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Abstract. CG, SYMMLQ, and MINRES are Krylov subspace methods for solving symmetric
systems of linear equations. When these methods are applied to an incompatible system (that is,
a singular symmetric least-squares problem), CG could break down and SYMMLQ’s solution could
explode, while MINRES would give a least-squares solution but not necessarily the minimum-length
(pseudoinverse) solution. This understanding motivates us to design a MINRES-like algorithm to
compute minimum-length solutions to singular symmetric systems.

MINRES uses QR factors of the tridiagonal matrix from the Lanczos process (where R is upper-
tridiagonal). MINRES-QLP uses a QLP decomposition (where rotations on the right reduce R to
lower-tridiagonal form). On ill-conditioned systems (singular or not), MINRES-QLP can give more
accurate solutions than MINRES. We derive preconditioned MINRES-QLP, new stopping rules, and
better estimates of the solution and residual norms, the matrix norm, and the condition number.
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1. Introduction. We are concerned with iterative methods for solving a sym-
metric linear system Az = b or the related least-squares (LS) problem

min ||z||2 s.t. « € argmin ||Az — b2, (1.1)
x

where A € R™*™ is symmetric and possibly singular, b € R", A # 0, and b # 0. Most
of the results in our discussion are directly extendable to problems with complex
Hermitian matrices A and complex vectors b.

The solution of (1.1), called the minimum-length or pseudoinverse solution [18],
is formally given by x7 = (ATA)TATh = (A2%)TAb = (AT)2Ab, where AT denotes the
pseudoinverse of A. The pseudoinverse is continuous under perturbations E for which
rank (A + E) = rank (A) [49], and 2T is continuous under the same condition. Problem
(1.1) is then well-posed [19].

Let A = UAUT be an eigenvalue decomposition of A, with U orthogonal and
A = diag()1, ..., Ay). We define the condition number of A to be k(A) = —2x/Ail

miny, Al
and we say that A is ill-conditioned if x(A) > 1. Hence a singular matrix could be
well-conditioned or ill-conditioned.
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SYMMLQ and MINRES [39] are Krylov subspace methods for solving symmetric
indefinite systems Ax = b. SYMMLQ is reliable on compatible systems even if A is
ill-conditioned or singular, while on (singular) incompatible problems its iterates xy,
diverge to a multiple of a nullvector of A [10, Proposition 2.15] and [10, Lemma 2.17].
MINRES seems more desirable to users because its residual norms are monotonically
decreasing. On singular compatible systems, MINRES returns z' (see Theorem 3.1).
On singular incompatible systems, MINRES is reliable if terminated with a suitable
stopping rule involving ||Arg|| (see Lemma 3.3), but the solution will not be .

Here we develop a new solver of this type named MINRES-QLP [10]. The aim
is to deal reliably with compatible or incompatible systems and to return the unique
solution of (1.1). We give theoretical reasons why MINRES-QLP improves the accuracy
of MINRES on ill-conditioned systems, and illustrate with numerical examples.

Incompatible symmetric systems could arise from discretized semidefinite Neu-
mann boundary value problems [27, section 4], and from any other singular systems
involving measurement errors in b. Another potential application is large symmetric
indefinite low-rank Toeplitz LS problems as described in [16, section 4.1].

1.1. Notation. The letters 4, j, k denote integer indices, ¢ and s cosine and sine
of some angle 6, e; the kth unit vector, e a vector of all ones, and other lower-case
letters such as b, u, and x (possibly with integer subscripts) denote column vectors.
Upper-case letters A, Ty, Vi, ... denote matrices, and Iy is the identity matrix of
order k. Lower-case Greek letters denote scalars; in particular, e ~ 1076 denotes the
floating-point precision. If a quantity J; is modified one or more times, we denote its
values by 0y, 5122)’ 5,(3), .... The symbol || - || denotes the 2-norm of a vector or matrix.
For an incompatible system, Ax = b is shorthand for the LS problem min, ||Az — b|.

1.2. Overview. In sections 2—4 we briefly review the Lanczos process, MINRES,
and QLP decomposition before introducing MINRES-QLP in section 5. We derive
norm estimates in section 6 and preconditioned MINRES-QLP in section 7. Numerical
experiments are described in section 8.

2. The Lanczos process. Given A and b, the Lanczos process [30] computes
vectors vy and tridiagonal matrices T}, according to vg = 0, S1v; = b, and then'

i = Avg, o = VP, Br+1Vk+1 = Pk — QxVE — PrUg—1
for k=1,2,...,¢, where we choose S > 0 to give |Jvg|]| = 1. In matrix form,
a1 B2
e 7 [ | e
AVk:Vk 1Tk, TkE . . E|: :|, VkE v o VUi 2.1
e =R : Bk 5k+1€£
Br ok
Br+1

In exact arithmetic, the columns of Vj are orthonormal and the process stops with
k= ¢ and Byy1 = 0 for some ¢ < n, and then AV, = V,;T;. For derivation purposes
we assume that this happens, though in practice it is unlikely unless Vj is reorthog-
onalized for each k. In any case, (2.1) holds to machine precision and the computed
vectors satisfy [|Vi[[1 = 1 (even if k> n).

INumerically, py, = Avy, — Brvp_1, o = vapk, Br+1Vk+1 = Pk — oy is slightly better [38].
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2.1. Properties of the Lanczos process. The kth Krylov subspace generated
by A and b is defined to be Ky (A, b) = span{b, Ab, A%b, ..., A¥~1b} = span(V}). The
following properties should be kept in mind:

1. If A is changed to A— o1 for some scalar shift o, Ty, becomes T — ol and V}, is
unaltered, showing that singular systems are commonplace. Shifted problems
appear in inverse iteration or Rayleigh quotient iteration.

2. T}, has full column rank k for all k£ < £.

3. If A is indefinite, some T} might be singular for k& < ¢, but then by the Sturm
sequence property (see [18]), Ty, has exactly one zero eigenvalue and the strict
interlacing property implies that Ti11 are nonsingular. Hence T} cannot be
singular twice in a row (whether A is singular or not).

4. Ty is nonsingular if and only if b € range(A). (See appendix A.)

3. MINRES. Algorithm MINRES [39] is a natural way of using the Lanczos
process to solve Az = b or min, ||Ax — bl|. For k < ¢, if xp, = Vi for some vector yy,
the associated residual is

rp =b— Az = b— AViyr = Bivi — Vip1 Ty = Vg1 (Brer — Tiyn)- (3.1)

To make 7y, small, it is clear that 1e; — T ys should be small. At this iteration k,
MINRES minimizes the residual subject to zj € Kr(A4,b) by choosing

Yy = arg min [Ty — Breq||. (3.2)
yERF

This subproblem is processed by the expanding QR factorization: Q9 = 1 and

R, tg
0 ¢k

where ¢, and s;, form the Householder reflector Q1 +1 that annihilates 841 in T} to
give upper-tridiagonal Ry, with Ry and t; being unaltered in later iterations.

When k < ¢, the unique solution of (3.2) satisfies Rxyx = tx. Instead of solving
for yx, MINRES solves R{D,{ = VkT by forward substitution, obtaining the last column
dy, of Dy at iteration k. At the same time, it updates z; via zo = 0 and

Sk —Ck

Qk,k+15[1kl ek sk } Qr=Qk k+1 [le 1} Q[T ﬂ161]=[ } (3.3)

zr = Viyr = DRy = Dyt = xp_1 + Tedr, 71 = 6£tk. (3.4)

When k& = ¢, we can form Ty but nothing else expands. In place of (3.1) and
(3.3) we have ry = Vy(Bre1 — Tyye) and Qp—1 [Tg 6161} = [Rg tg} and it is natural
to choose y; from the subproblem

min || Tpye — Bre1]] = min||Reye — tel|- (3.5)

There are two cases to consider:

1. If T} is nonsingular, Ryy, = t; has a unique solution. Since AVyy, = ViTpy, =
b, the problem is solved by z, = Vpy, with residual r, = 0 (the system is
compatible, even if A is singular). Theorem 3.1 proves that z, = .

2. If Ty is singular, A and Ry are singular (Ry; = 0) and both Az = b and
Ryye = ty are incompatible. This case was not handled by MINRES in [39].
Theorem 3.2 proves that the MINRES point x,_1 is a least-squares solution
(but not necessarily z'). Theorem 5.1 proves that the MINRES-QLP point
Ty = ng;f = zf, where y;f is the min-length solution of (3.5).
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3.1. Further details of MINRES. To describe MINRES-QLP thoroughly, we
need further details of the MINRES QR factorization (3.3). For 1 < k < ¢,

(1 02 e 1 (71 ] i 1 |
’Y£2) 5;2) . T2 S$1C2
R S t : :
“l = S A e R (3.6)

0 . @ Pk : :
., 6k . .

