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Abstract. While the product of finitely many convex functions has been investigated in the field
of global optimization, some fundamental issues such as the convexity condition and the Legendre-
Fenchel transform for the product function remain unresolved. Focusing on quadratic forms, this paper
is aimed at addressing the question: When is the product of finitely many positive definite quadratic
forms convex, and what is the Legendre-Fenchel transform for it? First, we show that the convexity of
the product is determined intrinsically by the condition number of so-called ‘scaled matrices’ associated
with quadratic forms involved. The main result claims that if the condition number of these scaled
matrices are bounded above by an explicit constant (which depends only on the number of quadratic
forms involved), then the product function is convex. Second, we prove that the Legendre-Fenchel
transform for the product of positive definite quadratic forms can be expressed, and the computation of
the transform amounts to finding the solution to a system of equations (or equally, finding a Brouwer’s
fixed point of a mapping) with a special structure. Thus, a broader question than the open “Question
117 in [STIAM Review, 49 (2007), 225-273] is addressed in this paper.
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1 Introduction

Optimization problems having a product of convex functions as an objective or a constraint
are called ‘multiplicative programming’ problems which have been extensively investigated
in the field of global optimization (see e.g. [3, 4, 19, 20, 21, 32, 34, 35]). The multiplicative
programming problem may find applications in such areas as microeconomics, geometric design,
finance, VLSI chip design, and system reliability [4, 11, 20]. The product function is not only
used in optimization, but in other areas as well. For instance, the product of finitely many
quadratic forms in random variables has been widely studied in probability and statistics
[9, 10, 16, 18, 27, 28, 29].
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Matsui [30] showed that the linear multiplicative programming problem is NP-hard. Thus
the multiplicative programming is not an ‘easy’ class of optimization problems. Part of the
reason can be understood from the fact that the product of convex functions is not convex
in general. For instance, the product (y” Ay)(y” A~'y), where A is an n x n positive definite
matrix, is not convex in general. While the general multiplicative programming problem is
NP-hard, for a given problem it is not always so negative if we can prove that the problem
is convex. Thus a natural and fundamental question is: when is the product of finitely many
convex functions convex? It is interesting to address this question since answering it may iden-
tify a subclass of multiplicative optimization problems that can be computationally tractable.
However, developing a convexity condition for the product function is not straightforward,
and very limited progresses on this issue were made so far: The product of univariate convex
functions and the product of two positive definite quadratic forms in R™ were studied in [13]
and [36], respectively.

On the other hand, the Legendre-Fenchel transform (LF-transform for short) plays a vital
role in developing optimization theory and algorithms (see e.g. [1, 5, 6, 14, 33]), and it has
wide applications also in other areas of applied mathematics [7, 24]. Recall that for a given
function h : R™ — R, the LF-transform of h is defined by

h*(x) = sup z'y — h(y).
yeR™

From a practical application point of view, it is important to obtain an explicit expression
of the LF-transform. Unfortunately, for the product of convex functions, the question of
whether its LF-transform can be explicitly expressed remains open in many situations even
for the product of quadratic forms. So another fundamental issue associated with the product
function is: what is the LF-transform of the product of finitely many convex functions? It
is worth mentioning that some recent efforts on effective computation and expression of the
LF-transform, stimulated by different needs, can be found in [2, 7, 13, 15, 23, 24, 25, 26, 37].

As in the situation of the convexity condition, there is very little knowledge about the
LF-transform of the product of convex functions so far. The initial discussion on the product
of univariate convex functions was given in [13], and the LF-transform of the product of two
positive definite quadratic forms was posted as an open question in the field of nonlinear
analysis and optimization (see ‘Question 11’ in [12]). Recently, this open question has been
addressed in [36]. Let ¢4 denote the quadratic form g4 (y) = (1/2)y” Ay, where A is an n x n
symmetric positive definite matrix. The following result was established in [36]: (i) If A, B
are positive definite and f = qaqgp is convex, then f* can be expressed explicitly as a function
which is homogeneous of degree %, and the computation of f* can be implemented via finding
a root of a univariate polynomial equation; (ii) there exists a positive constant v > 0 (which
can be given explicitly) such that if the condition number of the scaled matrix B~ Y2AB1/2
is less than or equal to the constant ~y, then the product f = gagp is convex.

However, it is quite challenging to provide a general answer to the aforementioned ques-
tion concerning the convexity and LF-transform for the product of general convex functions.
The aim of this paper is to address the question in the case of finitely many positive definite
quadratic forms: when is the product of finitely many positive definite quadratic forms convexz,
and what is the LF-transform for it? The contribution of this paper is twofold: a general
sufficient convexity condition for the product of quadratic forms is established and an explicit
expression of its LF-transform is derived in this paper. First, the convexity result claims that if



the condition number of ‘scaled matrices’ are not too large (bounded above by a constant which
depends on the number of quadratic forms), then the product function is convex. To our knowl-
edge, this is the first general convexity condition for the product of finitely many quadratic
forms. Secondly, we prove that if the product function is convex then its LF-transform can
be explicitly expressed as a nonnegative function which is positively homogeneous of degree
273:[1 , where m is the number of quadratic forms (see Theorem 3.6 and Remark 3.7). Thus, a
broader question than the open “Question 11”7 in [12] is addressed. The analysis in this paper
shows that the computation of the LF-transform can be implemented via solving a system
of smooth equations (or equally, finding a fixed-point of a smooth mapping) with a special
structure. It should be mentioned that many discussions and the proof for the case of only two
quadratic forms in [36] cannot be directly generalized to the case of more than two quadratic
forms.

