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Abstract. The globally uniquely solvable (GUS) property of the linear transformation of

the linear complementarity problems over symmetric cones has been studied recently by

Gowda et al. via the approach of Euclidean Jordan algebra. In this paper, we contribute

a new approach to characterizing the GUS property of the linear transformation of the

second-order cone linear complementarity problems (SOCLCP) via some basic linear al-

gebra properties of the involved matrix of SOCLCP. Some more concrete and checkable

sufficient and necessary conditions for the GUS property are thus derived.

Key words. Second-order cone; Linear complementarity problem; Globally uniquely

solvable property

AMS subject classifications. 90C33, 65K05

1 Introduction

The linear complementarity problem (LCP) is to find a vector x ∈ Rn such that

LCP (M, q) : x ≥ 0, q + Mx ≥ 0, xT (q + Mx) = 0, (1.1)

where the vector q ∈ Rn and the matrix M ∈ Rn×n are given. We refer to [6] for the

comprehensive study of LCP. Theoretically, it is of obvious interest to characterize the

uniqueness of the solution of LCP (M, q), and a popular approach toward this objective

is to investigate the linear algebra properties of the involved matrix M such that the

solution of LCP (M, q) is unique for all vectors q ∈ Rn. In the literature, it is well known

that the following statements are equivalent (see [6, Thm.3.3.4]):
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(1) M is a P-matrix, i.e., all principal minors of M are positive.

(2) zi(Mz)i ≤ 0 for all i ⇒ z = 0.

(3) The LCP (M, q) has a unique solution for all q ∈ Rn.

(4) All real eigenvalues of M and its principal submatrices are positive.

Recent years have witnessed impressive developments on extending LCP (M, q), which

is essentially the LCP over the cone Rn
+, to symmetric cones, especially to the positive

semidefinite cone and the second-order cone. To mention a few, see e.g. [1, 3, 4, 7, 8,

9, 10, 11, 12, 14, 17]. However, the favorable characterization stated in (1)-(4) above

is not true any more for the LCPs over generic symmetric cones, and this inspired the

interesting work in [8, 9, 10] where the P-property, the cross commutative property and

the globally uniquely solvable (GUS) property were intensively studied for the linear

transformations of LCPs over symmetric cones. More specifically, via the approach of

Euclidean Jordan algebra, the authors discovered that the linear transformation of the

LCP over a symmetric cone has the GUS property if and only if it has both the P-

property and the cross commutative property (see [10, Thm. 14]). Thus, this work

contributes the novel approach to characterizing the GUS property of the involved linear

transformations of LCPs over symmetric cones via the Euclidean-Jordan-Algebra-based

approach. Note that there are difficulties to verify the P -property (which requires verifying

the operator commutability of the corresponding Lyapunov transformations of x and

Mx for an arbitrary x) and the cross commutative property (which requires knowing

all solutions) of the LCPs over symmetric cones. On the other hand, for the linear

transformation of a LCP over a symmetric cone, the Euclidean-Jordan-Algebra-based

approach fails to reveal the relationship between the GUS property and the basic linear-

algebra-related properties of its involved matrix explicitly.

In this paper, we focus on the LCP over the second-order cone (SOCLCP for short),

which captures various applications in many fields, see e.g. [1, 3, 4, 7, 12] and references

therein. More specifically, the second-order cone (SOC) in Rn, which is also well known

as the Lorentz cone, is defined by

Kn = {(x1, x2) ∈ R× Rn−1 : ‖x2‖ ≤ x1},

where ‖ · ‖ is the Euclidean norm. The SOCLCP is to find vectors x, y ∈ Rn satisfying

xT y = 0, x ∈ Kn, y ∈ Kn, y = Mx + q, (1.2)

where M ∈ Rn×n and q ∈ Rn. We denote it by LCP (M,Kn, q). Throughout, the

set of all solutions of LCP (M,Kn, q) is denoted by SOL(M,Kn, q). Rather than the

dominant Euclidean-Jordan-Algebra-based approach in the literature of LCPs over sym-

metric cones, in this paper, we contribute a completely new approach to characterizing

the GUS property of M for LCP (M,Kn, q) directly via some basic linear-algebra-related

properties of M . Some sufficient and necessary conditions for this characterization are

thus derived. The impetus behind this new approach is that we find out the fact that
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when q 6∈ −MKn ∪ Kn, finding x ∈ SOL(M,Kn, q) is equivalent to solving the root

(s, ξ) ∈ R++ × bd(Kn) of the equation:

(M − sJn)ξ = −q,

where Jn = diag(1,−1, · · · ,−1). Therefore, it is possible to characterize the GUS prop-

erty of M for LCP (M,Kn, q) via the properties of the derived matrix M − sJn.

The organization of the paper is as follows. In Section 2, we introduce some notations

and definitions to be used; and delineate some preliminary results on the proper cones and

second-order cone. In Section 3, for LCP (M,Kn, q), we derive some necessary conditions

when M has the GUS property. In this section, we shall prove that all nonnegative

eigenvalues of MJn equal to the same value τ > 0. Moreover, we shall show that (M −
τJn)Kn is a hyperplane, and that the cone (M−sJn)Kn lies in one side of this hyperplane

when 0 ≤ s < τ while it lies in the other side of the hyperplane when s > τ . In Section

4, we present some sufficient and necessary conditions to characterize the GUS property

of M for LCP (M,Kn, q). Finally, some conclusions are drawn in Section 5.

2 Notations and Preliminaries

In this section, we introduce the notations, definitions, and preliminary results which will

be used throughout the paper. We use Rn
+ (Rn

++) to denote the set of vectors which have

nonnegative (positive) components. For a, b ∈ Rn, (a, b) denotes the set {c ∈ Rn : c =

λa + (1 − λ)b, 0 < λ < 1}. For x ∈ Rn, define x⊥ := {y ∈ Rn : xT y = 0}. We use the

notation B(x; r) to denote the closed ball with center x and radius r. The symbol Sn

refers to the unit sphere in Rn. For a set C ⊂ Rn, the boundary (resp. interior, closure,

cone hull) of C is denoted by bd(C) (resp. int(C), C, cone(C)). The distance from u ∈ Rn

to C is denoted by d(u,C) := minx∈C ‖u − x‖. For x ∈ C, the normal cone of C at x is

defined by

NC(x) := {z ∈ Rn : zT (y − x) ≤ 0, ∀y ∈ C}.
By the definition above, it is easy to prove that if y ∈ int(C), then

zT (y − x) < 0 for all nonzero vector z ∈ NC(x). (2.1)

For a matrix M ∈ Rn×n, we use Ker(M) := {x ∈ Rn : Mx = 0} to denote the kernel

of M . We use R(M) := {y ∈ Rn : y = Mx for some x ∈ Rn} to denote the range of M .

The norm of M is defined by ‖M‖ := max‖x‖=1 ‖Mx‖. As usual, In denotes the identity

matrix in Rn×n.

Let K be a cone. If int(K) 6= ∅, we say that K is a solid cone and if K ∩ −K = {0},
we say that K is a pointed cone. By the definition, if K is pointed, then K contains no

line. A closed solid pointed convex cone is called a proper cone [2, p. 43]. The dual cone

of K is defined by

K∗ = {y ∈ Rn : xT y ≥ 0 for all x ∈ K}.
We shall need the following elementary results on a proper cone.
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Lemma 2.1. Let A be a matrix and K a proper cone. The following statements hold:

(1) int(AK) 6= ∅ if and only if A is nonsingular.

(2) If A is nonsingular, then bd(AK) = Abd(K), int(AK) = Aint(K) and AK is a

proper cone.

(3) For all a ∈ int(K), Rn = {K − ta : t ≥ 0}.

(4) For all q /∈ int(K) ∪ −int(K∗), there exist x ∈ bd(K) and y ∈ bd(K∗) such that

q = x− y.

(5) For any a, b ∈ int(K) such that a 6= tb for any t > 0, there exist nonzero real

numbers α and β such that αa + βb ∈ bd(K).

Let K1, K2 be two convex cones. The Pompeiu-Hausdorff distance between K1 and

K2 is defined by [16]

d(K1, K2) = max{ max
u∈K1∩Sn

d(u, K2), max
v∈K2∩Sn

d(v,K1)}. (2.2)

In [13], Iusem and Seeger use the following metric between K1 and K2

δ(K1, K2) = sup
‖x‖≤1

∣∣d(x, K1)− d(x,K2)
∣∣, (2.3)

which coincides with (2.2). It is easy to prove the following result and we omit the proof.