A2 Tk S1° " Sg—1Ck

i 0 | | Pk |51 Sk—15k ]

(where the superscripts are defined in section 1.1). With ¢¢ = 81 > 0, the full action
of Qk, kx+1 in (3.3), including its effect on later columns of 7}, k < j < ¢, is described by

|:Ck Sk]{Vk Okt1 0 ' ¢k—1} 7,(f) 5,(321 €k+2 ’ Th (3.7)
Sk —Cr] |Bre1 art1 Brae 0 0 Ye+1 Okt2 or|’

where s, = Br+1/|[ve Br+1]ll > 0, giving 1, *y,(f) > 0 with R; nonsingular for each

j <k < {. Thus the d; in (3.4) can be found from

dy = vi/71,  da = (vg — adi) /257,
RIDT =V . dl_ 1/m @) (v2 = 0 1)/(722) . (3.8)
j = (’Uj - (5]- dj,1 - 6jdj,2>/’yj s, J= 3, .. .,k.

Also, 7, = ¢r—1c; and ¢ = dr_15; > 0. Hence from (3.1)—(3.3),
Irell = 1Ty — Breall = o = lrell = lIre—1llsk, (3.9)

which is nonincreasing and tending to zero if Az = b is compatible.
REMARK 3.1. If k < ¢ and Ty is singular, we have v, = 0, s = 1, and ||rg| =
lre—1]l (not a strict decrease), but this cannot happen twice in a row (cf. section 2.1).
REMARK 3.2. IfTy is singular, MINRES sets the last element of yy to be zero. The
final point and residual stay as xy—1 and ro—y with ||re—1|| = ¢e—1 = B181 -+ se—1 > 0.

3.2. Compatible systems. The following theorem assures us that MINRES is
a useful solver for compatible linear systems even if A is singular.

THEOREM 3.1 ([10, Theorem 2.25]). If b € range(A), the final MINRES point x;
is the minimum-length solution of Ax =b (and rg =b— Az, =0).

Proof. If b € range(A), the Lanczos process gives AV, = V, T, with nonsingular
Ty, and MINRES terminates with Axy, = b and z, = Vpy, = Aq, where ¢ = VgT[lyg.
If some other point 7 satisfies AT = b, let p = T — xy. We have Ap = 0 and
aip=q"Ap = 0. Hence ||Z|* = ||z + p|> = z¢]* + 227 p + [lp]> > ||z¢]. O

3.3. Incompatible systems. For a singular LS problem Ax ~ b, the optimal
residual vector 7 is unique, but infinitely many solutions = give that residual. In the
following example, MINRES finds a least-squares solution (with optimal residual) but
not the minimum-length solution.

EXAMPLE 3.1. Let A =diag(1,1,0) and b = e. The minimum-length solution to
Az ~bis 2t =[1 1 0] with residual 7 = b — Az’ = e3 and A7 = 0. MINRES returns
the solution z* = e (with residual v* = b — Ax* = e3 =7 and Arf =0).

THEOREM 3.2 ([10, Theorem 2.27]). If b ¢ range(A), then ||Ar—1]| = 0 and the
MINRES w1 is an LS solution (but not necessarily ' ).

Proof. Since b ¢ range(A), Ty is singular and Ry = v, = 0. By Lemma 3.3 below,
A(Azg_1 —b) = —Arp_1 = —||re—1]|7eve = 0. Thus z,_; is an LS solution. O
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3.4. Norm estimates in MINRES. For incompatible systems, 7 (3.1) will
never be zero. However, all LS solutions satisfy A%z = Ab, so that Ar = 0. We
therefore need a new stopping condition based on the size of ||Ar||. In applications
requiring nullvectors, || Az is also useful. We present efficient recurrence relations for
||Ary || and ||Azy ]| in the following Lemma, which was not considered in the framework
of MINRES when it was originally designed for nonsingular systems [39].

LEMMA 3.3 (Arg, ||Ark|l, ||Azg|| for MINRES). If k < ¢,

Ar = |7kl (Ve+1Vk+1 + OproVikr2) (where Op4ovpr2 =0 if k=0 —1),
i = 1A = llrel® (ea]® + [0r42]?)  (where Sjq0 = 0 if k= £ 1),
wi = |Azg|? = wi_y + 77, wo=0.

Proof. For k < £, Ry is nonsingular. From (3.1)-(3.4) with Ryy, = t; we have

i = Vi1QF < LZZ] - [Ifﬂ yk) = ¢k Vir1Q4 €nt1, (3.10)

T
Ary = opViroTh41Qpert1,

T Br+1ex 0

T T: T =
QrTh+1 Qk[ k+1 Bk+2€k+1} Qk L@Hleg k1 Bryzl

1 QuTeir’ = [0 Y1 Orpa),

see (3.7), where AV 11 = Vi1 Tk41 and we take dp0 =0if k=4 —1, so

T
Ary = ¢ Viya [0 Ye+1 5k+2] = ¢k (Vh+1Vk+1 + Opt2Vit2) |
02 = [ Arel2 = el (e ]® + esal?)

For the recurrence relations of Axj; and its norm, we have

R t
Ary = AViyr, = Vi1 Teyr = Vk+1Q£|: Ok]yk = Vi Qi [(];]7
wip = [Azg|? = [[tell* = [te-al® + 72 = iy + 73

O

Note that even using finite precision the expression for 17 is extremely accurate
for the versions of the Lanczos algorithm given in section 2, since (taking ||v;|| = 1
with negligible error), ||Arg||* = ¢7([Ve+1]? + 2Ve410k+201 4 1 V42 + [0r42]?), where
from (3.7) |0k+2| < Brt2, while from [38, (18)] Bria|vi, ve+2| < O(e)]|Al], and with
1] < A, see [38, (19)], we see that [y 10s207vrrel < O(E)]|AIP.

Typically ||Arg|| is not monotonic, while clearly ||r|| and ||Azk|| are monotonic.
In the eigensystem A = UAU7, let U = [U; U,|, where the eigenvectors Uy cor-
respond to nonzero eigenvalues. Then Py = U;U{ and Pj = U,U] are orthogonal
projectors [53] onto the range and nullspace of A. For general linear LS problems,
Chang et al. [7] characterize the dynamics of ||r4|| and ||AT7|| in three phases defined
in terms of the ratios among ||ry||, ||Pa7k||, and || P17/, and propose two new stop-
ping criteria for iterative solvers. The expositions [1, 26] show that these estimates
are cheaply computable in CGLS and LSQR [40, 41].
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3.5. Effects of rounding errors in MINRES. MINRES should stop if Ry is
singular (which theoretically implies k¥ = ¢ and A is singular). Singularity was not
discussed by Paige and Saunders [39], but they did raise the question: Is MINRES
stable when Ry, is ill-conditioned? Their concern was that ||Dy|| could be large in
(3.8), and there could then be cancellation in forming xy_1 + Txdg in (3.4).

Sleijpen, Van der Vorst, and Modersitzki [47] analyzed the effects of rounding
errors in MINRES and reported examples of apparent failure with a matrix of the
form A = QDQT, where D is an ill-conditioned diagonal matrix and @ involves a
single plane rotation. We were unable to reproduce MINRES’s performance on the
two examples defined in Figure 4 of their paper, but we modified the examples by using
an n X n Householder transformation for ), and then observed similar difficulties with
MINRES—see Figure 8.2. The recurred residual norm d)kM is a good approximation
to the directly computed ||7 || until the last few iterations. The recurred norms ¢
then keep decreasing but the directly computed norms [|r}|| become stagnant or even
increase (see the lower subplots in Figure 8.2).

REMARK 3.3. Note that we do want ¢y, to keep decreasing on compatible systems,
so that the test ¢ < tol(||All|lxk]l + ||bl]) with tol > e will eventually be satisfied even
if the computed ||rg|| is no longer as small as ¢y,.

The analysis in [47] focuses on the rounding errors involved in the n lower tri-
angular solves R{DT = VkT (one solve for each row of D), compared to the single
upper triangular solve Ryyx = tx (followed by zx = Viyr) that would be possible at
the final k if all of V}, were stored as in GMRES [44]. We shall see that a key feature
of MINRES-QLP is that a single lower triangular solve suffices with no need to store
Vi, much the same as in SYMMLQ.

