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Abstract. Some existing decomposition methods for solving a class of variational inequalities (VI)
with separable structures are closely related to the classical proximal point algorithm, as their de-
composed sub-VIs are regularized by proximal terms. Differing in whether the generated sub-VIs are
suitable for parallel computation, these proximal-based methods can be categorized into the parallel
decomposition methods and alternating decomposition methods. This paper generalizes these meth-
ods and thus presents the unified framework of proximal-based decomposition methods for solving
this class of VIs, in both exact and inexact versions. Then, for various special cases of the unified
framework, we analyze the respective strategies for fulfilling a condition that ensures the convergence,
which are realized by determining appropriate proximal parameters. Moreover, some concrete nu-
merical algorithms for solving this class of VIs are derived. In particular, the inexact version of the
unified framework gives rise to some implementable algorithms that allow the involved sub-VIs to be
solved under those favorable criteria that are well-developed in the literature of the proximal point
algorithm.
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1 Introduction

Variational inequalities (VI) capture a broad spectrum of applications in diverse fields, see, e.g.,
[8, 13, 20, 23]. In this paper, we consider the VI with the following separable structure:

* ok (aj - x*)Tf(x*) Z 07
D W D 1
where
D={(x,y) eR" |z e X, ye), Ax+ By = b}, (1.2)

X and Y are given nonempty closed convex subsets of " and "2, respectively; A € R™*"™ and
B € R™*™2 are given matrices; b € R™ is a given vector; f : X — R™ and g : Y — R™ are
monotone operators. We refer to [2, 4, 9, 10, 15, 23] for the various applications of (1.1)-(1.2)
in some other fields. In particular, (1.1)-(1.2) include the following minimization problem as a
special case: min {6, (z)+62(y) | (x,y) € D}, where both 6;(x) and 62(y) are differentiable convex
functions.
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By attaching a Lagrangian multiplier vector A € R™ to the linear constraint Az + By = b, the
VI (1.1)-(1.2) is converted into the following equivalent form:

(x — a*)T(f(a*) — ATA*) >0,
(x*,y", \") € Q, (y — y*)T(g(y*) — BT)\*) >0, V(z,y,\) €, (1.3)
(A =X (Az* + By* —b) > 0,
where

Q=XxYxR™
We denote (1.3) by VI(Q, F'), where

x f(z) — AT\
u=| vy and Fu)=1| gy)—BTXx |. (1.4)
A Ax+ By —b

The proximal point algorithm (PPA), which was originally proposed by Martinet [22] and
concretely developed by Rockafellar [24, 25], is very widely-used in the community of Optimization.
In fact, it particularly boosted various efficient numerical algorithms for solving VIs. Applying
the PPA to solve VI(Q, F') gives rise to the following iterative scheme to generate the new iterate

uF*t1 .= 7%, where @* is the solution of the following subproblem:

(u — a™)T{F(aF) + 1(ﬂk—uk)}20, Vu e . (1.5)

Note that é > 0 is regarded as the proximal parameter. More specifically, due to the separable
structure (1.4), the task of solving the PPA subproblem (1.5) is equivalent to solving the following
sub-VIs: Find (&%, 7% X\F) € X x Y x ®™, such that

(¢ — &F {f — ATXNF 4 (:Uk—w )} >0, Ve, (1.6a)
(v - @‘“)T{g(@‘“) ~BTN L@ M} 20, Ve, (1.6b)
(N = M)TL(AZ* + BgF —b) + L\F =29} >0, v XN eRrm™ (1.6¢)

Note that (1.6¢) implies that
M= \k — a(AzF + By* —b). (1.7)

By substituting (1.7) into (1.6a) and (1.6b), we have the equivalent form of (1.6): Find (&%, §*, \¥) e
X x Y x R™ such that

(2 — 7 T{f [)\k — a(Az* + BjF — b)) + (xk - ZL'k)} >0, (1.8a)
(v =" {9 — a(AZ" + By —b)]+ L7 —y")} >0, (1.8b)
()\’—/\’“ T{ AzF +ng’“—b)+é(5\k—>\’“)} >0, (1.8¢)

for all (z/,y, ) € X x Y x R™.

Despite that (1.5) is formally decomposed into the sub-VIs (1.8) with lower dimensions, it is in
general not implementable to solve the sub-VIs (1.8a) and (1.8b) separably due to the overlap of
Z and g emerging in these sub-VIs. Hence, the direct application of PPA in the form of (1.8) does
not exploit the favorable separable structure of (1.3). Nevertheless, this observation has inspired
many efforts to treat (1.8a) and (1.8b) separably by reducing the extent of overlapping of # and g.



Thus, some proximal-based decomposition methods for (1.8) have been developed. Depending on
the fashion of untying the overlap in (1.8a) and (1.8b), the current proximal-based decomposition
methods rooted to (1.8) can be categorized into the parallel decomposition methods and the
alternating decomposition methods.

For the proximal-based parallel decomposition methods, the involved sub-VIs are suitable for
parallel computation. For example, when the exact version of the proximal-based decomposition
method in [3] applied to solve (1.3), the solutions of the following sub-problems constitute the
new iterate (Z¥, 7%, A\¥) € X x Y x R™

(' — )L f(3%) — AT[NF — a(A2" + ByF — b)] + 1 (3% - 2)} >0, (1.9a)
(v' = 3" {9(7") — BT[\" — a(Az" + By* - b)] + é(ﬂ’“ —y")} >0, (1.9b)
M= \E — a(AZF + BgF —b), (1.9¢)

for all (2/,y/,\) € X x Y x R™.

Note that the sub-VI (1.9a) does not involve §* and that (1.9b) is independent on the Z*

generated by (1.9a). Hence, (1.9a) and (1.9b) are eligible for parallel computation. We refer to,
g., [28], for the further development.

On the other hand, opposite to the parallel decomposition methods, it is easy to develop
(1.8) in the alternating manner, which solves the involved sub-VIs in the consecutive order. For
instance, the following proximal-based alternating decomposition method is a special case of the
exact version of the method proposed in [17]: Find (&%, %, \F) € X x Y x ®™ such that

1

(' — )L f(3%) — AT[N\F — o(AZ" + By* — b)] + a(;z’f —aM)} >0, (1.10a)
(' — ) {g(i") — BT\* — a(AZ* + BF* — b)) + é(g’“ —y")) >0, (1.10b)
M=\ — o (AZF + Bk —b), (1.10c)

for all (/,y/,\) € X x Y x R™. Note that the sub-VIs (1.10a) and (1.10b) are not eligible
for parallel computation, as the solution of (1.10a) is required in the process of solving (1.10b).
Nevertheless, although the merit for parallel computation vanishes, alternating decomposition
methods inherit well the spirit of the Gauss-Seidel method in the sense that the newly-obtained
Z via the first sub-VI is used in the second sub-VI to generate 3. Recall that this particular
alternating decomposition method (1.10) is closely-related to the operator-splitting method and
it is viewed as the application of PPA to the well-known alternating direction methods, see, e.g.,
[5, 6, 7, 11, 12, 18, 21, 26, 27, 29].

