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1. Introduction A cutting plane, also known as a cut, is typically a linear inequality that separates
fractional points from the convex hull of integer feasible solutions of an Integer Programming (IP) problem.
Cutting planes have proven to be crucial in the development of successful IP solver technology. See
[211, 28], 27, 28] for general expositions on cutting plane methods.

Chvatal-Gomory (CG) cuts are one of the first classes of cutting planes presented in the literature [I4].
They have been at the heart of various fundamental theoretical and computational breakthroughs in IP.
For example, Gomory [14] introduced CG cuts to present the first finite cutting plane algorithm for
bounded IP problems. CG cuts can be used to obtain the convex hull of integer feasible solutions of some
sets such as the Matching Polytope, as shown by Edmonds [12], which is a pioneering result in the area
of polyhedral combinatorics.

For a rational polyhedron P C R™, the CG cutting plane procedure [9, 14, [I5] can be described as
follows. For a € Z", let d € R be such that {x € R" : (a,x) < d} D P where (u,v) is the inner product
between u and v. We then have that P := PNZ" C {z € R" : (a,z) < |d|} and hence the CG cut
(a,z) < |d] is a valid inequality for conv(Pr). The first CG closure of P is defined as the convex set
obtained by adding all CG cuts. Because the number of CG cuts is infinite we have that the CG closure
is not automatically a polyhedron. The first proof of the polyhedrality of the CG closure was introduced
by Schrijver in 1979.

THEOREM 1.1 ([30]) The CG closure of a rational polyhedron is a rational polyhedron.

Convex Nonlinear Integer Programming, i.e. problems where the continuous relaxation of the feasible
set is non-polyhedral convex set, has received considerable attention from the IP community recently.
There has been significant progress in the development of practical algorithms that can be effective for
many important applications (e.g. [IL [5] [0, [19] 24]). Building on work for linear IP, practical algorithms
for convex nonlinear IP have benefited from the development of several classes of cutting planes or valid
inequalities (e.g. [2, B [l 7} 8, [13], 17, I8, 23, [16] 29, [32]). Many of these inequalities are based on the
generalization of ideas used in linear IP.

One particular idea for generating cutting planes for convex nonlinear IP that has been motivated by
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the linear case is that of CG cuts. CG cuts for general convex IP were discussed implicitly in [30] and
described explicitly in [§] for convex IP problems where the continuous relaxation of the feasible region
is conic representable. CG cuts can be extended to the case of a general convex set C C R™ using its
support function o¢(a) 1= maxgzec (a,z). A valid cut for conv(C'NZ") is (a,z) < |oc(a)] where a is an
integral vector. Similar to the case of rational polyhedra, CG closure for C' is the convex set obtained by
adding all CG cuts.

To the best of our knowledge, the only version of Theorem for the case where C' is not a rational
polyhedron was shown in [II]. It was shown in [I1] that when C is a full-dimensional bounded ellipsoid
described by rational data the CG closure is a polytope. A set C is called strictly convex when the strict
convex combination of any two points belonging to C' lies in the relative interior of C. In this paper, we
will verify Theorem for the case where C is either a strictly convex body (full dimensional compact
strictly convex set) or an intersection of a strictly convex body and a rational polyhedron. The first result
generalizes the result in [I1] and the second result effectively generalizes Theorem |1.1

We observe here that while various proofs of Theorem have been presented, unfortunately none of
them seem to extend to the case of non-polyhedral convex sets. For example, it not clear how to extend
the proofs in [10} 30, [3T] beyond rational polyhedra because they rely on properties that are characteristic
of these sets such as totally dual integral systems and finite integral generating sets. Cut domination
arguments, commonly used in polyhedrality proofs of closures, also do not seem to adapt well to the
proof for non-polyhedral convex sets. Note that one key property of CG closure for rational polyhedron
is that the CG closure of a facet of a rational polyhedron is equivalent to the CG closure of the rational
polyhedron intersected with the facet. This property together with an induction on the dimension of the
polyhedron can be used to prove polyhedrality of the CG closure of a rational polyhedron. While we will
prove a similar statement regarding the zero dimensional facets of strictly convex sets, we will need to
develop completely new techniques to do so. Moreover in the case of strictly convex sets there are an
infinite number of facets, thus requiring a different approach than used in the case of rational polyhedron.
Finally we note that our proof of the polyhedrality of a set obtained as the intersection of a bounded
strictly convex set and a rational polyhedron will however use in parts some of the ideas used for the case
of rational polyhedra.

Instead of attempting to use the proof techniques for rational polyhedra, another possibility for
proving the polyhedrality of CG closures of bounded non-polyhedral convex set C is to directly use
the polyhedrality of the first CG closure of rational polyhedral approximations of C'. One natural
scheme could be to attempt constructing a sequence of rational polytope pairs {P;, Q;}ien such that
i) BbNZ"=Q@Q;NZ" =CNZzZ", (i) P, CC C Q; and (iii) vol(Q; \ ;) < 1/i. We then would have
that that CG closure of P; is a subset of CG closure of C' which in turn is a CG closure of @; for any 1.
Unfortunately, it is not clear how to show that there exists ¢ such that CG closure of P; is equal to the
CG closure of C' which in turn equals the CG closure of @;.

