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Abstract

The multiobjective bilevel program is a sequence of two optimization prob-
lems where the upper level problem is multiobjective and the constraint region of
the upper level problem is determined implicitly by the solution set to the lower
level problem. In the case where the Karush-Kuhn-Tucker (KKT) condition is
necessary and sufficient for global optimality of all lower level problems near the
optimal solution, we present various optimality conditions by replacing the lower
level problem by its KKT conditions. For the general multiobjective bilevel prob-
lem we derive necessary optimality conditions by considering a combined problem
where both the value function and the KKT condition of the lower level problem
are involved in the constraints. Some results of this paper are new even for the
case of a single objective bilevel program.
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1 Introduction.

Let W be a finite dimensional Banach space and let < be a (nonreflexive) prefer-
ence for vectors in W. We consider the following multiobjective bilevel program-
ming problem (BLPP):
(BLPP) min  F(z,y)
z7y
st.  yeS(x),

G(z,y) <0
where S(z) denotes the set of solutions of the lower level problem:

(P min f(@.)

st.  g(z,y) <0

and F: R"xR"™" - W, f:R"XR™ - R, G: R"xR™ — R, g: R"x R™ — RP.
We allow p or ¢ to be zero to signify the case in which there are no explicit
inequality constraints. In these cases it is clear below that certain references to
such constraints are simply to be deleted.

We say that (x,y) is a feasible point for problem (BLPP) if y € S(z) and
G(x,y) < 0. We say that (Z,y) is a local solution to (BLPP) provided that it is
a feasible point for (BLPP) and there exists no other feasible point (x,y) in the
neighborhood of (z,y) such that F(z,y) < F(Z,y).

Let K be a closed cone in W. The preference relation for two vectors z,y € W
in a generalized Pareto sense is defined by « < y if and only if t —y € K and x # .
In particular, if W = RN and K = RY := {z € R" : z has nonpositive components}
then we have a preference in the weak Pareto sense. When F(x,y) is a scalar
function, the preference is <, the problem becomes a single objective bilevel pro-
gramming problem.

In this paper we assume that all preferences are closed as defined below.

Definition 1.1 (/17, Definition 5.55]) Let
l(r)={teW:t<r}

denote the level set at r € W with respect to the given preference <. We say that
a preference < is closed at ¥ € W provided that:

(H1) it is locally satiated around T, i.e., for anyr € W, r € I(r) where l(r) denotes
the closure of the level set I(r);

(H2) it is almost transitive on W, i.e., for any r < s, t € l(r) implies t < s.



The local satiation propety holds for any reasonable preference and the almost
transitivity requirement also holds for many preferences. For example both (H1)
and (H2) hold for the preferences determined by the generalized Pareto when the
closed cone K is convex and pointed ([17, Proposition 5.56]). However the almost
transitive property may be restrictive in some applications. For example, it is
known that the preference described by the lexicographical order is not almost
transitive (see [17, Example 5.57]). The reader is referred to a recent paper [2] for
results concerning about the set-valued optimization in welfare economics where
the preference is not almost transitive.

The bilevel programming has been an important research area and many re-
searchers have made contributions to the area. The origin of the bilevel program-
ming problem can be traced back to von Stackeberg [23] who used it to model the
market economy in 1934. BLPP has been sucessfully used to model the so-called
the leader-follower game or the moral hazard model of the principle-agent prob-
lem in political science and economics (see e.g. [15]). The reader is referred to
monographs [1, 6, 21] for more applications of bilevel programming and to [7, 22]
for a bibliography review.

The classical Karush-Kuhn-Tucker (KKT) approach (also called the first order
approach) to solve a single objective BLPP is to replace the lower level problem
by its KKT condition and solve the resulting mathematical programming problem
with equilibrium constraints (MPEC). For MPECs, it is well known that the usual
nonlinear programming constraint qualification such as Mangasarian-Fromovitz
constraint qualification (MFCQ) does not hold (see [33, Proposition 1.1]. Since
MFCQ is a standard constraint qualification and a standard assumption for many
numerical algorithms to work, the classical KKT condition may not hold and the
classical numerical algorithms may fail if we treat a MPEC as a standard nonlinear
programming problem with equality and inequality constraints. By reformulating
MPECs in different ways, various alternative stationary concepts such as Clarke,
Mordukhovich, Strong, Bouligand (also known as Piecewise) (C-, M-,S-, B- (P-))
stationary points arise (see e.g. [20, 28]) and constraint qualifications under which
a local optimal solution of MPEC is a stationary point in the various sense have
been given (see e.g. [14, 28]).

By using the KKT approach, one would hope to find candidates for optimal
solutions of BLPP. This, however, may not always possible. Even for the case
where the lower level problem is convex, a recent paper of Dutta and Dempe [8]
gives an example of BLPP with a convex lower level which has a local solution
to the corresponding MPEC whose (z,y) components are not a local solution to
the original BLPP. Therefore for the general case of BLPP with not necessarily
convex lower level problem, there may not even exist any relationships between the

original bilevel program and its KKT reformulation at all. To clarify this point,



let us examine the following simple example taken from [32, Example 4.3].

(P) min  (z —0.5)% + (y — 2)?
st.  yeS(zx):= argnnyin{y3 —3y:y>x—3},

0<x<A4.
It is easy to verify that the set of optimal solution for the lower level problem is

{r—-3} ifo<z<l,
S(z) = {-2,1} ifz=1,
{1} ifl <ax <4,
and (z,y) = (1,1) is the unique solution to the the bilevel program (P). Replacing
the lower level problem by its KKT condition we get the following problem:

min (2 —0.5)% + (y — 2)?

st. 3y —3-X=0,
r—-3-y<0, (1)
A>0,(x—3—y)A=0,
0<x<4. (2)

At (z,7y) = (1, 1), since the constraints (1)-(2) are not binding, the KKT condition

would imply the existence of a real number u such that

(0)=2(5% ) (o)

But this is impossible. This example reveals a striking fact: the optimal solution of
the original BLPP may not even be a stationary point of the resulting single level
problem by the KKT approach! Therefore if the KKT approach is not used prop-
erly, the true optimal solution of the bilevel program may be missed completely!

In Ye and Zhu [30, 31], the following value function approach is taken to re-
formulate the BLPP. Define the wvalue function of the lower level problem as an
extended valued function V : R* — R by

V(x) = igf{f(w,y) 1 g(z,y) < 0},

where R := RU {—o00} U {+0o0} is the extended real line and inf{)} = +oo by
convention. Then it is obvious that problem (BLPP) can be reformulated as the

following problem involving the value function:



(VP) min  F(z,y)

T,y
g(z,y) <0,
G(z,y) <O0.

It is easy to think that since the reformulation (VP) is exactly equivalent to the
original BLPP, the problem will be solved if the nonsmooth necessary optimality
condition is used on the problem (VP). The problem turns out to be not so simple
since the nonsmooth MFCQ does not hold at any feasible solution of the problem
(VP) and hence the KKT condition may not hold. To deal with this difficulty,
Ye and Zhu [30, 31] proposed the partial calmness condition. The value function
approach was further developed in Ye [27, 29] using other constraint qualifications
such as the Abadie constraint qualification. For the case where the value function is
convex, it was shown in [27, 29] that the resulting KKT condition takes a simpler
form in which only one solution of the lower level optimal problem is involved.
Under the partial calmness condition this simpler KKT condition was proved to
hold under the assumption of inner semicontinuity of the solution mapping of the
lower level program [5].