The main aim of this paper is to present the unified framework of proximal-based decom-
position methods for solving (1.3) in both exact and inexact versions. For the inexact version
of the unified framework, we extend the well-developed inexact criteria in the literature of PPA
to solving the considered VI. Hence, the existing inexact proximal-based decomposition meth-
ods are improved. In addition, we pay particular attention to the restrictions on the involved
proximal parameter to ensure convergence. With the detailed analysis for some concrete parallel
and alternating decomposition methods, we conclude that the alternating decomposition methods
generally allow more favorable proximal parameters than the parallel decomposition methods.

The rest of the paper is organized as follows. In Section 2, the unified framework of proximal-
based decomposition methods is proposed, in both exact and inexact versions. Section 3 focuses



on the restrictions on determining the proximal parameters for various concrete cases of the unified
framework. In Section 4, we prove the convergence of the unified framework for both the exact
and the inexact versions. Consequently, some implementable algorithms are developed. Finally,
some conclusions are drawn in Section 5.

Throughout this paper, we assume that the solution set of (1.3) (denoted by ) is not empty;
the involved sub-VIs are solvable; and that both f and g are monotone mappings.

2 The unified framework of proximal-based decomposition meth-
ods

In this section, we present the unified framework of proximal-based decomposition methods for
(1.3) that include some existing methods as special cases.

For the given triple u* = (z¥,y*, A\¥) € Q (or in R™+727™)  the following subproblems consti-
tute the main body of the unified framework of proximal-based decomposition methods:

irex, (o —iMT{fE") - ATpy+r(@ —a") - ¢} >0, V' e, (2.1a)
7 ey, (v =9 {9@") — BTpy + (5" — ) &} 20, Yy €, (2.1b)
M= Xk — g(AzF + BjF —b), (2.1c)

where r > 0,s > 0 are proximal parameters of the sub-VIs; 8 > 0 is viewed as the penalty
parameter to the linear constraints Az + By = b; & ¢ R™ and fg € 1™ are error terms
that allow the involved sub-VIs to be solved approximately subject to different inexact criteria;
and p, € ™ and p, € N™ are terms whose specific choices lead to concrete proximal-based
decomposition methods (to be analyzed in detail).

Some remarks regarding (2.1) should be given. First, we observe that for the particular parallel
decomposition method (1.9), the generated sub-VIs take é as the proximal parameter and « as the
penalty parameter to the linear constraints Az + By = b. To study proximal-based decomposition
methods in the general setting, we allow these parameter vary in a more general manner, as in
[17].

Second, various choices of p, € R™ and p, € RN lead to specific proximal-based parallel or
alternating decomposition methods. We concentrate on the following concrete choices of p, and
py, two of which include the existing methods in [3, 17] as special cases.

a. The first parallel decomposition method (denoted by PDM1) by setting (p,,py) as:
py = py(F, yF AF) = XF — B(AzF + ByF —b). (2.2b)
b. The second parallel decomposition method (denoted by PDM2) by setting (pg, py) as:
Pe = pa(@*, 45, A) = N — B(AZ" + By — ), (2.3a)
py = py (¥, 7%, AF) = Ak — B(Az* + Bg* —b). (2.3b)
c. The first alternating decomposition method (denoted by ADM1) by setting (p.,py) as
P = pa(a®,y", AF) = N — B(Az* + By" —b), (2.4a)
py = py(F, % AF) = AF — B(AZ* + By* —b). (2.4b)



d. The second alternating decomposition method (denoted by ADM2) by setting (p.,py) as
pe = po(@,yF, N) = N = B(AZ" + By* — 1), (2.5a)
py = py(B°, 5%, NF) = Ak — 3(AZ* + Bg* — b). (2.5b)

It is easy to verify that the proximal-based decomposition methods in [3, 17] are recovered with
the particular choices of (2.2) and (2.5), respectively.

For the convenience of proposing the unified framework, we reformulate (2.1) into the more
compact form: Find @* = (F, 7% \¥) € Q such that

(W — @V (F(@F) + W, @%) — (GWF —a¥) +€8)} >0, Vi eq, (2.6)
where
T f(z) — AT k
u = Y ) F(“’) = g(y) — BT\ ) Sk - glj ) (27)
A Ax+ By —1b 0

n(u®, @) € Rmtm2tm and G e Rmtnatm)x(mitnatm) jg positive definite. The respective expres-
sions of n(u®, @*) and G for some concrete choices of (p,, py) are listed in Table 1 (see also (3.7),
(3.20), (3.33) and (3.46)).

Table 1. The specification of n(u*, @*) and matrix G in (2.6) for different methods

Gy
( ?L ) n(uk, @) G= ( Gy )
Yy GA
AT (A(z* = 3%) + B(y* — 7%)) rln,
(22) |5 ( BT(A(z% — i) + By — ) ) s,
0 %Im
AT(A(a* —2%) + By* - ¢")) 1Ly, +BATA
(23) |5 ( BT(A(z% — i) + By — ) ) SIn, + BBTB
0 51m
AT B(y* — %) rl,, — BATA
(2.4) 8 ( BTB(y* — %) ) sly,
0 %I’m
ATB(yk - gk) TITH
(2.5) B BTB(y* —g*) sl,, + BBTB
O %17”/

Third, the error terms £¥ and 5’; in (2.1) allow the sub-VIs to be solved approximately. Recall
that the inexact parallel decomposition method in [3] (resp. the inexact alternating decomposition
method in [17]) requires the restriction on the inexact criterion that the absolute errors are
controlled by a sequence of positive scalars that is square-root-summable (resp. summable). In
this paper, we improve these existing inexact criteria in two aspects: relative errors are considered;
and the restrictions on the sequence of positive scalars to control the relative errors are relaxed



significantly. More specifically, we present the following inexact criteria that are implementable
for solving (2.1):

Inexact Criterion 1:  [|[G'¢"||g < a;muk]uk —F||e,
(o.9)
with ZV% < 00, v > 0and p € (0,1); (2.8)
k=0
and
Inexact Criterion 2: ||G~¢"||¢ < %Huk — @¥||g, with v € (0,1). (2.9)

Obviously, (2.9) is more relaxed than (2.8), as its relative errors can be uniformly bounded by
the constant /2. As we will analyze later, however, under Inexact Criterion 1, @* generated by
(2.1) can be directly used as the new iterate «**1; while under Inexact Criterion 2, i* generated
by (2.1) should be corrected for being the new iterate u*+1!.

Now, we are ready to present both the exact and inexact versions of the unified framework of

proximal-based decomposition methods for solving (1.3).

The exact version of the unified framework of proximal-based decompo-

sition methods

Step 0. Given u* = (2%, y¥ ). Set k = 0.

Step 1. Generate the new iterate via u**! := @*, where @
(2.1) with & = 0 and &} = 0.

