.1. Let Q be a probability distribution of a U-valued random variable U'. Violation
probability at * € X with respect to Q) is defined by

V(z) = Q{0 < f(=,U")},
where f(x,-) : U — R is assumed to be a measurable function for each x € X.

For example, if @ is the uniform distribution on U, violation probability is calculated from

the volume of the set, {u € U | f(x,u) > 0}. Even if an optimal solution of (SC'Py) is not



feasible for (RCP), the solution with a small violation probability is practically acceptable as
an approximated solution for (RCP).

In the original definition of violation probability [4], the distribution for sampling P coincides
with that for assessment (). In this study, we also examine the case that P is not necessarily
equal to Q). Throughout the paper, let P be the conditional probability determined by @), i.e., we

assume the following.

Assumption 2.2. Let A be a measurable subset of U such that Q(A) > 0. The distribution P
for sampling Uy, ..., Upn is the conditional probability of Q on A defined as

Q(BNA)

P(B) = Q(BIA) = =5 p

for any measurable subset B C U.

Note that P = @ holds if A = /. All the propositions in this paper are established under
Assumption 2.2. In a later section, as a practical situation, we investigate the case where A is
bounded while ¢ is unbounded.

Calafiore and Campi [4,5] and Campi and Garatti [8] have proposed that a solution of
(SCPy) fails to satisfy only a small portion of the original constraints, when sufficient number

of samples are considered.

Theorem 2.3 (Campi and Garatti [8]). Suppose that A =U and that (SCPy) is feasible. For
a level parameter ¢ € (0,1) and a confidence parameter n € (0,1) let N(g,n) be

m—1
N(e,n) =min{N € N ’ Z (*7) g1 — )Nt < 0,
1=0

where m is the dimension of X. The solution of (SCPy) is denoted as . Then, for any
positive integer N > N(g,n), the inequality

PN{V@N) >eb<ny
holds true, where PN {---} denotes the probability over N independent random samples, Uy, ..., Un.

Note that N(e,n) can be estimated before solving the optimization problems.
In Theorem 2.3, while the probability of violation is considered, the value of f(Zy,u) is not
considered. In this study, we consider the value of constraint function f(Zx,u) on a subset of

U. The degree of violation on a subset of U is measured by the worst-case violation.

Definition 2.4. Let A be a subset of U. When %ai f(x,u) > 0, the worst-case violation of x
€

over A is defined as max f(x,u).
ucA

Here, we study the worst-case violation over a subset of the uncertainty set U, because the
worst-case violation over U is typically infinite. If the worst-case violation over the subset A is

upper bounded, we can derive a probabilistic upper bound of the constraint functions of the set



U. Although the worst-case violation over a subset A at the optimal solution Zy is generally
greater than zero, it attains a non-positive value as N tends to infinity under conditions such
as feasibility of (RCP).

We introduce the tail probability and the uniform lower bound, which are crucial concepts

in the study.

Definition 2.5. Let A be a subset of U. The tail probability of the worst-case violation at x

over A is defined as
0,x) =P —6< U U~ P.
p(6w) = P{mas f(@w) 6 < f(z,U) }.
If there exists a strictly increasing function q(§) for 6 € [0, B] satisfying
0<q(6) <p(dxz), 0<5<B, "welX,
the function q(0) is called the uniform lower bound of the tail probability of A.

Although both P and p(d, x) depend on A, we drop the subscript to avoid any confusion.

If max f(x,u) is infinite, the tail probability p(d, ) is equal to zero for any § > 0 and & € X,
and a uniform lower bound of the tail probability does not exist. Finding a subset A that induces
a non-trivial tail probability is the key to derive an upper bound of the worst-case violation. In

Section 5, we derive ¢(9) for a Lipschitz continuous constraint f(x,u) on a bounded set A.

3 Illustrative Examples

Before discussing the details, we show some numerical examples. Here, it is assumed that the
constraint function f(x,w) is Lipschitz continuous on X x U, and that the Lipschitz constant is
less than or equal to one. Under the assumption, there exists a uniform lower bound, as shown
in Section 5.

When the uncertainty set U is convex and compact, we can derive an upper bound of the

worst-case violation over U, i.e., it holds the inequality of the form,
PM{V(zy) <, max f(Zy,u) <q (e)} = 1-n, N> N(en)
€

as shown in Theorem 4.3. Here, the subset A is equal to U, and therefore, the violation prob-
ability is assessed under the distribution P. Let U be a unit hypersphere {u € R? | |lul < 1},
and P be the truncated normal distribution on U, which is derived from the normal distribution
with mean O and identity matrix I; as a variance-covariance matrix. The values of €, ¢ 1(5),
and N(g,n) are listed in Table 1, when n = 0.01, d = 3, 10, or 20, and the dimension of X is 10.

On the other hand, when the uncertainty set I/ is not compact, the worst-case violation
over U may be infinite. Even in such a situation, we can derive a meaningful upper bound
for the worst-case violation up to a certain probability. We consider the case of U = RY.

The distribution @ on U is the normal distribution with mean 0 and identity matrix I; as



Table 1: Probabilistic assessment of the violation probability and the worst-case violation is
expressed as PN{V(%N) < g, Iﬂlaz[(f@]v,u) < ql_l(e)} > 0.99 for N > N(e,n) (n = 0.01,
€

d = 3,10 or 20, m = 10) with the uncertainty set &« = {u € R | |u|| < 1}.

g ' (¢)
€ d=3 d=10 d=20 N(gn)
0.001 0.135237 0.584043 0.832902 18779
0.003 0.195319 0.661465 0.893968 6257
0.005 0.231805 0.701803 0.924900 3752
0.007 0.259594 0.730140 0.946302 2679
0.009 0.282539 0.752290 0.962893 2083

a variance-covariance matrix. Let A be a hypersphere centered at 0 € R? with radius Ry,
i.e., A= {u € R? | ||u| < R.}, where |Ju| is the Euclidean norm of u, and R, is determined
such that Q(A) = 1 — a. The probability distribution P is the truncated normal distribution
due to Assumption 2.2. As shown in Theorem 4.4, the inequality

PN{V(@n) < ate—as, QUf@EN.U)>q () <a}>1-2 N >N(n)

holds. Function ¢ is a uniform lower bound of tail probability on A, and some examples of ¢ are
illustrated in Section 5. The above inequality assures the following: for most optimal solutions
of randomly generated problems (SC Py ), the violation probability is small, and the worst-case
violation is at most ¢~ !(g). Table 2 shows the values of ¢, a + ¢ — ae, o, ¢~ (¢), and N(e,n),
where 1 = 0.005, d = 3,10, or 20, the dimension of X is 10, and ¢ = ¢1 defined in Lemma 5.2.
Previous studies considered only the violation probability V(Zy) under & = A [5,6,8]. On

the other hand, our approach provides a probabilistic assessment of the worst-case violation.

4 Probabilistic Assessment

We study the upper bound of the worst-case violation. First, we consider the case of A = U,
then extend the result to the case where A C U. We assume the existence of the uniform lower
bound.

Assumption 4.1. There exists a uniform lower bound q(9) of the tail probability p(d,x) on A
for0 <6 < B.

