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Abstract We consider the problem to minimize the sum of piecewise-linear convex functions under both
linear and nonnegative constraints. We convert the piecewise-linear convex problem into a standard form
linear programming problem (LP) and apply a primal-dual interior-point method for the LP. From the
solution of the converted problem, we can obtain the solution of the original problem.

We establish polynomial convergence of the interior-point method for the converted problem and devise
the computaion of the Newton direction.
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1. Introduction

In this paper, we consider the problem to minimize the sum of piecewise-linear convex functions under both
linear constraints and nonnegative constraints. This problem is a generalized one from a piecewise-linear
convex problem[1, 3]. The purpose of the paper is to estimate complexity of solving this problem. More
precisely speaking, is there a polynomial time method for the problem?

This paper is organized as follows. In section 2, we introduce the conversion from a linear programming
problem(LP) with free variables into the standard form LP. The solution of the original problem is obtained
from the solution of the converted problem. In section 3, we formulate the problem to minimize the sum
of piesewise-linear convex functions. Firstly we convese the problem into an LP with free variable. And
secondly we convert the LP into a standard form problem. We apply the interior-point method. We establish
polynomial convergence of the algorithm and devise the computation of the Newton direction.

2. The conversion from the LP with free variables into the standard form LP
We consider the following LP with free variables.
min ¢’z + 12
st. Az +Dz=1b (P)
x>0,
where A € R™X", b e R™, c € R, f € R, D € R™*! are constants, z € R" and z € R! are variables.

Without loss of generality, we can assume that the matrix D is full column. Therefore rank D = [. We
introduce new variables z; and z_. The standard form is as follow.

min Tz 4+ T2y — T2
T

st. [AD —D]| zy | =b (P1)

zZ_

z>02p202_2>0.

The dual is as follow.

max bly
st. ATy <c (D1)
DTy =f.



The transform z = z; — z_ has a drawback that one z can’t determine z; and z_ and the computation
is unstable. The constraints of the dual problem, corresponding to free variables of the primal problem,
are equality constraints. We solve the equations in basic variables and substitute it for both the objective
function and constarint functions. We obtain a dual problem with only nonbasic variables. We consider the
primal problem corresponding to this problem.In case of semidefinite programminng, the conversion was
proposed[5]. The advantage is that the size of problem is small. We can obtain the solution of original
problem from the solution of the converted problem. We use Dp for a submatrix of D corresponding to the
basis, and use the submatrix Dy for the remain. We use subvectors yg and yy corresponding to Dg and
Dy . And we use, respectively, the submatrices Ag and Ay and subvectors bg and by corresponding to yp
and yy. We solve equations DTy = f in basic variables,

ys = D" (f — Diyn). (1)
Substituting yp into the objective function, we have

vy =b5DE" (f — DRyn) +bhyn
= (by — bpD5 DY)y~ + b5 D5 f.

Substituting yp into constraint functions, we have
AEDE" (f — DRyn) + Ajyn < c. (3)
The dual problem is as follows.

max (by — b D5  DN)yn +bpD5" f

D2
st. (4 — ALDG DRy < e~ ALDGT. .
The primal problem is as follows.
min (c — AFDZT )Tz + b5 DT f
s.t. (AN — DNDglAB).’ﬂ = bN — DNDgle (P2)

x> 0.

We use z* and y* for the solution of the converted primal and dual problems. The solutions (z,z) and
(yp,yn) of the original problems are given respectively by (z*, D5'(bp — Agz*)) and (DZ” (f — DLy*),v*)

3. Formulation of the problem to minimize the sum of piecewise-linear convex functions

We consider the convex problem to minimize the sum of piecewise-linear convex functions under linear and
nonnnegative constraints. The sum of piecewise-linear convex function is also convex [2]. The objective
function is nonlinear and has some nondifferential points. The formulation is as follows.

(P3)

where A € R7*7, b e R™, &£ € R", dfp € R are constants, x € R" is variable. The objective function is

(2
the sum of ¢ piecewise-linear convex functions and each piecewise-linear convex function consists of I, affine

funcitions. This problem is written, by introducing both variables ¢, (p = 1,...,q) and slack variables



Sfp (ip=1,...,0l,,p=1,...,q), as follows
min Z tp
p=1,...,q
s.t. ch:c—i—d’l’—Fs’l’p =t,p=1,...,q

cprx—Fdfp—l—sfp:tpp:l,... ,q

cprx—i-dfp—i-sfp:tpp:l,...,q
Az =10

z>0

s p=1,...,qi,=1,...,1,.

tp
We divide t,, into two nonnegative variables and transpose the terms. And we obtain a standard form LP,

min Z t;r— Z t,

4 p=1,....q
s.t. cp ac—tJr—i—t +s1,=-dip=1,.