Step 2. If stopping criterion is not satisfied, set k := k£ + 1 and go to
step 1.

k is solved by

The inexact version of the unified framework of proximal-based decom-
position methods

Step 0. Given u* = (2%, y* \¥). Set k = 0.
Step 1. Obtain @* via solving (2.1).
Step 2. Generate the new iterate u*t1.
Case 1: If the inexact criterion (2.8) is used for solving (2.1), u**1 := @F.
Case 2: If the inexact criterion (2.9) is used for solving (2.1), u*+! =
uF — aydy, where ay, > 0 is regarded as the step size along
the direction d € R™ ™2™ and their specific expressions

will be explained in detail later (see (4.13) and (4.18)).
Step 3. If stopping criterion is not satisfied, set k := k£ + 1 and go to

step 1.

3 The strategies of determining proximal parameters

In this section, we first propose a condition that is required to ensure the convergence of the
proposed unified framework (in both exact and inexact versions), then investigate how to fulfill
this condition via choosing appropriate proximal parameters. Hence, the strategy of determining
proximal parameters for the proposed unified framework is suggested.

The following lemma motives the condition to ensure the convergence of the proposed unified
framework.



Lemma 3.1 For given u* € Q (or in R"t™), let @F € Q be generated by (2.1). Then, for

uF, @k, puk,ak), G and &, in the compact form (2.6), we have

(’U,k . u*)T(G(uk - ,ak‘) + é‘k)
> (@ —u)Tp(uF, @) + (uF — @) (G WP - @) + €F), vut e . (3.1)

Proof. Since u* € Q, set v’ = u* in (2.6), we get
(a* — u*)T(G(uk —aF) + 5'“) > (aF — u*)T(F(ak) + n(uk,ak)), Yu* e Q.
Using the monotonicity of F', we have
(" — u)TF(@*) > (@ — )T Fu*) >0

and thus
(a* — u*)T(G(uk —a®) + §k) > (aF — )Ty, a¥), vu* e Q, (3.2)
which implies (3.1) immediately. O
For the exact version of the proposed unified framework (i.e., £€¥ = 0), it follows from (3.1)

immediately that
(u* — )G — %) > (aF — u) T, @) + ||u* — 3%, Yu* € QF,

which implies that

e e (A B (]
lu® — w17 = 2(u® = ") Gu® — @) + |Ju* — |
(33) N N i
= u? = wllE = e = a1 - 2" - )Tt ab).

Therefore, as long as n(u”, @*) and G are chosen appropriately such that
2|(a" — u*) (b, @*)| < [lut — a2, (33)

we have
1a* - w*lla < [|u* — w2,

which indicates that the sequence {u*} by taking u**! := @* is Fejér monotone to Q*. Hence, the
convergence of the proposed unified framework (in exact version) is implied, see, e.g., [1].

The requirement (3.3) motivates us to adopt the following condition, which is crucial for
ensuring convergence of the proposed unified framework in both exact and inexact versions.

Condition: There exists a constant p € (0, 1) such that
(@ — )T, @) < St — a2, (3.4)

where @* is generated by (2.1), u* € Q*, n(u¥,@*) and G in (2.6) are listed in Table
1 for different (py,py).




As shown in Theorems 1-4 , this condition is achievable via choosing appropriate values of the
proximal parameters r and s. Therefore, Condition (3.4) also inspires the strategies of determining
the proximal parameters r and s in (2.1). As analyzed extensively in [25], the convergence of PPA
and its variants requires that the proximal parameter should be bounded below from a positive
scalar. However, with this prerequisite satisfied, proximal-based methods with lower bounds of
proximal parameters (which means the allowable ranges for proximal parameters are broader)
are preferable both theoretically and numerically, see [14] for profound analysis. Note that the
value of p in (2.8) can be taken as exactly that in (3.4) once it is determined in the procedure of
fulfilling (3.4). However, the constant v in (2.9) can be chosen independently on the p in (3.4).

Therefore, for different cases of the proposed unified framework, it is of particular interest to
investigate the allowable ranges of proximal parameters that ensure Condition (3.4). More specif-
ically, with the choices of p, and p, specified in (2.2)-(2.5) (hence, the definitions of n(u”*,@*) and
G become determinate for each case, as shown in Table 1.), we analyze the respective restrictions
on the proximal parameters r and s that ensure Condition (3.4). At the same time, the value of
w is determined accordingly.

3.1 The first proximal-based parallel decomposition method (PDM1)

For the first parallel decomposition method, the pair of (ps,py) is taken as (2.2). We first rewrite
(2.1) with the specific (pz, py) into the form of (2.6), and then provide the precise expressions of
n(u*,@*) and G in (2.6)-(2.7).

Substituting the definition of (ps,p,) in (2.2) into (2.1), we have (&%, 7%, \¥) € X x Y x R™
such that

(o' — &) (&%) — ATV = B(A2® + By* — b)] + r(@* — 2*) — €} >0, (3.5a)
(v’ — )" {9(7") — B\ — B(A=" + By* — b))+ 5(5" — ") — &5} > 0, (3.5b)
(N = 3)T{(Az* + B — b) + ;(X’v MY >0, (3.5¢)

for all (z/,y’,\) € X x ¥ x R™. Using the notation of F(u) (see (1.4)), by a manipulation, (3.5)
can be written as: find @ = (&*, 4%, \¥) € Q such that

T

al — & f(@*) — ATX® AT(A(a* = 3%) + B(y* — 7))
v -1 o) = BN | 48| BT(AGH -+ BOF- ) |
N — Nk Az* + BjF —b
o -\ r(ik — aF) — ¢k
+ y/ - (y:k s(gk‘ ~_ yk) - g?]j 2 Oa vu/ = (ﬂj‘/, y/a )‘/) €.
A — \F %()\k_)\k)
Therefore, the concrete form of (2.6)-(2.7) for PDM1 is:
(' — @ T{(F (@) +n,(u*,a") = (Gr(w* = @)+ €F)} >0, V' €, (3.6)
where
AT(A@h = 2% + By* — §")) &
n, (@) = 6| BY(AGN -3+ B@F M) | = & (3.72)
0 0



and

Gr = s1p, : (3.7b)

Theorem 3.2 For given u®, let @* € Q be produced by (3.5); n,(u*,@*) and Gy be defined in

(3.7). If
r>28|ATA|  and s> 28| BTB|, (3.8)

then Condition (3.4) is satisfied in the following sense:
~k T E ~k My ok ~k
(@ = ™), (uf, a%)] < flu” — @ I

with

T T
by — \/max{wux;l AH}ﬂHi BH} € (0.1). (3.9)

Proof. It follows from Az* 4+ By* = b and (A" + Bj* — b) = A — ¥ that

w2\ [ AT(A@* — )+ BOF — %)
(@ — )y, (b by = B g -y BT(A(z* — ) + B(y* — "))
P 0
= (A=W (A@" — ) + BF — ). (3.10)
By using Cauchy-Schwarz Inequality, we have
(@ — u*) T, (uF, @)
= |\ = AT (A - ) + By* - )|
1 ~ N ~ N
= {20 = ATAES - @)+ 2/ - AT BN - 7))
1 2 .
< ﬂI\A( F)2+ LN - 3E2)
28
1 25 7 .
||B< 72+ ﬁw — AF|12)
1 2ﬁ 25 _ 75 N
= HA( 2+ 2By — )12+ ELAE = XF)2) (3.11)
Hr B
With the y; defined in (3.9), we have
2
26 Ak — )2 < prrlle® — 32 (3.12a)
78
and 25
EHB(yk — GNP < prslly® — 5712 (3.12b)