We note that strictly convex sets are completely ‘rounded’ without any flat faces of dimension greater
than 0, which is completely in contrast with polyhedra. Thus, in a sense the polyhedrality of CG closure
of strictly convex sets represents a result which is on the other end of the spectrum with respect to the
polyhedrality result for CG closure of rational polytopes. While the result on intersection of strictly convex
sets and rational polyhedra does fill the void slightly, we believe that a whole set of new methodologies
and insights need to be developed to understand the structure of CG closures of general convex sets.

The rest of the paper is organized as follows. In Section [2] we give some background material, formally
state our main results and give an overview of their proofs. Then in Section [3| we study the separation of
points in the boundary of strictly convex sets using CG cuts. The separation results in this section are
key to the proofs of our main results. Section {4f contains the proof of the polyhedrality of the CG closure
for strictly convex bodies and Section [5| does the same for the intersection of a strictly convex body and
a rational polyhedron.

We follow most of the notational conventions of [20], which we will use as a reference for all convex
analysis results. However, for completeness, the appendix includes proofs of any result that does not
explicitly appear in [20].
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2. Background and Proof Outline To formally define the CG closure of a closed convex set it is
useful to use the following characterization.

PROPOSITION 2.1 Let C be a compact convex set and oc(+) be its support function. Then

C= () {zeR": (a,z) < oc(a)} (1)

a€Zm™

This is the standard outer description of a closed convex set (e.g. Theorem C.2.2.2 in [20]) with the
exception that we take an intersection over a € Z" instead to the usual a € R" or a € S~ ! := {z € R" :
|z|| = 1} where ||-|| is the Euclidean norm. Validity of this alternative representation is straightforward,
but for completeness Proposition [2.1] is proven in the Appendix.

DEFINITION 2.1 Let C' be a compact convez set. For any set S C Z™ let

CGCs(C) = ﬂ {z eR" : {(a,z) < |oc(a)]} (2)

a€sS

Let CGC(C) = CGCz(C), we recursively define the k-th CG closure C* of C' as C° := C and C* :=
CGC(C*1) for k > 1.

CGCg(C) is a closed convex set containing Cj := C' N Z" for any S C Z™ and by Proposition we
also have C' C C. Then conv(Cr) C CtCcCckCCY=Cforalll >k > 0. The last two containments are
strict unless C' = conv(C7) or C* = conv(Cr) and, as noted in [30], the following theorem follows from
[9, [30).

THEOREM 2.1 ([9} B0]) For every convex body C there exist r € N such that C" = conv(Cy).

Theorem is also shown in [8] for Conic Quadratic Programming problems with bounded feasible
regions. However, the result neither implies nor requires the polyhedrality of C!. In fact, the original
proof of Theorem in [9] does not use the polyhedrality of either C' or C'. Although surprising, it
could be entirely possible for Theorem to hold and for C" to be the only polyhedron in the hierarchy
{Ck}r_,. Before presenting our results we formally define strictly convex sets.

DEFINITION 2.2 We say a set C is strictly convez if for all u,v € C, u # v we have that Au+ (1 —A)v €
relint(C) for all0 < XA < 1. We say C is a strictly convezx body if C is a full dimensional, strictly convex
and a compact set.

Our first main result is the following.
THEOREM 2.2 Let C be a strictly convex body. Then CGC(C) is a rational polytope.

Together with Theorem [I.]] this characterizes the polyhedrality of the CG closure of convex sets at two
extremes of the curvature spectrum: strictly convex bodies sets and rational polyhedra. Unfortunately,
it is not clear how to use these results or adapt their proofs to generalize the result to every convex body.
However, our second main result is to prove that the CG closure of the intersection of a strictly convex
body with a rational polyhedron is a rational polyope.

THEOREM 2.3 Let C be a strictly convex body and P a rational polyhedron. Then CGC(C' N P) is a
rational polytope.

Theorem allows us to relax the full dimensional requirement of Theorem but only if aff(C) is
a rational affine subspace.
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Figure 1: A procedure to generate the first CG closure for a strictly convex body C' C R™

Step 1 Construct a finite set S C Z™ such that:
(C1) CGCg(C) C C.
(C2) CGCs(C)Nnbd(C) C Z™.

Step 2 Update S with a vector a € Z™ such that CG cut (a,z) < |oc(a)| separates a point
of CGCg(C) \ CGC(C) until no such a exists.

