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Abstract

In this paper we focus on connected directed/undirected circulant
graphs Cn(a, b). We investigate some topological characteristics,
and define a simple combinatorial model, which is new for the topic.
Building on such a model, we derive a necessary and sufficient condi-
tion to test whether two circulant graphs Cn(a, b) and Cn(a′, b′) are
isomorphic or not. The method is entirely elementary and consists of
comparing two suitably computed integers in {1, . . . , n

gcd(n,a) gcd(n,b)
−

1}, and of verifying if {gcd(n, a), gcd(n, b)} = {gcd(n, a′), gcd(n, b′)}.
It also allows for building the mapping function in linear time. In
addition, properties of the classes of mutually isomorphic graphs are
analyzed.

Keywords: isomorphism, circulant graph, Ádám’s conjecture.

1 Introduction

Consider three integers n, a, b such that n > 0 and, w.l.o.g., a, b ∈ {1, . . . , n−
1}. The (simple) graph Cn(a, b) = (V, E) where V = {v0, v1, . . . , vn−1} and
E = {(vi, v(i+a) mod n), (vi, v(i+b) mod n), for i = 0, . . . , n−1} is called circu-
lant graph (see Fig. 1). By directed circulant graph we shall denote a circu-
lant graph where edges (vi, v(i+a) mod n) are directed from vi to v(i+a) mod n,
and edges (vi, v(i+b) mod n) are directed from vi to v(i+b) mod n. If no direc-
tion is defined on the edges, we get an undirected circulant graph. In the
paper, we shall deal with both directed and undirected circulant graphs
(when no specified it means that we are referring to both of them), and we
shall assume that all arithmetic is done modulo n.
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†Università di Roma Tor Vergata, Dipartimento di Ingegneria dell’Impresa, Via del

Politecnico 1, 00133 Roma, Italia - pietropaoli@disp.uniroma2.it

1



W.l.o.g. we shall assume that a+ b 6= n in the undirected case, and that
a 6= b, in both directed and undirected case, otherwise Cn(a, b) degenerates
into Cn(a) = Cn(b). Under these conditions, the vertices of a directed
Cn(a, b) do always have two outgoing and two incoming edges, and an
undirected Cn(a, b) is 3-regular iff either a or b are equal to n

2 , and is
4-regular in all other cases.

The circulant graphs we deal with, are a subclass of the more general
class of circulant graphs Cn(a1, a2, . . . , ak) for k = 2 (where a1 = a and
a2 = b). Circulant graphs Cn(a1, a2, . . . , ak) are defined on n vertices, and
each vertex vi is adjacent to vertices v(i+aj) mod n, for j = 1, . . . , k. The
set {a1, a2, . . . , ak} is called the connection set of the graph [12, 27, 28].
Circulant graphs Cn(a1, a2, . . . , ak) are Cayley graphs over the cyclic group
Zn. In the literature, they are also called chordal rings or multiple-loops
iff a1 = 1 [19, 26, 30]. Circulant graphs Cn(1, b) are called double loops
[17, 21, 22], cyclic graphs [17], or 2-jumps [5].
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Figure 1: The isomorphic undirected graphs C12(3, 5) and C12(1, 3).

In this paper we investigate the isomorphism testing problem for both
directed and undirected circulant graphs Cn(a, b):

isomorphism testing

Given two connected circulant graphs Cn(a, b) = (V, E)
and Cn(a′, b′) = (V ′, E′)

Test whether they are isomorphic or not.

We propose an elementary method to solve isomorphism testing, which
is purely combinatorial and new for the problem. The method derives from
basic topological properties of circulant graphs Cn(a, b)’s: the necessary
and sufficient condition (Theorem 4.1) for two circulant graphs Cn(a, b),
Cn(a′, b′) to be isomorphic consists of evaluating if {gcd(n, a), gcd(n, b)}
= {gcd(n, a′), gcd(n, b′)} and if two suitably computed integers in {1, . . . ,

n
gcd(n,a) gcd(n,b)− 1} are equal. Our method requires O(log n) elementary

operations and compares favorably with the known results on the Cn(a1,
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a2, . . . , ak)’s [7, 13, 14, 25, 29] (see Section 1.1). Furthermore, it allows for
building the mapping function in linear time.

We also analyze the structure of the class of mutually isomorphic graphs.
The paper is organized as follows: the literature is reviewed in Section

1.1; in Section 2 preliminary conditions for connectedness and isomorphism
are discussed; in Section 3 the structure of peculiar cycles and a matrix
model for the graphs are described; Section 4 is devoted to prove the main
isomorphism theorem, which solves isomorphism testing; in Section 5
we study the structure of the classes of mutually isomorphic graphs.

1.1 State of the art

The problem of testing isomorphism of two given circulant graphs Cn(a1,

a2, . . . , ak) and Cn(a′

1, a′

2, . . . , a′

k) is polynomial-time solved in [7, 29] for
n prime, while, for arbitrary n, it is shown to be polynomial-time solvable
in [13, 14] and solved in O(n2) in [25].

The isomorphism of circulant graphs is closely related to Ádám’s iso-
morphism: two directed (undirected, resp.) graphs Cn(a1, a2, . . . , ak) and
Cn(a′

1, a′

2, . . . , a′

k) are Ádám-isomorphic if there exists a µ ∈ {1, . . . , n−1}
coprime with n such that {a′

1, a′

2, . . . , a′

k} = {µa1, µa2, . . . , µak} ({a′

1,

a′

2, . . . , a′

k} = {±µa1, ±µa2, . . . , ±µak}, resp.). The integer µ will be

called Ádám’s multiplier. The problem of testing Ádám’s isomorphism has
been completely solved in O(k log n(log(k log n) + 2)c) for some absolute
constant c, see [8]. It has also been proved to be equivalent to testing for
a color-preserving isomorphism on circulant graphs whose arbitrary edge
(vi, v(i+at) mod n) has color at [3].