In a recent paper [32], Ye and Zhu observed that the partial calmness condition
may be too strong for many nonconvex bilevel programming problems. For our

simple problem (P), the value function of the lower level problem can be easily

—2 if1<z<4
Vi(z) = .
(x—3)2-3(x-3) fo<xr<1

derived:

By using the value function, the bilevel program (P) is obviously equal to
min (2 —0.5)% + (y — 2)?
st. P —3zy—V(z) <0,
Yy > T — 37

0<x<4.

The KKT condition (in the component y) for the above problem would imply the

existence of a nonnegative number u such that
0=2(g—2)+ (35* — 37)u

which is impossible for (z,7) = (1,1) to hold. Therefore the value function ap-

proach is not useful for this problem either.



Our simple example demonstrates that neither the KKT nor the value function
approach is applicable. To copy with this difficulty, it is suggested in [32] that a
combination of the classical KKT and the value function approach should be taken
in this case. For our simple problem (P), the combined approach means that we
add the KKT condition for the lower level problem into the constraints of the

problem (VP) and consider the following combined problem:

min (2 —0.5)% + (y — 2)?

st. Yy —=3zy—V(z) <0,
392 —=3-\1=0,
r—3—y <0,
A>0,(x—3—-y)A=0,

0<x <4,

At the first glance, it seems that the KKT condition for the lower level problem
is superfluous. However the resulting necessary optimality condition derived from
such a combined problem is much more likely to hold since now there are multi-
pliers corresponding to both the value function constraint and the KKT condition
constraints which provide more freedom to choose the multipliers. In the case
where the multiplier corresponding to the value function is zero, the approach re-
duced to the KKT approach and in the case where the multiplier corresponding to
the KKT condition is zero, the approach reduced to the value function approach.

Various concepts of stationary conditions have their own usages. The S-
stationary condition is known to be equivalent to the classical stationary condition
and hence is the sharpest of all. However it requires a very strong constraint qual-
ification. In the case when S-stationary condition does not hold, the M-stationary
condition is the next sharpest condition and it holds under relatively weak con-
ditions. In particular the M-stationary condition is very useful in the sensitivity
analysis (see [12, 13]). C- and P- type stationary conditions are usually weaker
but many numerical algorithms converge to them. Hence it is important to study
all concepts of stationary conditions.

Note that in the single objective bilevel programming paper [32], in order to
concentrate on the main idea of the combined approach, the C-, M- type stationary
conditions were left out and in multiobjective bilevel programming paper [34] the
C-, S- and P- stationary condition were not studied for the KKT approach and
the combined approach has not been taken to study the general problem. To fill
this gap in this paper we use the combined approach introduced in [32] to derive
various C-, M-, S- and P- stationary conditions for the multiobjective BLPP.

In Mordukhovich [17, section 5.3], necessary optimality conditions for a class



of multiobjective MPECs with an alternative criteria of optimality called the gen-
eralized order optimality have been derived. Results of this paper may be similarly
extended to this class of multiobjective MPECs using the results of [17, section
5.3].

We organize the paper as follows. In the next section we provide the nota-
tions and the background materials on variational analysis to be used throughout
the paper. Moreover in this section we introduce the concepts of C-,S-and P- sta-
tionary conditions for multiobjective MPECs and provide constraint qualifications
under which a local optimal solution to the multiobjective MPEC are C-,S-, and
P- stationary points. In section 3 we concentrate on the KKT approach and in
section 4 we use the combined approach to study a general bilevel programming

problem.

2 Preliminaries and preliminary results

In this paper we adopt the following standard notation. For any two vectors a, b
in a finite dimensional Banach spaces Z, we denote by (a,b) its inner product.
Given a function F' : R — R™, we denote its Jacobian by VF(z) € R™*". If
m = 1, the gradient VF(z) € R" is considered as a column vector. For a subset
A C R", we denote by intA, A, coA the interior, the closure and the convex hull

of A respectively. For a matrix A € R"*™, AT is its transpose.

2.1 background in variational analysis

We present some background materials on variational analysis which will be used
throughout the paper. Detailed discussions on these subjects can be found in
[3, 4, 16, 17, 19].

Definition 2.1 (Normal Cones) Let Q2 be a nonempty subset of a finite dimen-

sional space Z. Given z € (), the convex cone
N™(2Q):={¢ € Z:30 >0, such that (¢, — z) < o]z’ — z||* V2’ € Q}
1s called the proximal normal cone to set €} at point z, the closed cone
N(zQ) = {leH;O Ch:Ck € N™(21;Q), 2z € Q2 — 2}

is called the limiting normal cone (also known as Mordukhovich normal cone or
basic normal cone) to Q at point z. The Clarke normal cone can be obtained by

taking the closure of the convex hull of the limiting normal cone, i.e.,

N€¢(z;Q) =coN(z; Q).



Note that alternatively the Fréchet (also called regular) normal cone see [16,
Definition 1.1 (ii)] can be used to construct the limiting normal cone since the
two definitions coincide in the finite dimensional space (see [16, Commentary to
Chap.1] or [19, page 345] for a discussion). In the case when  is convex, the prox-
imal normal cone, the limiting normal cone and the Clarke normal cone coincide

with the normal cone in the sense of the convex analysis, i.e.,
N™(2;9Q) =N(2;Q) =N(Q)={C € Z:(¢,z—2) <0, V' €Q}.

Definition 2.2 (Limiting normal cones to moving sets) (/17, Definition 5.69])
Let S : Z = W be a set-valued mapping from a finite dimensional space Z into
another finite dimensional space W, and let (r,z) € gphS. Then

Ni(z;8(r)) = {klin;o Ck: Cp € N™(zk;S(rk)), 2k € S(rg),zik — 2,1 — 1}

is the extended normal cone to S(r) at z. The mapping S is normally semicontin-
wous at (r,z) if
Ni(z8(r)) = N(z 5(r)).

Definition 2.3 (Clarke generalized gradients) Let f : R™ — R be Lipschitz
continuous near . The Clarke generalized directional derivative of f at T in
direction d € R™ are defined by

fo(z;d) := limsup [z +td) — f(z)
’ . z—Z,t]0 t .

and the Clarke generalized gradient at T is a convex and compact subset of R"™
defined by
f(z):={{ € R": ({,d) < f°(z;d) Vde R"}.

Definition 2.4 (Limiting Subdifferential) Let f : R" — R be a lower semi-
continuous function and finite at & € R™. The proximal subdifferential ([19, Defi-
nition 8.45]) of f at T is defined as
Of(z) = {(€R":30>0,0>0

such that f(x') > f(Z) + (¢, 2" — Z) — o2’ — z|? va' € B(z,6)}
and the limiting (Mordukhovich or basic [16]) subdifferential of f at T is defined

as
of(z) = {klgr;oﬁk & € 0" f(ag), xp — T, fxg) — f(2)}.

When f is Lipschitz continuous near x, the Clarke generalized gradient can be

obtained by taking the convex hull of the limiting subdifferential, i.e.,

O°f(z) = co0f ().



The following calculation rules for Clarke generalized gradients will be useful

in the paper.