Lemma 2.2. Let K1 and K2 be two closed convex cones such that K1 ∩K2 = {0}. Let

K be a convex cone. There exists ε > 0 such that if d(K, K1) < ε, then K ∩K2 = {0}.
The following three lemmas will be useful in the next sections of this paper.

Lemma 2.3. Let K1 be a convex cone such that int(K1) 6= ∅ and K2 a convex cone. For

each x ∈ int(K1), there exists ε > 0 such that if d(K1, K2) < ε then x ∈ int(K2).

Proof. If the assertion is not true, then there exists a sequence of convex cones {Ci}∞i=1

such that d(K1, Ci) < 1/i and x /∈ int(Ci). Without loss of generality, assume that

‖x‖ < 1. Then there exists σ > 0 such that y ∈ int(K1) and ‖y‖ < 1 for all y ∈ B(x; σ).

If int(Ci) 6= ∅, by the Convex Separation Theorem, there exist 0 6= ai ∈ Rn and bi ∈ R
such that

aT
i x + bi ≥ 0 and aT

i z + bi ≤ 0 ∀z ∈ Ci.

Let xi = x + σai/‖ai‖. Then xi ∈ B(x; σ) ⊂ K1, and so ‖xi‖ < 1. It is obvious that

d(xi, Ci) ≥ σ. From (2.3), it follows that d(K1, Ci) ≥ σ, a contradiction. If int(Ci) = ∅,
there exists 0 6= ci ∈ Rn such that cT

i x ≥ 0 ≥ cT
i z for all z ∈ Ci. Similar to the proof

above, we can derive a contradiction.

Lemma 2.4. Let A be a matrix and C a proper cone. If Ker(A) ∩ C = {0}, then

bd(AC) ⊂ Abd(C).
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Proof. If A is nonsingular, by Lemma 2.1 (2), bd(AC) = Abd(C). Assume that A is

singular. Since C is proper and Ker(A) ∩ C = {0}, by [15, Thm. 9.1], AC is a closed

cone. Pick a nonzero vector z ∈ Ker(A). Assume that bd(AC) 6= ∅. For any y ∈ bd(AC),

since AC is closed, there exists x ∈ C such that y = Ax. If x ∈ bd(C), then we are

done. Assume that x ∈ int(C). Since C contains no line, there exists t > 0 such that

x+ tz ∈ bd(C) or x− tz ∈ bd(C). Without loss of generality, assume that x+ tz ∈ bd(C).

Then, y = A(x + tz) ∈ Abd(C). Since y is arbitrary, we have bd(AC) ⊂ Abd(C).

Lemma 2.5. Let C1, C2 ⊂ Rn be two proper cones. If int(C1)∩ int(C2) 6= ∅ and bd(C1)∩
C2 = {0}, then we have C2\{0} ⊂ int(C1).

Proof. Pick x ∈ int(C1) ∩ int(C2). Now we prove C2 ⊂ C1. If there exists y ∈ C2 but

y /∈ C1, there exists z ∈ (x, y) such that z ∈ bd(C1). From x, y ∈ C2, it follows that z ∈ C2.

Since C2 is pointed, we have z 6= 0, which contradicts bd(C1) ∩ C2 = {0}. Thus, we must

have C2 ⊂ C1, which together with bd(C1)∩C2 = {0} implies that C2\{0} ⊂ int(C1).

In the following, we summarize some properties of Kn which will be used later on.

The proof is straightforward based on the definitions.

Lemma 2.6. The following statements hold:

(1) Kn is a self-dual proper cone, that is, (Kn)∗ = Kn.

(2) For nonzero vectors x, y ∈ Kn, xT y = 0 if and only if x ∈ bd(Kn), y ∈ bd(Kn) and

y = µJnx for some µ > 0.

(3) Let x ∈ Kn. Then xT y > 0 for all nonzero vector y ∈ Kn if and only if x ∈ int(Kn).

(4) If x ∈ bd(Kn) and x 6= 0, then

NKn(x) = {−tJnx : t ≥ 0}. (2.4)

3 Necessary Conditions

Recall that LCP (M,Kn, q) is defined by (1.2). We say that M has the Globally Uniquely

Solvable (GUS) property [10] if for all q ∈ Rn, LCP (M,Kn, q) has a unique solution.

In this section, we present some necessary conditions for M having the GUS prop-

erty. For a matrix M ∈ Rn×n and s ≥ 0, we define Ms = M − sJn, where Jn :=

diag(1,−1,−1, · · · ,−1). Let

Ks := MsKn = {Msx : x ∈ Kn}.

With this notation, we have K0 = MKn.

Lemma 3.1. Assume that x ∈ SOL(M,Kn, q). Then the following statements hold:

(1) x ∈ int(Kn) =⇒ q ∈ −M
(
int(Kn)

)
.
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(2) x = 0 =⇒ q ∈ Kn.

(3) If x 6= 0 and x ∈ bd(Kn), then there exists s ≥ 0 such that q = −Msx.

Proof. (1). Since x ∈ int(Kn), by (1.2) and Lemma 2.6 (3), we have Mx + q = 0, which

implies that q = −Mx ∈ −M(int(Kn)). The proof of (2) is obvious. (3). If x 6= 0 and

x ∈ bd(Kn), by Lemma 2.6 (2), there exists s ≥ 0 such that Mx + q = sJnx. Then

q = −Mx + sJnx = −Msx, (3.1)

which proves (3).

The proof of the following lemma is straightforward and thus omitted, while it provides

the equivalence of LCP (M,Kn, q) to an matrix equation and thus inspires the proposing

new approach to characterizing the GUS-property of M for LCP (M,Kn, q).

Lemma 3.2. If q = −Ms(x) for some s ≥ 0 and 0 6= x ∈ bd(Kn), then x ∈ SOL(M,Kn, q).

For LCP over Rn
+, the complementary cone [6, p. 17] plays an important role. Now, we

extend this definition to LCP (M,Kn, q). For this purpose, we define the complementary

cone for SOCLCP with parameters % ∈ bd(Kn) ∩ Sn as:

C(%) = −cone(∪s≥0Ms(%)).

Then, by Lemma 3.1 (3) and Lemma 3.2, it is easy to prove the following lemma.

Lemma 3.3. Fix % ∈ bd(Kn) ∩ Sn. Let D = {−M%, Jn%}. We have C(%) = cone(D).

There exist λ, µ ≥ 0 such that q = −λM% + µJn%, that is q ∈ C(%), if and only if

λ% ∈ SOL(M,Kn, q).

The following lemma reveals the relationship between Ks and −Kn.

Lemma 3.4. The following statements hold:

(1) lims→0 d(Ks, MKn) = 0.

(2) lims→∞ d(Ks,−Kn) = 0.

(3) For each η ∈ −int(Kn), there exists r > 0 such that if s > r then η ∈ int(Ks).

Proof. The proof of (1) is elementary and we omit the proof. For y ∈ −Kn ∩ Sn, let

x = −Jny. For s > 0, let ys = Msx/s = (M − sJn)x/s. Fix ε > 0. If s > 2‖M‖/ε, then

‖ys − y‖ = ‖Mx‖/s < ε/2. Then we have

‖ Msx

‖Msx‖ − y‖ ≤ ‖ ys

‖ys‖ − ys‖+ ‖ys − y‖
= |‖ys‖ − 1|+ ‖ys − y‖ ≤ 2‖ys − y‖ < ε, (3.2)

which implies maxy∈(−Kn)∩Sn d(y,Ks) < ε. By the definition of Ms, there exists r > 0 such

that Ms is nonsingular when s > r. Thus, if s > r, every u ∈ Ks ∩ Sn can be represented

as u = Msx/‖Msx‖ for some x ∈ Kn ∩ Sn. By (3.2) again, if s > max{2‖M‖/ε, r} then

maxu∈Ks∩Sn d(u,−Kn) < ε, and so d(Ks,−Kn) < ε. Then the conclusion of (2) holds.

The assertion of (3) follows from (2) and Lemma 2.3.
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In the remaining of this section, we always assume that M has the GUS property,

that is, for all q ∈ Rn, SOL(M,Kn, q) is nonempty and has a unique element. By [10,

Thm. 11 and 14], M must be nonsingular. In the following lemma, we present some

properties on the relationship between MKn and Kn.

Lemma 3.5. MKn −Kn = Rn, MKn ∩ −Kn = {0} and int(Kn) ∩ int(MKn) 6= ∅.