In 1967 Ádám [1] stated the so-called Ádám’s conjecture: two circu-
lant graphs Cn(a1, a2, . . . , ak) and Cn(a′

1, a′

2, . . . , a′

k) are isomorphic

if and only if they are Ádám-isomorphic. This conjecture is not generally
true: Elspas and Turner [12] showed that directed C8(1, 2, 5) and C8(1, 5, 6)
as well as undirected C16(1, 2, 7) and C16(2, 3, 5) are isomorphic, but not
Ádám-isomorphic (in fact, both isomorphisms are not color-preserving).
The conjecture also fails, among the other cases, when n is divisible by 8
or by an odd square [23], or when n = p2 where p is a prime number [2].
However, there are cases where the conjecture holds, for example: when n

is prime [12, 29]; when the adjacency matrix has non-repeated eigenvalues
[12]; when n = pq, for p and q distinct primes [2, 20]; when n is square-free
[23] or twice square-free [24]; when a1, a2, . . . , ak are all coprime with n

[11, 28]. Other cases are reported in [5, 23, 27].
When the connection set has two elements, all the above results apply.

Ádám’s conjecture is true also on the following undirected (connected)
circulants: (3-regular) Cn(a, n

2 ) with n even [28]; (4-regular) Cn(1, b) with
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n = pc, where p is a prime number and c is a positive integer [28]; (4-

regular) Cn(1, b) with b < min{n
4 ; φ(n)

2 } where φ(n) is the Euler totient
function (in other words, for a = 1 and “small” b) [21]; on all the Cn(1, b)’s
[17]; and, finally, on all the (4-regular) graphs Cn(a, b)’s [15, 22]. The
results by [15, 17, 21, 22], however, were proved for the first time in [10]
both for directed and undirected 4-regular Cn(a, b)’s.

It is interesting to notice that different methods have been used to ap-
proach the isomorphism of circulant graphs: group theory and algebraic-
combinatorial theory [2, 14, 15, 20, 23, 24, 25], and the study of the eigen-
values [7, 12, 21, 22, 26]. Even though Ádám’s conjecture is false for ar-
bitrary Cn(a1, a2, . . . , ak)’s, we believe that the topological approach in-
troduced in this paper can be extended to characterize isomorphic graphs
Cn(a1, a2, . . . , ak)’s, and to identify subclasses of them on which Ádám’s
conjecture is valid.

2 Preliminary conditions

This section is devoted to describe the condition for Cn(a, b) to be con-
nected, and to review some isomorphism conditions.

Proposition 2.1. [5] Cn(a, b) is connected if and only if gcd(n, a, b) = 1.

Notice that the graph Cn(a, b) has gcd(n, a, b) connected components, each
of which is isomorphic to Cn′(a′, b′), where n′ = n

gcd(n,a,b) , a′ = a
gcd(n,a,b) ,

and b′ = b
gcd(n,a,b) [5]. It is worth noticing that each connected component

of a directed Cn(a, b) is strongly connected.
Given two graphs Cn(a, b) = (V, E) and Cn(a′, b′) = (V ′, E′) we shall

say that they are isomorphic if there exists a mapping function f : V →
V ′ such that (f(u), f(v)) ∈ E′ if and only if (u, v) ∈ E (of course, n =
|V | = |V ′| = n′ and |E| = |E′|). For example, Cn(a, b) and Cn(b, a) are
(trivially) isomorphic, both in the directed and in the undirected case; while
Cn(a, b), Cn(−a, b), Cn(a,−b), Cn(−a,−b), Cn(b, a), Cn(b,−a), Cn(−b, a),
Cn(−b,−a) are (trivially) isomorphic in the undirected case, only.

We shall also say that two directed (undirected, resp.) graphs Cn(a, b)
and Cn(a′, b′) are Ádám-isomorphic if there exists a µ ∈ {1, . . . , n − 1}
coprime with n such that {a′, b′} = {µa, µb} ({a′, b′} = {±µa,±µb}, resp.).
That is to say, a-edges are mapped onto either a′-edges or b′-edges (thus,
b-edges are mapped onto either b′- or a′-edges). For example consider
C175(7, 15). If it is undirected, then µ = 3 transforms it into the 8 Ádám-
isomorphic circulants Cn(a′, b′) with {a′, b′} = {±21,±45}. If it is directed,
then µ = 3 transforms it into the 2 Ádám-isomorphic circulants C175(21, 45)
and C175(45, 21).

The following two propositions are examples of Ádám-isomorphism.
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Proposition 2.2. [18] Let n, a verify gcd(n, a) = 1, and let t be an integer
s.t. (ta) mod n = 1. Then, Cn(a, b) and Cn(1, (tb) mod n) are isomorphic.

The proposition is an application of Ádám’s isomorphism with µ = t, since
the two conditions gcd(n, a) = 1 and (ta) mod n = 1 imply gcd(n, t) = 1
(we remark that, assuming gcd(n, a) = 1, a t as required does always exist).
Thus Cn(a, b) and Cn(1, (tb) mod n) are Ádám-isomorphic.

If both gcd(n, a) = 1 and gcd(n, b) = 1 hold, the above proposition
applies twice, yielding two graphs Cn(1, x) and Cn(y, 1), with suitable x

and y, both isomorphic to Cn(a, b).
Proposition 2.2 can be easily generalized into the following one:

Proposition 2.3. Let n, a verify gcd
(

n, a
gcd(n,a)

)

= 1, and let t be an inte-

ger s.t. (ta) mod n = gcd(n, a). Then, Cn(a, b) and Cn(gcd(n, a), (tb) mod
n) are isomorphic.

This proposition, too, is an application of Ádám’s isomorphism with µ = t,

as gcd
(

n, a
gcd(n,a)

)

= 1 and (ta) mod n = gcd(n, a) imply gcd(n, t) = 1.

Like above, we notice that gcd
(

n, a
gcd(n,a)

)

= 1 implies that such a t does

always exist, and Cn(a, b) and Cn(gcd(n, a), (tb) mod n) turn out to be
Ádám-isomorphic.