This paper is organized as follows. In Section 2, we establish a general sufficient convexity
condition for the product of finitely many quadratic forms. In Section 3, a series of useful
technical results are proved, based on which an explicit formula for the LF-transform of the
product function is derived. Conclusions are given in the last section.

2 When is the product function convex?

Throughout this paper, R' , is used to denote the positive orthant of the n-dimensional Eu-
clidean space R", i.e., the set of all vectors with positive components, and [ is used to de-
note the identity matrix with an appropriate dimension. If M is a matrix, M > 0 means
a symmetric, positive definite matrix, and (M) denotes the condition number of M, i.e.,
K(M) = Amax(M)/Amin (M), the ratio of its largest and smallest eigenvalues.

Let f: R — R denote the product of finitely many quadratic forms, i.e.,

m 1 m
fw) =11 (QyTAiy) = i:l_Il(JAi (y)

=1

where m > 2 and A;,i = 1,...,m, are n X n symmetric matrices (n > 1). Clearly, the gradient
and the Hessian matrix of f are given by

Vf(y)=§:( 11 qu<y>) Ay, 0

i=1 \j=1,5#i
V2f(y)=§:( il qu<y>> Aty Y ( 1 qu<y>> AwA )

( J=L,j#i J=Lj#i \k=1k#i,j
When m = 2, we see that (2) is reduced to

V2F(y) = aa, (¥) A2 + a4, (¥) A1 + Aryy” Ao + Asyy” Ay,
and when m = 3, (2) is reduced to

V() = aas(¥)aas(v) Ar + qa, (v)aa,(y) A2 + qa, (y) a4, (y) As
+44, (1) (Aayy” As + Asyy™ A2) + qa,(y) (Aryy” As + Agyy” A1)

+q45(y) (Aly?/TA2 + AZQyTAl) .



Given the two positive definite matrices A; and A;, the term AinyAj is not necessarily
positive semi-definite, and hence the product function f(y) may lose its convexity. Since f is
twice continuously differentiable in R™, to develop a convexity condition for f, it is sufficient
to identify the condition under which its Hessian matrix is positive semi-definite at any point
y € R". By (2), for any z € R", we have

'V f(y)x
= =i H yTAjy ol Ajx + Z =2 H yT Ay xTAZ-nyAjm
i=1 =1, j=1j#i k=1,k#ij
1
= S ®(9) Q
where

(a"Aiy)(y" Ajz). (4)

P(z, y) = Z

1

. [ T v A

=1,

:UTAZ-ac+2Z Z [ H y" Ary

i=1j=1j#i |k=1k#ij

)

Thus, to prove that (2) is positive semi-definite for any y € R"™, it suffices to show that
®(z,y) > 0 for any =,y € R". We will make use of the result below.

Lemma 2.1 ([17], Theorem 7.4.34). Let M be a given n x n matrix and M > 0. Then

()\max(M) - )\min(M)
)\max(M) + )\min<M)

(" 0y)” < )2 (" Ma) (5" My)

for every pair of orthogonal vectors =,y € R", i.e., 2Ty = 0.

It should be stressed that the vectors z, y in the lemma above are required to be orthogonal.
For any M > 0, in the remainder of this paper we denote by

)\max(M) - )\min(M) ’{(M) -1

X(M) = Amax(M) + Amin(M) ~ w(M) + 1

For any pair of matrices A, B = 0, it is easy to verify that /@(Bfl/QAB*l/Z) = m(Afl/QBAfl/Q),
and thus y(B~/2AB~1/2) = y(A~Y2BA~1/2). Hence, when we consider the condition number
of these matrices, we do not distinguish between B~1/24AB~1/2 and A=1/2BA~1/2.

The next result plays a key role in developing our main convexity condition for the product
function.

Lemma 2.2. Let n > 0 be any given positive number. For any n x n matrices A > 0 and
B >0, if x(B~Y2AB"1/?) < % then
Coapm(@y) =1 (:vTAfcyTBy + wTBxyTAy) +2(z" Ay) (2" By) > 0

for any vectors x,y € R".
Proof. Denote by P = B~*/2AB~1/2_ By the nonsingular linear transformation

() =077 e ) ()



we may reformulate I" as follows:
La,8m)(,Y)
=1 [UT(B_I/QAB_UQ)UUT’U + uTuvT(B_l/QAB_lm)U} + 20T (B2 AB™ V) ouTw
=n [(uTPu)vT’U + uTu(vTPv)} + 2(u! Pv)ulv
=: G(R,])(u, v).

Thus, to prove I'4 g (z,y) > 0 for any z,y € R", it is sufficient to show that
Q(P,n) (u,v) >0 (5)

for any u,v € R™. In fact, if u”v = 0, it is evident from (5) that 0(py)(u,v) > 0. Thus, in what
follows we assume that u”v # 0. Let L, denote the subspace generated by u and Lj be the
orthogonal subspace of L, i.e.,

Ly={tu:te R}, Li={w:ulw=0weR"}.