Proof. Fix any q /∈ −MKn ∪ Kn. Assume that SOL(M,Kn, q) = {x}. From Lemma 3.1,

it follows that x 6= 0 and x ∈ bd(Kn). By (3.1), q = −Mx + sJnx ∈ Kn −MKn for some

s > 0. Then we have Kn −MKn = Rn, and so MKn −Kn = Rn.

For the second assertion, suppose on the contrary, there exists 0 6= x ∈ Kn such that

Mx ∈ −Kn. Let q = −Mx. Then q ∈ Kn, which implies that SOL(M,Kn, q) contains

two elements x and 0. This contradicts the GUS property of M .

Since M is nonsingular, int(MKn) 6= ∅. If int(Kn) ∩ int(MKn) = ∅, by the Convex

Separation Theorem, there exists 0 6= a ∈ Rn and b ∈ R such that

aT x ≥ b and aT y ≤ b ∀x ∈ Kn, ∀y ∈ MKn,

which implies that aT z ≤ 0 for all z ∈ MKn−Kn. This contradicts MKn−Kn = Rn.

Lemma 3.6.

∪s>0Ms

(
bd(Kn)\{0}) = Rn\(−Kn ∪MKn).

Proof. Pick any p ∈ Rn\(−Kn ∪MKn). Let q = −p and assume that SOL(M,Kn, q) =

{x}. Since q /∈ Kn ∪ −MKn, by Lemma 3.1 (1) and (2), we have x 6= 0 and x ∈ bd(Kn).

Then q = −Msx for some s ≥ 0 by Lemma 3.1 (3). From (3.1) and q /∈ −MKn, it

follows that s > 0, and so ∪s>0Ms

(
bd(Kn)\{0}) ⊇ Rn\(−Kn ∪ MKn). Now we prove

∪s>0Ms

(
bd(Kn)\{0}) ⊆ Rn\(−Kn ∪ MKn). If it is not true, then there exist 0 6= x ∈

bd(Kn) and s > 0 such that Msx ∈ −Kn or Msx ∈ MKn. Let z = −Msx. From Lemma

3.2, it follows that x ∈ SOL(M,Kn, z). If Msx ∈ −Kn, then SOL(M,Kn, z) contains at

least two elements 0 and x, a contradiction; if Msx ∈ MKn, then there exists y ∈ Kn

such that Msx = My. From s > 0 and x 6= 0, it follows that x 6= y. Thus SOL(M,Kn, z)

contains at least two elements x and y, a contradiction.

For a matrix M ∈ Rn×n, we define the following map associated with M by

M(s, x) = Ms(x) ∀s ≥ 0, ∀x ∈ Rn. (3.3)

Lemma 3.7. Let M be a nonsingular matrix such that Kn ∩−MKn = {0}. Then M has

the GUS property if and only if M is a one-to-one map from R++ ×
(
bd(Kn)\{0}) onto

Rn\(−Kn ∪MKn).

Proof. Necessity. If M has the GUS property, by Lemma 3.6, we only need to prove M
is injective. Let (s, x), (t, y) ∈ R++ ×

(
bd(Kn)\{0}) be such that Ms(x) = Mt(y). Let

q = −Msx. From Lemma 3.2, it follows that x ∈ SOL(M,Kn, q). By q = −Mty, we also
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have y ∈ SOL(M,Kn, q). Since M has the GUS property, we must have x = y, which

together with Ms(x) = Mt(y) implies that s = t.

Sufficiency. Assume that M is a one-to-one map from R++ ×
(
bd(Kn)\{0}) onto

Rn\(−Kn ∪MKn). Now we prove that M has the GUS property. Pick any q ∈ Rn\(Kn ∪
−MKn). Then there exists a unique (s, x) ∈ R++ × (

bd(Kn)\{0}) such that q =

−M(s, x) = −Msx. From Lemma 3.2, it follows that x ∈ SOL(M,Kn, q). Pick any

y ∈ SOL(M,Kn, q). Since q /∈ Kn ∪−MKn, by Lemma 3.1, q = −Mµ(y) for some µ > 0,

and so M(µ, y) = −q. Since M is a one-to-one map, we have y = x and s = µ. Thus

SOL(M,Kn, q) has a unique element for all q ∈ Rn\(Kn ∪ −MKn).

If q ∈ Kn, then 0 ∈ SOL(M,Kn, q). Assume there exists 0 6= y ∈ SOL(M,Kn, q). We

must have My + q 6= 0 (If My + q = 0, then q ∈ −MKn∩Kn. From Lemma 3.5, it follows

that q = 0. Since M is nonsingular, we have y = 0, a contradiction). By Lemma 2.6 (2),

we have y ∈ bd(Kn) and My + q = µJny for some µ > 0. That is, q = −Mµ(y) and so

M(µ, y) = −q ∈ −Kn, a contradiction.

If q ∈ −MKn, there exists x ∈ Kn such that Mx + q = 0, and so x ∈ SOL(M,Kn, q).

Assume that there exists y 6= x such that y ∈ SOL(M,Kn, q). We must have y 6= 0.

(If y = 0, from Lemma 3.1 (2), it follows that q ∈ Kn, and so q ∈ −MKn ∩ Kn. From

3.5, it follows that q = 0. Since M is nonsingular, we have x = 0, which contradicts the

assumption y 6= x). Since x = −M−1q and y 6= x, we have My + q 6= 0. By Lemma

2.6 (2), we have y ∈ bd(Kn) and My + q = µJny for some µ > 0. Thus, one has that

M(µ, y) = −q ∈ MKn, a contradiction.

Corollary 3.1. Assume that M has the GUS property. For any s ≥ 0 and any nonzero

vector x ∈ bd(Kn), M(s, x) = Ms(x) 6= 0.

For s ≥ 0, we define

Ms(t, x) = (Ms − tJn)(x) = M(s + t, x) ∀t ≥ 0,∀x ∈ Rn. (3.4)

where M is defined by (3.3). The following lemma will be used in the proof of the main

theorem of this section.

Lemma 3.8. For s ≥ 0, let Ms be defined by (3.4). If MKn ⊂ Ks, then Ms(t, ξ) =

Ms+tξ /∈ Ks for all 0 6= ξ ∈ bd(Kn) and for all t > 0.

Proof. If s = 0, then the assertion follows from Lemma 3.7. Fix s > 0 and assume that

MKn ⊂ Ks. Since M has the GUS property, M is nonsingular and so int(MKn) 6=
∅, which together with MKn ⊂ Ks implies int(Ks) 6= ∅. By Lemma 2.1 (1), Ms is

nonsingular. If the assertion is not true, then there exists t > 0, y ∈ Kn and ξ ∈ bd(Kn)

such that Ms+tξ = Msy. By Lemma 3.7, we must have y /∈ bd(Kn) (otherwise we have

M(s + t, ξ) = M(s, y), contradicts the injectivity of M on R++ × (bd(Kn)\{0})). Thus,

y ∈ int(Kn). Recall that Ms is nonsingular. Thus, we have Ms+tξ = Msy ∈ int(Ks). It

is obvious that Msξ ∈ (Mξ, Ms+tξ). Since Ms+tξ ∈ int(Ks) and Mξ ∈ MKn ⊂ Ks, by

[15, Thm. 6.1], we have Msξ ∈ int(Ks). But we also have Msξ ∈ bd(Ks) because Ms is

nonsingular and ξ ∈ bd(Kn), which is a contradiction.
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For proving the main results, we divide our proof into several steps. The following

lemma tells us that Ms has the GUS property if s > 0 is sufficiently small.

Lemma 3.9. There exists r > 0 such that for each s ∈ (0, r), Ms is nonsingular,

(i) MKn\{0} ⊂ int(Ks), and

(ii) Ms has the GUS property.

Proof. By Lemma 3.8, we have

Msξ /∈ MKn ∀s > 0,∀ 0 6= ξ ∈ bd(Kn). (3.5)

Let e = (1, 0, · · · , 0)T . Then Me ∈ int(MKn). Since M is nonsingular, there exists r

such that Ms is nonsingular and Mse = Me− sJne ∈ int(MKn) for all s ∈ [0, r).

(i). Fix s ∈ (0, r). Since Ms is nonsingular, by Lemma 2.1 (2), bd(Ks) = Ms(bd(Kn)).

From (3.5), it follows that bd(Ks) ∩ MKn = {0}. By the non-singularity of Ms again,

Mse ∈ int(Ks), and so Mse ∈ int(Ks) ∩ int(MKn). Hence, by Lemma 2.5, we have

MKn\{0} ⊂ int(Ks).