Many authors [10, 15, 22, 28] contributed to prove Ádám’s conjecture
for two circulant graphs Cn(a, b) and Cn(a′, b′) (see Section 1.1):

Theorem 2.4. [10, 15, 22, 28] Two (directed or undirected, 3- or 4-regular)
circulant graphs Cn(a, b) and Cn(a′, b′) are isomorphic if and only if they
are Ádám-isomorphic.

From now on, we shall limit ourselves to consider connected circulant
graphs, that is Cn(a, b)’s verifying gcd(n, a, b) = 1. This hypothesis al-
lows us for writing n = H gcd(n, a) gcd(n, b), where H ∈ Z

+.

3 Cycles and matrices

In the present section we first describe the infinite matrix M∗

n(a, b) asso-
ciated to graph Cn(a, b), then we focus on a submatrix of it, the repre-
sentative matrix Mn(a, b), which will be used to prove the isomorphism
condition. To this extent, it is important to preliminarily investigate the
structure of some peculiar cycles of a connected Cn(a, b).

3.1 Cycles on C
n
(a, b)

Consider an arbitrary Cn(a, b) = (V, E). We say that vx, vy ∈ V are a-
adjacent and that (vx, vy) ∈ E is an a-edge if (x ± a) mod n = y; similarly,
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we say that vx, vy are b-adjacent and that (vx, vy) ∈ E is a b-edge if (x ±
b) mod n = y.

Let us focus on parameter a only (similar results will hold for b). The
graph Cn(a) induced by the whole set of a-edges has gcd(n, a) connected
components, each of which is an a-cycle on n

gcd(n,a) vertices. This means

that if gcd(n, a) = 1, there is a unique a-cycle which visits all the vertices
of Cn(a, b). The a-cycles of Cn(a, b) have the following property.

Lemma 3.1. Consider an arbitrary a-cycle of Cn(a, b), say A. Then each
pair of vertices vx, vy ∈ A verifies x ≡ y (mod gcd(n, a)).

Proof. Since vx, vy ∈ A, there is a path from vx to vy with k a-edges. Thus,
y ≡ x + ka (mod n). Therefore, y mod gcd(n, a) =

(

x mod gcd(n, a) +

(ka) mod gcd(n, a)
)

mod gcd(n, a) = x mod gcd(n, a), that is to say, x ≡ y

(mod gcd(n, a)), as claimed.

For example: consider C42(9, 10) and one of its gcd(42, 9) = 3 a-cycles,
whose vertices are v1, v10, v19, . . . , v25, v34, then 1 ≡ 10 ≡ 19 ≡ · · · ≡ 34
(mod 3).

By what above, we define At as the (unique) a-cycle such that every
vertex vx in it verifies x ≡ t (mod gcd(n, a)), for t = 0, . . . , gcd(n, a) − 1.
Clearly, v0 ∈ A0, v1 ∈ A1, . . . , vgcd(n,a)−1 ∈ Agcd(n,a)−1, and the indices
of all the vertices in A0 are multiples of gcd(n, a), and vice versa. As an
example, consider C42(9, 10), which has gcd(42, 9) = 3 a-cycles; the vertex
set of A0 is {v0, v9, v18, . . . , v24, v33}, the vertex set of A1 is {v1, v10, v19,

. . . , v25, v34}, and the vertex set of A2 is {v2, v11, v20, . . . , v26, v35}.
Similar results hold if we substitute a with b in all the above conditions:

in the sequel, Bt will denote the b-cycle whose arbitrary vertex vx verifies
x ≡ t (mod gcd(n, b)), for t = 0, . . . , gcd(n, b) − 1.

3.2 Matrix M∗
n
(a, b)

M∗

n(a, b) is a matrix with an infinite number of rows and columns, and
can be correctly defined for any connected circulant graph Cn(a, b): the
value of an element is the index of the corresponding vertex (see Fig. 2).
Every vertex of the graph is represented by infinitely many (regularly
placed) elements of M∗

n(a, b). Consider element m∗

i,j corresponding to ver-
tex vx. Then, elements m∗

i,j−1, m∗

i,j+1 correspond to vertices v(x−a) mod n,
v(x+a) mod n, respectively, which are both a-adjacent to vx, and elements
m∗

i−1,j , m∗

i+1,j correspond to vertices v(x−b) mod n, v(x+b) mod n, respec-
tively, which are both b-adjacent to vx. The definition of a- and b-adjacency
is extended to matrix elements. A similar structure is defined in [4, 6, 16,
30].
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Consider M∗

n(x, y) and notice that parameter x, the first into brackets,
is associated by definition to the rows of M∗

n(x, y), while y, the second one,
is associated to the columns of M∗

n(x, y). Thus the representative matrices
M∗

n(a, b) and M∗

n(b, a) of two isomorphic graphs Cn(a, b) and Cn(b, a) are
the transposes of each other.

34 1 4 7 10 13 16 19 22 25 28 31 34 1 4 7
6 9 12 15 18 21 24 27 30 33 0 3 6 9 12 15
14 17 20 23 26 29 32 35 2 5 8 11 14 17 20 23
22 25 28 31 34 1 4 7 10 13 16 19 22 25 28 31
30 33 0 3 6 9 12 15 18 21 24 27 30 33 0 3
2 5 8 11 14 17 20 23 26 29 32 35 2 5 8 11
10 13 16 19 22 25 28 31 34 1 4 7 10 13 16 19
18 21 24 27 30 33 0 3 6 9 12 15 18 21 24 27
26 29 32 35 2 5 8 11 14 17 20 23 26 29 32 35
34 1 4 7 10 13 16 19 22 25 28 31 34 1 4 7
6 9 12 15 18 21 24 27 30 33 0 3 6 9 12 15

Figure 2: Part of the infinite matrix M∗

36(3, 8).