4. Orthogonal decompositions for singular matrices. In 1999 Stewart pro-
posed the pivoted QLP decomposition [51], which is equivalent to two consecutive QR
factorizations with column interchanges, first on A, then on RT:

R S RT 0 R 0
QRAHR:|:O 0}, QL[ST O]HL:{O 0]7 (4.1)

giving nonnegative diagonal elements, where Ilg and II;, are permutations chosen to
maximize the next diagonal element of R and R at each stage. This gives A = QLP,
where

RT 0

:| 5 P = QLH£7

with @ and P orthogonal. Stewart demonstrated that the diagonals of L (the L-
values) give better singular-value estimates than the diagonals of R (the R-values),
and the accuracy is particularly good for the extreme singular values o; and oy,:

R“‘ ~ 0y, Lii ~ 0, g1 Z maxL“ Z maxRii, mjnRii Z HllIlL“ Z On. (42)
% i [ %

The first permutation Iz in pivoted QLP is important. The main purpose of the
second permutation I, is to ensure that the L-values present themselves in decreasing
order, which is not always necessary. If [l = II;, = I, it is simply called the QLP
decomposition.
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5. MINRES-QLP. We now develop MINRES-QLP for solving ill-conditioned or
singular symmetric systems Ax = b. The Lanczos framework is the same as in MIN-
RES, but we handle Ty in (3.5) with extra care when it is rank-deficient. In this case,
the normal approach to solving (3.5) is via a QLP decomposition of T} to obtain the
(unique) minimum-length solution y, [51, 18]. Thus in MINRES-QLP we use a QLP
decomposition of T}, in subproblem (3.2) for all £ < £. This is the MINRES QR (3.3)
followed by an LQ factorization of Ry:

QuTy = [}3’“}, RiPy, = Ly, so that QpTp P = [Lok]’ (5.1)

where @ and Py are orthogonal, Ry is upper tridiagonal and Ly is lower tridiagonal.
When k < ¢, Ry and Ly, are nonsingular. MINRES-QLP obtains the same solution as
MINRES, but by a different process (and with different rounding errors). Defining u
by y = Pyu, we see from (3.3) that

Ly, Uk
Ty — = —
ot} 2]
and (3.2) is solved by Lpur =t and yr = Prug. The MINRES-QLP estimate of x is
therefore x, = Viyr = Vi Pyur = Wiug, with theoretically orthonormal Wy = Vi, Ps.
We will see that only the last three columns of V}, are needed to update x.

5.1. The QLP factorization of Tj. The QLP decomposition of each 7} must
be without permutations in order to ensure inexpensive updating of the factors as k
increases. Our experience is that the desired rank-revealing properties (4.2) tend to
be retained, perhaps because of the tridiagonal structure of 7} and the convergence
properties of the underlying Lanczos process.

For k < ¢, the QLP decomposition of T}, (5.1) gives nonsingular tridiagonal Ry,
and Lg. As in MINRES, @y, is a product of Householder reflectors, see (3.3) and (3.7),
while Py involves a product of pairs of essentially 2 x 2 reflectors:

Qr=Qrrr1 - @34 Q23 Q1p, P,=Po PigPy3 -+ Py_opPr_1p.

For MINRES-QLP to be efficient, in the kth iteration (k > 3) the application of the
left reflector Q k41 is followed immediately by the right reflectors Py_2 1, Pr—1 %, 50O
that only the last 2 x 2 principal submatrix of the transformed 7} will be changed
in future iterations. These ideas can be understood more easily from Figure 5.1 and

the following compact form, which represents the actions of right reflectors on T}
(additional to Qp k41 (3.7)):

[, (5) Tr 7
Vo €k | [cro sp2| [1
Vp_1 ’Y;(f_)l 5;(3) 1 Ck3  Sk3
I A2 Iske —er2l L osws —crs
’Yl(c(i)z 1 | 1&622
= 02 w6 s s | = [02 %, : (5.2)
L Mk ’Y;(CS)_ L Sk3 TCk3l o I Y

5.2. The diagonals of Lj. Figure 5.2 shows the relation between the singular
values of A and the diagonal elements of Ry and L with & = 19. This illustrates
(4.2) for matrix ID 1177 from [54] with n = 25.



S.-C. T. CHOI, C. C. PAIGE, AND M. A. SAUNDERS

.P[ﬁg

Q560

H
-_
-

s =
Ty [[Quee
Hy
H
+
x 0
*+%+ | oP23
X x it
I
=
+
+
o P
ST LR
e
*
)

P —
OFfy | Qe S| B
| T
H H
¥ T
+
Ty Qise |+ +
ey | R
H =R
H = &
¥ T
vy Ls Y
I+ Pus |+
Fix o 245 5|10y
¥ o
oyl b

oP o

Py

s

W
*0O+
**++ Q340
i 2
Ht =<
r
L T
Vo
T* oPsy
+i+% _ofha 5
+

F1G. 5.1. QLP with left and right reflectors interleaved on T5. This figure can be reproduced
with the help of QLPfig5.m.
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F1a. 5.2. Upper left: Nonzero singular values of A sorted in decreasing order. Upper middle

and right: The diagonals 'y{c\/[ of Ry, (red circles) from MINRES are plotted as red circles above or be-
low the nearest singular value of A. They approximate the extreme nonzero singular values of A well.
Lower: The diagonals 'y]? of Ly, (red circles) from MINRES-QLP approximate the extreme nonzero
singular values of A even better. An implication is that the ratio of the largest and smallest diagonals
of Ly, provides a good estimate of k(A). To reproduce this figure, run test_minresqlp_fig3(2).
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5.3. Solving the subproblem. With y;, = Pyuy, subproblem (3.2) becomes

o) 1o
0 o
where t;, and ¢ are as in (3.3) and (3.6). At the start of iteration k, the first k—3
elements of uy, denoted by p; for j < k—3, are known from previous iterations; see
the 10th matrix in Figure 5.1. The remainder depend on the rank of Ly.

1. If rank(Ly) =k (so k < ¢, or k = £ and b € range(A)), we need to solve the
last three equations of Ljuj = t:

U = arg min
u€Rk

: (5.3)

(6) 3) (4) (3)

7152_)2 ) /J;(c,z Tk—2 Th—2 = Mh—2fy_y — Uk—2pty 5
27| _ |- 3
D21 Vea A /J;(CL = [Tk-1] = Thk—1 — Uk—lﬂ;(cjg
Mk Ui %(c e Tk Tk

(5.4)
2. If k = ¢ and b ¢ range(A), the last row and column of Ly are zero, and we
only need to solve the last two equations of Ly_jup_1 = tx_1, where

I — Ly | uk—1 %(CG,)Q /1'](522 | Te—2 5
=0 ol T o |0 9@ (5) @ |~ - (5:5)

k-1 Ve-1] |[ME-1 Tk—1
The corresponding solution estimate is xx = Vipyr = Vi Prur = Wiug, where

Wi = ViPe = [Vie1Poo1 | Po2,iPi—1k (5.6)
= [W,si)?) w®, w?, vk} Py kPr—1k
=t it w2 o],
WEWy = I, range(Wy) = Ki(4,b), (5.7)
and we update x;_o and compute z; by short-recurrence orthogonal steps:
(2) (2 (4 3)

2) _ 4 (3
)y = xkzg +wy oty o, where 5”123 = Wéjguizgv (

o = a2 0202, + 0 <

)
)

5.4. Termination. When k = ¢, Q g+1 is not formed or applied, see (3.3)
and (3.7), and the QR factorization stops. In MINRES-QLP, we still need to apply
Pj—2 1 Pr_1, on the right to obtain the minimum-length solution; see Figure 5.1.

THEOREM 5.1 ([10, Theorem 3.1]). In MINRES-QLP, z; = z'.

Proof. When b € range(A), the proof is the same as that for Theorem 3.1.

When b ¢ range(A), for all u = [uy_q i)t € R that solves (5.3), MINRES-QLP
returns the min-length LS solution u; = [us—1 0]7 by the construction in (5.5). For
any x € range(W,) = KC¢(A, b) by (5.7),

5.8
5.9

|Az —bl| = [[AW,u — b]| = AV, Peu — b]| = ||[VeTePeuw — BiVeer || = (| TePeu — Brea |
_||[Ee-1 O " to—1
0 0 bo—1

Since Ly—; is nonsingular, ¢y—1 = min ||Az — b|| can be achieved by z, = Wyu, =
Wi—qug—1 and ||ae|| = |[We—1ue—1]] = ||ue—1]| by (5.7). Thus z; is the min-length LS

= HQe—lTePéu - {tz_l}
D1
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solution of ||Az — b|| in K¢(A,b), ie., x, = argmin{||z| | A%z = Ab, x € K¢(A,b)}.
Likewise yy = Pyuy is the min-length LS solution of ||Tyy—B1e1]|| and so y, € range(Ty),
ie. yp = Tyz for some z. Thus zy = Vyyy = ViTyz = AVyz € range(A). We know
that 2f = argmin{||z|| | A%z = Ab, € R"} is unique and x' € range(A). Since
x, € range(A), we must have z, = zf. 0

5.5. Transfer from MINRES to MINRES-QLP. On well-conditioned sys-
tems, MINRES and MINRES-QLP behave very similarly. However, MINRES-QLP re-
quires one more vector of storage, and each iteration needs 4 more axpy’s (y + ax+y)
and 3 more vector scalings (x <— ax). Thus it would be a desirable feature to invoke
MINRES-QLP from MINRES only if A is ill-conditioned or singular. The key idea is to
transfer to MINRES-QLP at an iteration where T}, is not yet too ill-conditioned. The
MINRES and MINRES-QLP solution estimates are the same, so from (3.4), (5.9), and
(5.3): oM =z <= Dyty = Wiup = Wi L; 't Now from (3.8), (5.1), and (5.6),

DyLy = (Vi R ) (Ry Py) = Vi Py = Wy, (5.10)

and the last three columns of W} can be obtained from the last three columns of
Dy and Lg. (Thus, we transfer the three MINRES basis vectors di_a,dk—1,d) to
Wk—2, Wg—1, Wg.) In addition, we need to generate 37522 using (5.8):

xl(f—)z = xiw - wl(f—)lﬂgf—)l - wl(f)ﬂk'

It is clear from (5.10) that we still need to do the right transformation Ry P, = Ly
in the MINRES phase and keep the last 3 x 3 principal submatrix of L; for each k
so that we are ready to transfer to MINRES-QLP when necessary. We then obtain
a short recurrence for ||x|| (see section 6.5) and for this computation we save flops
relative to the original MINRES algorithm, where ||z || is computed directly.