(ii). Recall that −MKn ∩ Kn = {0}. By Lemma 2.2 and Lemma 3.4 (1), there exists

r1 such that for all s ∈ [0, r1), −Ks ∩ Kn = {0}. Let r′ = min{r1, r}. Then for all

s ∈ (0, r′), Ms is nonsingular and −MsKn ∩Kn = {0}. Fix s ∈ (0, r′). Let Ms be defined

by (3.4). To prove that Ms has the GUS property, by Lemma 3.7, we only need to prove

that Ms is a one-to-one map from R++ ×
(
bd(Kn)\{0}) onto Rn\(−Kn ∪MsKn). Since

M has the GUS property, by Lemma 3.7, Ms must be injective on R++ × (bd(Kn)\{0}),
and Ms(t, ξ) /∈ −Kn for all t > 0 and ξ ∈ bd(Kn). From Lemma 3.8, it follows that

Ms(t, ξ) /∈ MsKn for all t > 0 and ξ ∈ bd(Kn).

Now we prove that Ms maps R++ ×
(
bd(Kn)\{0}) onto Rn\(−Kn ∪ MsKn). Fix

q ∈ Rn\(−Kn ∪ MsKn). By Lemma 3.7, there exists s̄ > 0 and ξ ∈ bd(Kn) such that

M(s̄, ξ) = Ms̄ξ = q. From q /∈ MsKn, it follows that s̄ 6= s. Assume that s̄ < s. By (i),

Mξ ∈ MsKn, which together with Ms̄ξ = s−s̄
s

Mξ + s̄
s
Msξ implies that q = Ms̄ξ ∈ MsKn,

a contradiction. Thus, we must have s̄ > s and so Ms(s̄− s, ξ) = q, which completes the

proof.

Define

τ = sup{r : for all s ∈ (0, r),MKn ⊆ Ks and Ms has the GUS property.} (3.6)

From Lemma 3.9, it follows that τ > 0.

Lemma 3.10. Let τ be defined by (3.6). For all 0 < t < s < τ , we have Kt\{0} ⊂
int(Ks).

Proof. Fix s ∈ (0, τ) and t ∈ (0, s). We have Mty = s−t
s

My + t
s
Msy for all y ∈ Kn. From

(3.6), it follows that My ∈ MKn ⊂ Ks. Thus we have Mty ∈ Ks, and so Kt ⊂ Ks. By

the definition of τ , Ms has the GUS property and so Ms is nonsingular. From Lemma 2.1

(2), bd(Ks) = ∪ξ∈bd(Kn)Msξ. For any 0 6= ξ ∈ bd(Kn), by Lemma 3.8, we have Msξ /∈ Kt.

Hence bd(Ks) ∩Kt = {0}, which together with Kt ⊂ Ks implies Kt\{0} ⊂ int(Ks).
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Lemma 3.11. Let τ be defined by (3.6). Then τ < ∞ and Mτ is singular.

Proof. By Lemma 3.5, there exists η ∈ int(Kn) ∩ int(MKn). From Lemma 2.1 (3), it

follows that Θ := {MKn − tη : t ≥ 0} = Rn. By Lemma 3.4 (3), there exists r > 0

such that −η ∈ Ks for all s > r. Now we prove that MKn ⊆ Ks does not hold for all

s > r. Assume that Ks ⊇ MKn for some s > r. Whether Ms is nonsingular or not,

Ks is a proper subset of Rn. But, since Ks is a convex cone, we have Ks ⊃ Θ = Rn, a

contradiction. Thus, we have τ < ∞.

To prove that Mτ is singular, we use a contrapositive argument. Assume that Mτ is

nonsingular. First, we prove MKn ⊂ Kτ . Since Ms is nonsingular for all s ∈ [0, τ), we

have lims↑τ M−1
s = M−1

τ . Pick any p ∈ MKn. From (3.6), it follows that MKn ⊂ Ks for

all s ∈ [0, τ). Thus, there exists ζs ∈ Kn such that Msζs = p. Let ζ := M−1
τ p. Then

lim
s→τ

ζs = lim
s→τ

M−1
s p = M−1

τ p = ζ.

Since ζs ∈ Kn, we have ζ ∈ Kn. Since p ∈ MKn is arbitrary, we have MKn ⊂ Kτ .

Second, we prove that −Kτ ∩ Kn = {0}. If not, pick any 0 6= z ∈ −Kτ ∩ Kn. Then

z = −Mτy for some 0 6= y ∈ Kn. By the definition of τ , for each s ∈ (0, τ), Ms has the

GUS property. From Lemma 3.7, it follows that Ks ∩ −Kn = MsKn ∩ −Kn = {0}. For

s ∈ (0, τ), we have 0 6= Msy ∈ Ks, and so −Msy /∈ Kn. From z = −Mτy = lims↑τ −Msy,

it follows that z ∈ bd(Kn). Thus, −Kτ ∩Kn ⊂ bd(Kn). Recall that we assume that Mτ is

nonsingular, which implies −int(Kτ ) 6= ∅. We must have −int(Kτ ) ∩ Kn = ∅ (otherwise

−int(Kτ ) ∩ int(Kn) 6= ∅, which contradicts −Kτ ∩ Kn ⊂ bd(Kn)) and so

−Kτ ∩ Kn = −bd(Kτ ) ∩ bd(Kn).

Hence, z = −Mτy ∈ −bd(Kτ ). Since Mτ is nonsingular, we have y ∈ bd(Kn). But from

Lemma 3.7, it follows that −z = Mτy /∈ −Kn, which contradicts z ∈ Kn. Thus, we must

have −Kτ ∩ Kn = {0}.
LetMτ be defined by (3.4). Since MKn ⊂ Kτ , −Kτ∩Kn = {0} and Mτ is nonsingular,

similar to the proof in Lemma 3.9 (ii), we can prove that Mτ is a one-to-one map from

R++ ×
(
bd(Kn)\{0}) onto Rn\(−Kn ∪MτKn). Thus, by Lemma 3.7, Mτ has the GUS

property. By Lemma 3.9, there exists r > 0 such that for all s ∈ (0, r), (Mτ )s = Mτ+s has

the GUS property and MKn ⊂ Mτ+sKn = Kτ+s. Thus, for all t ∈ [0, τ + r), Mt has the

GUS property and MKn ⊂ Kt, which contradicts (3.6). Hence, Mτ must be singular.

Lemma 3.12. Let τ be defined by (3.6). Then rank(Mτ ) = n − 1 and there exists

ω ∈ int(Kn) such that

Ker(Mτ ) = {tω : t ∈ R}. (3.7)

Proof. First, we prove that for all 0 6= ω ∈ Ker(Mτ ), we have ω ∈ int(Kn) or −ω ∈
int(Kn). If it is not true, there exists ω 6= 0 such that ω ∈ Ker(Mτ ) and ±ω /∈ int(Kn).

By Lemma 2.1 (4), ω = ξ − η for some ξ, η ∈ bd(Kn). Since ω ∈ Ker(Mτ ), we have

Mτξ = Mτη. Let M be defined by (3.3). Then M(τ, ξ) = M(τ, η). If ξ 6= 0 and η 6= 0,
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by Lemma 3.7, we have ξ = η and so ω = 0, a contradiction. If ξ = 0 and η 6= 0, then

M(τ, η) = 0, which contradicts Corollary 3.1. For the same reason, η = 0 and ξ 6= 0 is

impossible. Since ω 6= 0, ξ = η = 0 is impossible also.

From the proof above, it is obvious that rank(Mτ ) = n−1 is equivalent to (3.7). Thus

we only need to prove rank(Mτ ) = n − 1. If it is not true, there exists ω1 ∈ int(Kn) ∩
Ker(Mτ ) and ω2 ∈ int(Kn) ∩Ker(Mτ ) such that ω1 6= tω2 for any t ∈ R. By Lemma 2.1

(5), there exist nonzero real numbers α and β such that z := αω1 + βω2 ∈ bd(Kn). It is

obvious z 6= 0. Since ω1, ω2 ∈ Ker(Mτ ), we have Mτz = 0, which contradicts Corollary

3.1. The proof is complete.

Lemma 3.13. Let τ be defined by (3.6). Then R(Mτ ) = ∪ξ∈bd(Kn)Mτξ.

Proof. Let G = ∪ξ∈bd(Kn)Mτξ. It is obvious G ⊆ R(Mτ ). By Lemma 3.12, there exists

ω ∈ int(Kn) such that Ker(Mτ ) = {tω : t ∈ R}, which implies R(Mτ ) = {Mτy : y ∈ ω⊥}.
Pick any 0 6= y ∈ ω⊥. Then y /∈ Kn, and so here exists α > 0 such that ω + αy ∈ bd(Kn).