3.3 Matrix M
n
(a, b)

The representative matrix Mn(a, b) is a rectangular submatrix of consecu-
tive rows and columns of M∗

n(a, b), with the property that all the vertices
are represented exactly once (thus it has n elements). It is defined on
R = gcd(n, a) rows and C = n

R columns. The elements mi,j of Mn(a, b) are
in one-to-one correspondence with the vertices of Cn(a, b). Without loss of
generality, vertex v0 matches to element m0,0 in the upper left corner of
Mn(a, b). Thus an arbitrary element mi,j corresponds to vertex vx where
x = (ib + ja) mod n for i = 0, . . . , R − 1, and j = 0, . . . , C − 1 (see matrix
M36(3, 8) in Fig. 3). Observe that Mn(a, b) repeats itself periodically in
the infinite matrix M∗

n(a, b).
Since Mn(a, b) is a submatrix of M∗

n(a, b), two consecutive elements
of a row are a-adjacent, and two consecutive elements of a column are b-
adjacent. Clearly, also the first and last elements of a same row correspond
to a-adjacent vertices. This property allows for saying that there is a one-
to-one correspondence between rows of Mn(a, b) and a-cycles. Precisely,
the i-th row of the matrix, for i = 0, . . . , R − 1, corresponds to a-cycle Aρi

with ρi = (ib) mod R.
On the contrary, no one-to-one correspondence can be set between the

columns of Mn(a, b) and the b-cycles, generally speaking. It depends on
the number R of rows of Mn(a, b) and on the number n

gcd(n,b) of vertices

in a b-cycle, respectively. Two cases arise: R = n
gcd(n,b) , or R < n

gcd(n,b) (it
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0 1 2 ... 8 11
λ36(3, 8)

0 3 6 9 12 15 18 21 24 27 30 33
8 11 14 17 20 23 26 29 32 35 2 5
16 19 22 25 28 31 34 1 4 7 10 13

0 1 2
Λ36(3, 8)

Figure 3: Matrix M36(3, 8); highlighted the elements mR−1,h = m2,0 and
m0,(h+λ36(3,8)) mod C = m0,8, showing that λ36(3, 8) = 8. The blocks are

separated by double lines, resulting in Λ36(3, 8) = λ36(3,8)
gcd(n,b) = 8

4 = 2.

clearly never happens that R > n
gcd(n,b) ). In the first case such a one-to-

one correspondence exists: reasoning as above we can prove that the first
and last elements of a same column correspond to b-adjacent vertices, that
the j-th column of the matrix, for j = 0, . . . , C − 1, corresponds to b-cycle
B(ja) mod C . In the second case, that is when R < n

gcd(n,b) , the number R of

elements in a column of Mn(a, b) is not sufficient to contain all the n
gcd(n,b)

vertices of a b-cycle. However, it can be proved that

Lemma 3.2. Consider an arbitrary element mR−1,h in the last row of
Mn(a, b) and let vx be the corresponding vertex. Then, the graph Cn(a, b)
admits a unique integer constant 0 ≤ λn(a, b) ≤ C−1, called column-jump,
satisfying

gcd(n, a)b ≡ λn(a, b)a (mod n) (1)

such that vx+b corresponds to element m0,(h+λn(a,b)) mod C of Mn(a, b).

Proof. Recalling that the last row of Mn(a, b) corresponds to a-cycle At

where t =
(

(R − 1)b
)

mod R, x verifies x ≡ (R − 1)b (mod R). Two
are the vertices b-adjacent to vx, namely, v(x−b) mod n and v(x+b) mod n.
The first one corresponds to element mR−2,h, by definition. We claim
that the other one belongs to row zero of Mn(a, b). Since the vertices
corresponding to the elements in row zero of Mn(a, b) are all and only
those belonging to a-cycle A0, their indices are multiples of R (0 included).
Thus, we have to show that x + b ≡ 0 (mod R). The following equalities
hold: x + b ≡ x mod R + b mod R ≡

(

(R − 1)b
)

mod R + b mod R ≡
(−b) mod R + b mod R ≡ 0 (mod R), as claimed.

It remains to show that vx+b is found in column h + λn(a, b). Consider
the path P = {vx, vx−b, vx−2b, . . . , vx−(R−1)b, vx−(R−1)b+a, vx−(R−1)b+2a,

. . . , vx−(R−1)b+λn(a,b)a} (all arithmetic is done modulo n) connecting vx

and vx+b (thus P 6∋ (vx, vx+b)), which contains R − 1 b-edges and λn(a, b)
a-edges. The endpoints of P are b-adjacent iff x−(R−1)b+λn(a, b)a ≡ x+b
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(mod n), that is iff gcd(n, a)b ≡ λn(a, b)a (mod n). Since this congruence
does not depend on x and a, b are coprime, there exists a unique solution
0 ≤ λn(a, b) ≤ C − 1, and the thesis follows.

Generally speaking, λn(a, b) 6= λn(b, a). Moreover, it is easy to see that
λn(−a, b) = C −λn(a, b), and that λn(a,−b) = C −λn(a, b), while, clearly,
λn(−a,−b) = λn(a, b). In other words, considering either −a or −b, that
is, complementing either one among a or b w.r.t. n, has the effect of com-
plementing the column-jump w.r.t. C.

Equivalence (1) (also defined in [4, 6, 16, 30]) can be interpreted on
the graph as follows. Refer to path P defined in the proof above. Vertices
vx−(R−1)b and vx+b are connected, among the others, by a path made of
λn(a, b) a-edges and by a path made of gcd(n, a) b-edges. Thus, Equivalence
(1) describes the way a-cycles and b-cycles are “linked”, in a topological
sense (see Fig. 4).

0 3 6 9 12 15 18 21
24 = λ36(3, 8)a = gcd(n, a)b

8 16

Figure 4: The parameter λ36(3, 8): a measure of the way a- and b-cycles
are linked in C36(3, 8). Solid lines represent a-edges, while dashed lines
represent b-edges.

The above lemma also shows that the n
gcd(n,b) vertices of each b-cycle are

split onto n/ gcd(n,b)
R = n

gcd(n,a) gcd(n,b) = H columns. Example: consider

C36(3, 8) and one of its four b-cycles, say B0, whose vertices are v0, v8,

v16, v24, v32, v4, v12, v20, v28, the first three of which are found in the first
column of M36(3, 8), the second three of which are in the ninth column,
and the remaining three of which are in the fifth column, as H = 3 (see
Fig. 3). Notice that λn(a, b) = 0 if and only if the b-cycles are in one-to-one
correspondence with the columns of Mn(a, b) (this is to say, if and only if
n = gcd(n, a) gcd(n, b), or equivalently if and only if H = 1).