In the implementation, the MINRES iterates transfer to MINRES-QLP iterates
when an estimate of the condition number of T}, (see (6.3)) exceeds an input param-
eter trancond. Thus, trancond > 1/¢ leads to MINRES iterates throughout, while
trancond = 1 generates MINRES-QLP iterates from the start.

5.6. Comparison of Lanczos-based solvers. We compare MINRES-QLP with
CG, SYMMLQ, and MINRES in Tables 5.1-5.2 in terms of subproblem definitions,
basis, solution estimates, flops and memory. A careful implementation of SYMMLQ
provides a point in Kri1(A,b) as shown. All solvers need storage for vy, vgt1, Tk,
and a product py = Avy each iteration. Some additional work-vectors are needed for
each method (e.g., dy—1 and dj for MINRES, giving 7 work-vectors in total).

6. Stopping conditions and norm estimates. This section derives several
norm estimates that are computed in MINRES-QLP. As before, we assume exact
arithmetic throughout, so that Vj and Q)j are orthonormal. Table 6.1 summarizes
how the norm estimates are used to formulate three groups of stopping conditions.
The second NRBE test ||Arg| < ||Alll|rg]|tol is from Stewart [50] with symmetric A.

6.1. Residual and residual norm. First we derive recurrence relations for ry,
and its norm ¢y = ||rl|-
LEMMA 6.1 (ry and ||rg|| for MINRES-QLP and monotonicity of ||7x||).
° Ifk < f, then rank(Lk) = k, Ty = SiTk—1*¢kaUk+1, and ¢k = d)k_lsk > 0.
o Ifrank(L,) =¥, then ry = 0.
o Ifrank(Ly) =£—1, then rg =r¢—1 # 0, and ||7¢|| = ¢e—1 > 0.
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TABLE 5.1

Subproblems defining xy, for CG, SYMMLQ, MINRES, and MINRES-QLP.

Method Subproblem Factorization Estimate of zy,
cgLanczos Tryr = Bre1 Cholesky: xg = Viyi

[24, 39, 48] T, = LkaLz € Kr(A,b)
SYMMLQ Yk+1 = arg mingcgr+1 [[y|| LQ: rE = V1Y
(39, 45] s.t. Tly = Bier T.'QF = Ly 0] € Kr+1(A4,0)
MINRES yr = arg min [Ty — Brea| | QR: oy’ = Viyk

yeRF Ry
[39] QuIi = [ 0 } € Ki(A,b)
MINRES-QLP | yx = arg min,cgs ||y QLP: . 22 = Viys,
k
[10] s.t. y € argmin || Ty — Brer]|| | QuTiPr = [ 0 } € Kr(A,b)
TABLE 5.2
Bases, subproblem solutions, storage, and work for each method.
Method New basis Zi, Lk, U x) estimate |vecs flops
cgLanczos W, = VkL;T LiyDyzi = Brey fg:Wka 5 8n
I

SYMMLQ Wk = Vk+1Q£ |:(;i| Lkzkzﬂlel l'i’:Wka 6 9In
MINRES Dy = Vlezl tr=05 [Ik O] Qrel .’L‘Q/I =Dty 7 9In
MINRES-QLP Wk = Vkpk Lkuk :ﬁl [Ik O] lel 1’? = Wkuk 8 1l4n

Proof. It k < ¢, the residual is the same as for MINRES. We have [|rg| = ¢r =
dr—15k > 0; see (3.6)—(3.9). Also from r = (;SkaHQ;{ekH (3.10) we have

T Ip_1
T =k [Vi Ukt [Qk_l 1] [

0
Ck Sk :| |:U:| by (33),
Sk —Ck 1

i T
T Ry

—C,

= orskViQi_1ek — OrCrvrs1 = Gr—152ViQr_1er — drCrVrt1
= $jTk—1 — PkCkVK+1 Dy (3.10).

If T} is nonsingular, 7, = 0. Otherwise (Q;_1 ¢ has made the last row of Ry zero, so the
last row and column of L, are zero; see (5.5). Thus ry = ry_1 # 0; see Remark 3.2. O

6.2. Norm of Ar.. Next we derive recurrence relations for Ary and its norm
Y = ||Argl|, and we show that Ary is orthogonal to Kr(A,b).
LEMMA 6.2 (Ary and ¢y = ||Arg|| for MINRES-QLP).
o Ifk < ¥, then rank(Ly) = k, Arp = ||rrl|(Ve+1Vk+1 + Opt2vVkt2) and ¥y, =
7l [ve+1 Orro]ll, where Opqo =0 if k =£—1.
o Ifrank(Ly) =¥, then Ary =0 and ¢y = 0.
o Ifrank(Ly) =£¢—1, then Ary = Arp_1 =0, and ||¢e]| = ¥e—1 = 0.
Proof. For the first case, the proof is essentially the same as the proof of Lemma 3.3.
For the other two cases, the results follow directly from Lemma 6.1. O




12 S.-C. T. CHOI, C. C. PAIGE, AND M. A. SAUNDERS

TABLE 6.1
Stopping conditions in MINRES-QLP. NRBE means normuwise relative backward error, and
tol, mazit, mazcond, and mazznorm are input parameters. All norms and x(A) are estimated by
MINRES-QLP.

Lanczos NRBE Regularization attempts
Br1 < nllAlle | llrell/ ([Alllzell + [[bl]) < tol | £(A) > mazcond
k = mazxit A7/ (IANlrkl]) < tol lzk|| > mazznorm
6.3. Matrix norms. For Lanczos-based algorithms, || A[| > |[V,5  AVi| = || Tkl
Define

AD =0, A® = max {||Tjej||} :max{M*l),nTkekn} fork>1. (6.1
j=1,....k L'—= —

Then ||A| > ||Tx]| > A®. Clearly, A% is monotonically increasing and is thus an
improving estimate for | A|| as k increases. By the property of QLP decomposition in
(4.2) and (5.2), we could easily extend (6.1) to include the largest diagonal of Ly:

AP =0, AW = max{ AV (| Tieg]|, 1175, 17y, Y]} for k> 1. (6.2)

Some other schemes inspired by Larsen [31, section A.6.1], Higham [25], and Chen
and Demmel [8] follow. For the latter scheme, we use an implementation by Kaustuv
[28] for estimating the norms of the rows of A.

L [B1] [Tkl = |||l

2. [31] \/IITe" Tl > (1T

3. [31] |7l < ||Tk]| for small j =5 or 20

4. [25] MATLAB function NORMEST(A), which is based on the power method
5. [8] max; ||h;]|//m, where bl is the ith row of AZ, each column of Z € R"*™

is a random vector of +1’s; and m is a small integer (e.g., m = 10).

Figure 6.1 plots estimates of || A|| for 12 matrices from the Florida sparse matrix
collection [54] whose sizes n vary from 25 to 3002. In particular, scheme 3 above with
47 = 20 gives significantly more accurate estimates than other schemes for the 12 matri-
ces we tried. However, the choice of j is not always clear and the scheme adds a little
to the cost of MINRES-QLP. Hence we propose incorporating it into MINRES-QLP
(or other Lanzcos-based iterative methods) if very accurate ||A|| is needed. Otherwise
(6.2) uses quantities readily available from MINRES-QLP and gives us satisfactory
estimates for the order of || AJ.

6.4. Matrix condition numbers. We again apply the property of the QLP
decomposition in (4.2) and (5.2) to estimate x(7}), which is a lower bound for x(A):

Ymin — min{’yla’}éz)}v “Ymin — min{’}/minyfyl(cﬁ)ga ,Yk 1 h/ ‘} fOI‘ k 2 37

k
KO =1, k¥ =max {n(kl), ﬂ

Ymin

} for k > 1. (6.3)

6.5. Solution norms. We derive a recurrence relation for ||z || whose cost is as
low as computing the norm of a 3- or 4- vector.

Since ||| = ||ViPrukl = ||ukl|, we can estimate ||zy|| by computing xx = ||uk|.
However, the last two elements of wj change in uxy1 (and a new element pgyq is
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Fic. 6.1. Relative errors in different estimates of ||A|l. This figure can be reproduced by
testminresLPNormAS.

added). We therefore maintain yx_2 by updating it and then using it according to

PP w20 e = 1y w2 k]l of. (5.8) and (5.9).