Proposition 2.1 (see [3, 4]) Let f,g : R™ — R be Lipschitz continuous near

T € R" and «, B be any real numbers. Then
O(af + Bg)(x) € ad°f(Z) + BO°g(Z).

Note that for limiting subdifferentials, in general the above calculation rule holds

only when a and 8 are nonnegative.

2.2 Necessary optimality conditions for MPECs

In this subsection we consider the multiobjective MPEC defined as follows:

MPEC min  f(2)
st. g(z) <0, h(z) =0
0<G(z) L H(z) >0,
where W is a finite dimensional Banach space, f: R®" - W, G,H : R® - R™, g :
R"™ - RP,h : R — R? and a L b means that the vector a is perpendicular to
vector b. For simplicity and easy reference in this section we assume that f is

Lipschitz near z* and all other functions are continuously differentiable.

Given a feasible vector z* of MPEC, we define the following index sets:

Iy = Iy(z%) = {i: gi(") = O},

a:=a(z") = {i: Gi(z") = 0, Hy(z") > 0},

B:=p") ={i: Gi(z") = 0, Hi(z") = 0},

y = () = {i 5 Gi(z") > 0, Hi(=") = 0}.
Definition 2.5 (MPEC stationary conditions) A feasible point z* of MPEC
is called a Clarke stationary point (C-stationary point) if there exists a unit vector

A€ Nu(f(z");1(f (%)) and (N, NP NG NH) € RPHIT2m gych that the following

conditions hold:

q
0€ N ")+ D NVg(2") + Y A'Vhi(2¥) (3)
i€l i=1
=Y VG + ATV H (7)), 4)
=1
N>0icl, W=0icy, NP=0ica, (5)

MAE >0 iep.



A feasible point z* of MPEC is called a Mordukhovich stationary point (M-stationary
point) if there exists a unit vector X € N (f(2*);1(f(2%))) and (N9, M, A\ ) €
RPHa+2m sych that (4)-(5) and the the following condition holds

either A& > 0, M1 > 0 or AN =0 Viep.

A feasible point z* of MPEC is called a strong stationary point (S-stationary
point) if there exists a unit vector X\ € N (f(2*);1(f(2*))) and (M, N, A\ ) €
RPTIT2™ gych that (4)-(5) and the the following condition holds

A >0, 0 >0 vieg.

A feasible point z* of MPEC is called a piecewise stationary point (P-stationary
point) if for each partition of the index set B into P,Q, there exists a unit vector
A€ Ny (f(2%);1(f(2%)) and (N, NP NG NH) € RpHa+2m sych that (4)-(5) and the
the following condition holds

MN>0 VieP, >0 vieq.

Remark 2.1 In the case where the preference is determined by the weak Pareto
concept and W = RN, by [35] the preference < is regular in the sense that it is

closed and the set-valued mapping S(z) = I(f(2)) is normally semicontinuous,

moreover

NL(F(E)U(F (=) = N(f(27): 1(F (=) = RY
and in the case where the preference is determined by the generalized Pareto with

a closed cone K,
Ny (FEITED) = NFE)ITED) = K- = {s € W: (s,8) < 0,t € K}

Remark 2.2 Similarly as for single level MPECs, it is not hard to show that S-
stationary condition is equivalent to the classical KKT condition for MPEC. For
the special case of a single level smooth MPEC, P-stationary point is equivalent
to a Bouligrand stationary (B-stationary) point in the sense of [20] and is equiv-

alent to a B-stationary point in the classical sense of [14] if a certain constraint

qualification for each branch of the MPEC holds.

Definition 2.6 (MPEC constraint qualifications) Let z* be a feasible point
of MPEC. We say that the no nonzero abnormal C- multiplier constraint qualifica-
tion (NNACMCQ) holds at z* if there is no nonzero vector A = (A, A\ A\G \H) ¢
RPTIH2m gych that

0= NVg(z*)+ ij MNiVh(2%) — fj[x?vai(z*) + MV H; (2],

i€l i=1 i=1
N>0icl, MN=0icy, M =0 icaq,

M >0 i e B.

10



We say that the MPEC no nonzero abnormal multiplier constraint qualification
(MPEC NNAMCQ) holds at z* if there is no nonzero vector A = (A9, N AG, ) €
RPT42m gych that

q m
0= MVg(")+ D ANVhi(*) = D NFVG;(2%) + ATV H; (27)],
i€l i=1 i=1
N>0icl, MN=0icy, M =0 icaq,

)

either A\{' > 0, M1 >0 or \PAH =0 Viep.

We say that the MPEC linear independence constraint qualification (MPEC LICQ)

holds at z* if the gradient vectors
Vgi(z*) i1 €13, Vhi(z*) i=1,...,¢,VGi(z") i € aUB,VH;(z*) ie~yUp,

are linearly independent.
We say that the error bound constraint qualification holds at z* if there exist pos-

itive constants pu,d and € such that

d(z, F) < pl(a,B,u,v)|]| Y(a,B,u,v) €eB
z € F(a, B,u,v) N Bs(z")

where d(z, F) is the distance of z to the feasible region F and

9(z) + @ <0,
Flo, fyu,v) == z: h(z)+B=0,
0<G(z)+v L H(Zz)+u>0

is the perturbed feasible region of MPEC.
We say that the MPEC linear constraint qualification (MPEC linear CQ) holds if
all functions G, H, g, h are affine. We say that MPEC piecewise MFCQ holds at
Z* if MFCQ holds at z* for each branch of MPEC corresponding to partition P, (Q
of index set B defined as
MPECpyg min  f(z)
st.  Gi(z) =0 i1€a, Hi(2)=0 ien,

Gi(z) >0, Hi(z) =0 i€P,

GZ(Z) =0, HZ(Z) >0 1€qQ,

4() <0, h(z) = 0.
Remark 2.3 By [28, Proposition 2.1/, MPEC NNAMCQ is equivalent to the

MPEC generalized MFCQ (MPEC GMFCQ), a MPEC version of the MFCQ.
We refer the reader to the definition of MPEC GMFCQ in [28, Definition 2.11].

11



It is known that for a single objective MPEC with smooth problem data, a
local optimal solution of MPEC must be a S-stationary point under MPEC LICQ.
The proof of the results used the fact that under the MPEC LICQ each branch of
MPEC has a unique multiplier (see [25]). But this proof can not be used for our
case since the objective function is only assumed to be Lipschitz continuous.

To derive the S-stationary condition under the MPEC LICQ, we will need the

following result which is also of independent interest.

Proposition 2.2 Let F denote the feasible region of MPEC and z* € F. Suppose
that MPEC LICQ holds at z* and let & be an element of the normal cone N (z*; F).
Then there exists A = (A9, DDA M) € RPTa+2m sych that
q m
=Y MVg(") + D AN'Vhi(2*) = D ATVG;(2%) + A VH;(2%)],
i€ly i=1 i=1
N>0icl, W=0icy, NM=0ica,

A >0 M >0 iep

Proof. By the definition of the limiting normal cone, £ = limy_, & with & €
N™(zk; F), zx, € F, zr — 2*. By the definition of the proximal normal cone, there
exists My, > 0 such that

(Er,2 — 2y < M|z — z||? VzeF
which implies that z = 2 is a minimizer of the following problem:
min - —(&, z) + M|z — z?
s.t. z € F.