As a consequence, Mn(a, b) can be partitioned into H = n
gcd(n,a) gcd(n,b)

equally sized submatrices, the blocks, denoted by β0, β1, . . . , βh−1, where
block βk is defined on all the R = gcd(n, a) rows and the (k − 1)-th set
of gcd(n, b) consecutive columns. Consider the first set of gcd(n, b) con-
secutive columns, that is columns 1 to gcd(n, b). Each of them contains
R consecutive vertices of b-cycles Bγ1 , . . . , Bγgcd(n,b)

, respectively. The
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b-cycles Bγ1 , . . . , Bγgcd(n,b)
then continue in columns (1 + λ) mod C, . . . ,

(gcd(n, b) + λ) mod C, respectively, then in columns (1 + 2λ) mod C, . . . ,

(gcd(n, b) + 2λ) mod C, respectively, and so on, the last portion of each
b-cycle being in columns

(

1 + (H − 1)λ
)

mod C, . . . ,
(

gcd(n, b) + (H −

1)λ
)

mod C. After that, b-cycle Bγj
starts again from column j, for j =

1, . . . , gcd(n, b), that is
(

j + (H − 1)λ + λ
)

mod C = (j + Hλ) mod C = j.
Hence, (Hλ) mod C = 0. Recalling that H = n

gcd(n,a) gcd(n,b) and that

C = n
gcd(n,b) , we get that λ has to be a multiple of gcd(n, b). For this

reason it is convenient to introduce the definition of block-jump:

Definition 3.3. The block-jump of Mn(a, b) is Λn(a, b) = λn(a,b)
gcd(n,b) .

Notice that Λn(a, b) ∈ {0, . . . , H − 1}, by definition, and that Equivalence
(1) becomes

gcd(n, a)b ≡ Λn(a, b) gcd(n, b)a (mod n). (2)

Generally speaking Λn(a, b) 6= Λn(b, a). In addition, Λn(−a, b) = H −
Λn(a, b) and Λn(a,−b) = H−Λn(a, b), as C

gcd(n,b) = H , while Λn(−a,−b) =

Λn(a, b).

4 Isomorphism testing

This section is devoted to describe an easy-to-evaluate necessary and suf-
ficient condition (Theorem 4.1) to solve isomorphism testing, that is
to say, to recognize if two given connected circulant graphs Cn(a, b) and
Cn(a′, b′) are isomorphic. In the affirmative, the mapping function is im-
mediately obtained.

Recalling that Λn(a, b), Λn(a′, b′) ∈ {0, . . . , H−1}, and that, if Cn(x, y)
is connected, then gcd(n, x) = gcd(n, y) implies gcd(n, x) = gcd(n, y) = 1,
we have that:

Theorem 4.1. Let Cn(a, b), Cn(a′, b′) be two directed ( undirected, resp. )
connected graphs, and assume w.l.o.g. gcd(n, a) ≤ gcd(n, b) and
gcd(n, a′) ≤ gcd(n, b′). Then Cn(a, b), Cn(a′, b′) are isomorphic if and only
if either one of the following two conditions holds:

1. gcd(n, a) = gcd(n, a′) < gcd(n, b) = gcd(n, b′) and Λn(a, b) = Λn(a′, b′)
(

Λn(a, b) ≡ ±Λn(a′, b′) (mod H), resp.
)

;

2. gcd(n, a) = gcd(n, a′) = gcd(n, b) = gcd(n, b′) and either Λn(a, b) =
Λn(a′, b′) or Λn(a, b) = Λn(b′, a′)

(

either Λn(a, b) ≡ ±Λn(a′, b′)

(mod H), or Λn(a, b) ≡ ±Λn(b′, a′) (mod H), resp.
)

.
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Proof. If part. Consider the matrix Mn(a, b) = [mi,j ] defined for the graph
Cn(a, b) on R = gcd(n, a) rows and C = n

gcd(n,a) columns, and the matrix

Mn(a′, b′) = [m′

i,j ] defined for the graph Cn(a′, b′) on R′ = gcd(n, a′) rows
and C′ = n

gcd(n,a′) columns. By hypothesis, it follows that the two matrices

have the same size, being defined on the same number of rows and columns,
and that, clearly, H ′ = H . In order to prove the claim, it suffices to
show that there exists a one-to-one mapping which matches the vertices of
Cn(a, b) into those of Cn(a′, b′).

Let us first consider the case Λn(a, b) = Λn(a′, b′), which holds for
both directed and undirected graphs and for both conditions (1) and (2).
Let v(mi,j) denote the vertex associated to element mi,j of Mn(a, b), and
v(m′

h,k) the vertex associated to element m′

h,k of Mn(a′, b′). The required
mapping is the one which maps v(mi,j) = v(ib+ja) mod n onto the homol-
ogous v(m′

i,j) = v(ib′+ja′) mod n. It is easy to see that the correct adja-
cencies are preserved, in the sense that a-edges are biunivocally mapped
onto a′-edges, as well as b-edges are biunivocally mapped onto b′-edges.
In fact a-edge

(

v(mi,j), v(mi,(j+1) mod C)
)

is mapped onto the homolo-

gous a′-edge
(

v(m′

i,j), v(m′

i,(j+1) mod C)
)

, for all i = 0, . . . , R − 1 and
for all j = 0, . . . , C − 1. As for the b-edges, we distinguish two types:
the b-edges connecting an element of the last row with an element of
the first row of Mn(a, b), and the other b-edges. A b-edge of the first
type, say

(

v(mR−1,j), v(m0,(j+Λn(a,b) gcd(n,b)) mod C)
)

, is mapped onto the

homologous b′-edge
(

v(m′

R−1,j), v(m′

0,(j+Λn(a′,b′) gcd(n,b′)) mod C)
)

, for j =

0, . . . , C − 1, while a b-edge of the second type, say
(

v(mi,j), v(mi+1,j)
)

, is

mapped onto the homologous b′-edge
(

v(m′

i,j), v(m′

i+1,j)
)

, for i = 0, . . . , R−
2 and j = 0, . . . , C − 1.