Combining (3.11), (3.12), and the definition of Gt in (3.7), we obtain (3.9). Hence, Condition
(3.4) is satisfied and the proof is complete. O

Remark 3.3 As analyzed in the Introduction, the proximal-based parallel decomposition method
in [3] is a special case of the PDM1 (3.5) withr = s = % The restriction on (3 (where B = 1)
proposed in [3] is :

1

O S max (AT, 1}

(3.13)



Corollary 3.4 Ifr =s= % in (3.5) and [ satisfies the requirement (3.13), then Condition (3.4)

18 satisfied in the following sense:

A i V2 i
(@ — )T b, )] < a2, (3.14)
where n, (u¥,@*) is defined identically in (3.7) and
1 Iy
Gy = 5 In, . (3.15)
Im,
Proof. It follows from (3.11) and py = g that

(@ —u)T, (u*,a")]

1% k_ =kyj2 % Eo=kyi2 . Mvk kg2
< U IAGE =P+ S 2IBGE = I+ I = X
2 -
= ZLglat - + 4PIBGE — )17+ 1N - ), (3.16)

From Conditions (3.13), we get 43%|| A(z* —%)||? < ||2* —2*||? and 482 || B(v* —7*)||1> < |lv* —7*||%,
and thus

R i V2 - N <
(@ —u*)T, (uf,ah)| - < @{llwk—$kll2+ ly* = 517 + 1A% = AF)12}. (3.17)
Assertion (3.14) follows immediately from definition of Gy, in (3.15). O

3.2 The second proximal-based parallel decomposition method (PDM2)

For the second parallel decomposition method, the pair of (ps, py) is taken as (2.3). We first rewrite
(2.1) with the specific (ps, py) into the form of (2.6), and then provide the precise expressions of
n(u¥,@*) and G in (2.6)-(2.7).

Substituting the definition of (ps,p,) in (2.3) into (2.1), we have (&%, 7% M) € X x Y x ®™
such that

(o' — #)VTLf(3%) — AT[NF — B(AZY + By® — b)) +r(@" — 2*) — €8} >0, (3.18a)
' — ") {g(@*) — BT[N* — B(Az* + Bi* — b)) + s(5" — y*) — &} >0, (3.18b)
(N = 3)T{(Az* + B — b) + ;(X’C MY >0, (3.18¢

)
for all (2/,y', ) € X x Y x R™. Using the notation of F'(u) (see (1.4)), by a manipulation, (3.18)
can be written as: find @* = (&%, 7%, \¥) € Q such that

T

o — 7k f(jk) _ AT%\k ATB(yk _ gk) T(jk _ l‘k) _ 57;
y — " 9@ — BTAF |+8| BTA@" — &%) |+| s(@* =) —&8 | ¢ >0,
N — \E Ak 4+ BgF —b 0 F(AF =R

for all ' € Q which is equivalent to
T

o — & f(@*) — ATXE AT(A(z* — &%) + B(y* — 7))
v - g(i") = BTN | +8 | BT(A(h — %) + B~ ) | o+
N — Xk Az* + Bt — b 0

10



=ik \" [ (L BAT AT — o) — ¢k

+| - (sLuBBTB)(§F —yF) — &k | >0, v’ = (2,9, N) € Q.
A — S\k %(Xk _ )\k)
Therefore, the concrete form of (2.6)-(2.7) for PDM2 is:
(' — @)L (F (@) +n, (¥, 7)) — (Gu(u® — %)+ €5)} >0, V' eQ, (3.19)
where
AT(A@® = 3% + By* — ")) b
ny(uh @) =8| BT(A@N =39 + B -3") |, &= & (3.200)
0 0
and
rl,, +3ATA
Gy = sl,, + BBTB . (3.20b)
5 1m

In fact, the definition of 7, (u¥, @) is identical with that of n, (u*,@*) in (3.7). For consistence,
we still use the notation of n,, (u¥, @*) for PDM2.

Theorem 3.5 For given u”, let @* € Q be produced by (3.18); n, (u*,@*) and Gir be defined in
(3.20), If
r> G| AT A| and s> B|BTB|, (3.21)

then Condition (3.4) is satisfied in the following sense:

. . . 1 ~
(G — )T, ()] < P 2, (3.220)
with
25|ATA| 25|B7B|
= 0.1). 3.22b
i \/maX{TJrﬁIIATAII’s+6|BTB||} €01 (3.22b)

Proof. Recall that 1, (u*, @*) = n, (u*,@*). As in the proof of (3.10), we have
(@ —w) Ty, (b, @) = (A" = AT (A" - 3% + B(y* - 7). (3.23)
Therefore, analogous to (3.11), we obtain

3 =) (0, )
= | - AT (AGE" +B< )l

1{%!\1‘1 zt =3+ p IIB(yk—Qk)llz+%!\hk—5\k\\2}- (3.24)

Ky I

It follows from the value of x in (3.22) that

20 - .
22 ) AR — )2 < gy (rlle® — 22+ BIAGE — 8)?) = b — B2 gy (3:250)

I

and

28 ) ) ) ]
“B" =3P < py (slly” = 511 + BIBG = §?) = pally® = 5 Ier gy (3:25b)

I
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Combining (3.24), (3.25), and the definition of Gy in (3.20), we obtain
~ " ~ N ~ ~ M ~
(@ — )y (@8] = [N = M (A" = 2% + Bl* = 5")] < THlu® = a¥,

Condition (3.4) is satisfied and the proof is complete. O

Remark 3.6 The prozimal-based parallel decomposition method in [19] is a special case of the
PDM?2 (3.5) withr =s = % In this case, the restriction on [ proposed in [19] is:

1
. 3.26
P = Bumax([ALL 2]} (3:26)

Corollary 3.7 If r = s = % in (3.18) and (B satisfies the requirement (3.26), then Condition
(3.4) is satisfied in the following sense:

V2

@ — )Ty (7)) < Yk — ¥ (3.27)

where n,, (u¥,@¥) is defined identically in (3.7) and

) I, + pATA
G, = = I, + BBTB . (3.28)
B I
Proof. It follows from (3.24) and puj = @ that
‘(ak - U*)TUH (uk7ﬂk)|
1,25 kY2 28 ko o~z MBIk k2
< —||A(x + —||B(y" — + — A" = A
3O AGS — )P+ 2B - 7P + S - 3}
= @{MQIIA(I’“ —@")|2+48% By — ") + IAF = XF|7}. (3.29)

From Conditions (3.26), we get 43%|| A(z* — 7%)||2 < ||l2% — &
and thus

kH (I+B32AT A) and 462”B(yk _gk)‘P <

Hyk - gk|’%[+ﬁ2BTB)a

~k T k ~k
|(u _U*) 77][(’11, , U )|

V2 3 3 -
@{ka |17 (148247 A) T Ily" yk”?]+ﬁ23TB) +[IAF — )\kHQ}- (3.30)
Assertion (3.27) follows the definition of G, (3.28) immediately. O

3.3 The first proximal-based alternating decomposition method (ADM]1)

For the first alternating decomposition method, the pair of (ps,py) is taken as (2.4). We first
rewrite (2.1) with the specific (ps, py) into the form of (2.6), and then provide the precise expres-
sions of n(u¥,@*) and G in (2.6)-(2.7).