Let ξ := ω +αy. Then Mτy = Mτξ/α ∈ G. Since y is arbitrary, we have G = R(Mτ ).

By Lemma 3.12, we have rank(Mτ ) = n−1, which is equivalent to rank(MT
τ ) = n−1.

Hence, there exists 0 6= θ ∈ Rn such that

MT
τ θ = (MT − τJn)θ = 0, (3.8)

which implies R(Mτ ) = θ⊥.

Lemma 3.14. Let θ be defined by (3.8). Then θ ∈ int(Kn) or −θ ∈ int(Kn).

Proof. Let K̃ = ∪0<s<τKs. Recall that we have proved that Kt ⊂ Ks and Ks is a proper

cone if 0 < t < s < τ . It is easy to prove that K̃ is convex and has nonempty interior.

By Lemma 3.8, Mτξ /∈ K̃ for all 0 6= ξ ∈ bd(Kn), which together with Lemma 3.13

implies that R(Mτ ) ∩ K̃ = {0}. Pick any η ∈ int(Kn). It is obvious η ∈ int(K̃) and so

η /∈ R(Mτ ). Thus η must lies in one side of R(Mτ ). Let θ be defined by (3.8) such that

θT η > 0. Define H := {z ∈ Rn : θT z > 0}. Then bd(H) = R(Mτ ).

For each 0 6= y ∈ R(Mτ ), by Lemma 3.13, y = Mτξ for some ξ ∈ bd(Kn). Since

y = lims↑τ Msξ and y /∈ K̃, we have y ∈ bd(K̃). Thus bd(H) = R(Mτ ) ⊂ bd(K̃). Fix

ρ ∈ H. Let β = θT ρ/θT η. Then h := ρ − βη ∈ bd(H). Note that 2h ∈ bd(K̃) and

2βη ∈ int(K̃). Since ρ ∈ (2h, 2βη), by [15, Thm. 6.1], we have ρ ∈ int(K̃) and so

H ⊆ K̃. Recall bd(H) ∩ K̃ = {0}. It is obvious that K̃ = H ∪ {0}. By Lemma 3.10,

for all s ∈ (0, τ) and 0 6= ξ ∈ bd(Kn), we have Msξ ∈ Ks ⊂ int(K̃), which together with

int(K̃) = H implies that

θT Msξ = θT (Mξ − sJnξ) > 0 ∀ξ ∈ bd(Kn). (3.9)

By (3.8), θT Mτξ = 0, which together with (3.9) implies (τ − s)θT Jnξ > 0. Since 0 6= ξ ∈
bd(Kn) is arbitrary, we must have θ ∈ int(Kn).
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By Lemma 3.14, there exists θ ∈ int(Kn) such that (3.8) holds, and if 0 < s < τ , then

Ks lies in one side of R(Mτ ). For the case s > τ , we present some observations now. If

s > τ , for each 0 6= x ∈ Kn, we have

θT Msx = θT Mτx + (τ − s)θT x < 0, (3.10)

which implies that Ks lies in another side of R(Mτ ). From (3.10), it follows that

R(Mτ ) ∩Ks = {0} (3.11)

and

Ker(Ms) ∩ Kn = {0}. (3.12)

By Lemma 3.12, there exists ω ∈ int(Kn) such that Ker(Mτ ) = {tω : t ∈ R}. If s > τ ,

then we have

Msω = Mτω + (τ − s)ω = (τ − s)ω ∈ −int(Kn). (3.13)

Lemma 3.15. If s′ > s > τ , then Msξ /∈ Ks′ for all 0 6= ξ ∈ bd(Kn).

Proof. Fix s′ > s > τ . Assume that Msξ ∈ Ks′ for some 0 6= ξ ∈ bd(Kn). From

Corollary 3.1, it follows that Msξ 6= 0. If Msξ ∈ bd(Ks′), by (3.12) and Lemma 2.4,

there exists 0 6= η ∈ bd(Kn) such that Msξ = Ms′η, which contradicts Lemma 3.7. Thus,

Msξ ∈ int(Ks′), which implies Ms′ is nonsingular. By (3.11), Mτξ /∈ Ks′ and so there

exists λ ∈ (0, 1) such that u := λMτξ+(1−λ)Msξ ∈ bd(Ks′). Let s̄ = λτ +(1−λ)s. Then

Ms̄ξ = u ∈ bd(Ks′). From Corollary 3.1, it follows that u 6= 0. Since Ms′ is nonsingular

and u 6= 0, by Lemma 2.4 again, there exists 0 6= ς ∈ bd(Kn) such that Ms̄ξ = Ms′ς,

which contradicts Lemma 3.7.

Now we can derive the following necessary conditions for M having the GUS property.

Lemma 3.16. If s > τ , then Ms is nonsingular and −Kn\{0} ⊂ int(Ks).

Proof. Let ω ∈ int(Kn) be such that Ker(Mτ ) = {tω : t ∈ R}. We must have Msω ∈
int(Ks) (If not, then Msω ∈ bd(Ks). By (3.12) and Lemma 2.4, Msω = Msξ for some

ξ ∈ bd(Kn), which together with (3.13) implies Msξ ∈ −Kn. This contradicts Lemma 3.7).

By int(Ks) 6= ∅ and Lemma 2.1 (1), Ms is nonsingular. Thus bd(Ks) = ∪ξ∈bd(Kn)Msξ.

From Lemma 3.7, it follows that bd(Ks)∩−Kn = {0}. Thus, to prove−Kn\{0} ⊂ int(Ks),

we only need to show that −Kn ⊂ Ks. If not, there exists z ∈ −Kn but z /∈ Ks. Then

there exists y ∈ (z, Msω) such that y ∈ bd(Ks). Recall that Msω ∈ −int(Kn), and so

y ∈ −Kn. Since −Kn is a pointed cone, we have y 6= 0. Thus, y = Msξ for some

0 6= ξ ∈ bd(Kn), which together with Lemma 3.7 implies y /∈ −Kn, a contradiction.

Lemma 3.17. If s′ > s > τ , then Ks′\{0} ⊂ int(Ks).
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Proof. Fix s′ > s > τ . Pick any 0 6= x ∈ Kn. By Lemma 3.16, −Jnx ∈ int(Ks). Let

t be large enough such that t > s′ and −Jnx + Mx/t ∈ int(Ks), which implies that

Mtx = Mx − tJnx ∈ int(Ks). Note that Ms′x ∈ (Msx,Mtx). Since Mtx ∈ int(Ks) and

Msx ∈ Ks, by [15, Thm. 6.1], we have Ms′x ∈ int(Ks). Since x 6= 0 is arbitrary, we have

Ks′\{0} ⊂ int(Ks).

Note that for all s ∈ R,

(MJn − sIn)v = (M − sJn)Jnv = MsJnv ∀v ∈ Rn, (3.14)

which means that Jnv ∈ Ker(Ms) if and only if v is the eigenvector of MJn associated

with the eigenvalue s. By Lemma 3.12, Lemma 3.16 and (3.14), MJn has nonnegative

eigenvalues, which equal to the same value τ , where τ is defined by (3.6). Moreover,

Jnω ∈ int(Kn) is the eigenvector of MJn associated with τ , where ω is as in Lemma 3.12.

Analogously, MT Jn has nonnegative eigenvalues and they all equal to τ also. Let

θ ∈ int(Kn) be such that Ker(MT
τ ) = {tθ : t ∈ R}. Then Jnθ ∈ int(Kn) is the eigenvector

of MJn associated with τ . Now we can summarize the above results as the following

theorem.

Theorem 3.1. For LCP (M,Kn, q), if M has the GUS property, then the following state-

ments hold:

(1) MJn has nonnegative eigenvalues and there exists τ > 0 such that all nonnegative

eigenvalues of MJn equal to τ . Moreover, rank(MJn − τIn) = n− 1.

(2) There exists ω ∈ int(Kn) such that ω is the eigenvector of MJn associated with τ .

(3) The range of Mτ , R(Mτ ), is a hyperplane in Rn. There exists θ ∈ int(Kn) such that

R(Mτ ) = θ⊥. Moreover, Jnθ is the eigenvector of MT Jn associated with τ .

(4) For all 0 ≤ t < s < τ , Kt\{0} ⊂ int(Ks) and Ks lies in one side of R(Mτ ); if

s > t > τ , then −Kn\{0} ⊂ int(Ks), Ks\{0} ⊂ int(Kt) and Kt lies in another side

of R(Mτ ).

Remark 3.1. By [10, Thm. 17], if M is positive definite (i.e., xT Mx > 0 for all x 6= 0),

then M has the GUS property. Thus, MJn satisfies (1)-(4) of the above theorem.