Since uTv # 0 (i.e., v & L), the vector v can be represented as v = @+ for some @ € L,, and
¥ € L. By the structure of L,, the vector 4 = tu for some ¢t € R where t # 0 (since otherwise
v="0 € LL). From (5), we see that 0(py) is homogeneous of degree 2 in v. Thus,

Opp) (1, v) = Opy(u, tu +0) = Opy(u, t(u+0/t)) = t29(p7,7)(u, u+0/t).
Notice that 9/t € L. Thus, to prove 0p,(u,v) > 0 it is sufficient to prove that
() (u,u+ z) > 0 for any z such that ul'z =0.
First, for any z such that v’z = 0, we note that

O pm) (u,u + 2)
=7 [UTPU(U + 2) T (u 4+ 2) + v u(u + 2)T P(u + z)} + 2u P(u+ 2)ul (u + 2)
=1 [uTPu(uTu + 212) + wTu(u? Pu + 2uT Pz + zTPz)} + 2u” Puuu + 20T Pzu"u

T T T
T T z z u* Pz 2" Pz
= (u" P 20+ 1) +n——+2(n+1 + .
(u” Puju u{ (n+1) Ty (n )uTPu nuTPu}

(6)

Since ul'z = 0, by Lemma 2.1 we see that |u’ Pz| < x(P)Vu? Puz? Pz which implies that
uT' Pz > —x(P)Vul PuzT Pz. Therefore, from (6) we have

0(p7n)(u,u+z)
T VuTPuzTPz TPz
> (Wl Pu)uTu [ 200+ 1) + 122 —2(n + 1) (P
> (u" Pu)u u( (n+ )—i—nuTu (n+ 1)x(P) u Pu TPy
T T T
. - P 21 Pz 2zt Pz
— P —_ 2 1)—2 v (P
e u{nuTu+ ( e =2 ) uTPu+”uTP“)}

> 0.



The last inequality follows from the fact that when y(P) < %, the quadratic function
20+ 1) —2(n+1)x(P)t+nt> >0 forany t € R. O

It should be mentioned that Lemma 2.2 is also true for n = 0, in which case A and B are
collinear. We now prove the main result of this section.

Theorem 2.3. Let A; =0, i =1,...,m, be n X n matrices. If

(2m+1) +24m -2

2m — 3

(A4, < forall i,j =1,...,m,i#j (7)

(which is equivalent to X(Agl/zAiAgl/Q) < 2m2_1 for all 4,7 = 1,...,m,i # j), then the

product of m quadratic forms f = [[i%; g4, is convex.

Proof. Denote by

Qx,y) ;:f: ( ﬁ yTAky) (zT Asz).

i=1  \k=1k#i

Note that for any vectors x,y we have

> ( 11 yTAky) el Awy" Ay = > Y ( II yTAky) o’ A

i=1 j=1j#i \k=1k#ij

On the other hand, we have

f: f: ( ﬁ yTAk?J) (y" Aiy) (=" Ajz)

=157 \k=1k#i,j

@
I

-
<

=2 i xTAa‘x( I yTAky)

k=1,k#j

J
:Z ZxTij H yT Ay | — 2T Az H yT Ay
i—1 | j=1 k=1k+#j k=1,k#i
{Q(%y) — 2l Az ( 11 yTAky) }

k=1 ki
Thus, (8) and (9) imply that
m

Z Z ( H yTAky> mTAixyTAjy:Z Z ( H yTAky) yTAiya;Tij,

i=1j=1j#i \k=1k#i,j i=1j=1j#i \k=1k#i,j



and hence
>y ( 1T yTAky) o’ Ay Ay
1=1 j=1,j#1 \k=1,k#i,j
1 m m m
=5 Z Z ( H yTAZ-y) {(xTAz-:z:)yTAjy + (yTAiy):ETij}. (10)
i=1 j=1,j#i \k=1,k#i,j
By (4), (8) and (10), we have
®(,y)
coei2$ 5[ T ] (a0
i=1j=1,j#i | k=1k#ij

:(ml_l)i 3 ( Il yTAk?/) (" As)y" Ay

i=1j=1j#i \k=1k#ij

+ Qi . f: ( ﬁ yTAky) (xTAiy) (xTAjy)

I

5

L

VMS
Ms

{ (2T Agz)yT Ajy + yTAiy(:cTij)}

[ ﬁ y' Ay

k=1,k#i,5

(7 40) (+ 1)

m m 1
T T T T T T T
:Z ' Z H ' 'y Aky{2(m_1) [$ Ajzy” Ajy +y° Ay’ Ajx| + 27 Ay Ajy}

- Z Z H Y Aky) F(AZ,AJ,2(m 1))($7y)’ (11)

i=1 j=1j#i \k=1k#i,j

1 1))(x,y) is defined as in Lemma 2.3 by setting A = A;,B = Aj and n =

, we have that ?72% = 2m271' If

1/2 1/2 2 2n
;A ) < \/2m—1 \/n+1

for all 4,j = 1,...,m and i # j, then by applying Lemma 2.2 to the matrix pair (A4;, 4;) and
n= m we deduce that

Lia,n, )(l‘, y) > 0 for any z,y € R".

1
]’2(

Thus, it follows from (11) that ®(x,y) > 0 for any vectors x,y € R". Notice that
k(471244717 —1

B (A;1/2A¢A;1/2> N !

N (Aj—l/QAiAj—l/Q) _



which implies that X(Aj_lﬂAiAj_l/Q) < \/32 if and only if K(A;l/QAiAj_I/Q) satisfies (7).
By (3), we conclude that the Hessian matrix of the product function f is positive semi-definite,

and thus f is convex. O

It is worth noting that the upper bound (7) of condition numbers depends on the number
of quadratic forms involved. Intuitively, the more functions are involved, the more likely the
product function loses its convexity. Note that the upper bound (7) decreases as m increases.
So (7) does indicate that the more quadratic forms are involved, the more restrictive conditions
need to be imposed on the condition number of scaled matrices in order to retain the convexity
of the product function.