In Section 5, we will describe some sufficient conditions for the existence of a uniform lower
bound. In this section, we discuss a probabilistic assessment of the worst-case violation under
the Assumption 4.1. The latter half of this section is devoted to a posteriori assessment of the
worst-case violation. Once an optimal solution of (SCPy) is obtained, probabilistic assessment
of the worst-case violation of the solution is simply performed by random sampling on the

uncertainty set.



Table 2: Probabilistic assessment of the violation probability and the worst-case violation is
expressed as PN {V(Zy) < a+ce—ae, Q(f(@n,U’) > g () < a} > 099 for N > N(e,n)
(n = 0.005, d = 3,10 or 20, m = 10) with the uncertainty set & = R

g ' (e)

€ o at+e—ac d=3 d=10 d=20 N(g,n)
0.001 0.01 0.01099  0.893106 2.929546 4.792834 19993
0.003  0.01 0.01297  1.155058 3.217771 5.084373 6661
0.005  0.01 0.01495  1.294734 3.364612 5.231991 3995
0.007  0.01 0.01693  1.393591 3.466617 5.334244 2852
0.009  0.01 0.01891  1.471216 3.545797 5.413517 2217
0.001  0.00901 0.01 0.914078 2.952241 4.815027 19993
0.003 0.00702 0.01 1.235271  3.296353 5.160170 6661
0.005 0.00503 0.01 1.457293 3.517713 5.378586 3995
0.007 0.00302 0.01 1.681087 3.730363 5.585356 2852
0.009 0.00101 0.01 2.019347 4.036630 5.877676 2217

4.1 A priori Assessment of the Worst-case Violation

The following lemma explains the relation between the worst-case violation and the uniform

lower bound of the tail probability.

Lemma 4.2. Under the Assumption 4.1 if P{0 < f(z,U)} < e holds for ¢ € (0,q(B)), the
inequality
< _1
max f(z,u) < ¢” ()

1

1s satisfied, where g~ is the inverse function of q.

Proof. If the inequality max f(x,u) > B holds, we obtain
€
e <q(B) < P{ r&mﬁf(:v,u) —B< f(:n,U)} < P{() < f(:n,U)} <e,
€

which is a contradiction. Therefore, max f(x,u) < B holds. If max f(x,u) <0, the inequality
uc uc
of the lemma holds. On the other hand, applying the assumption 4.1, we obtain

q(rggﬁf(waU)) < p(ggﬁf(%ﬂ), x) = P{0< f(x,U)} < e

We derive a probabilistic inequality for an upper bound of the worst-case violation.

Theorem 4.3. Suppose that A = U, and Assumption 4.1 holds. Fore € (0,q(B)) andn € (0,1),
we assume N > N(e,n). Then, for an optimal solution Ty of (SCPy) the inequality of the joint
probability,

PMV(@y) <&, max f(@y,u) <q ()} 21—

holds.



Proof. 1t holds that Q = P because A = U. The joint probability is lower bounded as

PN rzilgi{(f(cEN,u) <q ') | V(@N) < e}PV{V(zn) <e}=PY{V(@n)<c}>1-n.

The first equality is the direct conclusion of Lemma 4.2, and the inequality is a result of Theorem
2.3. |

Theorem 4.3 is applicable for a priori assessment of the optimal solution in (SCPy). In
Section 5, we show a specific form of the uniform lower bound in the case that the uncertainty
set U is compact, e.g. a hypersphere. Even if there does not exist any uniform lower bound of
tail probability on U, a uniform bound on a subset A can exist. The worst-case violation over

A is upper bounded using the uniform lower bound.

Theorem 4.4. Let o = 1—Q(A) € (0,1). Under the Assumption 4.1, the following inequalities
hold.

1. For0<e<q(B), 0<n<1,and N > N(e,n),
PYQ(f@ENU)<q () 21-a} 21—, U ~Q (1)
2. For0<e<q(B), 0<n<1/2, and N > N(g,n),
PYQUf(ENU)<0) 2 (1-e)1-0a), QU@NU)<qg () 21-a} = 1-2. (2)
Proof. First, we prove the inequality (1). Let a subset E be
E={uecl| f(@y, u) < q_l(s)} clu,

which depends on the solution Zy. For 0 < § < 1, the probability PN {Q(FE) < §} is upper

bounded as

PN{Q(E) < 6}
= PY{(1-a)P(E)+ Q(EN A% < 6}

°

l—a
= PY{P(E) < % | P(0 < f(Zn,U)) <e}PY{P(0 < f(@n,U)) < e}

< PNMIP(E) <

+ PY{P(E) < % | P(0 < f(Zn,U)) >e}PY{P(0 < f(@n,U)) > ¢}

< PN{P(E) < % | P(0 < f(@n,U)) <e}PY{P(0 < f(@n,U)) <&} +n.

The last inequality is obtained by applying PN {P(0 < f(Zn,U)) > e} < nfor N > N(e,n).
Note that P(E) =1if P(0 < f(Zn,U)) < € by virtue of Lemma 4.2, and therefore, the equality

0 6<1l—-«

5 _
PN{P(E) < 7= | P(0 < f(@n.U)) <} = {1 L



holds. Eventually, we obtain the inequality PN {Q(E) < 1 — a} < n by substituting § = 1 — a.
As a result, the inequality
PM{QE)>1-a}>1-19

is valid.
Next, we prove the inequality (2). If P(0 < f(Zx,U)) < g, then the inequalities

QO < f(@n,U)U € AQU" € A) +Q(0 < f(zn, U")|U" ¢ QU ¢ A)
< 1-a)QO< f(zn,U) | U € A+«
< (l-a)e+a

Q0 < f(@N,U"))

holds, because Q(0 < f(zn,U’)|U" € A) = P(0 < f(Zn,U)). Theorem 2.3 and the above
inequality imply

IN

PN{P(0 < f(@N,U)) <€}
< PNM{Q(0 < f(@n,U") <(1—-a)e+a}. (3)

1—n

A

From (1) and (3), we have

PM{Q(f(@n,U)<q ') <1-a} <7
PY{Q(f@N,U)<0)<(1-e)(1-a)} = PY{Q(O< f@N,U))>(1-a)+a} <

7

Therefore, the inequality

PM{Q(f(@x.U") <0) > (1 —2)(1 —a), QU @, U") < g7 () 21—}

=1-PY{QU@ENU)<0) <(1-e)(1-a)or Q(f(@n,U) <q '(e)) <1-a}
>1-PY{Q(f(@n,U) <0) < (1-e)1-a)} — PY{Q(f(@N,U") < g7 (e)) <1—a}
=1-2n

holds. [ |

When A = U holds with Assumption 4.1, we obtain a = 0 and the inequality (2) is reduced
to

PY{V(@y) <e, esssup f(Ty,u) <q '(e)} > 1—2p,
ueu

which is slightly weaker than that in Theorem 4.3.

4.2 A posteriori Assessments

Next, we conduct a posteriori assessment. Once an optimal solution Zy of (SCPy) is obtained,
one can make a posteriori assessment of the constraint function f(Zy,w) by using additional
random samples. We consider two cases: one in which the sampling distribution for a posteriori

assessment is P, and the other in which it is Q.