The above problem is a MPEC with continuously differentiable problem data.
Since MPEC LICQ holds at z* and z; — 2%, MPEC LICQ holds at z; as well.
Therefore zj is a S-stationary point for the above MPEC. That is, there exists a
unique multiplier A\¥ = (A9k Atk \GE AHE) ¢ Rpta+2m guch that

q m
G = > M Vai(z) + Y NEVR (21) — STINERV Gy () + MRV H; (2)],
i€l i=1 i=1

)\'Zq >0 ZGIZ;, )‘in:OZG’Wm )\sz:OzEak,
Gk Hk .

where



Let k — oo and z; — z*, then by the MPEC LICQ, A\ is bounded and hence there
exists a convergent subsequence. Without loss of generality assume that the limit
of the sequence \¥ = (A9F NPk NGE NHR) 45 X = (A9, AP \C, AT, Taking limits as
k — oo, since 2z, — 2%, &, — & and \¥ — \, we have the desired conclusion.
|
We are now in a position to develop the necessary optimality conditions for
our multiobjective MPEC.

Theorem 2.1 (MPEC necessary optimality conditions) Let z* be a local
optimal solution for MPEC. Then the following statements are true.

(I) Under NNAMCCQ, z* is C-stationary.
(IT) Under one of the following constraint qualifications z* is M-stationary:

(i) MPEC NNAMCQ (or equivalently MPEC GMFCQ) holds at z*;
(ii) The MPEC linear CQ holds;

(iii) The error bound constraint qualification holds at z*.
(IIT) If MPEC LICQ holds then z* is S-stationary.
(IV) If either MPEC linear CQ or MPEC piecewise MFCQ holds at z*, then z*

1s P-stationary.

Proof. (I) It is easy to see that z* is also a local solution of the following nons-

mooth multiobjective nonlinear programming problem:

(MPEC) min  f(2)
st.  Gi(z)=0ica, H(z)=0i€c~,
min{G;(z), Hi(2)} =0 i€ j,
g(2) <0, h(z) =0.

Note that from the proof of [34, Theorem 1.2], with the absence of the normal
semicontinuity of the set-valued mapping m (i.e., the preference is closed but
not regular), it is easy to see that the Fritz John type necessary optimality condi-
tion in [34, Theorem 1.3] holds with the limiting normal cone N(f(z*);l(f(2*)))
replaced by the extended normal cone N, (f(z*);1(f(z*))) (see also [17, section
5]).

By the Fritz John type necessary optimality condition in [34, Theorem 1.3]
with N(f(2%);1(f(2*))) replaced by the extended normal cone N4 (f(2*);1(f(2*)))
and the nonsmooth calculus rule for the nonsmooth function min{G;(z), H;(2)}
(as in [20, Lemma 1]), we find that there exist pg € {0,1}, a unit vector A €
Ny(f(2*);1(f(2%))) and (A9, M NG \H) € RPHa+2m not all equal to zero such

13



that the following conditions hold:
q m
0 € pod\ )(Z) + D MV (") + D AIVhi(2*) = D AT VGi(2%)
i€l i=1 i=1
+AVH; (7)),
N>0icl, W=0icy, M =0icaq,

AN >0 iep.

By the virtue of NNAMCCQ), o can be taken as 1 and hence the conclusion for
(I) follows.

(IT) Tt is well known that MPEC NNAMCQ and the MPEC linear CQ both im-
ply the error bound constraint qualification (see [26, Theorems 4.3 and 4.4]. Hence
it suffices to show (II)(iii). By virtue of [34, Theorem 1.3], treating the problem

(MPEC) as the following optimization problem with an abstract constraint set:
min f(z) st.z€eF
we conclude that there exists a unit vector A € Ny (f(2*);1(f(2*))) such that
0€ I\ f)(z") + N(z% F).
Rewrite the feasible region F as
F={z:9(2) €Q}

where ¢(2) = (g(2),h(2),G(2), H(2)) and Q = R x {0} x Q with Q := {(x,y) :
0 <z Ly >0}. Since the error bound constraint qualification at z* is equivalent
to the calmness of the set-valued map F(«, S, u,v) at (0,2*), using the recent

result of Toffe and Outrata [11, Proposition 3.4], we obtain

N (2% F) C{Ve(z")Ty* 1 y* € N(p(z%); Q)}.

Since
N(p(2");Q) = N(g(2"); RY) x R x N(G(2"), H(2"); Q)
and
A =0 ifiexy
N(G(z*), H(z*); Q) = ¢ \E, AT . A =9 ifi€a

either A > 0, 7 > 0or AN =0 ifiep

(see e.g. [26, Proposition 3.7]), the desired assertion follows.
(IIT) By virtue of [34, Theorem 1.3], treating the problem (MPEC) as the

following optimization problem with an abstract constraint set:

min f(z) st.zeF
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we conclude that there exists a unit vector A € Ny (f(2*);1(f(z*))) such that
0 € I\, )(=") + N(* F).

If MPEC LICQ holds at z* then by Proposition 2.2, we conclude that z* is S-
stationary.

(IV) Tt is easy to see that for each partition (P, Q) of the index set 3, z* is a
local solution of the subproblem MPECp_q. Hence if either MPEC linear CQ or
MPEC piecewise MFCQ holds at z*, then z* is P-stationary.

|

3 The KKT approach

If it works, the KKT approach provides a simple characterization of optimality
for BLPP. However as it is discussed in the introduction, the KKT approach
may be misleading if it is not used properly. In this section we try to explore
the possibility of using the KKT approach to solve BLPPs. The following result
provides a relationship between local solutions of (BLPP) and (KP).

Proposition 3.1 Let (z,7) be a solution of (BLPP) on U(Z,y) where U(Z,y) is a
neighborhood of (z,y). Suppose that for each (z,y) € U(Z,y), the KKT condition
1s necessary and sufficient for y to be a global optimal solution of the lower level

problem (Py) and 4 is a corresponding multiplier associated with (Z,7), i.e.,
Vyf(fyg) + avyg(jvg) = 07ﬂ Z 07 (g(fa y)vﬂ‘> = Oa

where uVyg(z,y) == Y0, u;Vygi(z,y). Then (z,y,u) is a local optimal solution
(on U(Z,y) X RP) of the following one level multiobjective optimization problem

where the lower level problem has been replaced by its KKT conditions:
(KP) min  F(z,y)
st.  Vyf(z,y)+uVyg(z,y) =0,
9(z,y) <0, u=0, (g(z,y),u)=0,
G(z,y) <O0.

Conversely, suppose that (Z,y, ) is a local optimal solution to (KP) restricting on
U(z,y) x RP, the KKT condition is necessary and sufficient for y to be a global
optimal solution of the lower level problem (Pz) and the KKT condition holds at
each y € S(x) for all (x,y) € U(Z,y). Then (z,7) is a local solution of (BLPP).

Proof. Let (Z,y) be an optimal solution to (BLPP) restricting on B(Z, ). Then
7 must be a global optimal solution of the lower level problem Pz. By the assump-

tion, the KKT condition holds and @ is a corresponding multiplier. Hence (z, 7, )
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is a feasible solution to problem (KP). To show that (z,y,u) is a local optimal
solution of (KP), it suffices to show that there is no other feasible point (z,y,u)
of (KP) on U(z,y) x RP such that

F(z,y) < F(z,7). (6)

We show this by contradiction. Suppose that there is a feasible point (z,y,u) of
(KP) on U(Z,y) x RP such that (6) holds. Then by the assumption, y must be a
global optimal solution of P, and hence (z,y) is obviously a feasible solution of the
(BLPP), this contradicts to the fact that (Z,%) is an optimal solution to (BLPP)
on U(Z,y).