Now consider Λn(a, b) = Λn(b′, a′), which holds for both directed and
undirected graphs, for condition (2), only. In this case it suffices to swap
a′ and b′, and the above proof applies.

Now consider Λn(a, b) ≡ −Λn(a′, b′) (mod H), which applies to the
undirected case, only, for both conditions (1) and (2). Consider either
one among Cn(−a′, b′) and Cn(a′,−b′), say Cn(−a′, b′): its block-jump has
value Λn(−a′, b′) = H − Λn(a′, b′) = Λn(a, b), as observed after Definition
3.3. Since Λn(−a′, b′) = Λn(a, b), we are back to the previous case and
Cn(−a′, b′) and Cn(a, b) are isomorphic. Since Cn(−a′, b′) and Cn(a′, b′)
identify the same undirected graph, Cn(a, b) and Cn(a′, b′) are isomorphic
too, as claimed.

Finally consider Λn(a, b) ≡ −Λn(b′, a′) (mod H), which holds in the
undirected case of condition (2), only. Again, swap a′ and b′, and the
above proof applies.

Only if part. Assume that Cn(a, b) and Cn(a′, b′) are isomorphic. Consider
the subgraphs Cn(a), Cn(b), Cn(a′), and Cn(b′) induced by all the a-edges,
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all the b-edges, all the a′-edges, and all the b′-edges, respectively. By Theo-
rem 2.4 since Cn(a, b) and Cn(a′, b′) are isomorphic, Cn(a) and Cn(a′) also
are, as well as Cn(b) and Cn(b′). Recall that Cn(a) consists of gcd(n, a)
cycles of n

gcd(n,a) vertices, Cn(b) consists of gcd(n, b) cycles of n
gcd(n,b) ver-

tices, Cn(a′) consists of gcd(n, a′) cycles of n
gcd(n,a′) vertices, and Cn(b′)

of gcd(n, b′) cycles of n
gcd(n,b′) vertices. Since we assumed w.l.o.g. that

gcd(n, a) ≤ gcd(n, b) and gcd(n, a′) ≤ gcd(n, b′), two cases may happen: ei-
ther gcd(n, a) = gcd(n, a′) < gcd(n, b) = gcd(n, b′) or gcd(n, a) = gcd(n, a′)
= gcd(n, b) = gcd(n, b′).

If gcd(n, a) = gcd(n, a′) < gcd(n, b) = gcd(n, b′), it remains to show that
Λn(a′, b′) = Λn(a, b) in the directed case, and that Λn(a′, b′) ≡ ±Λn(a, b)
(mod H) in the undirected case. Since Cn(a, b) and Cn(a′, b′) are isomor-
phic, there exists a one-to-one mapping f which associates vertex vi of
Cn(a, b) to vertex vf(i) of Cn(a′, b′). The mapping f must verify f(i+a) ≡
f(i) + a′ (mod n) and f(i + b) ≡ f(i) + b′ (mod n) in the directed case,
while it must verify either f(i+a) ≡ f(i)+a′ (mod n) or f(i+a) ≡ f(i)−a′

(mod n), as well as either f(i+b) ≡ f(i)+b′ (mod n) or f(i+b) ≡ f(i)−b′

(mod n) in the undirected case. For the sake of shortness, we resume
these conditions by improperly writing f(i + a) ≡ f(i) ± a′ (mod n) and
f(i+b) ≡ f(i)±b′ (mod n), meaning that the “minus” applies to the undi-
rected case, only. By definition of Λn(a, b), b gcd(n, a) ≡ Λn(a, b)a gcd(n, b)
(mod n). Thus f(b gcd(n, a)) ≡ f(Λn(a, b)a gcd(n, b)) (mod n). By repeat-
edly applying f(i+a) ≡ f(i)±a′ (mod n) and f(i+b) ≡ f(i)±b′ (mod n),
we get f(b gcd(n, a)) ≡ ±b′ gcd(n, a) (mod n) and f(Λn(a, b)a gcd(n, b)) ≡
±Λn(a, b)a′ gcd(n, b) (mod n). Recalling the definition of Λn(a′, b′) we can
write Λn(a′, b′)a′ gcd(n, b′) ≡ b′ gcd(n, a′) ≡ b′ gcd(n, a) ≡ ±f(b gcd(n, a))
≡ ±f(Λn(a, b)a gcd(n, b)) ≡ ±Λn(a, b)a′ gcd(n, b) ≡ ±Λn(a, b)a′ gcd(n, b′),

all the equivalences being modulo n. Since a′

gcd(n,a′) is coprime with H and

n = H gcd(n, a′) gcd(n, b′), this finally shows that Λn(a′, b′) ≡ ±Λn(a, b)
(mod H), which reduces to Λn(a′, b′) = Λn(a, b) in the directed case.

If gcd(n, a) = gcd(n, a′) = gcd(n, b) = gcd(n, b′) (hence all equal to 1),
it remains to show that Λn(a′, b′) = Λn(a, b) or Λn(b′, a′) = Λn(a, b) in
the directed case, and that Λn(a′, b′) ≡ ±Λn(a, b) (mod H) or Λn(b′, a′) ≡
±Λn(a, b) (mod H) in the undirected case. The assumptions gcd(n, a) ≤
gcd(n, b) and gcd(n, a′) ≤ gcd(n, b′) do not help, in this case, to associate a

with a′ and b with b′ because gcd(n, a), gcd(n, a′), gcd(n, b) and gcd(n, b′)
are all equal to 1. That is to say, since Cn(a), Cn(b) are both hamiltonian
cycles, as Cn(a′), Cn(b′) are, two cases may happen: Cn(a) corresponds
to Cn(a′) (hence Cn(b) to Cn(b′)) or Cn(a) corresponds to Cn(b′) (hence
Cn(b) to Cn(a′)). Therefore we possibly have to swap a′ and b′. Hav-
ing in mind these facts, we can basically apply the proof above, obtain-
ing Λn(a′, b′)a′ gcd(n, b′) ≡ ±Λn(a, b)a′ gcd(n, b′), or Λn(b′, a′)b′ gcd(n, a′)
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≡ ±Λn(a, b)b′ gcd(n, a′), all the equivalences being modulo n. This fi-
nally shows that Λn(a′, b′) ≡ ±Λn(a, b) (mod H) or Λn(b′, a′) ≡ ±Λn(a, b)
(mod H), which reduces to Λn(a′, b′) = Λn(a, b) or Λn(b′, a′) = Λn(a, b) in
the directed case, only.