First, suppose that additional samples, Uy, ..., U, are independently and identically gen-
erated from the distribution P. Under the Assumption 4.1, a probabilistic upper bound of

max f(Zy,u) is expressed as
UG.Af( N> ) p

pM T N, U)+6y>1—-mn, 78 B), " 1
{I&lgﬁf($Nau)<i7qlaXMf($NaU)+ }— m, G(Oa )7 776(0’ )7

for M > Inn/In(1—q(8)). Here, PM{...} denotes the probability distribution of the independent
random variables, Uy, ..., Uy;. The above inequality is proved by using the Binomial formula.
See Theorem 3.1 in Tempo et al. [18] for details. Note that a posteriori assessment does not
require any computation for optimization, and therefore, even if the number of random samples
M is large, computation of a posteriori assessment is still tractable.

On the other hand, additional samples distributed from () enable the assessment of the prob-
ability distribution of f(Zy,U’). Let Uy,...,Upp be independent random variables distributed
from . Moreover, let us define @), and Q\'y as

M/
Qy = QU@ U) <), @y =25 ST f@n T <],
=1

for a fixed Zy, where I[-] is the indicator function. Then, it holds the Dvoretzky-Kiefer-
Wolfowitz inequality holds [16],

/ ~ 1 2
QY {sup|Qy ~ Qs <e} 21-n, M’z 5log . (4)

Therefore, one can estimate Q(f(Zn,U’) < 0) and Q(f(Zn,U’) < ¢ 1(¢)) by @7 with v = 0
and v = ¢~ 1(¢), respectively, with a high degree of accuracy.

5 Uniform Lower Bound of Tail Probability

As shown in Section 4, it is important to derive a uniform lower bound of tail probability for
assessing the worst-case violation. In this section, we derive the uniform lower bound for some
uncertainty sets. First, common uncertainty sets such as a hypersphere are considered, and
then, more general uncertainty sets are investigated. In the latter case, the so-called star shaped

region is treated. Here, we assume the Lipschitz continuity for the constraint function.
Assumption 5.1. The constraint function f(x,u) satisfies

[f(z,u) — f(z,v)] < L{ju -]
for Yz € X and Yu,v € A, where || - || denotes the Euclidean norm.

The tail probability has a lower bound under the Assumption 5.1. Let @ be the maximum
solution of I&lgﬁf(a:,u) for a fixed @; then, ||u —u|| < §/L implies f(x,u) — f(z,u) < J. As a

result, the tail probability on A is lower bounded as

p(6,®) = P{f(x,u) - f(z,U) < 8} > P{|U —a|| < §/L}.

10



Therefore, we derive a lower bound of P {||U —u|| < §/L} as a uniform lower bound of tail
probability. In what follows, we consider only compact subsets and therefore, the existence of

u is assured.

5.1 Uniform Lower Bound on Simple Uncertainty Set

A uniform lower bound of the tail probability on A is derived, when the subset A is an ellipsoidal

uncertainty set [1,2] or a norm-constrained uncertainty set [13].

Lemma 5.2. Let A be an ellipsoidal set defined as A= {u € R? | ||u|| < R}. We assume that
the probability density of P with respect to the Lebesgue measure is represented as h(||ul||) on
A in which h is a monotonically non-increasing function. Let h(r) be positive for 0 < r < R.
Then, the function q1 defined as

0(6) = [ 1w e Bsa) h(lul)du, 05 <2LR
Bin={ueR’| Ju—Rei| <5/L, |ull <R}, er=(1,0,...,0) R,
is a uniform lower bound of the tail probability on A.

In Theorems 4.3 and 4.4, the range of ¢ is restricted to the interval (0, q(B)), where B is the
upper bound of §. In Lemma 5.2, the upper bound of ¢ is equal to ¢;(2LR) = 1, and therefore,

¢ can take any value in the range (0, 1).

Proof. We derive a lower bound of P{||U —u|| < §/L}, which does not depend on u € A.
Since the probability density h(||u||) is rotationally invariant without loss of generality u =
(u1,0,...,0), 0 <u; < Rholds. Moreover, one can prove that the probability P {||U — u| < §/L}
is a decreasing function in terms of @y, and therefore, w = Re; attains the minimum value. When

u = Rey, q1 is a strictly increasing function of § in the range 0 < § < 2LR. |

Numerical examples in Section 3 are derived using Lemma 5.2. Let the uncertainty set I be
R and A be {u € R? | ||u|| < R}. The probability distribution Q is the normal distribution
N(0,14), and P is the truncated normal distribution on .A. Note that the density function of
P satisfies the condition in Lemma 5.2. When Q(A) = 1 — a, then R = \/%, where X?i,oc
is the upper a-percentile of the chi-square distribution with d degrees of freedom. When P is
the truncated normal distribution on A, the integration in ¢; is reduced to one dimensional
integration, which can be easily computed. Theorems 4.4 and 4.3 with ¢ = ¢; provide the
numerical results shown in Table 2 and Table 1, respectively.

In general, however, q; does not have an analytic representation, and may involve high
dimensional integration. A simple method for approximating ¢; is Monte-Carlo sampling, which

is expressed as
1
M 4
(2

NE

q1(9) I1U; € Bsr ],

Il
—



where Uy, ...,Uy are independently and identically distributed from P. In addition, approx-
imation error by random sampling can be incorporated into a priori assessment with minor
modification. In fact, the VC dimension (see [19]) of the class of subsets {Bsr | 6 € [0,2LR]} is

one, and therefore the uniform convergence of ¢,

M 2 12
P u 0) —qi(o ! I —e?M
{S5P|Q1() a( )!>€}<n—eMe

holds. Therefore, we obtain
PYMQ(f@EN.U) <0) 2 (1)1 -a), QUf@N.U)<q (e +€) 21~ a}
> 1-2n—1
where PN*M is the probability distribution of M + N independent random variables on A,

which govern the behavior of Zy and q.

Lemma 5.2 is extended to the case of the norm-constrained uncertainty set.

Lemma 5.3. Let A be the norm-constrained uncertainty set,

A = {u: ( v1 ) ‘ |lul| <R, v1 >0, vy eRF, v, ERd_k}.
V2

We assume that the probability density of P is represented as h(||u||)I[u € Ag], and h satisfies

the same condition in Lemma 5.2. Then, function qs, defined as

h(R)
ok

LR
1+ VE

q2(9) = /I[UGB&R]du, 0<6<

is a uniform lower bound of the tail probability on Ay.

The proof is provided in Appendix A. When non-negative constraints on v do not exist, i.e.,
k = 0, we obtain ¢2(6) = h(R)/I[u € Bsgldu for 0 <6 < LR. This is a lower bound of ¢;.

In the assessment of the worst-case violation in Theorem 4.3 or 4.4, the upper bound of
the violation probability € should be less than ¢(B). The uniform lower bound in Lemma 5.2
satisfies ¢1(2LR) = 1, and therefore ¢ is not restricted. On the other hand, the upper bound of
¢ introduced from ¢ is expressed as
_ h(R)

g@(LR/(1 + VE)) oF

/ 1{ |lu — Rex|| < R/(1+ VE), [[ul <R du.