Thus X( ), increases monotonically but we cannot guarantee that ||zy|| and its recurred
estimate Xk are increasing, and indeed they are not in some examples (see Figure 8.1).

6.6. Projection norms. Sometimes the projection of the right-hand side vector
b onto K(A,b) is required (for example, see [46]). A simple recurrence relation
is w? = ||Azy|* = w?_, + 77 and we can derive it in the same way as shown in
Lemma 3.3. With wy = 0 we have wy, = ||Azk| = ||fwk—1 7%]|-

7. Preconditioned MINRES and MINRES-QLP. It is often asked: How can
we construct a preconditioner for a linear system solver so that the same problem is
solved with fewer iterations? Previous work on preconditioning the symmetric solvers
CG, SYMMLQ, or MINRES includes [43, 37, 17, 12, 14, 35, 42, 34, 20, 2, 52].

We have the same question for singular symmetric systems Az ~ b. Two-sided
preconditioning is needed to preserve symmetry. We can still solve compatible sys-
tems, but we will no longer obtain the minimum-length solution. For incompatible
systems, preconditioning alters the “least squares” norm. To avoid this difficulty we
must work with larger equivalent systems that are compatible. We consider each
case in turn, using a positive-definite preconditioner M = CC7T with MINRES and
MINRES-QLP to solve symmetric compatible systems Ax = b. Implicitly, we are solv-
ing equivalent symmetric systems C "' AC~Ty = C~'b, where CTx = y. As usual, it is
possible to work with M itself, so without loss of generality we can assume C = M 3.

7.1. Derivation. We derive preconditioned MINRE)S for compatible Ax = b

by applylng MINRES to the equivalent problem AZ = b, where A = M “2AM *%,
b= M- 2b and x = M~ 3%.

7.1.1. Preconditioned Lanczos process. Let vy denote the Lanczos vectors
of K(A,b). With vy = 0 and Bv; = b, for k = 1,2,... we define

2L = ﬁkM%vk, qr = ﬁkM_%vl€7 so that Mg, = z. (7.1)
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Then Bi = ||Brvrl = IM ™22k | = |2kl ar=2 = llarllar = \/ @2k, where the square root
is well defined because M is positive definite, and the Lanczos iteration is

Pr = A’]_}k = MﬁéAMié’Uk = Mﬁ%Aqk/ﬁka
ay = v pr = qp Aqr/Br,

11
Br1Vp41 = M 2AM ™ 2vp — vy, — Brvgp—1.
Multiplying the last equation by M 7 we get

1 _1 1 1
2kl = Brr1M2opy = AM ™ 2o — apM 2o — BpMZvp_y

The last expression involving consecutive z;’s replaces the three-term recurrence in
v;’s. In addition, we need to solve a linear system Mgq; = 25, (7.1) each iteration.

7.1.2. Preconditioned MINRES. From (3.4) and (3.8) we have the following
recurrence for the kth column of Dy = Vlezl and Tj:

di, = (v — 5;(62)651@71 - fkdk72)/'71(c2)7 T = Tp_1 + Trdy.

Multiplying the above two equations by M =2 on the left and defining dj, = M *%dk,
we can update the solution of our original problem by

_ 1 . . . 7
di = (@Qk - 51(62)dk—1 - Ekko) /7/(5), T =M72T) = Tp-1 + Trdy.

We list the algorithm in [10, Table 3.4].

7.1.3. Preconditioned MINRES-QLP. A preconditioned MINRES-QLP can
be derived very similarly. The additional work is to apply right reflectors Py to Ry,
and the new subproblem bases are Wy, = Vi Py, with ¥y = Wyug. Multiplying the
new basis and solution estimate by M =2 on the left, we obtain

Wi=M"2W, =M 2V,P,,
op=M"22, = M~ 2 Wyug = Wiy = I,(f_)g + uf_)lw,ffl + Mkw;(f)-
Algorithm 1 lists all steps. Note that wy, is written as wy, for all relevant k. Also, the
output z solves Az & b but the other outputs are associated with AZ ~ b.

Remark. The requirement of positive-definite preconditioners M in MINRES and
MINRES-QLP may seem unnatural for a problem with indefinite A because we cannot
achieve M~2AM~2 ~ I. However, as shown in [17], we can achieve M~ 2AM 2 ~

T _;] using an approximate block-LDLT factorization A ~ LDLT to get M =
L|D|LY, where D is indefinite with blocks of order 1 and 2, and |D| has the same
eigensystem as D except negative eigenvalues are changed in sign.

SQMR [15] without preconditioning is analytically equivalent to MINRES. Unlike
MINRES, SQMR can work directly with an indefinite preconditioner (such as block-
LDL™). However, in finite precision, SQMR needs “look-ahead” to prevent numerical
breakdown.
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Algorithm 1: Preconditioned MINRES-QLP to solve (A — ol)x ~ b.

TR W N =

[}

10
11

12
13
14

15
16
17
18
19
20

21
22
23

24
25
26
27
28
29
30
31
32
33
34
35
36

37

38

input: A,b,0, M

20 =0, z1 =0, Solve Mq1 = z1, B1 = /bTqs [Initialize]
wo:w_lz(), 1’_2232_1:.1‘0:0

coi=co2=co3=—1, S01=502=503=0, ¢o=pP1, To=wo=Xx-2=X-1=xXx0=0
61:771:7021771:770:771:1971:190:191211,71:#0:07 _,4:07 k=1
k=0

while no stopping condition is satisfied do

k—Ek+1
Pr = Aqk — oqx, ak = B—lzq,zpk [Preconditioned Lanczos]
k
_ _ ok, Bk
Zk+1 = Pk Z Bk712k71

Solve MQk+1 = Zk+1, Br1 = \/ @i 12k41

if k=1 then py = [[ax Br+1]ll else pr = [[[Bx ar Brra]

5,(62) = Ck—1,10k + Sk—1,10k [Previous left reflection...]

Ve = Sk—1,10k — Ck—1,10% [on middle two entries of Tye...]
€k+1 = Sk—1,18k+1 [produces first two entries in Tyxii€x+1]
Op+1 = *Ck 1,18k+1

Ck1, skh'yk ) SymOrtho(vk, Bk+1) [Current left reflection]
(:;cg,s;gg,w(ﬁ)2 — SymOrtho(’yk32,ek) [First right reflection]
B T ) @) _ oo e

kT Sk2Vk—1 — Ck20; 7, Ve = —Ck27 Nk = Sk27

19,(9221 = cpa¥k-1 + 5k26;(€2>

Ck3, skg,'y,(f)l — SymOrtho(y,(f)l, 6(3)) [Second right reflection...]
Y = Sk3’y( ) fy,(:l) Ck3"y( ) [to zero out 51(3)]

K = Ck1¢k—1 [Last element of ti]

Ok = skdk—1, Yr—1 = dr—1ll[vk Skra]ll (Update |Irx|l, [|Ark—1]]
if k= 1 then Yuin =71 else uin  min {Yumin, %75, 721, 1y}

A® = max {ASY, o, P 37 Y1y [Update | A||]

wi = [[fwr—1 ]I, k= AP [y [Update ||Azy|, (A)]

wr = —(cr2/Br)qk +Sk2w( ) [Update wg—2, wr—1, wk]

wi®, = (sk2/Br)ax + ckgwg”g

if kK > 2 then w,(C ) — Skgw(j — Ckg’u}k (3) = Ckg’w(2>1 + Sp3Wg

if £ > 2 then /JEC >2 = (Th—2 — M— guk 14— Ok 2/./,(3) )/7(6) [Update pix—2]
if £ > 1 then u( ) = (Th—1 — 7lk 1u§€3)3 ’922)1“1(3)2)/7(5) [Update pg—1]
if 7(4) # 0 then uy = (7 — nkuk 5 — 19ku(2) )/’yk else pup =0 [Compute puy]
acf)Q = 5”5?3 + uf’)le(f)Q [Update zx-_2]

Tk = ml(cz)Q + Ni(c2)1w(3—)1 + Hrwy

[Compute xi]
2 2 3
Xy =I5 w2l [Update [—o||]

2 2
xe =Xy w2y mall [Compute |11

(2)

z=xzK, ¢=0¢k, U=kl Shi2ll, x=xx, A=A®  w=uw
OUtput: ‘,E7 ¢7 w? X7 ‘A7 I</7 w

[c, s < SymOrtho(a, b) is a stable form for computing r = Va2 + 0%, c =2, s = Ly
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7.2. Preconditioning singular Ax = b. For singular compatible systems, MIN-
RES and MINRES-QLP find the minimum-length solution (see Theorems 3.1 and 5.1).
If M is nonsingular, the preconditioned system is also compatible and the solvers
return its minimum-length solution. The unpreconditioned solution solves Az ~ b,
but is not necessarily a minimum-length solution.