4 Sufficient and Necessary Conditions

In this section, we will present sufficient and necessary conditions for M having the GUS

property in LCP (M,Kn, q). Before presenting the main results, we need the following

preliminary results.

Lemma 4.1. Suppose that A ∈ Rn×n is nonsingular. Let C = AKn and let ξ be a

nonzero vector in bd(Kn). We have NC(Aξ) = {−tA−T Jnξ : t ≥ 0}. Let H = {Aξ + y :

yT A−T Jnξ ≤ 0}. Then H ∩ C = {tAξ : t ≥ 0}.
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Proof. For any η ∈ NC(Aξ), we have ηT (Ax−Aξ) ≤ 0 for all x ∈ Kn, which implies that

AT η ∈ NKn(ξ). By (2.4), AT η = −tJnξ for some t ≥ 0, and therefore η = −tA−T Jnξ,

which implies that NC(Aξ) = {−tA−T Jnξ : t ≥ 0}.
Since ξ ∈ bd(Kn), by Lemma 2.6 (2), we have (Aξ)T (A−T Jnξ) = 0. Hence tAξ ∈ H for

all t ∈ R, and so {tAξ : t ≥ 0} ⊆ H ∩C. If y ∈ H ∩C, then y = Ax for some x ∈ Kn and

(Ax− Aξ)T A−T Jnξ ≤ 0, which implies that xT Jnξ ≤ 0. Since Kn is self-dual, xT Jnξ ≥ 0

and so xT Jnξ = 0. By Lemma 2.6 (2), x = tξ for some t ≥ 0, which implies that y = tAξ.

Thus H ∩ C ⊆ {tAξ : t ≥ 0} and so the equality holds.

In the next two lemmas, we present some more necessary conditions for M having the

GUS property. As we shall present in Theorem 4.1, these necessary conditions, together

with the assumptions (1), (2) and (3) in Theorem 3.1, constitute the sufficient conditions

to ensure the GUS property of M .

Lemma 4.2. Assume that M has the GUS property and let τ be defined by (3.6). Then

ξT M−1
s ξ > 0 for all 0 6= ξ ∈ bd(Kn) and s ∈ (0, τ).

Proof. Fix s ∈ (0, τ) and 0 6= ξ ∈ bd(Kn). By Theorem 3.1, Ms is nonsingular and Ks is

a proper cone. By Lemma 4.1, we have

NKs(MsJnξ) = {−tM−T
s ξ : t ≥ 0}. (4.1)

From Theorem 3.1, it follows that MJnξ ∈ int(Ks), which together with (2.1) and

−M−T
s ξ ∈ NKs(MsJnξ) implies that

0 < (M−T
s ξ)T (MJnξ −MsJnξ) = sξT M−1

s ξ,

which implies the assertion.

Corollary 4.1. If M has the GUS property, then ξT M−1ξ ≥ 0 for all ξ ∈ bd(Kn).

Lemma 4.3. If M has the GUS property, then ξT Mξ ≥ 0 for all ξ ∈ bd(Kn).

Proof. Fix 0 6= ξ ∈ bd(Kn). Since M has the GUS property, by Lemma 3.5 and 3.6,

Msξ /∈ −Kn for all s ≥ 0. By the definition of Ms, ∪s≥0Msξ is a ray, which has empty

intersection with −Kn. By the Convex Separation Theorem, there exists a 6= 0 such that

aT (−x) ≤ 0 ∀x ∈ Kn (4.2)

and

aT Msξ ≥ 0 ∀s ≥ 0. (4.3)

Since Kn is a self-dual cone, by (4.2), we have a ∈ Kn, which implies that aT Jnξ ≥ 0.

From aT Msξ = aT (Mξ − sJnξ) ≥ 0 for all s > 0, it follows that aT Jnξ ≤ 0. Thus we

have aT Jnξ = 0, which together with Lemma 2.6 (2) implies that a = λξ for some λ > 0.

Substituting it into (4.3) and letting s = 0, we obtain ξT Mξ ≥ 0.
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Remark 4.1. Note that for a nonsingular matrix A ∈ Rn×n and q ∈ Rn,

x ∈ SOL(q, A) ⇐⇒ Ax + q ∈ SOL(−A−1q, A−1). (4.4)

Thus, by Corollary 4.1 and (4.4), we obtain Lemma 4.3 immediately. The current proof of

Lemma 4.3 tells us that ξT Mξ ≥ 0, ∀ξ ∈ bd(Kn), comes from the geometric phenomenon

(∪s≥0Msξ) ∩ −Kn = ∅.
Now, we are ready to state the main results of this section, i.e., some sufficient and

necessary conditions of the GUS property of M for LCP (M,Kn, q).

Theorem 4.1. For LCP (M,Kn, q), M has the GUS property if and only if it satisfies

the following assumptions:

(i) MJn has nonnegative eigenvalues and there exists τ > 0 such that all nonnegative

eigenvalues of MJn equal to τ . Moreover, rank(MJn − τIn) = n− 1. There exists

ω ∈ int(Kn) such that ω is the eigenvector of MJn associated with τ .

(ii) There exists θ ∈ int(Kn) such that θ is the eigenvector of MT Jn associated with τ .

(iii)

ξT Mξ ≥ 0 ∀ξ ∈ bd(Kn). (4.5)

(iv)

ξT M−1ξ ≥ 0 ∀ξ ∈ bd(Kn). (4.6)

Proof. The necessity is obviously true based on Theorem 3.1, Corollary 4.1 and Lemma

4.3. Now we prove that the conditions (i)-(iv) are sufficient to ensure that M has the

GUS property.

First of all, we have some observations. Let τ be as in assumption (i). By (3.14) and

(i), Mτξ 6= 0 for all 0 6= ξ ∈ bd(Kn). For any s ≥ 0 satisfying s 6= τ , by assumption (i)

again, Ms is nonsingular. Thus, we have

Msξ 6= 0 ∀s ≥ 0, ∀0 6= ξ ∈ bd(Kn). (4.7)

Let θ be as in assumption (ii). Then (MT Jn − τIn)θ = 0 and so MT
τ Jnθ = 0, which

implies

R(Mτ ) = (Jnθ)⊥. (4.8)

If 0 ≤ s < τ , then

(Jnθ)T (Msx) = (Jnθ)T (Mτx + (τ − s)x) = (τ − s)(Jnθ)T x > 0 ∀0 6= x ∈ Kn, (4.9)

the last strict inequality follows from Lemma 2.6 (3) and Jnθ ∈ int(Kn). By assumption

(i) and (4.9), we obtain that

M is nonsingular and MKn ∩ −Kn = {0}. (4.10)
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Similar to (4.9), if s > τ , we can derive that

(Jnθ)T (Msx) < 0 for all nonzero x ∈ Kn. (4.11)

To present the rest of the proof clearly, we summarize some results in the following

lemmas and then complete the proof.

Lemma 4.4. If s > 0, then Msξ /∈ MKn for all 0 6= ξ ∈ bd(Kn).

Proof. Fix nonzero vector ξ ∈ bd(Kn). By (4.1), NMKn(Mξ) = {−tM−T Jnξ : t ≥ 0}.
Assume that Msξ ∈ MKn for some s > 0. Since (−M−T Jnξ) ∈ NMKn(Mξ), we have

(−M−T Jnξ)
T (Msξ −Mξ) = sξT JnM−1Jnξ ≤ 0,

which together with (4.6) implies ξT JnM
−1Jnξ = 0. Thus, we have Msξ ∈ {Mξ + y :

yT M−T Jnξ ≤ 0}. By Lemma 4.1, Msξ = κMξ for some κ ≥ 0. Since ξ 6= 0 and s > 0,

it is impossible that κ = 1. If κ < 1, then (M − s
1−κ

Jn)ξ = 0, which contradicts (4.7).

If κ > 1, then (κ − 1)Mξ = −sJnξ, which contradicts (4.10). Hence, we must have

Msξ /∈ MKn.

Lemma 4.5. If s > 0, then Msξ /∈ −Kn for all 0 6= ξ ∈ bd(Kn).