The computational complexity of applying this theorem depends on the
complexity of computing the four gcd’s and that of twice solving the linear
congruence (2) to determine the two block-jumps. This can be done in
O(log n) elementary operations, by Euclid’s algorithm [9] (in an arithmetic
complexity model).

The mapping function between two isomorphic Cn(a, b) and Cn(a′, b′)
can be constructed in linear time as follows. We shall build a one-to-one
correspondence between homologous elements of the matrices associated
to Cn(a, b) and Cn(a′, b′). The matrix associated to Cn(a, b) is always
Mn(a, b), while the matrix associated to Cn(a′, b′) is either one among
Mn(a′, b′), Mn(−a′, b′), Mn(b′, a′), Mn(−b′, a′), depending on the value of
the gcd’s and of the block-jumps, as in the proof of the above theorem.

Consider the case gcd(n, a) = gcd(n, a′) < gcd(n, b) = gcd(n, b′) first.
If Λn(a, b) = Λ′

n(a′, b′), vertex v(mi,j) = v(jb+ia) mod n, associated to
element mi,j of Mn(a, b), is mapped onto the homologous vertex v(m′

i,j) =
v(jb′+ia′) mod n, associated to element m′

i,j of Mn(a′, b′). As an example
consider C36(3, 8) and C36(15, 4), which verify Λ36(3, 8) = Λ36(15, 4) =
2, depicted in Fig. 5. The mapping function, for example, maps vertex
v(m2,1) = 19 of M36(3, 8) onto vertex v(m′

2,1) = 23 of M36(15, 4).
On the contrary, if Λn(a, b) = H − Λn(a′, b′), the theorem states that

two directed graphs are not isomorphic, while two undirected ones are.
In the latter case, the mapping function can be obtained by associat-
ing vertex v(mi,j), corresponding to element mi,j of Mn(a, b), to vertex
v(mi,j) = v(jb′−ia′) mod n, corresponding to element mi,j of Mn(−a′, b′), as
Λn(−a′, b′) = Λn(a, b). As an example, consider the undirected C36(3, 8)
and the undirected C36(21, 4), which verify Λ36(21, 4) = H − Λ36(3, 8).
Since C36(−21, 4) = C36(15, 4), Λ36(3, 8) = Λ36(15, 4). Thus the mapping
function between C36(3, 8) and C36(21, 4) is the same which maps elements
of M36(3, 8) onto homologous elements of M36(15, 4).

Now consider the remaining case gcd(n, a) = gcd(n, a′) = gcd(n, b) =
gcd(n, b′) (thus all equal to 1), observing that the representative matrices
have one row, only.

If Λn(a, b) = Λn(a′, b′), vertex v(m0,j) of Mn(a, b) is mapped onto the
homologous vertex v(m′

0,j) of Mn(a′, b′), while if Λn(a, b) = Λn(b′, a′), ver-
tex v(m0,j) of Mn(a, b) is mapped onto the vertex associated to the (ho-
mologous) element in column j of Mn(b′, a′).

If Λn(a, b) = H − Λn(a′, b′), the theorem states that two directed
graphs are not isomorphic, while two undirected ones are. In the lat-
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ter case, the mapping function can be obtained by associating vertices
corresponding to homologous elements of Mn(−a′, b′) and Mn(a, b), as
Λn(−a′, b′) = Λn(a, b). Finally, if Λn(a, b) = H−Λn(b′, a′), only undirected
graphs can be considered, and the mapping function can be obtained by
associating vertices corresponding to homologous elements of Mn(−b′, a′)
and Mn(a, b), as Λn(−b′, a′) = Λn(a, b).

λ36(3, 8) = λ36(15, 4)

0 3 6 9 12 15 18 21 24 27 30 33
8 11 14 17 20 23 26 29 32 35 2 5
16 19 22 25 28 31 34 1 4 7 10 13

0 15 30 9 24 3 18 33 12 27 6 21
4 19 34 13 28 7 22 1 16 31 10 25
8 23 2 17 32 11 26 5 20 35 14 29

Figure 5: The representative matrices of the two isomorphic graphs
C36(3, 8) and C36(15, 4).

5 Mutually isomorphic graphs

In this section we study the properties of the family of mutually isomorphic
graphs.

Consider a directed circulant graph Cn(a, b) such that gcd(n, a) <

gcd(n, b), and let Λ denote Λn(a, b) throughout the present section. Accord-
ing to Theorem 4.1, any Cn(a′, b′) isomorphic to Cn(a, b) verifies gcd(n, a′) =
gcd(n, a), gcd(n, b′) = gcd(n, b), and Λ = Λn(a′, b′).

The first two conditions show that a′ has to be a multiple of gcd(n, a)
and b′ a multiple of gcd(n, b′). Recalling that n = H gcd(n, a) gcd(n, b),
these conditions also show that a′ must not be a multiple of H nor of
gcd(n, b), as well as b′ must not be a multiple of H nor of gcd(n, a). Define

A = {ā = k̄a gcd(n, a) : k̄a = 1, . . . , n
gcd(n,a) and gcd(k̄a, H gcd(n, b)) = 1}

and

B = {b̄ = k̄b gcd(n, b) : k̄b = 1, . . . , n
gcd(n,b) and gcd(k̄b, H gcd(n, a)) = 1}.