1100 6
EXAMPLE 7.1. Let A = {(1) 18 (1)} and b = [g} . Then rank(A) = 3 and Az =b
0010 3
is a singular compatible system. The minimum-length solution is xt = [243 2]T. By
binormalization [33] we construct the matriz D = diag([0.84201 0.81228 0.30957 3.2303 ).
The minimum-length solution of the diagonally preconditioned problem DADy = Db
is yT = [3.5739 3.6819 9.6909 0.93156] . Then x = Dy' = [3.0092 2.9908 3.0000 3.0092]" is a
solution of Ax = b, but x # «t.

7.3. Preconditioning singular Ax ~ b. We propose the following techniques
for obtaining minimum-residual solutions of singular incompatible problems. In each
case we use an equivalent but larger compatible system to which MINRES may be
applied. Even if the larger system is singular, Theorem 3.1 shows that the minimum-
length solution of the larger system will be obtained. The required = will be part of
this solution. Preconditioning still gives a minimum-residual solution of Az =~ b, and
in some cases x will be zf. If the systems are ill-conditioned, it will be safer and
more efficient to apply MINRES-QLP to the original incompatible system. However,
preconditioning will give an x that is “minimum length” in a different norm.

7.3.1. Augmented system. When A is singular, so is the augmented system

4B &

but it is always compatible. Preconditioning with symmetric positive-definite M gives

us a solution [%] in which r is unique, but = may not be z'.

7.3.2. A giant KKT system. Problem (1.1) is equivalent to min,. , 27z subject
to (7.2), which is an equality-contrained convex quadratic program. The correspond-
ing KKT system [36, section 16.1] is both symmetric and compatible:

I A 0
-1 A
I A
A

(7.3)

0
nE
0

N 8 3

Although this is still a singular system, the upper-left 3 x 3 block-submatrix is nonsin-
gular and therefore r, x, and y are unique and a preconditioner applied to the KKT
system would give x as the minimum-length solution of our original problem.

7.3.3. Regularization. If the rank of a given matrix A is ill-determined, we
may want to solve the regularized problem [13, 22] with parameter 6 > 0:

Lot~ 1o

The matrix [ 3‘” has full rank and is always better conditioned than A. LSQR [40, 41]
may be applied, and its iterates zj will reduce ||rg||? + §2||zx||?> monotonically. Alter-
natively, we could transform (7.4) into the following symmetric compatible systems
and apply MINRES or MINRES-QLP. They tend to reduce || A7 —d2z || monotonically.

2
min
xT

(7.4)
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Normal equation:

(A? +6°T)x = Ab. (7.5)

[fx ?21} L’L] - Lﬁ] '

A two-layered problem: If we eliminate v from the system

AEAED!

we obtain (7.5). Thus z is also a solution of our regularized problem (7.4).
This is equivalent to the two-layered formulation (4.3) in Bobrovnikova and
Vavasis [5} (Wlth A1 = A, A2 = D1 = D2 = I, b1 = b, b2 = 0, 51 = 1,
82 = 62). A key property is that z — 2t as § — 0.

A KKT-like system: If we define y = —Av and r = b— Az — §%y, then we can show
(by eliminating r and y from the following system) that z in

Augmented system:

I Alf[r 0
-1 A T 0

I A I y| |b (7.7)
A v 0

is also a solution of (7.6) and thus of (7.4). The upper-left 3 x 3 block-
submatrix of (7.7) is nonsingular, and the correct limiting behavior occurs:
r — xf as § — 0. In fact, (7.7) reduces to (7.3).

7.4. General preconditioners. The construction of preconditioners is usually
problem-dependent. If not much is known about the structure of A, we can only
consider general methods such as diagonal preconditioning and incomplete Cholesky
factorization. These methods require access to the nonzero elements of A. (They are
not applicable if A exists only as an operator for returning the product Ax.)

For a comprehensive survey of preconditioning techniques, see Benzi [3]. We
discuss a few methods for symmetric A that also require access to the nonzero A;;.

7.4.1. Diagonal preconditioning. If A has entries that are very different in
magnitude, diagonal scaling might improve its condition. When A is diagonally dom-
inant and nonsingular, we can define D = diag(dy,...,d,) with d; = 1/|A;;|"/2.
Instead of solving Az = b, we solve DADy = Db, where DAD is still diagonally
dominant and nonsingular with all entries < 1 in magnitude, and z = Dy.

More generally, if A is not diagonally dominant and possibly singular, we can
safeguard division-by-zero errors by choosing a parameter § > 0 and defining

d;(6) = 1/ max{é, V|Ajjl|, m£x|Aij|}, j=1,...,n. (7.8)
i#]
EXAMPLE 7.2.
-1 1078 . ro
o -8 4 ~ _ _ 10~
1. IfA= |10 1(1)4 18 , then k(A) =~ 10*. Let 6 =1, D = [ 10_21}

-1 1071°
in (7.8). Then DAD = [1010 107" 1 ] and K(DAD) =~ 1.
0
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10~* 1078
2. A= |107° }8:2 10(;8 contains mostly very small entries, and k(A) ~ 1010,
102 ) 1 107
Let 6§ = 1078 and D = 10° e Then DAD = |107* L 182
108

and k(DAD) ~ 10%. (The choice of § makes a critical difference in this case:
with 6 =1, we have D =1.)

7.4.2. Binormalization (BIN). Livne and Golub [33] scale a symmetric ma-
trix by a series of k£ diagonal matrices on both sides until all rows and columns of the
scaled matrix have unit 2-norm: DAD = Dy, --- D1 AD; -+ - Dy.. See also Bradley [6].

1078 1
ExampLE 7.3. If A = [ 1 10°% 104} , then k(A) ~ 10'2. With just one

10* 0
sweep of BIN, we obtain D = diag(8.1e—3,6.6e—5,1.5), DAD ~ [?::%gii 5'3§‘12
and K(DAD) = 2.6 even though the rows and columns have not converged to one

in the two-norm. In contrast, diagonal scaling (7.8) defined by 6 = 1 and D =
diag(1,107%,107%) reduces the condition number to approzimately 10%.

7.4.3. Incomplete Cholesky factorization. For a sparse symmetric positive
definite matrix A, we could compute a preconditioner by the incomplete Cholesky
factorization that preserves the sparsity pattern of A. This is known as ICO in the
literature. Often there exists a permutation P such that the ICO factor of PAPT is
more sparse than that of A.

When A is semidefinite or indefinite, ICO may not exist, but a simple variant that
may work is the incomplete Cholesky-infinity factorization [55, section 5].

8. Numerical experiments. We compare the computed results of MINRES-
QLP and various other Krylov subspace methods to solutions computed directly by
the eigenvalue decomposition (EVD) and the truncated eigenvalue decompositions
(TEVD) of A. For TEVD we have

1 ax |A\;
= Y Lualh A= max|nl m(d) = AL
i min ||

[Xi[>t]|Alle [Ai|>t]|Alle

with parameter ¢ > 0. Often t is set to 1, and sometimes to a moderate number
such as 10 or 100; it defines a cut-off point relative to the largest eigenvalue of A.
For example, if most eigenvalues are of order 1 in magnitude and the rest are of
order ||Alle ~ 1071, we expect TEVD to work better when the small eigenvalues are
excluded, while EVD (with ¢ = 0) could return an exploding solution.

In the tables of results, MATLAB MINRES and MATLAB SYMMLQ are MATLAB’S
implementation of MINRES and SYMMLQ respectively. They incorporate local re-
orthogonalization of the Lanczos vector v, which could enhance the accuracy of the
computations if b is close to an eigenvector of A [32]:

Second Lanczos iteration: fiv; = b, and ¢ = PBove = Avy — aqvq

Local reorthogonalization: go < g2 — (vqug)vl.
Lacking the correct stopping condition for singular problems, MATLAB SYMMLQ
works more than necessary and then selects the smallest residual norm from all com-

puted iterates; it would sometimes report that the method did not converge although
the selected estimate appeared to be reasonably accurate.
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MINRES SOL and SYMMLQ SOL are implementations based on [39]. MINRES™
and SYMMLQ" are the same but with additional stopping conditions for singular
incompatible systems (see Lemma 3.3 and [10, Proposition 2.12]).

The computations in this section were performed on a Windows XP machine with
a 3.2GHz Intel Pentium D Processor 940 and 3GB RAM (¢ ~ 10716) . Tests were
performed with each solver on five types of problem:

1. symmetric, nonsingular linear systems

2. symmetric, singular linear systems

3. mildly incompatible symmetric (and singular) systems (meaning ||r| is rather
small with respect to ||b]|)

4. symmetric (and singular) LS problems

5. Hermitian systems.

We present a few examples that illustrate the key features of MINRES-QLP. For
a larger set of tests and results, such as applying MINRES-QLP and other Krylov
methods to Hermitian systems with preconditioning, we refer to [10, Chapter 4].

For a compatible system, we generate a random vector b that is in the range
of the test matrix (b = Ay, y; ~ i.i.d. U(0,1), i.e., y1,...,y, are independent and
identically distributed random variables, whose values are drawn from the standard
uniform distribution with support [0,1]). For an LS problem, we generate a random
b that is not in the range of the test matrix (b; ~ i.i.d. U(0,1) often suffices).