Conversely, suppose that (Z, g, @) is an optimal solution to (KP) on U(Z, §) x RP.
Then there is no other feasible solution (z,y,u) which lies in U(Z,y) x RP such

that
F(z,y) < F(z,9). (7)

We now prove that (z,y) is an optimal solution to (BLPP) on U(z,y) by contra-
diction. First by the assumption, the KKT condition is necessary and sufficient
for § to be a global optimal solution of the lower level problem P;. Consequently
y € S(7) and hence (7, y) is a feasible solution to (BLPP). Now suppose that (z, y)
is not an optimal solution of (BLPP) on U(Z, y). Then there exists (x,y), a feasible
solution of (BLPP) on U(Z,y), such that (7) holds. But by the assumption, the
KKT condition holds at (z,y) which means that there exists u such that (z,y,u)
is a feasible solution of problem (KP). This contradicts the optimality of (z, g, @).

|

Remark 3.1 (i) Note that the converse statement of Proposition 3.1 is not the
same as saying that the (z,y) component of a local solution of (KP) must
be a local solution of (BLPP) since (Z,y,u) is required to be a local optimal
solution to (KP) locally for (x,y) but globally for all u component. In fact,
Dutta and Dempe [8, Example 3.1] have given an example for which the (z,y)
component of a local solution of (KP) is not a local solution of (BLPP) which
has a convex lower level problem. Moreover they showed that LICQ of the
lower level problem is not a generic condition and hence this situation is not
just an exception. Actually the converse statement of Proposition 3.1 for the
case of a single objective bilevel program with convex lower level problem and

the Slater condition was given by Dutta and Dempe in [8, Theorem 3.2].

(ii) Although it is obvious that for the case where the lower level problem is convex
and the Slater condition holds for Pz, the KKT condition is necessary and
sufficient for all lower level problems near the optimal solution. There are

a few more situations where this condition holds for not necessarily convex
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lower level problems; for example when the lower level problem is gemeral-
ized convex, i.e. when f(x,-) is differentiable pseudoconver function, g;(x,-)
are differentiable quasiconvex functions and certain constraint qualification
1s satisfied for all lower level problems mear the optimal solution; another
case when this happens is when ALL lower level problems near the optimal

solution have a unique KKT point and the optimal solution exists.

Given a feasible vector (Z, ¥y, @) in the feasible region of (K P). We define the

following index sets:

Ig = Ia(z,y) = {i:Gi(z,y) =0}
I =L(z,y9,u) = {i:9(z,y)=01u >0}
Iy =1(z,5,u) = {i:gi(z,9) <0,u; =0}
Iy =I(z,9,u) = {i:gi(Z,y)=0,1u =0}

Definition 3.1 (Stationary conditions for (KP)) Let (z,y,u) be a feasible
solution to (KP). We say that (Z,y,u) is a C-stationary point if there exists a
unit vector \ € Ny (F(z,9);1(F(z,9))) and up > 0,5 € R™,n9 € RP,n“ € R? such
that

0 € 9\ F)z,y)

V(Vyf+aVyg)(z,9)" 8+ Ve(z,9) n? + VG(z,9) n°, (8)
e >0 iclg, nf =0 idlg, (9)
nl =0 iel,, (Vyg(@,9)pB)i=0 iely, (10)

i (Vyg(z,9) 8)i >0 i€l
We say that (Z,y,u) is a M-stationary point if there exist a unit vector \ €
N (F(z,9);(F(z,y))) and u > 0,8 € R™ n9 € RP,n“ € RY such that (8)-(10)
and the following condition holds:

either ny > 0,(Vy9(z,5)8)i > 0 or n!(Vy9(z,5)B)i =0 i€ Io.

We say that (z,y,u) is a S-stationary point if there exist a unit vector A €
Ny (F(z,9);(F(z,9))) and p > 0,8 € R™,n9 € RP,n“ € RY such that (8)-(10)

and the following condition holds:

We say that (Z,y,u) is a P-stationary point if for each partition of the index set
Iy into P,Q, there exist a unit vector A € N4 (F(Z,y);l1(F(z,y))) and p > 0,8 €
R™ n9 € RP,n% € R? such that (8)-(10) and the following condition holds:

>0 i€P, (Vyg(xy)B)i>0 icQ.
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Theorem 3.1 Let (Z,y) be a local optimal solution of (BLPP). Assume that F is
Lipschitz continuous, G is C* and f, g are twice continuously differentiable around
(Z,y). Further assume that for each (x,y) which is sufficiently close to (Z,y), the
KKT condition is necessary and sufficient for y to be a global optimal of P, and

@ is a corresponding multiplier associated with (Z,7).
(I) (z,y,u) is a C-stationary point if there is no nonzero vector f € R™,n9 €
RP,n% € RY such that
0=V(Vyf+aVy9)(z,9)" 5+ Vg(z,5) 1’ + VG(z,5)
ne >0 i€lgn=0 i¢lg,
=0 i€ly, (Vyg(z,9)8)i=0 i€l
1 (Vyg(Z,9)B)i 2 0 i € Io.
(I1) (z,9,u) is a M-stationary point if one of the following constraint qualifica-
tions holds:

(i) There is no nonzero vector B € R™,nm9 € RP,n® € RY such that

0= V(Vyf+aVyg)(z9)" 8+ Ve(z,5)" 0 + VG(z,9) 1,

ng >0 ielg, =0 idle,

m =0 i€l, (Vyg(z,9)8)i=0 i€l

either nf >0, (Vy9(Z,9)8)i >0 orn!(Vyg(z,9)3)i =0 i€ I.

(ii) Vyf,9,G are affine mappings;
(iii) The error bound constraint qualification holds for (KP) at (Z,y,u);

(iv) There is no inequality constraint G(x,y) < 0. Furthermore the second
order sufficient condition hold for the lower level problem Pz at y, i.e.,
for any nonzero v such that

)T

vygi(i'?g v = 07 1€ I+7 vygi(jag)TU < 07 (XS IO

(v, (V5f(@,9) +uVig(z,9))v) > 0.
(III) (z,y,u) is a S-stationary point if MPEC LICQ holds for KP.
IV) (z,y,u) is a P-stationary point if either V, f, g, G are affine or MPEC piece-
y
wise MFCQ holds for KP.

Proof. By virtue of Proposition 3.1, under the assumptions of the theorem,
(z,y,u) is alocal optimal solution of (KP). Since (KP) is a MPEC, (I), (II)(i)(i1)(iii),
(III) and (IV) follow immediately from applying (I), (II)(i)(ii)(iii), (III) and (IV)

of Theorem 2.1 to the problem (KP) respectively. It now remains to show that
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(IT) (iv) implies the error bound constraint qualfication in (II)(iii). Indeed the im-
plication of (II)(iv) to the error bound constraint qualfication in (II)(ii) follows
from the error bound result of Hager and Gowda [10, Lemma 2].

|

4 Combined MPEC and the value function
approach

Unfortunately as we demonstrate in the introduction section by using the example
(P), optimal solutions of many nonconvez bilevel programming problems where the
lower level problem is not convex do not satisfy the KKT conditions derived by
using either the KKT approach or the value function approach (see more examples
in [32]). According to Proposition 3.1, even when the lower level problem is convex,
the KKT condition is still required to hold for ALL points near the optimal solution
for the KKT approach to work.
As proposed in [32] we should consider the following combined problem:

(CP) min  F(z,y)

x7y7u

st flzy)—V(z) <0, (11)
Vyf(@,y) +uVyg(z,y) =0,
9(z,y) <0, u=>0, (g9(z,y),u) =0,
G(z,y) <0,

The relationship of (CP) and (BLPP) is given in the following proposition.
Note that using the combined problem, the KKT condition is only required to
hold at the optimal solution (Z, 7).