Proof. We use a contrapositive argument. Assume Msξ ∈ −Kn for some 0 6= ξ ∈ bd(Kn)

and s > 0. From (4.10), it follows that Mξ /∈ −Kn. Thus, there exist 0 < s′ ≤ s such

that Ms′ξ ∈ −bd(Kn). By (4.7), we have Ms′ξ 6= 0 and so

Ms′ξ = −η for some nonzero vector η ∈ bd(Kn). (4.12)

From (4.5), it follows that 0 ≤ ξT Mξ = ξT (M − s′Jn)ξ = ξT Ms′ξ = −ξT η ≤ 0, and so

ξT η = 0. By Lemma 2.6 (2), η = tJnξ for some t > 0, which together with (4.12) implies

that Mξ = (s′ − t)Jnξ. If s′ ≥ t, then Ms′−tξ = 0, which contradicts (4.7). If s′ < t, then

Mξ ∈ −Kn, a contradiction.

Lemma 4.6. If 0 < s < τ , then MKn\{0} ⊂ int(Ks); if s > τ , then −Kn\{0} ⊂ int(Ks).

Proof. Fix s ∈ (0, τ). From Lemma 4.4, it follows that Msξ /∈ MKn for all nonzero

vector ξ ∈ bd(Kn). Since Ms is nonsingular, bd(Ks) = Ms(bd(Kn)). Then we have

bd(Ks) ∩MKn = {0}. Let ω be as in assumption (i). By (3.14), MsJnω = (τ − s)Jnω ∈
int(Ks) ∩ int(Kn). Thus, the assertion MKn\{0} ⊂ int(Ks) follows from Lemma 2.5.

Assume that s > τ . Since Ms is nonsingular and ω ∈ int(Kn), we have MsJnω =

(τ − s)Jnω ∈ int(Ks) ∩ −int(Kn). From Lemma 4.5, it follows that Msξ /∈ −Kn for all

nonzero vector ξ ∈ bd(Kn). Note that bd(Ks) = Ms(bd(Kn)), and so bd(Ks)∩−Kn = {0}.
By Lemma 2.5, the assertion −Kn\{0} ⊂ int(Ks) holds.

Lemma 4.7. If 0 < t < s < τ , then Kt\{0} ⊂ int(Ks); if s′ > s > τ , we have

Ks′\{0} ⊂ int(Ks).
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Proof. Assume that s ∈ (0, τ) and t ∈ (0, s). Pick any 0 6= x ∈ Kn. Note that Mtx ∈
(Mx, Msx). By Lemma 4.6, we have Mx ∈ int(Ks), which together with [15, Thm. 6.1]

implies that Mtx ∈ int(Ks). Since x 6= 0 is arbitrary, we have Kt\{0} ⊂ int(Ks).

Assume that s′ > τ and s ∈ (τ, s′). By Lemma 4.6, we have −Kn\{0} ⊂ int(Ks).

Then the proof of Ks′\{0} ⊂ int(Ks) is similar to that in Lemma 3.17, and we omit it.

With the lemmas 4.4–4.7, we can complete the proof of this theorem. Let M be

defined by (3.3). Now we prove that M is a one-to-one map from R++ ×
(
bd(Kn)\{0})

onto Rn\(−Kn ∪MKn). If this is true, then by Lemma 3.7 and (4.10), M has the GUS

property.

From Lemmas 4.4 and 4.5, it follows that

∪s>0,0 6=ξ∈bd(Kn)M(s, ξ) ⊆ Rn\(−Kn ∪MKn).

Now we prove that M is injective. By (4.8), (4.9), (4.11) and Lemma 4.7, we obtain that

Msξ 6= Mtς, where s, t > 0 with s 6= t, and ξ, ς ∈ bd(Kn) are nonzero vectors. Thus, to

prove the injectivity of M, we only need to show that Ms is injective on bd(Kn) for all

s > 0. If s > 0 and s 6= τ , the injectivity of Ms on bd(Kn) follows from the non-singularity

of Ms. If s = τ , by assumption (i), rank(Mτ ) = n− 1 and so Mτ is injective on bd(Kn).

In the following, we show that M is onto, that is for each q /∈ (−Kn ∪ MKn), we

need to prove that there exist 0 6= ξ ∈ bd(Kn) and s > 0 such that Msξ = q. Fix

q ∈ Rn\(−Kn ∪MKn). Let θ be as in assumption (ii).

If qT Jnθ = 0, then by (4.8), there exist y 6= 0 such that q = Mτy. By assumption

(i) and (3.14), Jnω ∈ Ker(Mτ ), and so we can assume that y ∈ (Jnω)⊥. Thus, there

exists α > 0 such that Jnω + αy ∈ bd(Kn). Let ξ := (Jnω)/α + y. Then ξ ∈ bd(Kn) and

q = Mτξ.

Assume that qT Jnθ > 0. Let K̃ = ∪0<s<τKs. We can use the same argument as that

in Lemma 3.14 to prove that K̃ = {x : (Jnθ)T x > 0} ∪ {0}, which implies that q ∈ Ks

for some s ∈ (0, τ). Let s̄ = inf{s : q ∈ Ks}. Let δ = d(q/‖q‖,MKn). By Lemma 3.4

(1), there exists s′ > 0 such that d(MKn, Ks′) < δ/2, which implies that q /∈ Ks′ . Thus

0 < s̄ < τ . Let x = M−1
s̄ q. Since Ms̄ is nonsingular, we have x 6= 0. By the definition

of s̄, there exist sn ∈ (s̄, τ) and xn ∈ Kn such that limn→∞ sn = s̄ and Msnxn = q. We

have limn→∞ xn = limn→∞ M−1
sn

q = M−1
s̄ q. From xn ∈ Kn, it follows that x ∈ Kn. Let

yk = M−1
s̄− 1

k

q. By the definition of s̄, we have yk /∈ Kn. From limk→∞ yk = x and x ∈ Kn,

it follows that x ∈ bd(Kn).

Assume that qT Jnθ < 0. Let K̂ = ∪s>τKs. Similar to the proof of K̃ = {x : (Jnθ)
T x >

0} ∪ {0}, we can prove that K̂ = {x : (Jnθ)
T x < 0} ∪ {0}, which implies that q ∈ Ks

for some s > τ . Let ŝ = sup{s : q ∈ Ks}. Then there exist sn > ŝ and zn ∈ Kn such

that sn → ŝ and Msnzn = q. Let σ = d(q/‖q‖,−Kn). By Lemma 3.4 (2), there exists

s′ > 0 such that d(q/‖q‖, Ks′) < δ/2, which implies that q /∈ Ks′ . Thus ŝ < ∞, and so

limn→∞ zn = limn→∞ M−1
sn

q = M−1
ŝ q. Let z = M−1

ŝ q. Since ŝ > τ , Mŝ is nonsingular

and so z 6= 0. From zn ∈ Kn and zn → z, it follows that z ∈ Kn. Let wk = M−1
s̄+ 1

k

q.

Then limk→∞ wk = x. By the definition of ŝ, we have wk /∈ Kn and so z ∈ bd(Kn), which
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completes the proof. ¤

Remark 4.2. Note that rank(MJn−τIn) = rank(Mτ ) = rank(MT
τ ) = rank(MT Jn−τIn)

always holds. By the condition (i), MT Jn has nonnegative eigenvalues and all nonnegative

eigenvalues equal to τ . We also have rank(MT Jn − τIn) = n− 1.

Remark 4.3. The conditions (iii) and (iv) in Theorem 4.1 are easy to verify. Note that

any nonzero ξ ∈ bd(Kn) can be written as ξ = λ(1, x̄T )T , where x̄ ∈ Sn−1 and λ > 0.

Then, by partitioning the matrix M ∈ Rn×n into

M =

[
a bT

c M̄

]
,

we have that

ξT Mξ = λ2(x̄T M̄x̄ + (b + c)T x̄ + a).

Let x̃ ∈ Rn−1 be the optimum solution of the following problem:

min f(x̄) = x̄T M̄x̄ + (b + c)T x̄ + a (4.13)

S.t. ‖x̄‖ = 1,

which can be solved easily by many existing state-of-the-art methods, e.g. [5, Sec. 7.3].

Then, if f(x̃) ≥ 0, the condition (iii) is satisfied. Analogously, the condition (iv) can be

easily verified.

Corollary 4.2. M has the GUS property if and only if MT has the GUS property.

In [10, Thm. 17], Gowda et al. proved that if M is positive definite, then M has the

GUS property. Now, we give a matrix which has the GUS property, while it is not even

positive semidefinite.

Example 4.1. Let

M =




1/2 1/2 0

−1/2 −1/2 1

0 −1 −1/2


 ,

which is obviously not positive semidefinite.

It is easy to verify M defined above satisfies all the conditions (i)-(iv) in Theorem 4.1.