Substituting the definition of (ps,p,) in (2.4) into (2.1), we have (¥, 7%, \¥) € X x Y x R™
such that

(' — )L f(3%) — AT[N\F — B(Az” + By" — b)] +r(@" —2) — &8} >0, (3.31a)

12



(v =" {9(@*) = BT\* = B(AZ* + By = b)] +s(5* — ) = &} > 0, (3.31b)

1 -
+ B(Ak -1 >0, (3.31c)
for all (/,y', ') € X x Y x R™. Using the notation of F(u) (see (1.4)), by a manipulation, (3.31)

can be written as: find @ = (Z, 7, ) €  such that

(N = X)TL (A% + ByF — b)

T

o — it F(@k) - ATH AT (A(ah — &%) + B(y* — )
y - 9(g") = BTN | +8 BTB(y* — ¢") +
N — \F AzF + Bk —b 0
x — ik ! r(zk — ok) — ¢k
+| v -7 s —yF) =& | =20, v = (2, N) e,
A — )\ %()\k_)\k)
which is equivalent to
o=@\ ([ f@) - ATk ATB(y* — i)
y/ _ gk: g(gk) _ BT)\k: 4 ,8 BTB(yk _ gk) 4
N — \E AzF + ByF —b 0
o — i\ [ (rL,, — BATA)(z* — 2F) — b
+ y, - gk S(gk - yk) - flyg > Oa \V/U/ = ('Ilvy/7 >\/) €.
)\/_)\k %()\k_)\k)
Therefore, the concrete form of (2.6)-(2.7) for ADM1 is:
(' — @)V {(F (@) + my (WP, @) — (Gu(u® — @F) + €5)} >0, V' €, (3.32)
where
ATB(y* — ¥ .
(W, @) =5 BTBWF %) |, &= ¢ (3.33a)
0 0
and
rl,, — BATA
Gg = sy, . (3.33b)

51m

Theorem 3.8 For given u, let @* € Q be produced by (3.31); n, (uF,@*) and G, be defined in
(3.33), If
r>B|ATA|  and s> B|BTB|, (3.34)

then Condition (3.4) is satisfied in the following sense:

(@ =Yg (b, )] < S — a1 (3.35)

[y = \/W € (0,1). (3.35b)

13
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Proof. First, since F is monotone, we have (@¥ — u*)TF(@¥) > 0. Recall the definition of
ny (u¥, @) in (3.33) and the facts Ax* + By* = b and 3(AZ* + Bg* —b) = A\¥ — Ak, Then, we have

T

i’k — ¥ ATB(yk _ gk:)
(ﬁk . u*)TnM(uk,ﬁk) — ,8 gk o y* BTB(yk _ ﬂk)

N\ 0

= (W= MTB - 7).
By using Cauchy-Schwarz Inequality, we get
(@ = u*) Ty (uF, @%)| = [N = M) B(y* - 7]

_ 18
2y
Note that under Condition (3.35), we have

_ 7 <
IB(y* —3")II” + F”’IIA'“ — M7}

g _ _
|IB(y" — g")I* < myslly® - 5°)1%
Hi
Combining (3.38), (3.39) and (3.33), we obtain
(@ —u*) Ty (uf, @) = |(AF = ATB(* — )]
1% _ 1 N
< sl gt + BH/\k — A%}
w .
< Bt bz,

Hence, Condition (3.4) is satisfied and the proof is complete.

Corollary 3.9 Ifr=s= % in (3.18) and [ satisfies the requirement (3.26):
1

g < ;
V2max{||Al, || B}
then Condition (3.4) is satisfied in the following sense:

i N V2 .
(@ — ) ()] < Y2 2
where 1, (u, @) is defined in (3.33) and

1 Inl - /BZATA
Gjﬂo - B ITLQ
I,

[S

Proof. It follows from (3.37) and p, = %5* that

~ * ~ 1 ﬂ ~ 1% 1
(@ — )Ty (", @) < S{IB* = 7017 + T IAF = A1)
2"y g

_ ﬁ{zﬂﬂ\myk—gkm%w’f—&’“u?}.

From Conditions (3.26) we get 263%|| B(y* — 7%)||?> < ||y* — 7*||> and thus

L) < Y2

(@ =)oy (575 < Y

Assertion (3.27) follows from the definition of Gy, (3.41) immediately.

{lly* = g°17 + IAF = AF)12).
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3.4 The second proximal-based alternating decomposition method (ADMZ2)

For the first alternating decomposition method, the pair of (p;,py) is taken as (2.5). We first
rewrite (2.1) with the specific (ps, py) into the form of (2.6), and then provide the precise expres-
sions of n(u¥,@*) and G in (2.6)-(2.7).

Substituting the definition of (ps,p,) in (2.5) into (2.1), we have (&%, 7% M) € X x Y x ®™
such that

(' — )T (&%) — ATV = B(AZY + ByF — b)) +r(@" —2) — &5} >0, (3.44a)
(v = ") {9(7") = BT\* = B(AZ" + Bg* — b)] + (5" —¢*) = &5} >0, (3.44b)
(A“—XﬂTﬂAjk+£wk—b)+2%§k—Aﬂ}Z(L (3.44c)

for all (2/,y',\) € X x Y x R™. Using the notation of F'(u) (see (1.4)), by a manipulation, (3.44)
can be written as: find @* = (z*, §*, \¥) € Q such that

T

x — :n’“ f(@F) — AT\ ATB(y* — %) r(zk — ak) — ¢k
y — i g(@* — BTN |+ 0 +| s —y) - & > 0,
N — \F Ak 4+ Bgk —b 0 (A= 2F)
for all (z/,y/,N) € X x Y x R™. This is equivalent to:
ook \ T F(E%) — ATk ATB(yk — §*)
y =i g(@*) = B™N [ +8| B'B" —i*) | o+
N — \F Azk + ByF — b 0
-\ T r(Ek —ak) — &k
+| v -7 (sIny + BBTB) (" —y*) =&k | >0, v/ = (2., X) € Q.
)\/_S\k %()\kz_)\k)
Therefore, the concrete form of (2.6)-(2.7) for ADM2 is:
(' — @)V {(F (@) +my, (¥, 7F)) — (G (P —@") + )} >0, V' eq, (3.45)
where
ATB(y" — ") h
ny (W @) =8| BTBWF—g%) |, &= & (3.46a)
0 0
and
rin,
G = sl,, + BBTB : (3.46b)