In general, the upper bound decreases as the dimension of 4 becomes large. Table 3 explains the
relation between the dimension of the uncertainty set d and the upper bound g2(LR/(1 + \/%))
The value of k for Ay is set to 0, 1, 5, or d. In the upper part of Table 3, the probability

distribution @ is a truncated normal distribution on {u = vl ‘ v1 >0, v; € RF, vy €
2

R }, which is defined by the normal distribution with mean 0 and variance-covariance matrix
I;. The probability P is the conditional probability of @ over Ag. On the other hand, in the
lower part of Table 3, the probability distribution () is set to the uniform distribution on Ay,

12



Table 3: The values of go(LR/(1 4 v/k)) are shown for each k to the dimension of uncertainty
set d. In the upper part of the table, P and @) are the truncated normal distributions. In the
lower part of the table, P and @Q are the same uniform distribution on Aj.

P, Q: truncated normal distribution (o = 0.01)
k=0 k=1 k=5 k=d

3 1.1034 x 1072 1.7930 x 1073 — 7.4690 x 10~4
10 1.3231 x 1072 3.9634 x 1076  4.3669 x 10~®  3.8802 x 10~
20 1.6009 x 107* 1.5109 x 1079 1.7512 x 103 6.4643 x 1018

IS8

P, Q: uniform distribution (P = Q)
d k=0 k=1 k=5 k=d
3 3.1250 x 10! 5.0781 x 1072 — 2.1154 x 102
10 8.1864 x 1072 2.4522 x 107 2.7019 x 1075 2.4007 x 1077
20 1.5118 x 1072 1.4268 x 107 1.6537 x 10~ 6.1045 x 10716

and Y = A is assumed. Table 3 indicates that when the dimension d and the value of k
are large, the upper bound of ¢ is small. As a result, the number of samples N(e,n) becomes
extremely large. When we assess the worst-case violation over U, it is practical to denote A as

a hypersphere and ¢;(0) as the uniform lower bound.

5.2 Uniform Lower Bound on Star-Shaped Region

Next, we consider uniform lower bounds of tail probability for more general uncertainty sets.

We assume that the set A is a type of a star-shaped region.

Assumption 5.4. Let A be a compact set in R?. Suppose that there exists a d-dimensional

hypersphere S in A that satisfies the condition,
conv({u} US) C A, foranyu € A, (5)
where conv(B) denotes the convex hull of a set B.

When S is reduced to a point, condition (5) denotes that A is a star-shaped region. In this
setting, the radius should be positive. When the radius of S tends to zero, the uniform lower
bound derived from the argument below tends to zero, and as the result, the number of samples
N(e,n) tends to infinity.

Lemma 5.5. Suppose that Assumptions 5.1 and 5.4 hold, and the probability density of P is

larger than or equal to C > 0 on A. Let r and R be the radii of S in Assumption 5.4, and the

diameter of A is defined by R = sup |lu — v||. Then, the following function g3 is a uniform
u,ve

13



Table 4: Probabilistic assessment of the violation probability and the worst-case violation is
expressed as PN{V@N) < g, Iﬂlaz[(f(ﬁc\]v,u) < qgl(e)} > 0.99 for N > N(e,n) (n = 0.01,
€

d = 3,10 or 20, m = 10) with the uncertainty set &« = {u € R | |u|| < 1}.

g5 (e)
€ d=3 d=10 d=20 N(g,n)
0.001 0.3051801 1.041995 1.277298 18779
0.003 0.4401498 1.163049 - 6257
0.005 0.5218502 1.223978 - 3752
0.007 0.5837831 1.265858 - 2679
0.009 0.6348016 1.298067 - 2083

lower bound of the tail probability on A,

9) = Cmin { e 2 L D) [l <on ) du, [1fwe sy ) aul,
)

24/1 —
0§5§rL< 1_52+V5>,
2-p
where [ is a parameter in (0,1) and Beta(x;a,b) is the incomplete beta function defined as

xr
Beta(x;a,b) = / 1 -y iy, 0<az<1.
0

The proof is provided in Appendix B. Although there may exist a tighter uniform lower
bound than ¢3(9), the computation of the bound will be more complicated.

The preferable  in (6), denoted by 3*, is determined as follows. When we apply g3 to
Theorem 4.3 or 4.4, the range of € is (0,¢3(B)), where B = 7“L< 1-p5%2+ g) Since
larger g3(B) is better for practical use, 3* can be determined by the maximizer of ¢3(B) subject
to B € (0,1), and the widest region of € is obtained as 0 < ¢ < ¢*. Note that §* depends only
on the dimension d and the ratio R/r. For a given d and R/r, numerical computation of 8* is
easy.

The uniform lower bound ¢3 in Lemma 5.5 is used for the probabilistic assessment of the vio-
lation probability and the worst-case violation. The value of 3 in ¢3 is determined as mentioned
above. The setup of probability distributions is the same as that of the examples illustrated
in Section 3, and the results are displayed in Tables 4 and 5. Blank spaces in the tables mean
that e exceeds the upper bound €*. In general, g3 is more loosely bound than ¢;, and therefore,
g3 *(€) is greater than g; *(e).

When we use the uniform lower bound ¢3 in Lemma 5.5 for assessing the worst-case violation,
we need to estimate the parameters such as r, R, L, and C. In Appendix C, a simple approach

of estimating these parameters is proposed.
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Table 5: Probabilistic assessment of the violation probability and the worst-case violation is
expressed as PN {V(Zy) < a+ce—ae, Q(f(@n,U’) > g (e)) < a} > 099 for N > N(e,n)
(n = 0.005, d =2 or 3, m = 10) with the uncertainty set & = R

€ a ate—ae d= d=3 N(en)
0.001 0.01 0.01099 1.448107 3.143777 19993
0.003 0.01 0.01297 2.508223 4.534130 6661

0.005 0.01 0.01495 3.238118 - 3995
0.007 0.01 0.01693 3.831383 - 2852
0.009 0.01 0.01891 4.344404 - 2217
0.001  0.009 0.01 1.525685  3.264246 19993
0.003 0.007 0.01 2.993419 - 6661
0.005 0.005 0.01 4.567909 - 3995

6 Numerical Simulations

We perform the probabilistic assessment presented in the previous section for a maximum Sharpe
ratio problem with the robust deviation criterion. We obtain a lower bound by (SCPy) for the
application problem, and then, perform probabilistic assessments for (SC Py ). All computations
are conducted using an Opteron 850 (2.4 GHz), 8 GB of physical memory, and 1 MB of L2 cache

size with SuSE Linux Enterprise Server 9.

6.1 Problem Setting

For a given expected return vector p and a positive definite covariance matrix V', a maximum
Sharpe ratio problem finds a portfolio that maximizes the Sharpe ratio, which is defined as
[LT:L' — Ty

max ———,
reX wTVw

where 7y > 0 is the expected return of a riskless asset. The numerator is the expected excess
return on the portfolio, i.e., the excess of return over the risk-free rate r;, while the denominator
is the standard deviation of the return. The Sharpe ratio is a measure to evaluate a portfolio.
The robust deviation Sharpe ratio problem, proposed by Krishnamurthy [14] minimizes
the maximum deviation of the Sharpe ratio from the maximum ratio obtained for all possible
realizations of the expected return vector p. The robust deviation counterpart with uncertain

expected return vector pu € Ag C R? is expressed as follows.