2.1 Proof Outline of Theorem The general proof strategy for Theorem is the same one
used in [II] to show the result for rational ellipsoids. The main difference is the generalization of some
separation results from rational ellipsoids to arbitrary strictly convex bodies. One of these separation
results essentially states that any non-integral point in the surface of a strictly convex body can be
separated by a CG cut. Using this property we can show that the CG closure of a strictly convex body
can be generated using the procedure described in Figure

To show that Step 1 can be accomplished, we use the separation result to cover the boundary bd(C')
of C' with a possibly infinite number of open sets that are associated to the CG cuts. Then, if there are
no integral points in the boundary of C, we use compactness of the boundary of C' to obtain a finite
sub-cover that yields a finite number of CG cuts that separate every point on the boundary of C. If there
are integer points on the boundary, then for every z € bd(C) N Z™ we use CG cuts to build a polyhedral
cone with vertex z which cuts off all the boundary points in some neighborhood around z. In this way,
we are able to find a finite set of CG cuts to separate all the non-integral points on the boundary. We
do this formally in Proposition 4.1

To show that Step 2 terminates finitely, we simply show that the set of CG cuts that separate at least
one point in CGCg(C) \ CGC(C) is finite. We do this formally in Proposition

We note that the separation of non-integral points using CG cuts on the boundary of C, required in
Step 1 of Figure[l] is not straightforward. A natural first approach to separate a non-integral point u on
the boundary of C is to use a € (N¢g(u) NZ™) \ {0} where No(u) :=={a € R" : (a,2 —u) < 0Vzx € C}
is the normal cone to C' at u. Then (a,u) = oc(a) and if oc(a) ¢ Z then CG cut (a,z) < |oc(a)]
separates u. Of course, this can fail either because N¢o(u) C (R™ \ Z™) U {0} or because o¢(a) € Z for
every a € No(u) NZ"™. This is illustrated by the following two examples.

EXAMPLE 2.1 Let C = {2 €R?: ||z| <1} and v = (1/2,v/3/2)T € Dbd(C). Then Nc(u) =
cone({u}) C (R™\ Z") U {0}.

EXAMPLE 2.2 Let C = {z € R? : ||lz|| <5} and u = (25/13,60/13)T € bd(C). Then Nc(u) =
cone({u}) = cone ({(5,12)"'}) and oc(a) € Z for every a € No(u) NZ"™.

Fortunately, for both examples we can select alternative left hand sides a’ for which the associated
CG cut will separate u. For instance, for Example we can use a’ = (1,1) for which o¢(a’) = v/2. In
Section [3] we will show there exists a systematic method to obtain this alternative left hand side.

2.2 Proof Outline of Theorem To prove Theorem [2.3] we again use the procedure in Figure
with C replaced by C'N P. However, this time we cannot achieve CGCg(C' N P)Nbd(CNP) C Z" in Step
1 because not all non-integral points in the boundary of a rational polyhedron can be separated by a CG
cut. For instance, fractional points in the relative interior of a facet with integral extreme points cannot
be separated. For this reason we replace condition (C2) by CGCg(C' N P)Nbd(C N P) C CGC(C N P).
To achieve this new condition we show that every point in bd(C'N P)\ CGC(C N P) can be separated by
a finite number of CG cuts. For this, we divide bd(C' N P) into points in bd(C') N P and points in C N F
where F' is a facet of P. The separation argument for the first case is the same as that for Theorem
and for the second case we apply induction on the dimension of C'N P by noting that C' N F' is also the
intersection of a strictly convex body and a rational polyhedron. The arguments for Step 2 are identical
to those of Theorem 2.2l
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3. Separation As mentioned in Section a key step in the proof of Theorem [2.2]is to show that
if C C R™ is a strictly convex body then every u € bd(C) \ Z™ can be separated by a CG cut. An initial
strategy to achieve this is to take s € (N¢(u) N Z™) \ {0} such that oc(s) ¢ Z to obtain the CG cut
(s,z) < |oc(s)] which separates u. However, as illustrated in Examples and this can fail either
because because

(i) No(u) C (R™\Z™) U {0},
(ii) or oc(s) € Z for every s € No(u) NZ™.

A natural solution for case |(i)|is to approximate some s € No(u) by a sequence {s°};eny C Z" such that
I

5 > 5, where @ = a/||a||, and hope that (s, u) > |oc(s?)] for some i. This solution will in fact work
for both cases but we will need sequence {s‘};en to additionally comply with the following two properties

(P1) lim;— oo (s, u) —oc(s') =0
(P2) lim;_, ;o F(oc(s")) =6 > 0. (A weaker condition like limsup,_,, . F(c¢(s")) > 0 is sufficient,
but we will verify the stronger condition),

where F(r) =r — [r].

A sequence with these properties will directly yield a separating CG cut because (s°,u) — |oc(s)| =
(s*,u) —oc(s")+ F(oc(s")). However, the existence of such a sequence requires a proof, as the conditions

do not hold for every sequence such that 5° 1720, 5. For instance, let D(Hi ;. (si),u) := % be

the distance between hyperplane Hgi ,(si) := {z € R" : (s',2) = 0(s")} and u. Then §° ~—=> 5 implies
lim; oo D(Hyi 5 (si),u) = 0. However, this last condition is weaker than ( when ||s?|| — +o0, which
is necessary for complying with s € Z™ when \s ¢ Z" for every A > 0. In fact ||s|| — +oo will be useful
condition to have even when s € Z™.

The next example illustrates the need for conditions (PI)~(PR) and the fact that they are not auto-

matically satisfied by every sequence such that 5 —= 5

EXAMPLE 3.1 (CONTINUATION OF EXAMPLE Let C == {z € R* : |z| < 5} and u =
(25/13,60/13)" € bd(C). Then Nc(u) = cone({u}) = cone ({(5,12)"}) and oc(a) € Z for every
a € No(u)NZ™.