1 ]m
In fact, the definition of 7, (u¥, @*) is identical with that of 7, (u*,@*) in (3.33). For consistence,

we still use the notation of n,, (u¥, @*) for ADM2.
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Theorem 3.10 For given u, let & € Q be produced by (3.31); n, (u, @) and G, be defined in
(3.46), If
r>0 and s> 0, (3.47)

then Condition (3.4) is satisfied in the following sense:

5 — o) o ()] < 5t — 12, (3.452)

/ BTB

Proof. Recall that 7, (u*, @*) = n, (u¥, @¥). As in the proof of (3.36), we get

with

(@ —u*) Ty (u,0@%) = (" = MTB(* - 7%). (3.49)
Analogous to (3.37), we have
(@ —u) Ty, (u, a)] = | = AT BS - )]
1, p ko k2 o Mok SE2
—1—||B(y" — + —==|A" = A . 3.50
Q{MIVH " =3l 5 | I} (3.50)
Note that under Condition (3.48), we have

fv||B(yk — P2 < i LsllyF — 502 + BIBWE — TN} = i lo* — 51y (351)
and thus (see the definition of G/ in (3.46))
(@ —u*) T, (@) = | = MTB ")
< B~ P Repprsy + 51N~ NP

< Bt —at|z,. (3.52)

Hence, Condition (3.4) is satisfied and the proof is complete. O
Corollary 3.11 Ifr=s= % in (3.44) and B satisfies the requirement

1
< - 3.53
7= 1 (3.53)

then Condition (3.4) is satisfied in the following sense:

V2, ok

@ — )y (b, i) < Y2 a2, (3.54)
where n,, (u¥, @) is defined in (3.46) and
I
G, = 3 I., +3°B"B : (3.55)
I,
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Proof. It follows from (3.52) and u,, = %2 that

~ * ~ 1 /8 ~ 1% N
(@ — )Ty, (ub, %)) < S{=IB" = 0)I1P + =N = A2}
2" pyy g

V2 i -
= E{QﬁQHB(yk = G2+ IAF = NP (3.56)
From Conditions (3.53), we get 232||B(y* — ¢%)||2 < ||y* — gij% vy +B2BTB) and thus
ko i V2 i <
‘(uk —Uu )Tnlv(ukyuk” S E{”yk _ka%InQ-‘r,BQBTB) + ||Ak —)\kHQ} (357)
Assertion (3.54) follows from the definition of Gy, (3.55) immediately. O

3.5 Summary

In the last four subsections, we study intensively the respective restrictions on the proximal
parameters to enure Condition (3.4), for various cases of the proposed unified framework. We
summarize the respective restrictions and the according values of p in (3.4) in the following table.

Table 2. The restriction on the proximal parameters

( Pa ) Restrictions on r and s w € (0,1) in Condition (3.4)

(22) | r>2BATAl, 5> 28|BTB| | p=\/max{2IA"Al 22IBTBI,

23||ATA 28||BT B
(23) | r>BIATA| s> BIBTBI| | p=\/max{ 2R 2OLECELy

(24) | r>BIATA|, s> 6|BTB| = ELEZE

BTB
(25) r>0, s>0 w= %

Our analysis indicates that for solving (1.1)-(1.2), the alternating decomposition methods gen-
erally allows more favorable lower-bounds of proximal parameters than the parallel decomposition
methods do. In particular, among the four cases of the proposed unified framework that have been
delineated, the ADM2 admits the most relaxed ranges with smallest lower-bounds of proximal
parameters.

4 Convergence

This section proves the convergence of both the exact and the inexact versions of the proposed
unified framework, under the Condition (3.4).
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4.1 The exact version

Recall that the exact version of the proposed unified framework generates the new iterate u**!

according to:

Algorithm 1:

uFt! = @* where @* the solution of (2.1) with &% = 0 and & = 0.

Lemma 4.1 Let {u*} be the sequence generated by the exact version of the proposed unified
framework, and Condition (3.4) is satisfied. Then, we have

[ T A e e O [V T PR (TS (4.1)
Proof. From (3.1), Condition (3.4) and &¢* = 0, we get
12" —w*llE = lI(u® —u) = (W —a")E
= Jlu* — G = 2(u" — )T Guh — ") + u* —a"|

(i F | = 20k — u) Ty, @) — |ub — )2

and €8 =0
(using (3.4)) < |lu¥ —u*|% — (1 — p)|Ju* — @ ||%.

IN

I

Recall that u*+1 := @¥ for the exact version of the proposed unified framework. Thus, the theorem
is proved. O

The inequality (4.1) indicates that the sequence {u*} generated by the exact version of the
proposed unified framework is Fejér monotone with respect to * in the G-norm. Hence, the
convergence is readily obtained, as in the following theorem (see also [1]).

Theorem 4.2 The sequence {uF} generated by the exact version of the proposed unified frame-
work converges to a solution of VI(Q, F).

Proof. It follows from (4.1) that {u*} is bounded, and it has at least one cluster point. From
(2.6), we have u**1 € Q and

(’U,/ o uk:-i—l)T(F(uk—i-l) + n(uk7uk+1)) > (ul - uk+1)TG(uk _ uk—&-l)’ vV e Q.

Note that (4.1) implies that limy . [|[u* —u**1|| = 0. On the other hand, it is from Table 1. that
there is a constant C' > 0 (determined by A, B and [3), such that

In(u®, u* ] < Cllu® ="

for all the cases of n(u®,u**1). Thus, we get
uFt e Q, klim (' — uFHT R >0, vu' € Q.
—00

Let u™ be a cluster point of {u*}. We assume that the subsequence {u*i} converges to u>. Then,
it follows from the above inequality that

ubi e Q, lim (v — u*)TF(u) > 0, vu' € Q
j—00
and consequently
u™ € Q, (v —u®) ' F(u™®) >0, vu' € Q.

This means that u>® € Q*. Because (4.1) is true for any solution point, the sequence {u*}
converges to u™. Thus, the theorem is proved. O
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4.2 The inexact version with Inexact Criterion 1

As well-known, the involved sub-VIs in (2.1) are very expensive (if not impossible) to be solved
accurately, no speaking of the little justification of obtaining their exact solutions when they
differ from the original VI significantly. Hence, the practical way of treating the involved sub-
Vs is to solve them approximately subject to some inexact criteria. As we have analyzed, the
proposed unified framework is closely related to the PPA—-both the sub-VIs (2.1a) and (2.1b) are
regularized by proximal terms. Therefore, it is necessary to extend the existing inexact criteria
in the literature of PPA to the inexact version of the proposed unified framework. Through this
extension, some existing inexact proximal-based decomposition methods for solving (1.3) (see,
e.g., [3, 17]) will be improved.