When m = 3 (the product of three quadratic forms), we see that

2m+1)+2V/4m —2  7+2/10
N 3

~ 4.4415.
2m — 3

Corollary 2.4. Let A, B,C be n x n matrices. If A, B,C > 0 and

W(BYZABY2), p(C7V2BO12, p(a 120 A 12y < TH2VID im
then the product f = gagpqc is convex.
When m = 2, we have
Em D F2VAM =2 _ oy /6~ 9.80.

2m — 3

In this case, Theorem 2.3 is reduced to the next result, which was first proved in [36].

Corollary 2.5. (Zhao [36]) For any nxn matrices A and B, if A, B > 0 and (B~Y/2AB~Y/2) <
5+ 2v/6, then the product f = gaqp is convex.

Theorem 2.3 provides a sufficient convexity condition for the product of finitely many
quadratic forms (2 < m < oo). This is the first general sufficient convexity for the product
function. At present, we do not know whether the condition (7) can be further improved in
general cases. Even for the case m = 2, the question about whether or not the threshold
5+ 2v/6 in Corollary 2.5 can be improved is not clear. However, if the matrix with a special
structure is considered, the threshold can be improved, as indicated by the following result.

Proposition 2.6. Let A, B > 0 be 2x2 matrices. Suppose that A, B can be simultaneously
diagonalizable, i.e., there exists an orthogonal matrix U such that

0 Y1 0
A=pT| o U B=U" U,
[ 0 ﬁz] 0 72

and the diagonal entries satisfy (171 = (oy2. Then f = gagp is convex if and only if
k(B~Y2AB7Y/?) <17+ 12V2.



Proof. Without loss of generality, we assume that 31 > (2 which together with 51v1 = (29
implies that % > % Notice that

2o

1/2AB 1/2 _ UT[ 3 ]U
0 P2
V2

Thus, /{( —1/2AB- 1/2> = (71) / (%) = % By setting z = Uy, f can be written as

1 1
fy1,92) = 5(512% + B223) - 5 ('YlZ% + 7223) =: g(z1, 22).

Clearly, f is convex if and only if ¢ is convex. Consider the Hessian matrix of g, which is given
by
651m 2% + (B2 + Bam1) 23 2 (P12 + Bam1) 2122
V2g(z1, 2 ! 2 . 12
9(z1,22) = 2 [ 2 (B1v2 + Bay1) 2122 6027225 + (G172 + Bom1) 21 (12)

If g is convex in R™, then (12) must be positive semi-definite at any point in R™. In particular,
it must be positive semi-definite at (21, 22) = (1,1), thus

66171 + (B1y2 + Bam) 2 (B1v2 + Bam1) ] “ 0

2 _ !
Vig(1,1) = 5 [ 2 (8172 + Pay1) 66272 + (B1y2 + B2m)

which implies that

0 < det| 88+ Bratbm) 2082+ Bm)
B 2 (Biv2 + Bam) 65272 + (172 + Bam)

66171

e N | 2

= (B2 + 52’71)2 det [ ﬂ”ﬁﬂ;“ _ 6By 4 q
B1y2+0B271

B171 8272 25171 + Bav2 1)

B 2
= 382+ 0m) <12 (Bryz + Bon1)? Prye+Bom

Since f17y1 = B2y2, we have that G171+ 8272 = 24/61718272. Substituting this into the inequality
above, we have

5 vV B1718272 2+4 vV B1718272 _1>0 (13)
P12 + Bam Bry2 + Bam1 -

Conversely, if (13) holds, we can prove that g is convex. Indeed, since the diagonal entries of
(12) is nonnegative, it is sufficient to prove that det(V2g) > 0. In fact, noting that 31y; = (272,
we have

2g(21,22))
{ [651%21 + (B1y2 + B2n) 2 } [Gﬁzwzg + (B1y2 + B21) Zﬂ —4(B1ye + Ban)? Z%ZS}

(oW
D
-+
—
<

v
.&\»—w&\»—w&\»—‘

= 2 68171 (Bi92 + Bomn) (21 + 28) + 368171 722323 — 3 (Brya + Bom)” 2123
[125171 (B2 + Bov1) 2222 + 366171 B2y223 25 — 3 (Bryz + Bamn)’ Z%ZS]
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= i [12 B1v16272 (Bry2 + B2y1) + 3661710272 — 3 (B1y2 + 6271)2} 2222
3 2 B1710272 B1716272 5 o

=1 4 12 -1
1 (Biy2 + Bam) [ Bivs 1 B + oo+ ] 2222

> 0.

The first inequality above follows from the fact 2 + 25 > 22222, Therefore, g is convex if and
only if the positive numbers (31, B2, 71, 72 satisfy the inequality (13). Notice that the quadratic
function 12¢? 44t — 1 > 0 if and only if either ¢ < —% ort> %. Thus, (13) holds if and only if

1_ VBimbare _ V(Bry2)/(Ban) \/&(B*1/2AB*1/2)
6~ Biva+ o1 (Biv2)/(Ban) +1  w(BY/2AB7Y2) +1

which is equivalent to k(B~/2AB~1/2) <17+12y2. O

(14)

Remark 2.7. The proposition above shows that if x(B~/24AB~1/2) > 17 4+ 12/2, the
product of two quadratic forms considered in Proposition 2.6 is not convex. As we mentioned
earlier, we do not know at present whether the bound ‘5 + 2v/6’ in Corollary 2.5 can be im-
proved without affecting the result of the Corollary. If it can be improved to a certain level
v* > 54 2v/6 without damaging the result of Corollary 2.5, then proposition 2.6 indicates that
v* must not exceed 17 + 12v/2.