Proposition 4.1 Let (z,y) be a local (global) optimal solution to (BLPP). Sup-
pose that at g, the KKT condition holds for the lower level problem Pz. Then there
exists u such that (z,y,u) is a local (global) optimal solution of (CP). Conversely,
suppose that (Z,y,u) is an optimal solution to (CP) restricting on U(Z,y) x RP
where U(z,y) is a neighbourhood of (z,y) and the KKT condition holds aty € S(z)
for lower level problem P, for all (x,y) in U(Z,y), then (Z,y) is a local solution
of (BLPP).

Proof. Let (Z,y) be a local optimal solution to (BLPP). Then § must be a global
optimal solution of the lower level problem FP;. By the assumption, the KKT

condition holds, i.e., there exists a multiplier @ such that

p
0=V, f(Z,9) + > u:iVyg(Z,7),
=1
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p
>0, ugi(z,7) = 0.
i=1

Therefore (Z,y,u) is a feasible solution to problem (CP). To show that (z,y,u) is
a local optimal solution of (CP), it suffices to show that there is no other feasible

point (z,y,u) of (CP) in a neighborhood of (Z, 7, @) such that
F(z,y) < F(2,9). (12)

We show this by contradiction. Suppose that there is a feasible point (z,y,u) of
(CP) in a neighborhood of (Z,y,u) such that (12) holds. Then since the (z,y)
components of the vector (x,y,u) is obviously a feasible solution of the (BLPP),
this contradicts to the fact that (z,y) is a local optimal solution to (BLPP).
Conversely, suppose that (z, 7, @) is an optimal solution to (CP) on U(z, y) x RP.
Then there is no other feasible solution (x,y,u) which lies in U(Z,y) x RP such
that
F(z,y) < F(z,7). (13)

We now prove that (z,y) is an optimal solution to (BLPP) on U(z,y). To the
contrary, suppose that (Z,y) is not an optimal solution of (BLPP) on U(z,7).
Then there exists (x,y), a feasible solution of (BLPP) on U(Z, %), such that (13)
holds. But by the assumption, the KKT condition holds at (z,y) which means
that there exists u such that (x,y,u) is a feasible solution of problem (CP). This
contradicts the optimality of (z,y, ).
|
Suppose that the value function V' (z) is Lipschitz continuous near the optimal
solution then the problem (CP) is a MPEC with continuously differentiable and
Lipschitz continuous problem data. However due to the value function constraint
(11), we can argue as in [32, Proposition 1.3] that the usual MPEC constraint
qualifications such as MPEC LICQ and MPEC piecewise MFCQ will never hold.
Since the value function is usually not linear, the MPEC linear CQ is unlikely
to hold as well. We extend the following partial calmness condition for (CP)

introduced in [32] to the multiobjective case.

Definition 4.1 (Partial calmness for (CP)) Let (z,y,u) be a local solution of
(CP) with W = RN. We say that (CP) is partially calm at (Z,7,) if there exists
w > 0 such that (Z,y,u) is a local solution of the following partially penalized

problem:

(CP), min  F(z,y) + pu(f(z,y) — V()

s.t. Vyf(z,y) +uVyg(z,y) =0, (14)
u>0, g(z,y) <0, (g9(z,y),u) =0
G(z,y) <0,
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where F(z,y) + u(f(z,y) — V(z)) denote the vector in W = RN with the ith
component equal to Fi(z,y) + p(f(z,y) — V(z)).

Definition 4.2 (Stationary conditions for (CP) based on the value function)
Let (Z,9,u) be a feasible solution to (CP) with W = RN. Suppose that F,G are

Cl and f,g are C? around (z,7). We say that (z,i,u) is a C-stationary point
based on the value function if there exists a unit vector A € Ny (F(z,5); 1(F(z,7)))

and 1> 0,8 € R™,n9 € RP,n% € RY such that

N
0€ S NVE @)+ ulVF(z.5) — 0V (@) x {0)]

=1
+V(Vyf +aVy9) (@, )" B+ Ve(z,9)"n? + VG(z,9)"n",  (15)
>0 i€lg, nf =0 i¢lg, (16)
nl =0 iel,, (Vyg(z,9)B)i=0 iely, (17)

nd(Vy9(Z,9)8)i >0 i€ I.

We say that (Z,y,u) is a M-stationary point based on the value function if there
exist a unit vector \ € Ny (F(z,9);1(F(Z,9))) and u > 0,8 € R™,n9 € RP,n% €
RY such that (15)-(17) and the following condition holds:

either nf >0, (Vyg(z,9)8)i > 0 or nf(Vyg(z,9)B8);i =0 i€ I.

We say that (Z,y,u) is a S-stationary point based on the value function if there
exist a unit vector \ € Ny (F(z,9);1(F(Z,9))) and u > 0,8 € R™,n9 € RP,n% €
R? such that (15)-(17) and the following condition holds:

n! >0, (Vyg(z,9)8)i >0 i€l

We say that (T, 7, u) is a P-stationary point based on the value function if for each

partition of the index set Iy into P,(Q), there exist a unit vector
A € No(F(z,5); U(F(z,7)))
and p > 0,8 € R™n9 € RP.n® € RI such that (15)-(17) and the following
condition holds:
N} 20 i€l (Vyg(Z,9)8)i 20 i€Q.

According to Proposition 4.1, similarly as in the proof of Theorem 3.1 we may

apply Theorem 2.1 to the problem ((CP)), and obtain the following results.

Theorem 4.1 Let (Z,7) be a local solution to (BLPP) with W = RN. Suppose
that F,G are C* and f,g are C? around (z,%). Suppose that at y, the KKT
condition holds for the lower level problem Pz and u is a corresponding multiplier.
Moreover suppose that the value function V(x) is Lipschitz continuous near T and

(CP) is partially calm at (T,y,u).
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(I) (z,y,u) is a C-stationary point based on the value function if there is no nonzero
vector § € R™,n9 € RP,n% € RY such that

0=V(Vyf+aVyg) (@, 5" B+ V5" + VG5 ",
>0 ielgn=0 i¢lg,

nl =0 i€, (Vy(z,9)8)i=0 icly,

! (Vy9(Z,9)8)i >0 i€ I

(I1) (z,y,u) is a M-stationary point based on the value function if one of the fol-

lowing constraint qualifications holds:

(i) There is no nonzero vector 3 € R™,n9 € RP,n® € RY such that
0= V(Vyf +aVyg)(z,9)" 8+ Vg(@,9) 1 + VG(z,5) 7,
020 ielgnf =0 i¢lg,
m =0 i€, (Vyg(z,9)8)i=0 i€l
either n! >0, (Vy9(2,9)B)i >0 or n!(Vyg(z,7)B)i =0 i € Ip;

(ii) Vyf,9,G are affine mappings;
(i) The error bound constraint qualification holds for (CP), at (Z,y,u);

(iv) There is no inequality constraint G(x,y) < 0 and the second order sufficient
condition holds for the lower level problem Pz at ¥y, i.e., for any nonzero v
such that

Vy0i(Z,5) v =0, i€ Iy, V,u0z9"v<0,icl

(v, (Vf(2,9) + uVig(z,5))v) > 0.
(ITI) (z,y,u) is a S-stationary point based on the value function if MPEC LICQ
holds for (CP),,.