Recall that we have proposed the Inexact criterion 1 in (2.8). We refer to [16] for similar
inexact criteria in the context of general VI. Under this criterion, the inexact version of the

k+1

proposed unified framework generates the new iterate u according to:

Algorithm 2:
k+1

uF+1 .= @F, where @* is the solution of (2.1) under the inexact criterion (2.8).

Lemma 4.3 Let {uF} be the sequence generated by the inexact version of the proposed unified
framework with the inexact criterion (2.8), and the Condition (3.4) is satisfied. Then, we have

1—
(1= )™ =g < o =l - — Bl — uF 12, vur e (4.2)

Proof. First, we have

o~ = k-t -
= - = 2t — ) (G - )+ €Y)

+2(uf —u)Teh 4 b — M2
Substituting (3.1) in the second term of the right hand side of the above inequality, we get

8" —ulE <t = wllE = 2" = w)n(ut, @)
—2uf — )" (GuF — @*) + &)
+2(uf = )T 4 [|ut —

(using (3.4)) < lu* —u*||E — (1 = p)Ju* — |G + 2(@" — u)"¢".
By using Cauchy-Schwarz Inequality,

. 5 N 1 _
2(aF — u*)TeF < it — u|E + ;HG LeR1Z,
k
it follows that

~ * _ |
(1=l =& < [lu® = wll = (1= )’ = @& + G718
k
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Since Y p2, 1/13 < +o00, we have limy_, 1/]3 = 0. Without loss of the generality we can assume
that v2 < % for all £ > 0. Hence, by using (2.8), we obtain

~ * * 1-— I ~
(1= v)lla" —u (I < [l —u*|iE — Tlluk — | (4.3)
Recall that «*! := @* for the inexact version of the proposed unified framework with the inexact
criterion (2.8), the assertion (4.2) is proved. 0.
From yl% < %, we have
1< <1420 4.4
11— 1/,% = L (44)

By taking u**T! = @, it follows from (4.2) and (4.4) that
1—
=G < (14 200 | — I~ Tﬂlluk WG, vt e 0 (4.5)

Comparing with the inequality (4.1) that implies the convergence of the exact version of the
unified framework, (4.5) is somewhat weak. However, (4.5) with Y _p°,v? < oo suffices to ensure
the convergence of the inexact version of the proposed unified framework with Inexact Criterion
1, as we show in the following.

Theorem 4.4 The sequence {uk} generated by the inexact version of the proposed unified frame-
work with the inexact criterion (2.8) converges to a solution of VI, F).

Proof. First, we prove that

Jim_ |u® — u* || = 0. (4.6)
Since Y72, v2 < +0o0, we have
(o]
Hl—i—ﬂ/k <oo, V71>0. (4.7)
k=1

A consequent result of (4.5) is

[ 2

IA

0o (1 + 207) | — u*|2
201+ 207) u” - u'|]? = E, (48)

N

where E > 0 is a constant due to the fact that II?° (1 + 2v?) < +oo (see (4.7)). Then, it follows
from (4.5) and (4.8) that

4.5)

1 o o ( oo
oo DL B SE T R

(ziug +1)E. (4.9)
k=0

By using > po, V2 < +oc and (4.9), we prove (4.6).
Similarly as in the proof of Theorem 4.2, by using (2.8) and (4.6), as in the proof of Theorem
4.2, there is a u>, which is a cluster point of {u*} and satisfies

* e, (u' — u®)TF(u™®) >0, vu' € Q.

This means that u™ is a solution of VI(€2, F'). Since limg_,oo? = 0 and (4.5) is true for any
solution point, the sequence {uk} converges to u™. O
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4.3 The inexact version with Inexact Criterion 2

As analyzed previously, both the exact version and the inexact version with (2.8) adopts directly
the solution of (2.1) as the new iterate. However, the inexact criterion (2.1) is still too strengthen,
as it requires the involved sub-VIs to be solved with increasing accuracy. Hence, it is interesting
to relax it. In particular, motivated by the existing inexact criteria in the literate of PPA that
allow the VIs to be solved in a constant accuracy, we have proposed the inexact criterion (2.9)
for solving (2.1). This inexact criterion allows the relative errors for solving the involved sub-VIs
to be controlled by a constant. Hence, the sub-VIs can be solved easily. As the PPA methods
with the similar criteria, the main expense of relaxing the inexact criteria is that the approximate
solutions of the involved sub-VIs should be corrected for being the new iterate. Hence, this type
of methods are presented in the prediction-correction fashion: the approximate solution of the
sub-VlIs is viewed as the predictor of the new iterate, and it should be corrected by correction
step.

Lemma 4.5 Let {uk} be the sequence generated by the inexact version of the proposed unified
framework with the inexact criterion (2.9), and Condition (3.4) is satisfied. By defining

plal ) = (i — ) () + (o — )T (Gt — )+ ), (4.10)
we have
ol i) > 2 kg, (4.11)

Proof. Note that |(u* — @*)T¢k| < ||uF — @F||g - [|G1€F||q. Tt is from (2.9) that we have
(uf — @) (G — @) + %) = (1= ) Jut - a2 (4.12)
Then, the assertion (4.11) follows from (4.10), (4.12) and (3.4) immediately. 0

4.3.1 The first prediction-correction scheme

The first prediction-correction scheme to implement the inexact version of the proposed unified
framework with the inexact criterion (2.9) is the following.

Algorithm 3:

P = uF — oy ((WF — @) + GTER), (4.13a)
where
Qg = YOk, Q= ||(Uk — ﬂk) + Gilé-kHQG’ v E (07 2)’ (413b)

and @* is the the solution of (2.1) under the inexact criterion (2.9).

In fact, the rationale of developing the first prediction-correction scheme is easily justified.
Recall the Condition (3.4) and that G is positive definite, it is easy to derive that the right-hand-
side of (3.1) is nonnegative under the inexact criterion (2.9). This fact implies that —(u* — @* +
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G~k is a descent direction of §|u — u*||? at u = u*. Therefore, it is beneficial to generate the
new iterate along this direction in the manner of (4.13a).

We now prove that the sequence {uk} generated by the first prediction-correction scheme
(4.13) is Fejér monotone to Q* under the G-norm. Note that although {@*} C €, it does not
require the sequence {u*} to be contained in .

Lemma 4.6 Let {u*} be the sequence generated by the first prediction-correction scheme (4.13).
Then, we have

[P =[G <l =G = (2 = Magip(u®,at), Yt e Q. (4.14)
Proof. We define the step size dependent new iterate by
u,(a) =u" —a((W” — @) + G71¢h)
and consider the difference of ||uf — u*||% and |ju,(«) — u*||%. Using (3.1) and (4.10), we get
=& = (@) = u|[
= [l =G — b = ut = af(ut =)+ GTHER) |1
= 2a(u’ —u")T(Gu" — @) + &) = o®||(W* — @F) + G

20p(uf, @) — o®||(u* — a*) + G1EF| 2.

Vv

Thus we get

= w17 = llu, (@) = u[IE > g, (), (4.15)

where
g, () = 2ap(uF, @¥) — ?||(u* — @) + GT1EF|I2..