If A is Hermitian, then vAv is real for all complex vectors v. Numerically (in
double precision), ay = v,f Awy is likely to have small imaginary parts in the first few
Lanczos iterations and snowball to have large imaginary parts in later iterations. This
would result in a poor estimation of ||Tx||F or ||A||F, and unnecessary errors in the
Lanczos vectors. Thus we made sure to typecast ay = real(vf Avy) in MINRES-QLP
and MINRES SOL.

We could say from the results that the Lanczos-based methods have built-in
regularization features [29], often matching the TEVD solutions very well.

8.1. A Laplacian system Az ~ b (almost compatible). Our first example
involves a singular indefinite Laplacian matrix A of order n = 400. It is block-
tridiagonal with each block being a tridiagonal matrix T of order N = 20 with all
nonzeros equal to 1:

T T 1 1

r-r R . (8.1)

A=
. T . .
T T nxn ! ! NXxN
MATLAB’s eig(A) reports the following data: 205 positive eigenvalues in the inter-
val [6.1e—2,8.87], 39 almost-zero eigenvalues in [—2.18e—15,3.71e—15], 156 negative
eigenvalues in [—2.91, —6.65e—2], numerical rank = 361.

We used a right-hand side with a small incompatible component: b = Ay + 1078z
with y; and z; ~ 4.i.d. U(0,1). Results are summarized in Table 8.1. In the column
labeled “C?”, the value “Y” denotes that the associated algorithm in the row has
converged to the desired NRBE tolerances within mazit iterations (cf. Table 6.1);
otherwise, we have values “N” and “N?7”, where “N?” indicates that the algorithm
could have converged if more relaxed stopping conditions were used. The column
“Av” shows the total number of matrix-vector products, and column “z(1)” lists the
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TABLE 8.1
Finite element problem Ax = b with b almost compatible. Laplacian on a 20 X 20 grid, n = 400,
mazit = 1200, shift = 0, tol = 1.0e—15, maxnorm = 100, mazcond = 1elb, ||b]| = 87. To reproduce
this example, Tun test_minresqlp_eg7-1(24).

Method C? Av|  x(1) [l [lell Irll | Arl | 1Al ~(A)
EVD - —| —7.39e5| 4.12e7 4.1e7| 1.7e—=7| 7.8e—T7| 8.9e0| 1.1el7
TEVD - —| 3.89e—1| 1.15el 0.0e0| 1.7e—8| 1.4e—12| 8.9e0| 1.5e2
MATLAB SYMMLQ | N?| 371| 3.89e—1| 1.15el| 1.4e—7| 1.8e—7| 5.8e—7 - -
SYMMLQ SOL N 447 —3.08e0| 9.63el 9.5el 1.4e2 4.4e2| 9.6el| 1.3el
SYMMLQ™* N 447 2.94e6| 4.27e8 4.3e8 1.8e2 6.5e2| 8.6e0| 1.3el
MatrAB MINRES N | 1200| —7.50e5| 2.10e7 2.1e7 1.5e7 9.1e7 - -
MINRES SOL N | 1200 9.89e5| 6.10e7 6.1e7|  2.3e7 1.5e8| 1.8e2| 1.5el
MINRES* N 611 1.02e0| 9.28el 9.2el| 1.7e—8| 2.5e—11| 8.6e0| 6.9el3
MINRES-QLP Y 612 3.89e—1| 1.15el| 3.7e—11| 1.7e—8| 9.3e—11| 8.7e0| 4.3el3
MaTLAB LSQR Y | 1462| 3.89e—1| 1.15el| 2.3e—13| 1.7e—8| 3.3e—13 - -
LSQR SOL Y | 1464| 3.89e—1| 1.15el| 2.4e—13| 1.7e—8| 3.9e—13| 1.5e2| 6.4e3
MaTLAB GMRES(30)| N?7| 1200 3.90e—1| 1.15el| 5.2e—2| 3.4e—3| 9.4e—4 - -
SQMR N | 1200| —2.58e8| 3.74el0| 3.7el0| 4.6e3 2.3e4 - -
MaTtLaB QMR N?| 798| 3.89e—1| 1.15el| 5.2e—7| 1.9e—8| 2.6e—8 - -
MatLaB BICG N?| 790 3.89e—1| 1.15el| 4.7e—7| 3.9e—8| 1.9e—7 - -
MaTtLAB BICGSTAB| N?7| 2035 3.89e—1| 1.15el| 4.2e—7| 1.7e—8| 4.3e—13 - -

first element of the final solution estimate = for each algorithm. For GMRES, the
integer in parentheses is the value of the restart parameter.

MINRES SOL gives a larger solution than MINRES-QLP. This example has a
residual norm of about 1.7 x 1078, so it is not clear whether to classify it as a linear
system or an LS problem. To the credit of MATLAB SYMMLQ, it thinks the system
is linear and returns a good solution. For MINRES-QLP, the first 410 iterations are in
standard “MINRES mode”, with a transfer to “MINRES-QLP mode” for the last 202
iterations. LSQR [40, 41] converges to the minimum-length solution but with more
than twice the number of iterations of MINRES-QLP. The other solvers fall short in
some way.

8.2. A Laplacian LS problem min| Az — b||. This example uses the same
Laplacian matrix A (8.1) but with a clearly incompatible b = 10 x rand(n, 1), i.e.,
b; ~ id..d. U(0,10). The residual norm is about 17. Results are summarized in
Table 8.2. MINRES gives an LS solution, while MINRES-QLP is the only solver that
matches the solution of TEVD. The other solvers do not perform satisfactorily.

8.3. Regularizing effect of MINRES-QLP. This example illustrates the reg-
ularizing effect of MINRES-QLP with the stopping condition x; < maxxznorm. For
k > 18 in Figure 8.1, we observe the following values:

xis = [|[2.51  3.87e—11  1.38 x 10%]|| = 1.38 x 10,
X190 = [|[2.51 —8.00e—10 —1.52 x 10%]|| = 1.52 x 10,
x20 = [|[251  1.62e—10 —1.62 x 10°]| = 1.62 x 10° > mazznorm = 10*.

Because the last value exceeds mazznorm, MINRES-QLP regards the last diagonal
element of Lj as a singular value to be ignored (in the spirit of truncated SVD
solutions). It discards the last element of ugy and updates

X0 < |[[2.51 1.62e—10 0][ = 2.51.
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TABLE 8.2
Finite element problem min ||Az — b||. Laplacian on a 20 x 20 grid, n = 400, mazit = 500,
shift = 0, tol = 1.0e—14, maxnorm = le4, mazxcond = leld, ||b|| = 120. To reproduce this example,
run test_minresqlp_eg7-1(25).

Method cr A a(] el llell] Il | IArI [ IAN] ~(A)
EVD - —| —7.39el4| 4.12e16| 4.1el6 1.8e2 7.9e2| 8.9e0| 1.1el7
TEVD — — —8.75e0 1.43e2 0.0e0 1.7el| 4.1e—12| 8.9¢0 1.5e2
MaTLAB SYMMLQ N 1 2.74e—1 1.52el 1.4e2 6.0el 2.9¢e2 - -
SYMMLQ SOL N 228 —7.70e2| 9.93e3 9.9e3| 7.0e3 3.4e4| 6.8el| 9.7e0
SYMMLQ7L N 228 —7.70e2| 9.93e3 9.9e3| 7.0e3 3.4e4| 7.6e0| 9.7e0
MATLAB MINRES N 500 2.80el4| 4.07el6| 4.1lel6 2.3e2 1.4e3 — —
MINRES SOL N 500 —1.46el4| 2.11el6| 2.1el6 1.1e2 6.6e2| 1.5e2 1.4el
MINRES™* N 381 3.88el| 6.90e3 6.9e3| 1.7el 1.2e—5| 7.9e0| 1.6el0
MINRES-QLP Y 382 —8.75e0| 1.43e2| 1.7e—6| 1.7el 1.7e—5| 8.6e0| 3.5el0
MATLAB LSQR Y | 1000 —8.75e0| 1.43e2| 2.0e—5| 1.7el 1.4e—5 - -
LSQR SOL Y | 1000 —8.75e0| 1.43e2| 2.3e—5 1.7el 1.1e—5| 1.2e2| 4.4e3
MATLAB GMRES(30) N 500 —8.84e0 1.25e2 4.8el 1.7el 8.2e—1 — —
SQMR N 500 9.58e15| 1.39el18| 1.4el8| 1.2ell 6.7ell - -
MATLAB QMR N 556 —7.30e0| 1.92e2 1.4e2 1.7el 1.2el - -
MAaTLAB BICG N 2 1.40e0 1.71el 1.4e2 6.0el 2.6e2 - -
MaTLAB BICGSTAB| N 104 —1.12el 1.40e2 9.6el 2.6el 1.8el — —

The full truncation strategy used in the implementation is justified by the fact
that x; = Wyuy with Wy, orthogonal. When ||z || becomes large, the last element of
uy, is treated as zero. If ||z || is still large, the second-to-last element of uy is treated
as zero. If |||l is still large, the third-to-last element of uy is treated as zero.