RCP i h*(u) —h 7
(RCP) ?é%;ﬁ%{ (1) = h(z, p)}, (7)

where X := {x ¢ R™ : & > 0,e'x = 1}, e denotes all-one vector (1,...,1)T € R™,
(w—rre)x (w—rre)x

h(x,p) = and h*(p) = max

Al \R—Tfre) &
VTV TreXx 'V
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In terms of dimension, m = d holds. The problem (7) is also described as

(RCP) min ¢ s.t. B*(p) —h(z,p) —t <0, Ype A. (8)
xex teR

Applying the techniques of [13] and [14], problem (8), including fractional constraints, is equiv-

alently transformed into

r:rpli? t
5.t h*(p) — (p—rre) Tz —t <0, "ue A (9)

' Ve<l x>0,

since the function of Sharpe ratio is homogeneous with respect to a portfolio &, and the optimal-
ity is achieved at &V = 1. By dividing an optimal solution * of (9) by e’ x*, we obtain an
optimal solution of (RCP) with the same optimal value. As an uncertainty set of p, Krishna-
murthy [14] assumed a polytopic uncertainty set Ay = conv{g, ..., t,}, which is a convex hull
of ¢ vectors pq, ..., py. Then, an optimal solution of the robust deviation Sharpe ratio problem
can be achieved by solving (¢ + 1) second-order cone programming problems. Takeda et al. [17]
considered the ellipsoidal uncertainty set for g and proposed another sampling approach based
on the probabilistic assessment technique used in this study.

We consider the problem in which the number of assets ranges from 3 to 20. Let the sets Ag
and A be

Ao = {p(u) € R | pj(w) = po;(1 4+ 0.3uy), j=1,....d, u € A},
A={ueR?| |u| <1},

where ) = (po1, - - -, ptoa) = (0.6,0.58,0.56, . ..,0.62 —0.02d) € R?. The matrix V is defined as
follows: 1000 samples from [0, 2] are randomly generated, and a positive definite covariance
matrix V' is constructed from those samples. Let the risk-free rate r; be 0.10.

Here, we deal with the following two settings of the uncertain set U.

(Case 1: compact uncertainty set) The uncertainty set is defined as &/ = A. The probabil-
ity distribution @ on U is the truncated normal distribution derived from the multinomial
normal distribution, Ny(O, (X?l, o) H4), where Xi ., is the upper a-percentile of the chi-
square distribution with d degrees of freedom. The value of « is set to 0.01. The sampling

distribution is the conditional probability P on A, which is the same as Q.

(Case 2: unbounded uncertainty set) The uncertainty set is defined as & = RY, and the
distribution @ on U is a multinomial normal distribution, Ny(O0, (X?i, o) '4). Note that
Q(A) = 1—a holds. The value of « is set to 0.01. The distribution P on A is the truncated

normal distribution derived from Q.

In cases 1 and 2, the set A and the conditional probability P are the same, and the distribu-
tion @ is different. The set 4 and the conditional probability P satisfy the conditions in Lemma

5.2, and therefore, the function ¢; is available as the uniform lower bound of tail probability.
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6.2 Probabilistic Assessment of (SCPy)

Now, we obtain an approximate solution for the robust deviation optimization problem, and
perform a probabilistic assessment of the solution. Note that in the case of min-max optimiza-
tion problems, the worst-case violation provides an assessment of the optimal value of (RCP).
By denoting the objective function of (RCP) as g(x,u) = h*(u(u)) — h(x, u(uw)) and using
random samples U;, ¢ = 1,..., N, which are independently and identically generated from the

distribution P on 4, we define a sampled convex program of the min-max problem as

(SCPy) | piuim b st g(@U)—t<0 i=1...,N

Let optimal solutions of (RCP) and (SCPy) be (x*,t*) and (2, tx), respectively. Theorem 4.3
implies that for N > N(e,n),

~ _%\ _ ~ . ~ N < -1
I&lgjg(wzv,u) N glgﬁg(wzv,u) i:rff}ng(wN,Uz)_ql (¢)

holds in high probability. By noting that max g(x*,u) < max g(Z N, u), the inequality:
€ €

0 < maxg(@,u) = max g(@n.Ui) <a' ()

follows, and therefore, the optimal value of (RCP) is shown to be in

[. max g(ﬁNa Ul)a . HllaX g(iNa Ul) + qfl(e)]

i=1,...,N i=1,...,

in high probability.

The sample size N (e,n) given by a priori assessment becomes extremely large for small error
q7 *(¢), and solving (SC'Py) with N(g,n) constraints becomes difficult. Tables 6 and 7 show the
relation among ¢, ¢, 1(a), and N (e,n) for cases 1 and 2, respectively. The violation probability
V(Zy,tn) is obtained by computing Q(g(Zn,U’) —tx > 0). Note that the values of ¢; ! () are
the same as in Tables 6 and 7, since A and P are the same in cases 1 and 2. When the dimension
of uncertainty d is high, the upper bound ¢;*(¢) cannot be improved even if N(e,n) becomes
large. In numerical simulations, we construct a relaxation problem (SCPg) with N = 1000 and

perform a posteriori assessment for the solution (Zy,%5).

A posteriori assessment of the worst-case violation: Next, we perform a posteriori
assessment of the worst-case violation:

Ty.u) — 10
%lgj{g(w]v,u) N (10)

evaluated at (Zg,1y) of (SCPg) with N = 1000. The following a posteriori assessment is valid
for both cases 1 and 2. Using additional samples U;, i = 1,..., M = [Inn/In(1 — ¢1(0))], which
are independently and identically distributed from P, we determine the empirical worst-case

violation:

= Ty, U;) —ty
B = max {g(@y,Ui) —tx},
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Table 6: A priori assessment of the violation probability and the worst-case violation is expressed
as PN{V@N,tN) <e, I{Llai{(g@N’u)_tN < ql_l(f—:)} >0.99 for N > N(e,n) (n =0.01,d = 3,10
€

or 20, m = d) under the case 1 uncertainty.

d=3 d=10 d=20
e '@ Nenw 4@ New '@ New
0.00001 0.078215 840592 0.442139 1878307 0.691440 3184531
0.0002  0.184064 42027 0.566877 93911 0.798570 159221
0.0004  0.220570 21012 0.600514 46953 0.826838 79608
0.0006  0.244358 14007 0.621205 31301 0.844151 53070
0.0008  0.262405 10505 0.636390 23475 0.856809 39801

Table 7: A priori assessment of the violation probability and the worst-case violation is expressed
as PN {V(Zy,ty) <a+e—ae, Qg@N.U)—tn >q' () <a} > 099 for N > N(g,n)
(n =0.005, d = 3,10 or 20, m = d) under the case 2 uncertainty.