Firstly, MJ3 has the unique nonnegative eigenvalue τ = 1/2. The associated eigenvector

of MJ3 with respect to τ is (1, 0,−1/2)T ∈ int(K3); and the associated eigenvector of

MT J3 with respect to τ is (1, 0,−1/2)T ∈ int(K3). Thus, the conditions (i) and (ii) in

Theorem 4.1 hold. Second, let

bd(K3) = {t(1, x, y)T : t ≥ 0},

where (x, y) satisfies x2 + y2 = 1. Then, we have

(1, x, y)M(1, x, y)T = (1− x2 − y2)/2 = 0
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and

(1, x, y)M−1(1, x, y)T = 5/2 + 2y − x2/2 ≥ 0,

which imply the conditions (iii) and (iv) immediately. Therefore, by Theorem 4.1, M has

the GUS property.

Note that this example also shows that the inequality in (4.5) is tight, i.e., the equality

can be achieved.

Next, by some examples, we illustrate that none of the conditions (i)-(iv) in Theorem

4.1 can be removed in order to ensure that M has the GUS property.

Example 4.2. Let

M =

(
2 −3

1 0

)
.

Then, MJ2 has two eigenvalues: τ1 = 3 and τ2 = −1. The associated eigenvector of

MJ2 with respect to τ1 is (1, 1/3)T ∈ int(K2), which indicates that the condition (i) in

Theorem 4.1 holds. In addition, the associated eigenvector of MT J2 with respect to τ1

is (1,−1)T ∈ bd(K2), which says that the condition (ii) does not hold. Note that

bd(K2) = {t(1, 1)T : t ≥ 0} ∪ {t(1,−1)T : t ≥ 0}. Thus, it is easy to see that both the

conditions (iii) and (iv) in Theorem 4.1 hold.

On the other hand, let q = (1,−1)T . For this case, it is trivial to verify that SOL(M,K2, q)

contains at least two elements: 0 and (1, 1)T .

Therefore, all the conditions in Theorem 4.1 except for (ii) hold, while M does not

have the GUS property.

Example 4.3. Let

M =

(
2 1

−3 0

)
.

Analogous to the last example, for this M , it is easy to see that the condition (i) does

not hold, while all the other conditions in Theorem 4.1 hold.

On the other hand, let q = (−1,−1)T , then SOL(M,K2, q) = ∅ for this case. In fact,

if x = (u, v)T ∈ R2 ∈ SOL(MT ,K2, q), then we have that x ∈ K2, which implies u ≥ |v|
and

Mx + q = (2u + v − 1,−3u− 1)T ∈ K2.

Thus, we get

2u + v − 1 ≥ 3u + 1,

which is a contradiction. Hence, SOL(M,K2, q) = ∅.
Therefore, all the conditions in Theorem 4.1 except for (i) hold, while M does not have

the GUS property.

Example 4.4. Let

M =




2/5 1/2 0

−1/2 −3/5 1

0 −1 −3/5


 . (4.14)
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Then, MJ3 has the unique nonnegative eigenvalue τ = 0.3389. The associated eigenvector

of MJ3 with respect to τ is

(0.9002, 0.1100,−0.4214)T ∈ int(K3),

and the associated eigenvector of MT J3 with respect to τ is

(0.9002,−0.1100,−0.4214)T ∈ int(K3),

Thus, the conditions (i) and (ii) in Theorem 4.1 hold. Moreover, let

bd(K3) = {t(1, x, y)T : t ≥ 0},

where (x, y) satisfies x2 + y2 = 1. Then, we have

(1, x, y)M(1, x, y)T = 2/5− 3(x2 + y2)/5 = −1/5

and

(1, x, y)M−1(1, x, y)T = (136− 24x2 + 100y + y2)/394.

Thus, the condition (iii) does not hold while the condition (iv) does.

On the other hand, let q = (2.6,−2.4, 1)T . For this case, SOL(M,K3, q) contains at

least two elements: 0 and (1, 1, 0)T .

Therefore, all the conditions in Theorem 4.1 except for (iii) hold, while M does not

have the GUS property.

Example 4.5. Let N = M−1, where M is defined by (4.14). Then, NJ3 has the unique

nonnegative eigenvalue τ = 2.9508. The associated eigenvector of NJ3 with respect to τ

is

(0.9002,−0.1100, 0.4214)T ∈ int(K3),

and the associated eigenvector of NT J3 with respect to τ is

(0.9002, 0.1100, 0.4214)T ∈ int(K3).

Thus, the conditions (i) and (ii) in Theorem 4.1 hold. Moreover, by the definition of N ,

it is obvious that the condition (iii) holds while the condition (iv) does not.

On the other hand, let q = (2.6,−2.4, 1)T and let q′ = −Nq. Then, SOL(N,K3, q′)
contains at least two elements: q and M(1, 1, 0)T + q.

Therefore, all the conditions in Theorem 4.1 except for (iv) hold, while M does not

have the GUS property.

5 Conclusion

In this paper, we present a new approach to study the globally uniquely solvable (GUS)

property of the linear transformation of the second-order cone linear complementarity

problems (SOCLCP). Some sufficient and necessary conditions of the GUS property are
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thus derived. These sufficient and necessary conditions are characterized by some basic

linear algebra properties of the involved matrix of SOCLCP, and they are easy to check.

In [8, 9, 10], the authors have insightfully analyzed some important properties relevant

to the linear transformation for LCP over generic symmetric cones, e.g. the Lipschitzian

GUS property, the P , P0, Q and R0 properties. For the future research, it is interesting to

apply the new approach proposed in this paper to characterize these important properties

for SOCLCP, and thus derive some concrete and easily-checkable sufficient and necessary

conditions in terms of basic linear algebra properties of the involved matrix of SOCLCP.

References

[1] A. Auslender, Variational inequalities over the cone of semidefinite positive symmetric

matrices and over the Lorentz cone, Optim. Methods Soft., 18(4) (2003), 359–376.

[2] S. Boyd and L. Vandenberghe, Convex optimization, Cambridge University Press,

Cambridge, 2004.

[3] X. D. Chen, D. F. Sun, and J. Sun, Complementarity functions and numerical exper-

iments on some smoothing Newton methods for second-order-cone complementarity

problems, Comput. Optim. Appl., 25(2003), 39–56.

[4] J.-S. Chen and P. Tseng, An unconstrained smooth minimization reformulation of

the second-order cone complementarity problem, Math. Program., 104(2005), Ser. B,

293–327.

[5] A. R. Conn, N. I. M. Gould, and P. L. Toint, Trust-Region Methods, SIAM, Philadel-

phia, 2000.

[6] R. W. Cottle, J.-S. Pang, and R. E. Stone, The Linear Complementarity Problem,

Computer Science and Scientific Computing, Academic Press, Inc., Boston, MA,

1992.

[7] M. Fukushima, Z.-Q. Luo, and P. Tseng, Smoothing functions for second-order-cone

complementarity problems, SIAM J. Optim., 12(2002), 436–460.

[8] M. S. Gowda and R. Sznajder, Automorphism invariance of P- and GUS-properties

of linear transformations on Euclidean Jordan algebras., Math. Oper. Res., 31(2006),

109–123.

[9] M. S. Gowda and R. Sznajder, Some global uniqueness and solvability results for

linear complementarity problems over symmetric cones, SIAM J. Optim., 18(2007),

461–481.

[10] M. S. Gowda, R. Sznajder, and J. Tao, Some P-properties for linear transformations

on Euclidean Jordan algebras, Linear Algebra Appl., 393(2004), 203–232.

21



[11] M. S. Gowda, and J. Tao, Z-transformations on proper and symmetric cones-Z-

transformations, Math. Program., 117(1-2) (2009), 195-221.

[12] S. Hayashi, N. Yamashita, and M. Fukushima, A combined smoothing and regular-

ization method for monotone second-order cone complementarity problems., SIAM

J. Optim., 15(2005), 593–615.

[13] A. Iusem and A. Seeger, Pointedness, connectedness, and convergence results in the

space of closed convex cones, J. Convex Anal., 11(2004), 267–284.

[14] L. C. Kong, J. Sun, and N. H. Xiu, A regularized smoothing Newton method for

symmetric cone complementarity problems, SIAM J. Optim., 19(2008), 1028–1047.

[15] R. T. Rockafellar, Convex Analysis, Princeton University Press, Princeton, NJ, 1970.

[16] D. W. Walkup and R. J. B.Wets, Continuity of some convex-cone-valued mappings,

Proc. Amer.Math. Soc. 18(1967), 229–235.

[17] A. Yoshise, Interior point trajectories and a homogeneous model for nonlinear com-

plementarity problems over symmetric cones, SIAM J. Optim., 17(2006), 1129–1153.

22