We can select s = (5,12)T and approzimate s with sequence {s'};en given by s = (6542, 26@'—&—156@'2)7]3.
This sequence complies with § — § and D(Hgi ;. (siy,u) — 0. However, (s',u) —oc(s') < —1 for all i
so (st x) < |o(s")] will never separate u. This illustrates the need for condition ( and the fact that

(R1) is not necessarily satisfied by any sequences such that 5 ~—> 3.

A sufficient condition for ( for Euclidean balls, such as C' in this example, is ||5' — §H2 € o(1/|1s')-
We hence need a sequence for which §' converges to s faster than the growth of ||s*||. One such sequence is
given by s' = (657,26 + 1564)T. Unfortunately, although it complies with (, we have that for this new
sequence (s',u) —oc(s') < —F(o(s')) and hence (s*,u) < |o(s')| for all i. However, we can comply with
condition (P@ without loosing ( by slightly perturbing the last sequence to obtain s = (65i,25+156i)7 .
For this last sequence we finally have (s3,u) > [o(s%)].

A general way to obtain a sequence {s’};cn complying with (7( is to pick any s € N¢(u) and
construct a simple perturbation of the modified simultaneous Diophantine approximation of s given by
the following theorem.

THEOREM 3.1 (DIRICHLET) Let s € R™. There exists {pi,qi}ieN CZ™ X Z such that 1 < ¢; <1i™ for all

i€ N, maxi<j<n ‘p; — qisj‘ < % and lim;_, . q¢; = +00.

Note that Theorem [3.1]is usually written without condition lim;_,~, ¢; = +00. However, this additional
condition is always satisfied for s € R™ \ Q™ and can be easily enforced for s € Q™ (If s = %p where

i 2 e 2\T ; i (2 96, 2\T ;
k) . K )
INote that s* = (13 x 5i2,26i + 13 x 15i2)T. We could have alternatively used s* = (i2, 26i + 15i2)T’, but the first option
will yield something closer to the construction in our general propositions.



6 Dadush, Dey and Vielma: CG Closure of a Strictly Convex Body

(p,q) € Z™ x Z, then for sufficiently large i set p' = ip and ¢; = iq). To show compliance with (7( P2))
we will additionally need the following known property of strictly convex bodies, which we prove in the
appendix for completeness.

LEMMA 3.1 Let C CR"™ be a strictly convex body. Let my : S"~1 — bd(C) be such that

mg(v) = arg max (v, x)

Then my is a well-defined and continuous function on S™~ L.

LEMMA 3.2 Let C CR™ be a strictly convex body, u € bd(C) and s € Nc(u)\{0}. Let s' = p'+w, where
{p%, i }ien is the simultaneous Diophantine approzimation of s given by Theorem and w € R™\ {0}.
Then for any € > 0, there exists N > 0 such that for all i > N. we have

i) [Ip" = ais]| < e

[w]|
[si]l -

(iit) oc(s') > (s, u) > oc(s') —e.

(iv) |oc(si) —{g;s +w,u>| <e and if (g;s + w,u) ¢ Z then |F (O’o(si)) — F((qis+w,u>)| <e.

i1) Hél —5[<(1+e)

PROOF.

(i) Follows directly from ||p’ — g;s|| < v/nmaxi<j<n ’p; — ¢isj| and Theorem

(ii) To prove this point we will use the fact that for a,b € R™ \ {0} the geometric-arithmetic mean

inequality inequality is equivalent to ‘ ﬁ — ”—b” ‘ < ‘lltll_llﬁlll‘?\l' In effect we have that
1 1 1
lallllbll < 5 {a, @) + 5 (b, b) < [la][|bl] = (a,b) < 5 ((a,a) —2{a,b) + (b, b))
1
< llallltll = (a,8) < Slla—blf*

oai- <a,b>)S la ]

[[all[[o] [[all][0]
la = 8[|
2 3
‘ Tall ~ To1 H JTallel ®)
Now, since ||p*|| > ||g:s| — Hp’ — qisH, Is|| > 0 and Hpi — qisH 27,0 we get that 9| 7 e
Similarly, since Hs H = Hp —|—wH > Hp H — |Jw|| we get that H 17, 5. Then for any 0 > 0

there exists N such that for all i > N, § Hs H > |lwl] + Hp —¢;s
for i > N, we deduce that

and 6||w|| > ||p* — ¢;s||. Hence

lassll 2 [|s*[} = [|s* = qisl| = [[s*] = [lp* = @isl| = el = (1 = &) [|s°
By additionally using with @ = s% and b = ¢;s we finally obtain that for i > N we have

st q;s
sl llgasll

[ de el bl 14y
Vst gisll V(A =a) s 1=46/ [Is']

and the result follows by taking é =

s~ sl |

2+a
(iii) By part[(ii)land continuity of m¢c we have that for any € > 0 there exist N such that for alli > N
we have Hs - SH < 2”;’1“ and Hmc (§)H < 377 Also, by the definition of mc, we have

B A i 1 il e i A
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Now we see that

oo (si) - <si,u> = <si,mc §i) - <si,mc(§)>

< [[s'[H5* = sl [Ime (5") = me (s)]]

””(”ﬂ&(w@&z

as needed.