5 a at+e—as  q '(e) N(&n) q; ' (e) N(e,n) R C) N(e,n)

0.00001 0.01  0.010010  0.078215 927376 0.442139 1999837 0.691440 3338291
0.0002 0.01 0.010198  0.184064 46366 0.566877 99987 0.798570 166908
0.0004 0.01 0.010396  0.220570 23181 0.600514 49991 0.826838 83451
0.0006 0.01  0.010594  0.244358 15453 0.621205 33326 0.844151 55632
0.0008 0.01  0.010792  0.262405 11589 0.636390 24993 0.856809 41722

and obtain the upper bound for (10) as Sas + . In numerical studies, we solve the problem
(SCPy) with a reasonably large number of examples N, and determine (), for a posteriori
assessment.

A posteriori assessment was performed for the robust deviation Sharpe ratio problem with
d = 3. Figure 1 shows the number of samples M and upper bounds (s + § for parameter values
0. The left figure shows that an exponentially large number of samples is required to perform
a posteriori evaluation. In a robust deviation problem, the computation cost rapidly increases
as the problem size increases, because we need to solve an optimization problem to compute
h*(w) even in the phase of a posteriori assessment. As shown in Table 8, small value of ¢ and
large value of d result in a huge number of samples for a posteriori assessment. Therefore, for a
larger-sized problem, estimation of the probability distribution of ¢(Z 5, U) — t 5 may be useful,

because the number of function evaluation M’ in (4) does not depend on the dimension d.
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Figure 1: The left figure shows the number of samples M = [In7n/In(1 —¢1(5))] for a-posteriori
assessment of a solution of (SC'Py) with N = 1000. The right one shows upper bounds Sy + 0
for the worst-case violation such that P { max 9@y, u) —ty < Bu+0} >0.99.

€

Table 8: The relation between § and M for a posteriori assessment of the worst-case violation
via M = [Inn/In(1 — ¢(4))]| with n = 0.01.

d=3 d=10 d=20
B M B M B) M
0.2090 1243 0.2133 113791629 0.2217 1.296240 x 10
0.4180 167 0.4266 148122 0.4434 2049393902

0.6269 93 0.6399 3640 0.6651 1198309
0.8359 24 0.8531 311 0.8868 8910
1.0449 13 1.0664 o4 1.1085 303

A posteriori assessment for the distribution (),: We calculate the empirical distribution

function:
N 1 M A
Qy = MZI[ 9@y, Ui) =ty <7,
i=1

using random samples U; from the probability distribution @ on U. Remember that the distri-

1 2
bution Q is different in cases 1 and 2. If the sample size is M’ > 52 In 000’ then
€ .

QM'{ sup Q) — Q] <&} >0.99 (11)

holds for @y = Q(g9(x,U’) — tAN < ~). It implies that for any v € R, @, uniformly exists in
the interval [@7 — &, @7 + £] with a high probability. The necessary sample size M’ for (11) is
determined by e, and therefore, is not related to the problem size such as d. Table 9 displays
the relation between € and M’. For the robust deviation problem with d = 3 and d = 20,
the empirical distribution Q\V is determined, as shown in Figure 2. In addition, upper bounds
@7 +0.002 of @, are shown for two cases. The figures indicate that the probability @7 of case
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Table 9: Relation between & and M’ for a posteriori assessment of the probability distribution
of the worst-case violation via M’ = [55 In(1/n)] with = 0.01.

€ M’
0.002 662290
0.004 165573

0.006 73588
0.008 41394
0.010 26492
d=3 5 d=20
25 —o6— empirical prob. (Casel) —o6— empirical prob. (Casel)
\ — — —upper bound (Casel) 4 — — —upper bound (Casel)
S 2 \ : —*— empirical prob. (Case2) v \ —*— empirical prob. (Case2)
= (U upper bound (Case?2) s Ny 0 upper bound (Case2)
a a
X X
2 2
3 3
[ [
8 8
o o

Y

Figure 2: The left figure is for a d = 3 dimensional problem (SC Py) (its optimal value is 0.045),
and the right figure for a d = 20 dimensional problem (its optimal value is 0.021). The solid line
shows empirical probability @), and the dotted lines show a theoretical upper bound @, +0.002
of @~ under the sample size M’ = 662290 for a posteriori assessment.

2 is likely to be higher than that of case 1, which is reasonable, since in case 2, vector u € U is
ignored for the construction of (SCPy) with probability a = 0.01.

7 Concluding Remarks

Sampled convex programs are applied to solve uncertain convex programs. Calafiore and Campi
[4] and Campi and Garatti [8] proposed the required number of random samples for achieving
a small violation probability. Following the same approach, we have performed a probabilistic
assessment of the worst-case violation.

The uniform lower bound of tail probability ¢(d) < p(d, ) is significant to derive an upper
bound of the worst-case violation. If there exists a uniform lower bound, one can make a priori
and a posteriori assessments of the worst-case violation. Some uniform lower bounds are derived
for uncertainty sets, such as an ellipsoidal set, a norm-constraint uncertainty set, and a star-
shaped region. By following our method, it is possible to assess the worst-case violation up to

a certain probability using the subset A of the uncertain set U/. As a result, we can deal with
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Figure 3: If ||u| < R — rg, the hypersphere with radius r; centered at @ is included in the
hypersphere with radius R.

unbounded uncertain variables such as the Gaussian distribution.

In numerical studies, the proposed method is applied to solve robust deviation optimization
problems. Although the number of samples for SCP is less than the required number given by
N(e,d), a posteriori assessment shows that the worst-case violation is not large. Although in
many practical applications, the required number N (e,d) may be extremely large, the accuracy
of the solution is found to be sufficiently high by a posteriori assessment.

As a future study, we need to develop a technique to drop the sampled constraints in order
to reduce the computation cost. At the same time, it is important to derive tighter uniform

lower bounds of tail probability.

A  Proof of Lemma 5.3

In the following proof, Vol(S) denotes the volume of the set S with respect to the Lebesgue

measure.

Proof. Let 7, be R/(Vk + 1), and s be §/L for the sake of simplicity. We assume s < 7. For
any u € Ay, we estimate an uniform lower bound of the volume of {u € Ay, | |[u—wul|| < s}. This
set is described as W NV}, where W = {u | ||@ — u| < s, ||u|| < R} and V; = {u € R? | u; >
0, t=1,...,k}. The set W is considered in Lemma 5.2, while the range [0, L] is smaller than
[0,2LR]. The proof is divided into two parts. First, the case of ||u| < R — r is studied, and
then, the case of R — 1 < ||u]| < R is considered. Geometrical meaning of these conditions is
illustrated in Figure 3.

First, we prove P{||U—ul|| < 6/L} > q2(d) under the condition of ||u|| < R—7k. Let u be an
element of WN{u+x | z1,...,z; > 0}; then, u; > @; holds for i = 1,..., k. Since u lies in Ay,
we have inequalities u; > 0,7 = 1,...,k, and therefore, u; > u; > 0,4 =1,...,k are valid. This
indicates that u € WNVj. Therefore, it holds that VolWNVy) > VolWn{u+x | x1,..., a2 >
0}). When||lu|| < R—rg and s < 7, the inclusion relation, {u | ||u — u|| < s} C {u | |u| < R},
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holds. Thus, we have W = {u | ||u — u|| < s}. These results imply that

P - al £5/2) = [ 1Tlwe W Vi) h(ul) du

> h(R)VolW N V)

> h(R)VolOWn{u+x | x1,...,z > 0})

_ héf)/f[uGW]du (- W= {u||[a—ul <s})
> }L;?/I[UEB&R]dU.