Remark 2.8. By setting y = B2z, the product function can be written as
(a7 Az)(2" Bx) = y" (BT AB™?)y(y"y),

which implies that the convexity of the product function is completely determined by such
a scaled matrix as B~/24AB~1/2. Thus, from an algebraic point of view, it is natural to
impose a condition on the scaled matrix in order to obtain the convexity of the product
function, as shown by Theorems 2.3 and its corollaries. The condition (7) that is equivalent to

— 2m—1>

view. In fact, denote the angle between A and B as 0(A, B) = arccos(A, B) /(|| Al 7|/ B|| r) where
(A, B) = tr(AB) and ||-|| is Frobenius norm. Then it is easy to see that y(B~/2AB~%/2) =0
if and only if 8(A, B) = 0, in which case A and B are collinear. Thus, the condition (7) basically
means the angle between each pair of matrices does not exceed a certain threshold. For the
case m = 2, Proposition 2.6 indicates that the result of Theorem 2.3 does not hold if the
threshold is higher than 17 + 12v/2. In other words, when the angle between the matrices
exceeds a certain threshold (the worst scennario occurs when 0(A, B) is close to 7/2 in which
case £(B~/2AB~1/?) ~ o), then the product function will lose its convexity.

X(Agl/QAiA;l/Q) < /52—, 4,j=1,...,m,i # j can be understood from a geometric point of

3 Expression of Legendre-Fenchel transform

In this section, we address a more challenging question than the one (Question 11) in [12]:
What is the LF-transform for the product of finitely many positive-definite quadratic forms?
To this end, let us first prove a series of useful technical results concerning the existence and/or
uniqueness of the solution to certain nonlinear equations.
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Lemma 3.1. Let A; > 0,9 = 1,...,m, be n X n matrices, and let 0 # = € R™ be an

arbitrarily given vector. Then for each i (i = 1,...,m) the nonlinear equation

(:ﬁ mmw>Aw=x

J=Lj#i

has a unique solution which is given by

(0) om—1 2m—1 1
v = A_ :L"
Y H;‘nzl,j;éi fUTAz'_lAin_lx '

where i = 1,...,m.

(15)

(16)

Proof. Tt is easy to verify that (16) is a solution to (15). Thus, it suffices to prove that
(16) is the only solution to (15). Indeed, let y be an arbitrary solution to (15). Then, we have

A; [(H;n:l,j#i qa; (y)) y] = z. Let u be the unique solution to A;u = x, i.e., u = Ai_lx. Thus,

=1,

from which we see that y # 0 since z # 0. Notice that []7L; ;2 ga,(y) > 0 for alli =1,...,m.

Denote by f = 1/ (H;’L:Lj# qu(y)). Then the equality above can be written as y = Su.

Substituting it back into (15), we have

( 1 quwu)) Ai(Bu) =1,

j=1.j#i

i.e.,

pAHm=D+ ( ﬁ q4; (u)) Au = x.

j=1,j#i

Since A;u = x # 0, the inequality above implies that 32(m—1D+1 ( T 4A;

1 2(m—11)+1 2m—1 2m—1
ﬁ — — _ — bl
T2 i a4, (u) [T s a7 A A A

which implies that

( gm—1 ) Zm—1 )
y=pPu= — — A .
[T7hy i T AT A A '
Thus the solution to (15) is unique and is given by (16). O

An immediate result from Lemma 3.1 is the following Lemma.

(u)) = 1. Hence



Lemma 3.2. Let A; = 0,i = 1,...,m, be n x n matrices, and let () #£ 0, i = 1,...,m, be
given vectors. Then the following system with respect to y

(T 1 a4, () Ary = 2,
(H;’TL:L]'#Q CIA]- (y))Agy = x(2)7 (17)

(H;nzl,j;ém q4; () Any = z(m)

has a solution if and only if y() = y@ = ... = y(™) where

(4) gm-—1 2m—1 A-100)
= - : - x 7
’ [T (@) AT A AT ) i
Moreover, if the system (17) has a solution, its solution must be unique.

Proof. Given a set of vectors (¥ # 0, i = 1, ...,m, by Lemma 3.1 each individual equation
of (17) always has a unique solution. Thus, if the system (17) has a solution, such a solution
must be unique. However, the whole system of equations may not have a common solution
unless () £ 0, ¢ = 1,...,m, are chosen such that all the vectors y®,i = 1, ..., m, are equal.
That is, ) (i = 1,...,m) must satisfy the following condition:

1

gm—1 2m—1 1 (2) _ (1)
(H?;lj#(x@))TAz1AjA21;,;(2>> Ay '™ =y,
, 1
2m_1 2m—1 A*l (3) (1)
m — — x —
(Hj_l,#g(:v“’)TAg1AjA31m<3>) 3 Y, a8)
1
2m—1 2m—1 1 (m) _ (1)
<H;n_1 j¢m($(m))TAmlAjAmlz(m)> Am x =y
1
where /) = ( T AT )2"” A0 O
[T, @O)TATTA; AT T 1