(iv) For the first part we simply note that by parts and we have that for every € > 0 there

exists NV such that for all # > N we have
oc (sz) > <sz,u> = <pi, u> + (w,u) = <pi - qis,u> + (g;8, u) + (w,u)
—|Ip" = qis|| llull + (gis, u) + (w, u) > (gis + w,u) — ¢

and

oc (5')

< (s 2 = (0, u) + {,0) + & = (0 — gus, ) + (gis, 0) + (w,0) +
< ||p" = qis|| lull + (gis, u) + (w, u) < (gis +w, u) + 2
The second part follows from F'(s) being an affine function in a neighborhood of s ¢ Z.

d

By suitably scahng s, the sequence {s'};en described in Lemma will satisfy (P[1)) and P' In
particular part |(iii)| of Lemma implies that {s'};cn satisfies P' Par‘m (iv)| of Lemma [3.2 will be used
to verify ( P' Using this constructlon we can prove the desired separation results for non- mtegral points
in the boundary of C and a slightly stronger result for points that are additionally close to integral points.

PROPOSITION 3.1 Let C C R™ be a strictly convex body. Take u € bd(C).

S1

If u ¢ Z", there exists a € Z™ such that {a,u) > |oc(a)]

S2 If u € Z™, then for every v € R™ \ int(T¢(u)), v # 0, there exists a € Z™ such that

(a,u) = loc(a)] and (a,v) >0

PROOF.

(i)

(i)

Let s € Neo(u) \ {0}. By possibly scaling s by a positive scalar, we may assume that (s,u) € Z.
Since u ¢ Z", there exists [, 1 < [ < n, such that u; ¢ Z. Let s = p' + el, for i > 0, where
{p’, ¢; }ien is the simultaneous Diophantine approximation of s given by Theorem and e’ is the
I unit vector. Because ¢; (s,u) € Z and (e',u) = w; ¢ Z we have that (¢;s + w,u) ¢ Z and
§ := F ({g;s +w,u)) > 0. Then using Lemma [3.2| for w = €! and ¢ < §/3 we have that there
exists i such that (s',u) —oc(s?) > —d/3 and F (Uc( #)) > (2/3)8. The result follows by setting
a = s’ and noting that (s*,u) — |oc(s')| = (s',u) — oc(s’) + F (oc(s")) > (1/3)6 > 0.

Since u € bd(C) and v € R™\int(T¢(u)), v # 0, there exists s € No(u)\ {0} such that {s,v) > 0.
Again by possibly scaling s, we may assume that (s,u) € Z. Let s = p* + w, for i > 0, where
{p, qi}ien is the simultaneous Diophantine approximation of s given by Theorem and w € Z" is

any integer vector such that (w,v) > 2. Then using Lemma for € < min { 3T 5} we have
that there exists ¢ such that

oo(sh) > <sz,u> > oc(st) — = (4)
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and

: 1
[p* — qis|| < 3l (5)

Because (s, u) € Z we have that implies |o¢(s’)| = (s*,u). Furthermore, together with
ési,vi = (p" — @5, v) + ¢; (s,v) + (w,v), we have that (5), (s,v) >0 and (w,v) > 2 imply that

stv)y > —% +0+ % > 0. The result then follows by setting a = s*.

REMARK 3.1 In the proof of part of Lemma we obtained as a partial result that
oo (') = (s, u) < [|s"[}[|5* = 5[l [lme (5%) = me )|

If we could prove that HS’H H§i — §H 27,0 instead of the weaker result in part (@)| of Lemma we
would obtain condition for any convex body. Of course this cannot hold as it would imply that CG
cuts can separate fractional points in the relative interior of the facets of an integral polytope, which
clearly cannot happen. However, we should note that this impossibility is only due to the use of nonzero
perturbation w as we do have that HpZH Hﬁ‘ — §H 222, 0 and hence Diophantine approzimation does give
us condition ( with s = p* for any convex set. In contrast, to obtain condition ( and condition

(P@ we need continuity of mc.

We end this section by proving the following corollary of Proposition [3.1] that we will need for the
proof of Proposition

COROLLARY 3.1 Let C' C R™ be a convex body for which condition 2 of Proposition [3.1] holds for every
u € bd(C)NZ"™. Then

(i) There exists a polyhedral cone T'(u) = {x € R" : (¢;,z) < 0,1 <i <k} such that
¢ €Z" and |oc(e)] ={(c,u) Vi, 1<i<k (6)
and
T'(u) € int(Tc(u)) U {0} (7)
(i) There exists an open neighborhood N of w such that
N Nbd(C) N (u+T'(u)) = {u}

PROOF.