(IV) (z,y,u) is a P-stationary point if either Vy f, g, G are affine or MPEC piece-
wise MFCQ holds for (CP),.

In what follows we give some sufficient conditions for partial calmness of the prob-
lem (CP) to hold. First we apply an error bound result from [24, Theorem 4.2] to

obtain the following result.

Lemma 4.1 Let F and F denote the feasible regions of the problem CP, and
(CP) respectively. If for some ¢ > 0,e > 0 and each (x,y) € F such that 0 <
f(z,y) = V(z) <e, there exists a unit vector (dy,dy,d,) which lies in the tangent
cone of F at (x,y,u) such that

Vf(x,y)T(dx,dy) -V (x§ da:) < _Cilv
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then

d((z,y,u), F) < c(f(z,y)—V(x)) V(z,y,u) € F such that 0 < f(z,y)—V(z) <e,
(18)
where

, —_—
V7 (z;dy) = liminf Vie +td) = V(z)
d'—dy ,t 10 t

is the lower Dini derivative of V' at x in direction d.

Proposition 4.2 Assume that (Z,7,) is a local solution of (CP) with W = RN
and the preference < defined by the weak Pareto. Furthermore suppose that for
some ¢ > 0,e > 0 and each (z,y) € F such that 0 < f(x,y) — V(z) < ¢, there
exists a unit vector (dg, dy, d,,) which lies in the tangent cone of F at (x,y,u) such
that

V(@) (e, dy) = V7 (@dy) < =7
Then (CP) is partially calm at (%,y,u) with p = Lpc where Lp is the Lipschitz

constant of F.

Proof. To the contrary, suppose that (Z,y, @) is not a local solution of C'P, with
1= Lpc. Then for all € > 0, there is (z,y,u) € F N B((Z,§,),¢) such that

Let (Z,9, @) be the projection of (z,y,u) to F, i.e., (Z,y,u) € F and
d((xayvu)1f> = ”(.%',y,U) - (@@7»@”

By Lemma 4.1, we can choose € > 0 small enough such that the local error bound
(18) holds and F is Lipschitz. Then

F(z,9) < F(z,y)+ Lr|(z,y) — (Z,9)| by Lipschitz continuity of F'
< F(zy)+ Lel(z,y,u) — (2,9, 4)|]
< F(z,y)+ Lpc(f(z,y) —V(x)) by local error bound (18)
< F(z,7).
But this contradicts to the fact that (z,y, @) is a local solution of (CP). [

It can be shown easily that the linearization cone of the feasible region of (C'P,)

can be described as follows:
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Definition 4.3 (linearization cone) Let F denote the feasible region of the prob-

lem CP,. The linearization cone of]t" at (z,y,u) is the cone defined by

V(Vyf +aVyg)(@,5)"d+ Vyg(z,5) v =0
VGi(z,)Td<0 iclg

— (dv ’U)

ﬁ((j7gvﬂ)7f) = c Rn+m < RP : v.gz(i‘7g)Td:0 (&S I—‘r
v; =0 1€ 1,

Voi(Z,9)Td<0,v0,>0 i€l

Since the feasible region of a MPEC may be nonconvex, it is unreasonable to
expect that the usual linearization cone of the feasible region F is equal to the
tangent cone of the feasible region F. However in the MPEC literature, it is known
that under weak assumptions, the MPEC linearization cone defined as follows is
equal to the tangent cone of the feasible region. When the tangent cone is equal to
the MPEC linearization cone it is said that MPEC Abadie constraint qualification
holds. The reader is referred to Ye [28] for sufficient conditions for MPEC Abadie

constraint qualification to hold.

Definition 4.4 (MPEC linearization cone) The MPEC linearization cone of
F at (Z,7,0) is the cone defined by
LMPEC (2, 5,); F)
V(Vyf +uVyg)(z, g)Td + Vyg(, g)TU =0
VGi(z,5)Td <0 iclg
(d,v) C Vai(@g)td=0  iel;
ERYM xR ;=0 i€l
{ Vgi(z,9)'d-v; =0

iel
Vgi(z,5)Td <0 ,v; >0 0

Theorem 4.2 Let (Z,9) be a local solution to (BLPP) with W = RN . Suppose
that F,G are C' and f,g are C? around (,7). Suppose that at y, the KKT
condition holds for the lower level problem Pz and u s a corresponding multiplier.

Moreover suppose that the value function V(x) is Lipschitz continuous near .
If for some pu > 0 there is no (d,v) € LMPEC((&,5,u); F) such that

[F'+ u(f = V)I*((7,9);d) <0 (19)

where [F + u(f — V)]°((Z,y);d) denotes the vector with the ith component equal
to [F; + u(f —V)]°((z,y);d), then (Z,y,u) is a M- and P-stationary point based
on the value function.

If for some > 0 there is no (d,v) € L((Z,7,u); F) such that

[F'+ u(f = V)I°((7,9);d) <0 (20)

then (Z,y,u) is a S-stationary point based on the value function.
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Proof. By (19), (d,v) = (0,v) is an optimal solution to the following linearized

problem:

glﬂvr; O(d) := [F + pu(f = V)I°((7,79);d)

st. V(Vyuf +aVye) (@9 d+ Vyg(z,9) v=0,
VGi(z,)Td<0 ielg,
Vei(z,5)'d=0 iely,
v;i=0 i€l

{ Vyi(z,y)Td-v; =0,

1€ 1. 21
Vgi(a_c,ﬂ)Td <0,v; >0 0 ( )

The objective function of the above problem is nonsmooth and convex and the
constraint functions are all linear in variable (d,v). Hence the MPEC linear CQ
holds. Applying Theorem 2.1, we conclude that there exist a unit vector A €
N (F(z,5);1(F(z,y))), multipliers 8 € R™,n9 € RP,n% € RY,n* € RP such that
0 € O(X, ®)(0) + V(Vy f +uVyg)(z,9)" B+ Vg(z,5) 1’ + VG(z,9) n°,
0= Vyg<j77 g)ﬁ - nua
e >0 ielg, n¢=0 id¢lg,
=0 i€l, n'=0 i€l
either ! > 0n' >0 or nin' =0 i€ I.
By the calculus rules for Clarke generalized gradients in Proposition 2.1, one has
0°9;(0) < VFi(z,y) + p{Vf(z,y) — V() x {0}}.
Hence we have by Proposition 2.1 that

(N, @)(0) C 0%\, 2)(0)

C Z X:0°®;(0)
=1

C f:)\iVFi(:z,gj) + p{Vf(z,y) —0V(z) x {0}}.