The last inequality is derived from Lemma 5.2 with P as the uniform distribution.

Next, we assume R — 7 < ||u| < R and k < d. Let e; (i = 1,...,d) be unit coordinate
vectors. If there exists u € VW such that eiTu < 0, then we say that e; cuts WW. We reorder unit
coordinate vectors from e; to e such that ej,...,e; cut W, and ey11,...,e; do not cut W.
For £+ 1 < i < k, equality Vol(WNV;_1) = Vol(WWNV;) clearly holds. In what follows, we show
that inequality Vol(W N'V;) > $Vol(W N V;_1) holds for any i = 1,...,¢. The key of the proof
is to show that there exists a hyperplane that divides W N V;_; into two subsets with the same

volume and that W N'V; includes one of them. Let ¢ be a positive integer less than or equal to

¢, and II; be an orthogonal projection matrix onto the subspace spanned by {e;,...,eq}, i.e.,
w = (0,...,0,u;...,uq)" forall u = (uy,...,ug)" €R% When e; cuts W, the j-th element
of u — se; should be negative. Hence, for any j = 1,...,4, the inequalities 0 < u; < s < 73,

are satisfied. From the assumption ||a|? > (R — rg)?, we have inequality ||IL;u|? > r?, since
ITLa||? > (R —rg)? — 43 — a2y > (R—1)? — (k— 1)ri = r2. Therefore, for any u such as
|u —al* < s*(< r?), we have

UTHZ"ZL > 0,

because r7 > |lu — | > ||IL;(u — @)|* > |[ILa|? — 2u" ;@ > r? — 2u' [L;4. Let us define the
vector b as
U _

b=e — 11
T malE

where b is well-defined because of ||IL;u|* > rZ > 0. The vector b is not a zero vector, because

inequalities, 0 < u4; < s < rg and |[IL;w| > rg, assure that the norm of Hnaiﬁwﬂlﬁ is strictly
=2
less than one. Note that the inequality, e;-rb =1- H11u7111||2 > 0 holds. In the following way, we

find that W N V;_; is symmetric with respect to the hyperplane defined by {u € RY ] b'u = 0}.

We have the equalities, bTej =0 =1,...,i—1) and b'a = 0. Note that b' I,z = 0 is

also satisfied. Let the symmetric transformation matrix 7" be defined as T = I — i b2H2bbT,

where I; is a d x d identity matrix. Using equalities, Tu = u,Te; =e; (j =1,...,i— 1), and
|Tu| = |ju|| (Vu € RY), we can verify {Tv | v € WNV;_1} = WNV;_; by confirming each

condition of W N V;_1. Now, we present a proof of the incursion relation,

WnViin{u|b'u>0}cwWnV,.
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First, we define an orthogonal decomposition of u € R%. Let U; be the subspace spanned by
{e1,...,e;i_1}, and U} be the subspace spanned by {e;,...,es}. Since Uj involves b and Il;u,
the subspace U} is divided into two subspaces, one is the subspace spanned by {b, II;u} and the
other is its orthogonal complement Uy in U}. As a result, any vector uw € WNV;_1N{u | b"u > 0}

has the orthogonal decomposition,
u=ab+ 0ILu + w + uo,

where o, 8 € R, u; € Uy, and uy € Us. Note that the equality e;ru2 = 0 is valid, since the
definition of b implies that e; is represented by a linear combination of b and II;u. Recall that
forue WnNVi_iN{u | b'u > 0}, we have the inequality w'Il;u > 0 in addition to b'u > 0.
Moreover, we have bTHiﬁ =0 and e;rb > 0. From b'u >0 and u' [L;u > 0, we obtain a@ > 0
and 0 > 0. Therefore, the inequality eiTu = ae;rb + Bez—ﬂiﬁ > 0 holds, because a > 0,
ein >0, 3 >0, and eiTHZ-'& =1u; > 0. As a result, u € W NV, is confirmed to be valid. From
the incursion relation WNV;_1 N {u | b u > 0} € WNV;, we have the inequality of volume
formula Vol(W N V;) > Vol(W N Vi_1)/2, since the hyperplane defined by b'u = 0 separates

W N V;_1 into two regions with the same volumes. As a result, we obtain

1 1\* 1\*
VolWN V) =+ = VolWNV,) > 5vol(w NViq) > > <2> Vol(W) > <2> Vol(W)

and therefore,

P{|U — @l < 6/L} > h(R)Vol(W N V) > héff) /1[ weW] du> h;f)/f[ w e Bsp ] du.

When R — 7, < ||u]| < 1 and k = d, i.e., non-negative constraints are imposed for all
components of u, there exists an index i such that the region W is included in {u | e/ u > 0}.
If such an index does not exist, inequality 0 < u; < s < rq holds for all ¢ = 1,...,d, which
contradicts R —rq < ||a||. Without loss of generality, the non-negative constraint u; > 0 can be
deleted, when we calculate the volume of WNV}. As a result, only d— 1 non-negative constraints

are essential, and therefore, the discussion under the assumption £ < d holds even for k =d. W

B Proof of Lemma 5.5

Proof. w is a maximum solution of max f(x,u) with a fixed . A uniform lower bound of
€
P{||U —u| < §/L} is constructed. Let C > 0 be a lower bound of the probability density of P

on A. Since the probability distribution is positive on A, it holds that
P{|U — | < 5/L} > o/ Mue A |la—ul < §/L]du.
We derive a lower bound of the above integral. First, we introduce some notations. Let r be

the radius of S in Assumption 5.4, and R be the diameter of A defined by sup [u — v
u,veA

The hypersphere of radius w at center y € R? is denoted by S(y,w), i.e., S(y,w) = {m €
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R | |z — y|| < w}. We also define Ay(f) for § € [0,7] as the surface area of a part of a
d-dimensional unit hypersphere defined by

{w: (z1,...,2q) € RY | |Jx| =1, cosﬁgxl}.

In other words, A4(f) is a solid angle in RY. In Figure 4 (a), A4(#) for d = 2 is illustrated by a
bold curve.