T + 44— P — _ P
< T—t, +1, +sip—_dipp—

(P5)
chq:—t;—Ft;—l—slpp:—dfppzl,...,q
Az =b
z>0
+ _ - -
t, >20p=1,...,9t, >20p=1,... ,¢q
s; 20p=1,...,qi=1,...,1.
The dual problem is as follows.
maXbTy_ Z Z dlp ip
p=1,...,qip=1,..
wate $ S cf,,uzso
=1,... g ip=1,.. (D3)
Z uip:—lpzl,...,q
ip=1,...,lp

u’i’p§0p:1,...,qip:1,...,lp.

The peculiarity is that the primal (P4) problem has free variables t,. One of the methods dealing with free

variables is that the free variable is represented by the difference of two nonnegative variables. This method

has a drawback that variable diverge and numerical difficulties happen. We apply another method, which
was introduced in section 2, in order to avoid this difficulty.

We solve one of the constraints, then ufp =-1- Z uf (£ 0) (p=1,...,9) and we substitute this
ipFlp



relation into both objective function and constraint function. The objective function is

RPN o) A

p=1,...,qip=1,..

:bTy o Z Z dlp ip Z dfp —1- Z ufp

p=1,...,qip#l, p=1,...,q ipFlp
_pT P _ gP\,P P
=ty > D —di b+ Y 4

p=1,...,qip#lp p=1,...,q

The constraint function is

e SY an

p=1,...,qip=1,...,l,
T
_A y+ Z Z cfpui)p + Cl?’ —1- Z ufp
p=1,...,qip#ly p=1,...,q ipFlp
T
=ATy + Z Z Cfp Cfp)ufp C;ZDP(S 0)
p=1,...,qip#lp p=1,... .9

The dual problem is as follows.

max by + > Y (4 —df )b + Z dy

p=1,...,qip#lp
T
st. A Y + Z Z ip - CZ)UZD < Z CZ)
p=1,...,qip#lp p=1,....q
- Z ufp <lp=1,...,q
ipFElp

ufpSOpzl,...7q, ip=1,...,01,— L

The primal problem is as follow.

min(Zcfp) x + Zsl+ de
q

p=1,..., p=1,...,q ,q
s.t. (cf —cf)T:c—l—sl—slp:dfp—d’fpzl,... .q

P p

(cf —cl) z+ st —sl —dp —df p=1,.

p
(Cfp—l - CZ,)TQU + si,—l - SZ, = di, - di_l p=1...,q
Axr=b

x>0,
sprOp:l,...,qipzl,...,l

We introduce slack variables.

RN VAT UR DI TR AT

p=1,...,q p=1,...,.qip#l,

. E: P
Usgl = 1+ Uipp—lw--,%
P

ipFlp

o P -
Vgp = —uipp—l,...,qu—l,...,lp—l.
P



The optimality condition is as follow.

(c’f—cfp)Tx—l—slf—sfpzdfp—dﬁ’pzl,...,q

(& —

T D p _ gp _ P —
oo—a) Ty —s =d —di p=1,....¢q

(Cfpfl—cfp)Tx‘f'Slp—lp_sfp:dfp_dfpflpzl"" ,q
Az =1

z >0

sprOpzl,...,qizl,...,lp

YERED SED S AT R DY )
p=1,.

p=1,..,qipF#lp yeeesq
- Z ufp—kvsfp =1p=1,...,q
ip#lp
ufp+vsfp =0p=1,...,q, ip=1,...,0,—1
vy >0
v 20p=1,...,¢
P

vee >20p=1,...,q, 5p=1,...,0, -1
p

xTvx =0
sfpvsg =0p=1,...,q, ip,=1,...,1,.
P
We use (z*,s)",... ,sfp*) for the solution of the converted primal problem (P6). The solution of the

original primal problem (P4) is given by

(z,tp, s, ... ,sfp) = (q:*,clj;px* + sfp* + dfp, s’fp*, e STp)- (8)
We use (y*,uf",... ,uj _,") for the solution of the converted dual problem(D4). The solution of the original
dual problem (D3) is given by
(y,ul,... ,ufpfl,ufp) = (y*,ul", ... ,ufpfl*, -1- Z ufp*). (9)
ipFlp

By the number of the variables in the primal problem (P6), the short step interior-point method (Algo-
q
n+ Z l,L | iterations. We ascertain this proposition.

p=1

rithm SPF([7]) can solve the problem (P6) in O



We use the following notations.

Vg
T y :
1 1 :
51 uy v
1
54y iy Vg1
1 1
_ Sh ~ Upy -1 ~
T = , Y= . , §:= Vgl
q q :
51 Uy :
. Vg1
q q .
84, u;, :
. . Vg4
q q :
|5y, | Uy :
V.a
Slq

(ci—¢ )t 1 0 0 -1
(e}, —c)" 0 1 0 -1
i (clyor =)™ 0 0 1 -1
(cf —:qu)T 1
(cf, —ci)" 0
L (C?qfl - C?q)T 0
[ dl11 Zid% ] [ ZBI CZ,
dl . d. ;
E _zdlll_l L .
af — .
o 0
L d?q 7:d?q—1 i L 1

The feasible interior is written by

Fo={(3,5,5): Az =b, ATg+5=¢, (7,5 >0}.