i=1
The conclusion that (z,y,u) is a M-stationary point based on the value function
follows from replacing n* by V,g(Z,y)s. Similarly we can prove that (z,y,a) is a
P-stationary point based on the value function.
Now suppose that (20) holds. Then (d,v) = (0,v) is an optimal solution to the
following linearized problem:

min O(d) := F((z,7):d)
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st. V(Vyf +aVyg) (@9 d+ V92,5 v=0,
VGi(z,)Td<0 ielg,
Vei(z,9)"d=0 iely,
v; =0 i€l

Vgi(i,g)Td <0,v;, >0 1€l

The above problem is a multiobjective optimization problem with linear con-
straints. The conclusion that (Z,y,u) is a S-stationary point based on the value
function follows from applying Theorem 2.1 to the above optimization problem. H

The necessary optimality conditions obtained in Theorem 4.2 involve the Clarke
generalized directional derivative and the Clarke generalized gradient of the value
function and V() is required to be Lipschitz continuous. Let x € R™. For any
y € S(z) we denote the set of KKT multipliers for the lower level problem P, at

y as follows:

M (z,y) = {u c pr. 0= Vol (@ y) + 30, wiVygi(z,y), } .

uw> 0,3 uigi(z,y) =0

Recall that a set-valued map Y is called uniformly bounded around Z if there

exists a neighburhood U of Z such that the set U Y (x) is bounded. The following

zelU
result can be found in Gauvin and Dubeau [9] (which is a special case of Clarke

[3, Theorem 6.5.2]).

Proposition 4.3 Assume that the set-valued map Y (z) := {y € R™ : g(x,y) <0}
is uniformly bounded around Z. Suppose that MFCQ holds at y' for all y' € S(Z).

Then the value function V (x) is Lipschitz continuous near T and
oV (z) C coW(x)
where
W(z) = {Vaf(2,y) + 0/ Vag(z,) 1y € S(2),u' € M (z,y)}.  (22)

In some practical circumstance, calculating the Clarke generalized gradients may
be difficult or impossible. We now introduce two new conditions under which our
new necessary optimality conditions hold. Our new conditions do not involve either
the Clarke generalized directional derivative or the Clarke generalized gradient of

the value function.

Definition 4.5 Given a feasible vector (Z,y,u) of (CP,). Suppose that the pref-
erence is in the weak Pareto sense. That is W = RN and K = {z € RV :
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z has nonpositive components}. We say that (CP) is MPEC-weakly calm at (Z,y, )
with modulus 11 if there is no (d,v) € LYPEC((z, 5, 4); F) such that

_ = T, .
VF(z,y) +pVf(z,9)] d Hmin Sdv <0 (23)

We say that (CP) is weakly calm at (Z,y,u) with modulus p if there is no (d,v) €
L((z,7,a); F) such that

[VF(2,9) + pV f(@9)] d—p (in €z < 0. (24)
Since

—V)°(z;dx) = max dr} < max {&dx} = max {—&dx} =— min {&dx},
(V) (@3de) = jmax  {de} < max {Ldr} Eew(j){ {de} = — min {¢dr}
the MPEC-weakly calmness condition and the weakly calmness condition are

weaker than the condition (19) and (20) respectively.

Theorem 4.3 Let (Z,9) be a local solution to (BLPP) with W = RN . Suppose
that F,G are C* and f,g are C? around (z,7). Suppose that at y, the KKT
condition holds for the lower level problem Pz and u is a corresponding multiplier.
Moreover suppose that the set W(Z) as defined in (22) is nonempty and compact.
If (CP) is MPEC-weakly calm at (Z,y,u) with modulus pn > 0 then there ex-
ist \i > 0,0 = 1,...,N, SN, N = Lol > 0,5 ot = 1,4 € S(z),u" €
MY(z,y"),i=1,2,...,n+1, and B € R™,n9 € RP,n“ € R? such that

n+1
O—ZAV Fy(z +MZ (Vof (2,9) — Vo f (2,9") — u'Vag(2,9"))
=1
+Vo(Vy f +uVy9)(Z, @)Tﬂ + Va9(2,9) 0! + V.G(z,9) 0, (25)
N
0="> ANVyFi(z,9) + uVyf(z.7)
=1
+Vy(Vyf +0Vy9)(Z,9)" B+ Vyg(, 5)" 0 + V,G(z,9) n°, (26)
>0 ielgn =0 i¢lg, (27)
Uf = 1€ I’ua (Vyg(i‘ag)/ﬁ)l =0 i¢ I+7 (28)

either n{ >0, (Vyg(z,9)B)i >0 or n(Vyg(z,9)B)i =0 i€ I.

Also for each partition of the index set Iy into P, Q there exist \; > 0,i=1,..., N
fil Ni=1,0"> O,Z?;ll ol =1,y € S(z),u* € MY(z,y"),i=1,2,...,n+1, and
B e R™nd € RP, 0% € R? such that (25)-(28)and the following condition hold:

n! >0, i€ P, (Vyg(z,9)3)i >0 icQ.
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If (CP) is weakly calm with modulus p > 0 at (Z,y,u) then there exist \; >
0,i=1,....,N TN, N =10 >0, o =1,y € S(&),u' € MY(T,y"),i =
1,2,...,n+1, and B € R™,n9 € RP,n“ € RY such that (25)-(28) holds and

Proof. Suppose that (CP) is MPEC-weakly calm. Then (23) holds at (z,y,u)
for some p > 0. Therefore (d,v) = (0,v) is an optimal solution to the following

linearized problem:

min x,y,d
min o(z,y,d)

st V(Vyf +uaVyg)(z,9)"d+ Vyg(z,79) v =0,
VGi(z,5)d<0 i€ lg,
Vgi(z,9)"d=0 il

vi=0 t€l,

v 7 _7 y Td Uy — 0
g (:f %)T " (&S IO> (29)
Vgi(z,y)"d<0,v;, >0
where
pi(z,y,d) = [VF(2,5) + pV f(2,9)"d - p_min " da.
£ew (z)
Let ¢(z) = gr{/lii/?ﬁTz. Since the set W(z) is assumed to be nonempty and
ew(z

compact, by Danskin’s theorem one has 0¢(0) = coW (z). Therefore by Proposition
2.1

0% (Z,y,0) C VEi(z,9) + p[Vf(z,g) — coW(z) x {0}].

By Carathéodory’s theorem, the convex set coW () C R™ can be represented by

not more than n + 1 elements at a time. Therefore

W) = Z?:ll (Ve f(Z,y) +u'Veg(z,y%)) . ¥ € S(z),u’ € MY(z,y"),
coW(z) = @ >0, " ol = 1

As in the proof of Theorem 4.2, the desired result follows in applying Theorem 2.1

and we omit the proof. [ ]

Remark 4.1 (i) A sufficient but not necessary condition for the set W(Z) to be
nonempty and compact is that the MFCQ holds at every optimal solution of the
lower level problem Py and the set-valued map Y (z) := {y € R™ : g(z,y) < 0} is
uniformly bounded around T.

(i) The new M, S or P type optimality conditions obtained in Theorem 4.3 are

in general weaker than the M-, S- or P-stationary conditions based on the value
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function defined as in Definition 4.2 respectively since by the sensitivity of the

value function
0°V(z) C coWW (). (30)

However they are the most suitable surrogates for the C-, M-, S- or P-stationary

conditions since the equality in (30) holds under certain conditions.
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