Before we prove the next result, let us first define a useful mapping. Given a vector 0 #
z € R", let F®) = (]:Q(x),féx), ‘e ,.’Bgf))T be a mapping from RT;l to RT;I. Its components

are defined as T T A—1 _1 1
F,(I)(OQ ey Q) = v D4 A D
) y = m gj‘TD_TAl_lD_lx

7 ) j:27"'7m (19>

where A; = 0 for i =1,...,m and

1 1 1 1
D=T+ —AA7 + -+ —A AT = <A1 + —Ag+ -+ Am> ATl (20)
a2 am OCQ [0

m

The mapping F® plays a key role in the proof of the next result.
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Lemma 3.3. Let A; > 0,i=1,...,m and let 0 # x € R™ be an arbitrarily given vector
in R™. Then the following system of equations in variables o, ..., a;, has a solution in RT;I

1
<A1+Ek 0 L Ak) Az (AH-Zk 5 al Ak) z
Qg = -7 T,
<A1+Zk 2 D‘k ) Al (A1+Zk 2 alk Ak)
1 1
al <A1+Zk 2 alk Ak) Az (A1+Zk 2 alk Ak)
a3 = -7 T,
xT<A1+Zk oA k) Aq (A1+Zk 235 L Ak) (21)
71 —1
al (Al""Zkfz al Ak) Am (A1+Zk 2 al Ak) m
Oy = —T —T
o (A ) (A, ) e
and any solution (aa, ..., ) € R™7! of the system above satisfies that
Y ’ ++ y
a; € [)\min(Pi)a /\max(Pi)]y 1= 27 ey T (22)

where P; = A1_1/2A1A1_1/2, 1=2,...,m.

Proof. Given x # 0, let the mapping F*) : RTJ:l — RTJ:l be defined by (19) where D is
given by (20). Consider the following compact and convex set

S = [Amin(P2); Amax(F2)] X - -+ X Amin(Pn ), Amax (Pn)] (23)

which is the Cartesian product of m — 1 intervals. Notice that F(®)(as, ..., ) is continuous
on S, and that for any (g, ..., ) € S, it follows from (19) that

"D TAT A AT D e 2T(ATPAAT) . TPz

() —
‘7:j (O[25 (XY} aﬂ’L) - xTD,TAlleflm ZTZ - ZTZ ’

where z = AII/QD_lx, and P; = A;l/ZAjAflﬂ. By Rayleigh-Ritz Theorem,

Anin(P)) < Fi (az, ooy aim)

IN

Amax(Pj), j=2,...,m. (24)

Therefore, we conclude that F(®) (S) € S. By Brouwer’s fixed-point theorem, the mapping F (@)
has a fixed point in S, i.e., there is a vector (awo, ..., ay,) in S such that

(g, ...y am)T = f(x)(ag, ey Q)

namely

_ 2TDTAT A AT'D 'a
a2 T D= TA 1D g

_ 2TDTAT 1A3A D1z
3 2T D~ TA T,
eTD-TAT A AT D 2

(8% =

m eTD-TA'D-1z
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which, by (20), is nothing but (21). Thus, the solution of (21) coincides with the fixed point
of the mapping F(®). Notice that (22) follows directly from the fact a; = Fj(x) (a2, ...y i) and
(24). O

Lemma 3.4. Let A; = 0,i=1,...,m and let 0 # x € R" be an arbitrarily given vector in
R". For any given positive vector (az, ..., ;)T € R, the following system of equations (in
variables (1) ..., (™) ¢ R™)

AgAl_lx(l) — agx@) =0,
®) =0

Az A7) — aza® =0, (25)
A AT 2 — ap2(™ =0
has a unique solution which is given by

_ -

2+ Ay (A1 + Do a%cAk) 1 x

(2) 1 m 1 -

- O k=2 ) (26)

l”(;n) 1 - 1 -1
| o Am (Al + 2 k=2 @Ak) T |

Proof. The system (25) can be written as

I I I I (1) B
AATY —aol 0 -0 2 0
A3A1_1 0 —a3I s 0 :L'(?’) — 0 (27)
An AT 0 0 o —apl | | 2™ 0

For any given (ag, ..., ) > 0, it is easy to check that the coefficient matrix above is nonsin-
gular, and its inverse is given by

D1 1 p-1 . 1 p-1
a2 Qam
LAt D L (LAt 1) - L (L aartD)
A, AT DT L (La,artpt) L (LA, artDt - )

where D is given by (20). Thus, the solution to the system (27) is unique and given by

:L‘(l) D_laj
(2 LA AT D

() T AnA D
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Substituting (20) into the above leads to (26). O

As we have mentioned earlier, to ensure that the system (17) has a solution the vectors
(i = 1,...,m) should satisfy certain conditions. The next result shows how to construct
such vectors.