(i) Examine K = S~ !\ int(T¢(u)). Since int(T¢(u)) is an open subset of R™ (as int(C) # () we
have that K is a closed subset of the sphere, and hence K is compact. For each v € K, we note
that v € R™ \int(T¢(u)), v # 0, therefore by condition §2|of Proposition [3.1] there exists ¢ € Z"
such that

lo(c”)| ={(c’,u) and (c’,v) >0
Let U, = {w € K : (c",w) > 0}. Clearly v € U, and U, is an open subset of K (relative
to the subspace topology). Therefore the collection {U,},cx is an open cover of K. Hence by
compactness of K there exists {U;}¥_; C {U, },ec a finite open subcover of K. Let {c'}F_, C Z"
denote the vectors corresponding to {U;}%_; and let

T'={zeR": () <0,1<i<k}

By construction {c'}%_, satisfy @, hence we need only verify that T" satisfies for which we
prove its contrapositive. Assume that v € R™ \ int(Tx (u)), v # 0. Then note that v € K, and
hence there exists i € {1,...,k}, such that v € U;. Therefore

(d,0)y >0={(c',v)>0=v¢T (u)

as needed.
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(ii) By translating C' to C — u, we may assume that v = 0, and so T'(u) = T7(0), Te(u) = Te(0)
and N¢(u) = N¢(0). For notational convenience, we now denote T7(0) as T”, T (0) as T¢ and
N¢(0) as N¢. Hence we need to show that there exists an open neighborhood N of 0 such that

N Nbd(C)NT' = {0}.

Because T” is a polyhedral cone there exists vectors {v'} _ CT"\ {0} such that

T = {IER” :3p e RY st x:Zuivi}.
i=1

By (@) we also have that 7"\ {0} C int(T¢:) = Uy~ Aint(C) (For the last equality see for example
section A.5.3 of [20]). Then, by scaling them appropriately, we may assume that {v'}’_ C int(C)

to obtain
conv ({0,v",...,v"}) Nbd(C) = {0} (8)

by using the fact that int(C) U {0} is a convex set. Now, let ¢ € N¢, ¢p = max]_; <c, ’ui>,
N ={z € R" : (c,z) > ¢} and for x € N NT" let p € R’ be such that z = >\, 0"
Then ¢y < {c,z) = Doy pile,v?) < o >i_y pt;- Because v* € int(T¢) and N is the polar of
Tc we have that ¢y < 0 and hence 2221 w; < 1. Then z € conv ({071)1, e ,vr}) and hence

NNT' C conv ({0, vl ,vT}). Together with this gives the desired result.

d

4. CG Closure of a Strictly Convex Body To prove Theorem we first show that Step 1 of
Figure [1] can be achieved. We assume that int(C) N CGC(C) # () as the alternative case is trivial for
strictly convex bodies. However instead of requiring strict convexity of convex body C we simply require
boundary separation conditions ( and (92). These conditions are satisfied by every strictly convex
body by Proposition 3.1} but they can also be satisfied by some convex bodies that are not strictly convex.

PROPOSITION 4.1 Let C be a convex body such that int(C) N CGC(C) # 0. If conditions (1)) and (49)
of Proposition [3.1] hold for C, then there exists a finite set S C Z" such that conditions (C1) and (C2)
in Step 1 of Figure[] hold.

ProOF. Since C is a bounded set, let Z := bd(C) N Z™ be the finite (and possibly empty) set of
integer points on the boundary of C. For each u € Z, let N,, be the neighborhood of u and T'(u) be
the polyhedral cone from Corollary and let S, be such that T"(u) = {x € R" : (¢,z) < 0Vc € S,}.
Let D := bd(K) \ U ez Nu. Observe that DN Z" = () by construction and that D is compact since it
is obtained from a compact set bd(K) by removing a finite number of open sets. Now, for any a € Z"
let O(a) :== {x € D : (a,z) > |o(a)]} be the set of points of D that are separated by the CG cut
(a,z) < |o(a)]. This set is open with respect to D. Furthermore, by Conditions S1|and the construction
of D, we have that D C |J,. 4 O(a) for a possibly infinite set A C Z". However, since D is a compact
set we have that there exists a finite subset Ao C A such that D C (J,c 4, O(a). Let S := Ao UU, 1 Su,
then CGC(S) Nbd(K) C Z™ and hence (C2) holds. To verify (C1) we show that w ¢ CGCg(C) for any
w e R\ C. Let v € int(C) N CGC(C), then there exists A € (0, 1), such that u = Aw+ (1 — X)v € bd(C).
If u ¢ 7, then there exists a CG cut corresponding to an integer vector in 4 that separates u. However,
since this CG cut does not separate v and u is a convex combination of w and v, it must separate w.
Thus w ¢ CGC(S). If u € Z™, then by Corollary there exists a CG cut corresponding to an integer
vector in S, that separates w and therefore w ¢ CGC(S). O

Conditions (C1) and (C2) are sufficient for achieving Step 2 of Figure [} However, we we show that
Step 2 of Figure [1| can be achieved if slightly weaker conditions are satisfied as well. Furthermore, we
also show that these weaker conditions are in fact sufficient for the polyhedrality of the CG closure of a
convex body even if strict convexity is not satisfied.