A necessary condition for Cn(a′, b′) to be isomorphic to Cn(a, b) is that
(a′, b′) ∈ A× B.

Now consider the partition of A into H−1 subsets Ah, for h = 1, . . . , H−
1, where Ah is defined as follows

Ah = {ā ∈ A : ā
gcd(n,a) mod H = c} =

= {ā ∈ A : k̄a = k̄′

aH + h, k̄′

a = 0, . . . , gcd(n, b) − 1}.
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We do the same with B obtaining, a partition into the following subsets Bh

for h = 1, . . . , H − 1

Bh = {b̄ ∈ B : b̄
gcd(n,b) mod H = c} =

= {b̄ ∈ B : k̄b = k̄′

bH + h, k̄′

b = 0, . . . , gcd(n, a) − 1}.

The interest in these subsets is justified by the following reasoning. Con-
sider an arbitrary ā = (k̄′

aH + h) gcd(n, a) ∈ Ah and call

N(ā) = {b̄ : Cn(ā, b̄) is isomorphic to Cn(a, b)} ⊆ B.

In application of Theorem 4.1, recalling the definition of Λ, and recall-
ing that n = H gcd(n, a) gcd(n, b), gcd(n, ā) = gcd(n, a), and gcd(n, b̄) =
gcd(n, b), we get

N(ā) = {b̄ : gcd(n, ā)b̄ = Λ gcd(n, b̄)ā (mod n)} =

= {b̄ : b̄
gcd(n,b) = Λ(k̄′

aH + h) (mod H)} =

= {b̄ : b̄ = hΛ (mod H)} =
= BhΛ

which shows that N(ā) depends on h, that is on the fact that ā ∈ Ah, and
not on the value of ā itself. Thus we better write N(Ah) instead of N(ā),
obtaining

N(Ah) = BhΛ for h = 1, . . . , H − 1.

Similarly, it can be proved that

N(BhΛ) = Ah, for h = 1, . . . , H − 1.

Define As × Bt = {(ā, b̄) : ā ∈ As, b̄ ∈ Bt}, we conclude stating that
Cn(a′, b′) is isomorphic to a directed Cn(a, b) with gcd(n, a) < gcd(n, b) if
and only if

(a′, b′) ∈

H−1
⋃

h=1

Ah × BhΛ mod H .

The “h” in this formula highlights the role of Theorem 2.4, while “Λ”
highlights the role of Theorem 4.1.

Similar results can be derived for directed circulant graphs Cn(a, b) with
gcd(n, a) = gcd(n, b), and for undirected graphs with gcd(n, a) < gcd(n, b)
or gcd(n, a) = gcd(n, b). We get:

Theorem 5.1. A directed Cn(a′, b′) is isomorphic to a directed Cn(a, b)
with gcd(n, a) < gcd(n, b)

(

gcd(n, a) = gcd(n, b), resp.
)

if and only if

(a′, b′) ∈
⋃H−1

h=1 Ah × BhΛ mod H
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(

(a′, b′) ∈
⋃H−1

h=1

(

Ah × BhΛ mod H ∪ Ah × BhΛn(b,a) mod H
)

, resp.
)

An undirected Cn(a′, b′) is isomorphic to an undirected Cn(a, b) with
gcd(n, a) < gcd(n, b)

(

gcd(n, a) = gcd(n, b), resp.
)

if and only if

(a′, b′) ∈
⋃H−1

h=1

(

Ah × BhΛ mod H ∪Ah × B(−hΛ) mod H
)

(

(a′, b′) ∈
⋃H−1

h=1

(

Ah × BhΛ mod H ∪Ah × B(−hΛ) mod H
)
⋃

⋃H−1
h=1

(

Ah × BhΛn(b,a) mod H ∪ Ah × B(−hΛn(b,a)) mod H
)

, resp.
)

As a final remark on the structure of mutually isomorphic graphs, we ob-
serve what follows.

The sets Ah’s and Bh’s depend on gcd(n, a), gcd(n, b) and H , therefore,
two graphs with pairwise equal gcd’s have identical Ah’s and Bh’s, even if
they are not isomorphic.

The value of Λ gives a matching of the sets Ah’s to the sets Bh’s:
precisely Ah is matched to BhΛ mod H . Such a matching is clearly perfect
because Λ is coprime with H .

Thus Theorem 4.1 states that two graphs are isomorphic iff they have
identical Ah’s and Bh’s, and these sets are matched “in the same way”.

As an example, the directed graphs C42(2, 9) and C42(2, 15) have the
same Ah’s and Bh’s: precisely A1 = {2, 16}, A2 = {4, 32}, A3 = {20, 34},
A4 = {8, 22}, A5 = {10, 38}, A6 = {26, 40}, and B1 = {3}, B2 = {27},
B3 = {9}, B4 = {33}, B5 = {15}, B6 = {39}. Since Λ42(2, 9) = 3,
an arbitrary Cn(a′, b′) is isomorphic to C42(2, 9) if and only if (a′, b′) ∈
⋃6

h=1 A
h × B3h mod 7 = {(2, 9), (16, 9), (4, 39), (32, 39), (20, 27), (34, 27),

(8, 15), (22, 15), (10, 3), (38, 3), (26, 33), (40, 33)}. This shows that C42(2, 15)
is not isomorphic to C42(2, 9). In fact, for C42(2, 9), Ah is matched to
B3h mod 7 as Λ42(2, 9) = 3, while for C42(2, 15), Ah is matched to B5h mod 7

as Λ42(2, 15) = 5.

References
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[28] S. Toida. A note on Ádám’s conjecture. J. Combinatorial Theory B,
23:239–246, 1977.

[29] J. Turner. Point-symmetric graphs with a prime number of points. J.
Combinatorial Theory, 3:136–145, 1967.

[30] J. Zerovnik and T. Pisanski. Computing the diameter in multiple-loop
networks. J. Algorithms, 14:226–243, 1993.

18