Lemma 3.5. Let A; = 0,i=1,...,m and let 0 £ & € R"™ be an arbitrarily given vector in
R™. If the vectors (), 2(®) .. (™) are given by (26) where (asg, ..., o) € RT;I is a solution
to the system (21), then the system (17) has a unique solution which can be represented as

gm—1 P moq
"= clz, C=A — A 28
Y (H;n:2 a:TC'—lAjC_lx> L, 1+ ];2 o k (28)
Proof. Since (z(V, ..., 2(™) is determined by (26), we have
-1
UL |
D = A A+ Z — A r=AC 'z, (29)
k=2 Ok
1 mor T
2P = =4 <A1 +> Ak> r=—AC 'z, i=2,...,m, (30)
a; = a;

where (oo, ..., aq,) is a solution to (21), which always exists by Lemma 3.3. Thus, for each
i=2,...,m, by (29) and (30) and we have

j=2
HTzLjyéi(x(i))TAi_lAin_lx(

( m ()T AT A, AT 2 0) )27,3_1
i)

- moalCT A, C o
- 2(m-1) _ .
(&) Ty s 2T C1A;C e
1 1
zTC14,C 1z o o o
- 2(m—1) = 7 2w = Q. (31)
(a%) 2TC—1A C 1z (i)

The last second equality follows from the fact that (ao,...,an) is a solution to (21). Since
(M, ..., 2™)) given by (26) is the solution to (25), it satisfies that

AgAl_la;(l) — agx@) =0,
AgAflx(l) — azz® =0,

A AT 2 — 2™ =0,

which can be written as

ATtz = ap AT 122,

A7) = 0y A1),

=

A7) = Ata(m),
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This together with (31) implies that (z(), ..., 2(™)) satisfies (18). Thus, we have y(1) = y() =
cee = y(m) where y(i),i = 1,...,m, are given as in Lemma 3.2. By Lemma 3.2, the nonlinear
system (17) has a unique solution which can be represented as

gm—1 1/(2m—1) " "
o ( T=2(x(1))TA1_1AjA1_1x(1)> Ay =y

Substituting (29) into the above yields (28). O
We have all ingredients to prove the main result of this section.

Theorem 3.6. Let A; = 0,5 = 1,...,m, be n X n matrices, and assume that the product
function f = [[i%; qa, is convex. Then f*(0) = 0 and for = # 0,

(32)

2m

-1\ Fm=1
1 >2m11 xl (A1 + ZZLQ O%Ak> T
HZLQ af

£r(@) = m - 1)

where (ag, ..., ay,) € RT7! is an arbitrary solution to the system (21) at .

Proof. When z = 0, it is evident that f*(0) = 0. Thus, in the remainder of this proof, we
assume that z # 0. First, let (a3, ...,a%,) € R be a solution to the system (21). By Lemma
3.3, such a solution always exists. Second, let us consider the following system in variables
W 2@ M) e R

Ay AT 2 — a2
AzAT ) — afz®)

x?
0,
0, (33)

A AT 2 — o 2 = 0.

By Lemma 3.4, the system (33) has a unique solution, denoted by (xgl),:rg), s w&m)), which
can be represented as (26) with (o, ..., am) = (a3, ..., a3,). Based on this fact, by Lemma 3.5,
the following system

=L

has a unique solution which can be represented as

2m71 ﬁ 1
* c- 35
y ( gﬁxTc—h4¢}4x> . (35)

where

moq
C=A1+) —A.
gg%
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Since (xil), am(f), ey x&m)) is the solution to (33), from the first equation of (33), we have A

a,:(f) 4+ + x&m) = z. Thus, substituting y* into (34) and adding them up, we have

Z ( H qA; (y*)) Ayt = ny) =z,
=1

i=1 \j=Lj#i

which by (1) indicates that
z=Vfy). (36)

Since f is convex, (36) implies that for the given 2 the function #7y— f(y) attains its maximum
value at y*. Thus,

@)= sup Ty — f(y) = 2"y" — f(y"). (37)
yeR™

Note that f is homogenous of degree 2m, by (36) again it is easy to verify that have
ehy* = VIy) Ty =2mf(y"). (38)

Therefore, by (37), (38) and (35), we have
L\ 7
1 o *
( 2m> oY

2m —1 2m-1 R
_ < - )(H;?;QxTClAjClx> e (39)

Since (a3, ...,a%,) € R'7" is a solution to (21), we have

) = Ty = fy")

a'CTNA,CT e = afa"CT Al CT e, j=2,,m,

which implies that

m

> i*xTc—lAjc—lx = (m—1)2TC™ 1 A,C e, (40)
j=2 a;
and
m m—1 m
[[="Cc a0 e = (2TC A0 2) " [] o) (41)
j=2 j=2

By (40), we have
Zrota,07 'y = 2P0t (Al + Z — A — Z *Ak> C 'z
k=2 Yk k=2 Yk

UCR |
= ¢! (0 - :*Ak> C 'y
k=2 Yk

1

= 2oy — Z —*xTC’_lAkC_lm
k=2 Yk

= 2ICclz — (m—-12TCc A 07
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Thus,

1
e tAC7 e = RxTC_lx. (42)

Combining (42) and (41) leads to

m m—1 m
H ITC_IA]‘C_ICL‘ = <;LCL‘TC_1:E> H oz;.

j=2 j=2

Substituting this into (39), we have

2m—1
. 2m — 1 gm—1 _
rw = (T ) e O
(ax (O x) =2 O]
1
<2m—1) (2m)m—1\ 2t (wTC,lx)m”il
2m o]