PROPOSITION 4.2 Let C be a convex body. If there exists a finite set S C Z™ such that
(C1’) CGCg(C) C C.
(C2’) CGCg(C)Nbd(C) Cc CGC(C).
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then CGC(C) is a rational polytope.

PROOF. Let ext(CGCg(C)) be the set of vertices of the polytope CGCg(C). Because of (CPf) we
have that any CG cut that separates a point u € CGCg(C) \ CGC(C) must also separate a point in
ext(CGCg(C)) \ bd(C). It is then sufficient to show that the set of CG cuts that separates some point
in ext(CGCg(C)) \ bd(C) is finite.

Because ext(CGCg(C)) \ bd(C) C C'\ bd(C) = int(C) and |ext(CGCg(C))| < oo we have that there
exists € > 0 such that

eB" +vCC Yveext(CGCg(C))\ bd(C) (9)
where B" := {z € R" : |lz|| < 1}. Now take v € ext(CGCg(C)) and take a € Z" such that [af > 1
Now note that

[0c(@)] > 00(@) = 1> yyepn(a) = 1 = (v,0) +ellall — 1> (v, 0)
Hence the CG cut associated with a does not cut off v. Then CGC(C) = CGCgyus/ (C) for S’ := Z”H%B”.
Since |S’| < o0, the claim follows. 0

Note that condition (J1f) is identical to (C1) and ((2[) is equivalent to (C2) for strictly convex sets.
The extra generality of ((J2[) will be useful when dealing with the CG closure of the intersection of a
strictly convex body and a rational polyhedron.

With these two propositions the proof of Theorem is as follows.
PROOF OF THEOREM [2.2] We divide the proof into the following cases

(i) CGC(C) = 0.
(ii) CGC(C) # 0 and CGC(C) Nint(C) = 0.
(i) CGC(C) Nint(C) # 0.

For the first case, the result follows directly. For the second case, by Proposition [3.1] and the strict
convexity of C, we have that |bd(C)NZ"| =1 and CGC(C) = bd(C) N Z™ so the result again follows
directly. For the third case the result follows from Propositions and O

5. CG Closure of the Intersection of a Strictly Convex Set and a Rational Polyhedron
Before considering intersections with general rational polyhedra we first concentrate on intersections with
rational affine subspaces. To achieve this we will need the following well known theorem (e.g. see page
46 of [31]).

THEOREM 5.1 (INTEGER FARKAS’S LEMMA) Let A be a rational matriz and b be a rational vector. Then
the system Ax = b has integral solutions if and only if (y,b) is integer whenever y is a rational vector
and ATy is an integer vector.

Using this result we can characterize the CG closure of convex sets that are not full dimensional.

PROPOSITION 5.1 Let C C R™ be a closed convex set such that aff(C) = W + w, where w € Q™ and W
is a rational subspace with Aim(W) = k. Then one of the following conditions is satisfied:

(i) aff(C) N Z" = 0 and CGC(aff(C)) = 0

(ii) There exist an affine map L : R™ — RF such that
CGC(C) = L™HCGC(L(C))) Nnaff(C)

PROOF. Suppose aff (C) NZ™ = (. By Theorem [5.1| we have that there exists a € Z™ and ag € Q \ Z
such that aff(C) € {z € R™ : (a,z) = ap}. Then, (a,z) < |ag| and {(a,z) > [ag| are valid CG
cuts for C' and we obtain CGC(C) = (). Now, suppose aff(C) N Z"™ # (. We then may assume that
w € Z" and W = {Az +w : z € R*}, where A € Z"** is a rank k matrix. Then there exists an

unimodular matrix U € Z"*" and a non-singular matrix B € Z*** such that { = UA, where

)
On—kxk
0, _rxk € R"*k i5 the all zeros matrix (See for example Corollary 4.3b in page 49 of [31]). We can
then take L(z) = P, (U(x —w)) where Py, is the projection onto the first k variables. This transformation
gives the desired result because of the following useful properties of the CG closure.
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(i) If C C R¥ and 0,,_ is the all zeros vector in R"~* then CGC(C x 0,,_3) = CGC(C) x 0,,_g.
(ii) If C C R™ is a closed convex set and w € Z™ then CGC(C — w) = CGC(C) — w.

(iii) If ¢ C R™ is a closed convex set and U € Z"*™ is an unimodular matrix then

U CGC(C) = CGC(UQ).
The first two properties are direct. For the third one we can use the fact that U~7Z" = Z" to see that

UCGe(C) = |J {zeR™ : (a,U ') < |oc(a)]}

= U {zeR™: (U Ta,z) < |oc(a)]}
= U {z eR™ : (a,2) < |oc (UTa)| = lovc(a)|} = CGCUC).

d

Using Proposition the polyhedrality of the CG closure of a non full dimensional convex set C' is
equivalent to the polyhedrality of full dimensional convex set L(C). For instance, if L(C) is a strictly
convex set we can use Theorem to deduce the polyhedrality of L(C) and C. In particular we obtain
the following corollary.

COROLLARY 5.1 Let C be a strictly convexr body and let V' be an affine rational subspace. Then the CG
closure of VN C' is a rational polytope.