Assumption 5.4 assures that there exists a hypersphere such that S(e,r) C A. Therefore, it
holds that

Vol({u € A | |@ —ul < §/LY) > Vol({u € S(e,r) | |a — u| < 6/L}). (12)

Vol(B) denotes the volume of the set B with respect to the Lebesgue measure. The right-hand
side of (12) is the volume of the intersection of two hyperspheres. Suppose that the radii of
these hyperspheres are fixed, and that w € S(e,r). Then, the volume of the intersection attains

a minimum value if @ lies on the boundary of S(¢,r). As a result, the inequality
Vol({u € A | @ —ul < §/L}) > /I[u € Bs,] du, 0<5<2Lr,
Bs,={ucR?| |u—rel| <5§/L, |[ul]| <r}, er=(1,0,...,0)€R?

holds on the condition w € S(e, 7).
Next, we consider the case of u ¢ S(e¢,r). Under this condition, there exists a hypersphere

S(dg, pr) C S(e,r) for 0 < B < 1, where dg is defined as

c—u

ds=u+
o lc —al

(le=al + (1 —=pB)r).
Let us define two subsets K7 and K5 as
Ky = conv({u} U S(dg, Br)) U S(c,r),
Ky — {a+5(v—a) e R | v e S(dg, fr), 620},
respectively. Here, Ko denotes a cone with a vertex at w. The function ¢(() is defined as
0(B)=sup{l | S(u,l)N Ky C K1}.
The meaning of ¢(/3) is illustrated in Figure 4 (b). Note that for 0 < ¢ < ¢(f3), the inclusion
relation S(@,?¢) N Ky C K1 C A holds. Therefore, for 0 < §/L < ¢(3), it holds that

Vol({u € A| || —ul < §/L}) > Vol({u € S(@,0) N K> | ||a —u| < §/L})

Aa(9) _
= Vol(S(u,6/L)),
VoS @ 6/L)
where ¢ is defined as sin ¢ = Br/||lu—dg||. Since |[u—dg||+pr < R is satisfied, ¢ is lower bounded
by sin~!(Br/(R — r)). As a result, a lower bound of the volume of {u € A | |[u — u| < §/L}

for 0 < §/L < 4(p) is given by

Ay(9) ) Ag(sin~! 2)
Ay(m) Vol(S(u,d/L)) > A0

Vol({u € A | ||a—ul <5§/L}) > Vol(S(w, 8/L)).
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(a)

Figure 4: (a) Surface area A4(0) of a part of the unit hypersphere {x = (z1,--- ,z4) € R? |z| =
1, cos@ < x1}. In the figure, surface area for d = 2, which denotes the length of the thick arch, is
shown. (b) Definitions of S(e,r), S(dg, Br), ¢, and () are illustrated. The shaded set denotes
S(u,l(B)) N Ka.

Therefore, we obtain

Ad( sin™! Pﬁirﬁr)

Plue Al -l <d/L} 20—

Vol(S5(0,6/L)) (13)

for 0 < 0/L < £((3). Substituting

g Br
[a—dsll ~ Jla—cf+-pr

sin ¢ =

into the cosine formula
r? = |u— c|]* + £(8)* — 2|l — || £(B) cos ¢,

we obtain

[ or = [ la—cl )’
“p) = |u cH\/l <]u—cH+(1—ﬁ)r> +\/7~2 mﬂ(uu—cuﬂl—ﬁ)r)'

For || — ¢|| > r, the first term of ¢(3) is an increasing function of ||u — ¢||. Therefore, we have

the inequality,

e r\/l_ <7°+<f7;f3>'">2+\/r2_ﬂ " (et (clu—mr)z
- 7n\/l_ <r+(fr—ﬁ)r>2+m
- r< 1—52+2\2/T>‘
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Therefore, inequality (13) holds for 0 < §/L < r <\/1 -2+ 227@?3) It can be seen that
0<V1-p2+ 22 <2for 0<p<1.
In summary, for any 3 € (0, 1), it holds that

Ad(sin_1 R@S’r)

e Vol(S(0.6/1), /1[ weBs, | du} < p(6,@),
21— ,3)
=5 )

It is clear that the lower bound is a strictly increasing function with respect to . The solid

g3(9) = C'min

O§5§TL< 1—p62+

angle A4(0) is represented by the incomplete beta function. [

C Estimation of parameters in g3

A unified way of identifying C' and L may not exist, when C' is a lower bound of the probability
density of P on A and L is the Lipschitz constant of the constraint function f(x,u). The

Lipschitz constant for a specific function f is described below.

Lipschitz constant L: We consider a quadratic constraint function f(a,w) in & which is
linearly perturbed in terms of u, i.c., f(x,u) := ' Q(u)x + q(u) = + v(u), where Q(u) :=
Q)+ 2?21 u;Q;, q(u) := qo+ Z;l:1 u;q;, and y(u) == y0 + Z?Zl u;y; for w € Y. This function
is also rewritten as f(z,u) = d(x) u+ (2" Qyx + q) = +70), where d(x) := (' Q,z + q{ = +
yeoh T Qe+ dam +74)". Then, we have

F (@, w) = f(,0)| = |d(@) " (u = v)| < max]ld(@)]|  lu— o]

It is possible to roughly estimate an upper bound for maxgcy ||d(x)| as

d

Li= | S (0mas(@)r2 + [l llra + ;)2
j=1

with the maximum eigenvalue 0,4, (Q) of @ and the diameter r, of X such that max |1 —
L, ToE

o < ry.
For some uncertainty sets, it is not so difficult to find the inscribed hypersphere and the

diameter.

Diameter R of A: If the diameter R of A is not available, we can compromise a hypercube
including A and use the length of diagonal line of the hypercube as an upper bound of R. For
A described by convex quadratic functions, it is possible to find a hypercube including A. In

fact, such a hypercube is obtained by solving 2d quadratic programs, such as
max e u st.ue A, (14)

and the ones with the object function —eiTu fori=1,...,d.
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Radius r of inscribed hypersphere: = We show how to calculate the radius of the inscribed
hypersphere of A with some examples. For the first example, we assume that uncertainty set 4
is described as

A:{uERd | alu < b, izl,...,p}.

Let B= {rv+c € R? | ||v|| < 1} be a hypersphere of radius 7. The uncertainty set A contains
B if and only if
al(rv+e)<b, i=1,...,p

holds for all ||v]| < 1. Note that the equality,

sup a; (rv +¢) =rfai| +afe,
vy <1
holds. As a result, the maximum radius of the inscribed hypersphere is given by the optimal

value of the linear program,

max r
r,C

st. rlai|l +afe<b, i=1,...,p,
—r <0.

In the second example, A is specified by quadratic constraints,

A:{ueRd a;jT'U‘Sbi;izlw"?p? }7

uTAju—l—Qd]Tu—i—ej <0,j=1,...,q
where A; denotes a positive definite matrix, and the maximum radius r is determined such that
B C A. We first determine the condition under which

u Aju+2d]u+e; <0,
holds for all w € B. This occurs if and only if

sup  (rv+e)TAj(rv+¢) + 2dJT(r'v +c)+e; <0,
v | o<1

which is equivalent to the condition that there exists A; > 0 such that
—\j—ej—df ATld; 0T (c+ A7Md))T
0 AT rl = 0. (15)
c+A;'d; rl A7t
For the details of the derivation, refer to [3]. Therefore, for the uncertainty set described by
quadratic functions and linear functions, the maximum radius of inscribed hypersphere can be
determined by semi-definite programs.
If set A is convex but is not the one as described above, we can utilize the following technique:
first, from A we select several points arbitrarily (say, D := {wui,...,un}), and then, find a
minimum volume ellipsoid covering D by solving a convex program. Then, a smaller ellipsoid

shrunk by a factor of the dimension d of A about its center is guaranteed to lie inside the convex
hull of D, i.e., inside the assumed A. See [3] for the details.
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