The neighborhood is written by
N = {(:z,g,g) € FO: | X5 — pells < 0.4M} : (14)

where e is a vector whose components are all 1. We use the following algorithm.
step0: Initial point (°,§°, 5%) € NV is given. Termination criteria p*.

4 ~0T 0
0 0.= r e , let k:=0.

— =
W+ Zf):l I, n+ szl by

stepl: If termination criteria u* < p* is satisfied, then stop.

o:=1-

k" gk
step2: Set uF := ”"‘Z:—ql. Solve
p=1"P
AAEF = 0 (15a)
ATAGE + A5 = 0 (15b)
SEAGF + XEASE = opke — X5 (15c¢)

and obtain Newton direction (AZ*, Ag*, AsF).
Let (ZFF1, ghtl sk+1) .= (3%, g%, 5%) + (AZF, AgF, AsF).
step3: Set k:=k + 1, go to stepl.
3.1. iteration number
We consider at kth iteration. The equality constraints are satisfied by the following relation

AzhH = Azk = b, (16)

ATgk:Jr]. + §k+1 — ATgk + gk: = & (17)
Note that, about dualtiy gap used by optimality criteria, A+ AGk = 0, We have the following estimate
T (3 4 Ah)T (38 4 AFY)

= #7551+ 3T A + AR + AR AG
(18)

0.4 1
l-——— | (n+ Zzp),ﬁ.

"t Zgzl lp p=1

By the following inequality, the next point generated by the algorithm is also kept in the neighborhood.

‘X}chlngrl _Mk+1H2 H(X—k +AXk) (gk +A§k) _Iuk+1H2 (19)
- HAX’“AS"“HQ (20)
_ HD‘lAX’“DAEkHz where D := X*/* gk (21)
< %5 |D'Az* + DAG|; (22)

V2 —kak) 2 k ok =k 2
= = ||(X*S uwe— X"s 23
TS (e )|, (23)
2
Xkgk aukeH
< \/_5 S 2 (24)
4 min xfsf
~ 2
V2 (Xk§k - ,uke) +(1-0) ukeHz
Sy (1—0.4)uk (25)
V2042 4+ (1—0)2(n+ Y1 1) 9
= 4 1-04 (26)
32v2
< 24;(/)_'“19 (27)
< 0.4pFtL, (28)



where X and S are diagonal matrices whose components are £ and 5 respectively. Positivity condition is
also satisfied.
Because one iteration can make the duality gap 1—0.4/,/n + 22:1 I, time, algorithm can obtain optimal

solution in O(4/n + Zgzl l,L) iterarions, where L is the number of bits expressing the data of the problem.
From the solution of the converted problem, we can obtain the solution of the original roblem.
3.2. Newton direction

The time of computing the Newton direction is most part of all computing time. Therefore devising
computing the Newton direction is important. For the simplicity, we sonsider the problem about the sum
of two piecewise-linear convex functions. The Newton direction is given by the solution of the following
system of equations

AXFGHATAG = A8 (U,ﬁe - ngk) (292)
AP = —ATAG (29b)
AFF = GFT (o,uke - ngk) — XEGFT A (29¢)
We use the following notations.
- A : _ A T
(er — )T (er —c)”
(ci, —ci)” (ci, —ci)”
A= (0}151 —;@T diag(x)diag(v,) (0}151 —20}1:’2T
(cf — %) (cf — %)
(cz, — )" (e, —ci)”
L (0122—1 - 0122) i L (0122—1 - 012) i
o (30)
1,1
510
—1
SiiVs1
n Su-11Vs, )
s%vs_zl
1
sivs}l
5%2_108722171

where diag() is a diagonal matrix whose components are elements of the input vector.The coefficient matrices
are written by

i 001" 001"
A+ slll vs_ll e e + 5?205_21 0 0 ) (31)
o 0 2 e e

Let A be a nonsingular matrix and B, C, D be matrices of proper size. Note that we have Sherman-Morrison-
Woodbury formula [4, 6, 7]

(A+BDC)™ = A"~ A"'BD (D+DCA'BD)”' DCA™". (32)



we use the notation

o 07701"
A=A+ slllv;ll e e (33)
51
0
By using the relation
Sll’U_ll 0 r
A-1_ 1-1_ ', -1 e A1
01" B 0 0 0 (34)
1+ s, v;l e Al e
o 0
we can obtain A~! from A~!. And by using the relation
1 slz v}l 0 0 r
N~y o~y 1~ N 28 n n
(AXFSFAT) = At i1 1o AT
0 0 e e (35)
1+ siv}l 0 A-1 10
2 e e

we can obtain the Newton direction. If A has special structure by which it is easy to compute its inverse
matrix, then this devise reduces computation time. This method can be applied to the problem to minimize
the sum of more than three piecewise-linear convex functions.
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