Note that ¢, («) is a quadratic function of a which reaches its maximum at o in (4.13b) and
¢, (vap) = (2 = yagpe(ut, a). (4.16)
Assertion (4.14) follows from (4.15), (4.16) and u**! =, (var,) directly. 0

Lemma 4.7 Let oy be defined in (4.13b). If v < 2\/T — pu is additionally requested 3, then we
have aI*k > %

Proof Using (4.10) and (3.4), we obtain
2p0(uF, i) > 2{(uF — @) (GuF — @¥) + €F) — Bl — aF|2}

2
= flu® = @G + 2(u* — @)+ (1 - p)llut —

I(u® —@*) + GHER)E + {(L = pllu® — @)% — IGTHER)12)
Since v < 2y/T— g and (2.9), we have ||G71¢||Z < (1 — p)|lu” — @*||% and thus
20(u¥, ") 2 || (u* — ") + GTIENE,

which states the assertion. O
Lemmas 4.5, 4.6 and 4.7 imply the following result immediately.

3The additional request is easy to satisfied. For example, if ;1 = 0.8 is given, v = 0.8 satisfies this condition;
when g = 0.99, v = 2¢/T — £ = 0.2 € (0, 1) is not too small. For i = v/2/2, any v € (0, 1) satisfies this request.

22



Lemma 4.8 Let {u*} be the sequence generated by the first prediction-correction scheme (4.13).
Then for any u* € Q* we have

2— )2 —p—
ol = el < k= - LEEDE U e, (4.17)

Now, we are ready to prove the convergence of the first prediction-correction scheme to im-
plement the inexact version of the proposed unified framework with the inexact criterion (2.9).

Theorem 4.9 The sequence {u*} generated by the first prediction-correction scheme of the in-
exact version of the proposed unified framework with the inexact criterion (2.9) converges to a
solution of VI(Q), F).

Proof Due to (4.17), the proof is analogous to that of Theorem 4.2, thus omitted. O

4.3.2 The second prediction-correction scheme

The second prediction-correction scheme to implement the inexact version of the proposed unified
framework with the inexact criterion (2.9) is the following.

Algorithm 4:

= Po{u® — a i (F(@*) + n(u®, "))}, (4.18a)
where
. o(uf, a")
gk =7 Q= Gk = e € (0,2). (4.18b)

and @* is the the solution of (2.1) under the inexact criterion (2.9).

We now prove that the sequence {uk } generated by the second prediction-correction scheme
(4.18) is Fejér monotone to 2* under the Euclidean norm.

Lemma 4.10 Let {u*F} be the sequence generated by the second prediction-correction scheme
(4.18). Then, we have

[ — )P < Juf = w|P = (2 = y)afppW, @), Ve Q" (4.19)
Proof. We define the step size dependent new iterate by
u, (o) = Pg{uk — a(F(ﬂk) + n(uk, ﬂk))} (4.20)

and consider the difference of [|uf — u*||% and ||u, (@) — u*||%. Since u* € Q, it follows that

) U*HQ
k

) =y (). (4.21)

luy (@) —u|* < [lu® = a(F(@*) +n(u*, a*
k

)
—|lu* — a(F(@*) +n(u*, @

23



Consequently, we get
lu = w|f* = Jluy (@) —u
e B )
+Huk — a(F( ) + 77( Lk
= [u* —uy(@)|* + 2a(u® — )T (F(@*) + n(u,a"))
+204(UH (a) - U)T (F(ﬂ) + 77(“7 U
= [u* —uy(@)]* + 2a(uy (@) = u*) (F(@") +n(u®, a")). (4.22)
Since u,, () € Q, set v’ = u, («) in (2.6) we obtain
(uy (@) = @) (F@*) +n(u, @) 2 (u,(a) - a*)T(G(u* —a") + ). (4.23)
Using Condition (2.7) we have
(@ — )T (F (@) +n(u,a"))
> p(uf, k) — (Wb — @) (Guk — a*) + ¢Y). (4.24)
Adding (4.23) and (4.24), it follows that
(UH (a) - u*)T (F(,ak) + U(Uka ak))
>, @) + (uy (a) —u) (Gu" —a*) +€F) (4.25)

Substituting (4.25) in the right hand side of (4.22), we get

= [l () = u|f?
> =y (0)]* + 20«@(“ %) + 20(uy, () = u) (G(u* —a*) + &)
= |u* —uy(a) — a(Gu" —a*) +¢)|?
+2ap(u”, ") 2HG( —at) + &2
> 200’ @") - o?|G(u" —@*) + |7
Thus we get
= w1 — Iy (@) — w17 = gy (a), (4.26)
where
¢, (@) = 2ap(u*,@") — o?||G(u* —a") + €*)%.
Note that ¢, () is a quadratic function of a which reaches its maximum at o, in (4.18b) and
4 (Vi) = (2 = 7)ag pepo(u”, ab). (4.27)
Assertion (4.14) follows from (4.26), (4.27) and u**! = v, (o) directly. 0

Lemma 4.11 Let oo be defined in (4.18b). If v < 2/1 — u is additionally requested, then we

1

have a > s
1k = 2[|G|

Proof Note that
|G(u? — @) + &1 < |G| - | (uF — @) + G2

It follows from (4.13b) and (4.18b) immediately that o, > Ha“].

assertion. O

Recall Lemma 4.7, we prove the
Lemmas 4.5, 4.10 and 4.11 imply the following result immediately.
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Lemma 4.12 Let {uF} be the sequence generated by the second prediction-correction scheme
(4.18). Then, we have

2—9)(2—p—
HukJrl _ u*||2 S ||uk . u*H2 o ’V( 7)( M V) ||uk . ﬂk”%” v U* c Q* (428)
4Gl
Now, we are ready to prove the convergence of the second prediction-correction scheme to
implement the inexact version of the proposed unified framework with the inexact criterion (2.9).

Theorem 4.13 The sequence {u*} generated by the second prediction-correction scheme of the
inexact version of the proposed unified framework with the inexact criterion (2.9) converges to a
solution of VI(Q, F).

Proof Due to (4.28), the proof is analogous to that of Theorem 4.2, thus omitted. O

5 Conclusions

This paper presents the unified framework of proximal-based decomposition methods for solving
a class of monotone variational inequalities (VI) with separable structure. The main task of each
iteration consists of solving two sub-VIs that are regularized by the classical proximal terms.
Depending on whether approximate solutions of the sub-VIs are allowed, we first present both
the exact and inexact versions of the unified framework. Afterwards, we propose a condition to
ensure the convergence of the unified framework, and then analyze how to fulfill this condition via
choosing appropriate proximal parameters for some special cases of the unified framework. Our
theoretical analysis indicates that the proximal-based alternating decomposition methods gener-
ally allow more favorable proximal parameters than the proximal-based parallel decomposition
methods do. On the other hand, the proposed unified framework results in some new imple-
mentable numerical algorithms. In particular, the newly-derived inexact algorithms improve the
existing methods in the sense that the involved sub-VIs are allowed to be solved approximately

under significantly relaxed criteria.
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