8.4. Effects of rounding errors in MINRES-QLP. The recurred residual
norms ¢ in MINRES usually approximate the directly computed ones ||rd || very
well until ||7) || becomes small. We observe that ¢/ continues to decrease in the last
few iterations, even though |72 || has become stagnant. This is desirable in the sense
that the stopping rule will cause termination, although the final solution is not as
accurate as predicted.

We present similar plots of MINRES-QLP in the following examples, with the cor-
responding quantities as qbg and Hr,?” We observe that except in very ill-conditioned
LS problems, d)kQ approximates ||7‘,?H very closely.

Figure 8.2 illustrates four singular compatible linear systems.

Figure 8.3 illustrates four singular LS problems.

9. Conclusion. MINRES constructs its kth solution estimate from the recursion
xp = Dity, = xp—1 + 7idy (3.4), where n separate triangular systems R{DT = VkT
are solved to obtain the n elements of each direction dy,...,dk. (Only di is obtained
during iteration k, but it has n elements.)

In contrast, MINRES-QLP constructs its kth solution estimate using orthogonal
steps: mg = (Vi Pi)ug; see (5.3)—(5.9). Only one triangular system Liu, = Qr(S1e1)
is involved for each k.

Thus MINRES-QLP overcomes the potential instability predicted by the MINRES
authors [39] and analyzed by Sleijpen et al. [47]. The additional work and storage
are moderate, and maximum efficiency is retained by transferring from MINRES to
the MINRES-QLP iterates only when the estimated condition number of A exceeds a
specified value.
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Fic. 8.1. Recurred ¢y =~ ||k, Yk =~ ||Arkl||, and ||zg|| for MINRES and MINRES-QLP. The
matric A (ID 1177 from [54]) is positive semidefinite, n = 25, and b is random with ||b]| ~ 1.7.
Both solvers could have achieved essentially the TEVD solution of Ax ~ b at iteration 11. However,
the stringent tol = 1071% on the recurred normuwise relative backward errors (NRBE in Table 6.1)
prevents them from stopping “in time”. MINRES ends with an exploding solution, yet MINRES-
QLP brings it back to the TEVD solution at iteration 20. Left: ¢M and d)? (recurred ||ri|| of
MINRES and MINRES-QLP) and their NRBE. Middle: ¢ and 1/1,? (recurred | Arg||) and their

NRBE. Right: ||z} || (norms of solution estimates from MINRES) and ku (recurred ||z|| from
MINRES-QLP) with mazznorm = 10*. This figure can be reproduced by test_minresqlp_fig7.1(2).

MINRES and MINRES-QLP are readily applicable to Hermitian matrices, once oy,
is typecast as a real scalar in finite-precision arithmetic. For both algorithms, we
derived recurrence relations for ||Ary|| and ||Azy| and used them to formulate new
stopping conditions for singular problems.

TEVD or TSVD are commonly known to use rank-k approximations to A to find
approximate solutions to min || Az — b|| that serve as a form of regularization. Krylov
subspace methods also have regularization properties [23, 21, 29]. Since MINRES-
QLP monitors more carefully the rank of T}, which could be k or k—1, we may say
that regularization is a stronger feature in MINRES-QLP, as we have shown in our
numerical examples.

It is important to develop robust techniques for estimating an a priori bound for
the solution norm since the MINRES-QLP approximations are not monotonic as is the
case in CG and LSQR. Ideally, we would also like to determine a practical threshold
associated with the stopping condition 7,(64) = 0 in order to handle cases when 7124) is
numerically small but not exactly zero. These are topics for future research.

10. Software and reproducible research. MATLAB 7.6, Fortran 77, and For-
tran 90 implementations of MINRES with new stopping conditions || Ary|| < tol|| Al|||7x |
and ||Azg| < tol||A|l||xk||, and a MATLAB 7.6 implementation of MINRES-QLP are
available from SOL [48].

Following the philosophy of reproducible computational research as advocated in
[11, 9], for each figure and example in this paper we mention either the source or the
specific MATLAB command. Our MATLAB scripts are available at SOL [48].
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Four symmetric positive semidefinite ill-conditioned systems.
22 105, [|A] = 3, [[]| = 10%||b]| ~ 10", tol =107 ** #2105, [|A] = 3, [ll| = 10%,[|b]| ~ 10%, tol = 10714
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Fic. 8.2. Solving Az = b with semidefinite A similar to an example of Sleijpen et al. [47].
A = Qdiag([05,7,2n,2 : W}g :3])Q of dimension n = 797, nullity 5, and norm ||A| = 3, where
Q = I—(2/n)ww” is a Householder matriz generated by v = [05,1,...,1]T, w = v/||v||. These plots
illustrate and compare the effect of rounding errors in MINRES and MINRES-QLP.

The upper part of each plot shows the computed and recurred residual norms, and the lower part
shows the computed and recurred normwise relative backward errors (NRBE, defined in Table 6.1).
MINRES and MINRES-QLP terminate when the recurred NRBE is less than the given tol = 10714,

Upper left: n = 108 and thus x(A) =~ 108. Also b = e and therefore ||z|| > ||b||. The graphs
of MINRES’s directly computed residual norms ||7“,JCVI || and recurrently computed residual morms
¢]1€V[ start to differ at the level of 10~1 starting at iteration 21, while the values ¢g ~ ||'er|| from
MINRES-QLP decrease monotonically and stop near 10~5 at iteration 26.

Upper right: Again n = 1078 but b = Ae. Thus ||z| = |le|]| = O(||b||). The MINRES graphs
of IrM |l and ¢} start to differ when they reach a much smaller level of 10719 at iteration 80. The
MINRES-QLP d),? ’s are excellent approximations of d)?, with both reaching 10~13 at iteration 33.

Lower left: 1 = 10710 and thus A is even more ill-conditioned than the matriz in the upper
plots. Here b = e and ||z is again ezploding. MINRES ends with ||r}| ~ 102, which means no
convergence, while MINRES-QLP reaches a residual norm of 10~%.

Lower right: n = 10710 and b = Ae. The final MINRES residual norm HT;]CV[” ~ 1078, which
is satisfactory but not as accurate as d)ﬂ/f claims at 10713, MINRES-QLP again has d)? = ||er|| =

10713 at iteration 37.
This figure can be reproduced by DPtestSing7.m.
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Four (singular) symmetric least squares problems.

1 102, || Al = 3, [l ~ 10, ||b]| ~ 10", tol = 10~? 1 104 || Al = 3, [l ~ 1010, ||b]| ~ 10", tol = 10~?
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Fic. 8.3. Solving Ax = b with semidefinite A similar to an example of Sleijpen et al. [47].
A = Qdiag([05,7,2n,2: % :3])Q of dimension n = 797 with ||A|| = 3, where Q = I — (2/n)ee is a
Householder matriz generated by e = [1,...,1]T. (We are not plotting the NRBE quantities because
[|Alll|rk|| = 6 throughout the iterations in this example.)

Upper left: n = 1072 and thus cond(A) ~ 10%. Also b = e and therefore ||z|| > ||b]|. The
graphs of MINRES'’s directly computed ||A1“,1€V[|| and recurrently computed z[),i\/[, and also ¢,? S ||Ar,?||
from MINRES-QLP, match very well throughout the iterations.

Upper right: Here, n = 10~% and A is more ill-conditioned than the last example (upper left).
The final MINRES residual norm wé\/f =~ ||Ar£/[|| is slightly larger than the final MINRES-QLP
residual norm 1/;,? ~ HATI?H The MINRES-QLP 1/;,? are excellent approzimations of ||Aer||

Lower left: n = 1075 and cond(A) =~ 105. MINRES’s M and ||Ar}M|| differ starting at
iteration 21. Eventually, ||Ar£4H ~ 3, which means no convergence. MINRES-QLP reaches a
residual norm of w,? = HATI?H =10"2.

Lower right: n = 108, MINRES performs even worse than in the last example (lower left).
MINRES-QLP reaches a minimum ||Ar,?|| ~ 1077 but tol=10"8 does not shut it down soon enough.
The final w]? = ||Aer|| =1072. The values of 1/1,? and ||Ar,?|\ differ only at iterations 27-28.

This figure can be reproduced by DPtestLSSing5.m.
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Appendix A. Proof that T} is nonsingular iff b € range(A) (section 2.1).
If T, is nonsingular, we have AV};T[lel = Vyey = Bl_lb. Conversely, if b €

range(A), then range(V;) C range(A) and null(A) Nrange(V;) = {0}. We also know
that rank(V;) = £ and rank(7y) = rank(V,;Ty) = rank(AV;) = rank(V;) —dim[null(4)N
range(Vp)]; see [4, Fact 2.10.4 ii]. Thus rank(7;) = ¢ and so T} is nonsingular.)
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