1 m
1 2m—1 chl 2m—1
= (Qm—l) ™™ U ’
j—2 O 2m

Remark 3.7. Let a(z) = (a2(z),...,am(z)) denote a solution to the system (21) at x.
Then it is also a solution to the system (21) at Az for any A € R, i.e., a(Ax) = a(z) for any
A € R. Thus, it is easy to see that f*, given by (32), is positively homogeneous of degree 272:11.
This is consistent with a general result concerning the LF-transform of a convex function that
is homogeneous of degree 2m. In fact, Lasserre [22] showed that if a function which is positively
homogeneous of p degree (convexity of the function is not required), then its LF-transform is
positively homogeneous of ¢ degree, where 1/p + 1/q = 1. Thus, if the product function f
is not convex, its LF-transform remains homogeneous of degree 231"11, in which case, how-
ever, the formula for f* is not clear at present (Theorem 3.6 above provides the formula of
f* when f is convex). Moveover, if the product function f is strictly convex, then f* given
by (32) will be differentiable and strictly convex. While this property cannot be seen imme-

diately from (32), it can follow from a well known result in [8] (see also, Corollary 4.1.3 in [14]).

as desired. O

Remark 3.8. We see from Theorem 3.6 that f* is finite everywhere and f* > 0 for all
x € R™\{0}. It should be noted that the convexity assumption on f is only needed in our anal-
ysis in order to derive the formula (32). The finiteness and nonnegativeness of f* do not rely on
this assumption. The finiteness can follow directly from the coercivity of the product function
f (see e.g., Proposition 1.3.8 in [14]). Noting that f* is convex and homogeneous of degree
2m/2m—1 > 1, the nonnegativeness of f* follows directly from Lemma 5.1 in [2] (which claims
that any function that is convex and homogeneous of degree p > 1 must be nonnegative in its
domain). Due to the special structure of the production function f, the finiteness and nonneg-

ativeness of f* can also be verified by the following estimate: From (22) and (32), it is easy to
2

see that there exist two positive constants 1, &2 such that & ||z|| Tl < f* (x) < &lz|| T
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It is interesting to consider two special cases: m = 2, 3. First, by setting m = 2 in (32), we
have

win
wIiN

ff(x)=3 <1>§ le <A1 + a12A2)_1 17/4] = 3(0(2)% (IT (e A1 + Ag)_l m/4) ,

a2

and the system (18) collapses to

-1 -1
LT A Ak Sa] w o7 (0 + An) Ao (andi + An)
2 = - — = — —.
xT {A1 + Q%Az} 1 Ay [/h + O%QAQ} ' z 2l (agds + Ag) PAL (A 4 Ag)

Thus, an immediate result from Theorem 3.6 is as follows.

Corollary 3.8. ([36]) Let A > 0 and B > 0 and the product f = gagp be convex. Then

2
f*(0) =0 and for x # 0, f*(x) = 305 (mT (A+aB)™! x/4> ® where « is a root to the uni-

2T (A+aB) ' A(A+aB) 'z

variate equation at x: «o = T(AtaB) T B(AtaB) Ta"

Similarly, when m = 3, Theorem 3.6 is reduced to the next result.

Corollary 3.9. Let A; = 0,45 = 0,43 = 0 be n x n matrices and let the product
f =qa,94,q94, be convex. Then f*(0) =0 and for x # 0,

rro=s(2)

where (a,7) > 0 is a solution to the following system of equations at x:

S

3
T 1 1 -1 5
(.’L‘ (Al-l-aAQ—i-;Ag) x>5
6 9

B zT (Al + éAg + %Ag)_l Ay (Al + éAg + %Ag)_l T

CT (A + 245+ %As)fl Ay (A + 24+ %A:a)f1 v
ol (A1 +14,+ %Ag)_l As (A1 +14,+ %Ag)_l T
' T (Al + éAQ + %Ag)_l Aq (Al + éAQ + %A;),)_l x.

Roughly speaking, the computation of the LF-transform for the product of m quadratic
forms amounts to finding a solution to the system (21). From the proof of Lemma 3.3, this also
amounts to computing a fixed point of the mapping F (‘”)(ag, <oy Q). As the size of the system
(21) dependents proportionally on the number of quadratic forms involved, the computational
complexity of f* also depends directly on the number of quadratic forms. The more quadratic
forms are involved, the more efforts are required for the evaluation of the LF-transform. It is
not difficult to see that (21) is actually a polynomial system and hence it is sufficiently smooth.
Newton’s method can be employed to solve the system (21). Since the solution of the system
lies in the box (23), the bisection method may be applied, and some fixed-point methods can
be used as well.
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4 Conclusions

A general sufficient convexity condition for the product of finitely many quadratic forms was
developed in this paper. The main result claims that the product function is convex if the
condition numbers of the so-called ‘scaled matrices’ are bounded above by a certain constant
which can be explicitly given in terms of the number of quadratic forms. This result indicates
that the more distinct quadratic forms are involved, the more restrictive condition should be
imposed on these quadratic forms in order to retain the convexity of the product function (in
another word, the more quadratic forms are involved, the more likely the product function loses
its convexity). The convexity condition developed in this paper makes it possible to identify
the computationally tractable multiplicative optimization problems, and makes it also possible
to employ some efficient modern convex optimization methods [31] to solve some (quadratic)
multiplicative programming problems instead of relying merely on global optimization meth-
ods. On the other hand, a more general question than the open ‘Question 11’ in [12] has
been addressed in this paper. The main result (Theorem 3.6) shows that the Legendre-Fenchel
transform of the product of finitely many quadratic forms can be explicitly expressed as a
finite function with some parameters which can be obtained by solving a system of equations
with a special structure (or equivalently, by computing a fixed point of a smooth mapping).
This result makes it possible to compute efficiently the LF-transform for the product of finitely
many quadratic forms. From a duality point of view, this result might also lead to an effective
duality-type algorithm for some multiplicative optimization problems.
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