For the intersection with a general rational polyhedron P we need to understand the role of each face
of P in the construction of the CG closure of P N C. Specifically, we would like to be able to replace P
by PN C in the following lemma which is proven in page 340 of [31].

LEMMA 5.1 If F is a face of rational polyhedron P, then CGC(F) = CGC(P)N F.

To generalize Lemma [5.1] we will need to understand the support function of C' N P in relation to the
support functions of C' and P. In other words, we need a Farka’s type result for constraints € C' and
x € P, which requires some type of constraint qualification. If P and C satisfy constraint qualification
Pnint(C) # O, then it allows us to use the following known result. For completeness, we present a short
proof of this result in the appendix.

PROPOSITION 5.2 Let C be a closed convex set and P be a polyhedron such that P Nint(C) # 0. Then

opnc(a) < oplap) + oclac) (10)

for all ap,ac € R™ such that a = ap + ac. Furthermore, for every a € R™ there exists ap,ac € R™ such
that holds at equality.

LEMMA 5.2 Let C C R™ be a strictly conver body and let P C R™ be a rational polyhedron. Then if
dim(C'NP) >1 (i.e. CN P is not empty or a single point), we have that P Nint(C) # 0.

PROOF. By assumption dim(P N C) > 1 we have that there exists 2,y € PN C such that z # y and
z:= (x4 y) € P. Since C is a strictly convex body we have that z € int(C). O

With these results we obtain the following generalization of Lemma and a direct corollary that
describes the intersection of the CG closure of C' N P with the boundary of C'N P.

PROPOSITION 5.3 Let C be a strictly convex body and P be a rational polyhedron. Let F' be any nonempty
face of P, then for any S C Z™ there exists S’ C Z"™ such that CGCg/(PNC)NF = CGCg(FNC).

PROOF. We show that for any CG cut (a,z) < |[opnc(a)] for F N C, there exists a CG cut (b, z) <
lopnc(b)]| for PN C such that if u € FNC then {(a,u) > [ornc(a)] is equivalent to (b, u) > |opnc(D)].
The proof is divided into two cases.
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First consider the case where dim(FNC)=0or FNC = (. If FNC = (), then the result is evident.
Otherwise F'NC = {v} fore some v such that either v € bd(C) or F' = {v}. In both case if v ¢ Z", then
there exists a CG cut valid for C or P that separates this point (For the first case by Proposition and
for the second case by Lemmal5.1]and the fact that if v ¢ Z" then CGC({v}) = 0). Thus CGC(FNC) =
CGC(PNC)NF = (. On the other hand if v € Z", then CGC(FNC) = FNC = CGC(PNC) N F.

Now assume that dim(FNC) > 1. By Lemmal5.2] we have F' Nint(C) # 0. Therefore, by Proposition
there exists ap and a¢ such that opnc(a) = op(ar) +oc(ac) and a = ap +ac. Since P is a rational
polyhedron, let P ={z € R" : ASz <bS, ATz <b~}and F ={z € R" : ASzx <bS, Az = b~} where
AS A= bS b= are integral. By the nonemptyness of F there exists y<,y= such that

(y=)"AS + (y7) A= = (ap)” (11)
(y=,b%) + (y=,b~) = or(ar) (12)
y< > 0. (13)

Consider ap and # defined as ap := (y=)T A< + (y= — [y~])T AT and 7#p = (y=,0%) + (y= — [y=],b7),
where |-| is taken componentwise. Then observe that (ap,z) < 7p is a valid inequality for P.

Let a = a— (|ly~])TA= and # = opnc(a) — (ly~],b). Then observe that ¢ € Z" and @ = ar + ac
and 7 = 7 + oc(ac). Therefore, by Proposition (a,z) < 7 is a valid inequality for C'N P. Finally,
observe that if w € F' then

(a,u) = lorno(a)] = (@u)+(ly~ ), A7w) — [P +(ly~],07)
(

7))
<Ly:J ) A:u> - Ly:J ) b:>

+

COROLLARY 5.2 Let C be a strictly convex set and P a rational polyhedron such that C' N P is full
dimensional. Let {F;}™,, denote the facets of P, then

CGC(C' N P)Nbd(C N P) = (Z" Nbd(C) N P)UU, CGC(F; N C)

PROOF. We first note that if C'N P is full dimensional then bd(C'N P) = (bd(C) N P)U (bd(P)NC).
By Proposition we have that CGC(C) Nbd(C) = Z" N bd(C) and hence CGC(C' N P) Nbd(C) N
P = Z"Nbd(C) N P. Now, because P is full dimensional we have that bd(P) = |J.*, F; and hence
CGC(CNP)Nbd(P) =Ui~, F;NCGC(CNP) =J~, CGC(CNF;), where the last equality is obtained
using Proposition The result then follows from CGC(C N F;) N C = CGC(C N F;) for all 4. ]

Using these results the proof of Theorem [2.3]is as follows.

PROOF OF THEOREM [2.3] The proof is by induction on the dimension of C'N P. The base case is
when the dimension is 0 and in this case CGC(C' N P) is trivially a polyhedron (CGC(CNP)=CNP if
CNPeZ"and CGC(C N P) = otherwise).

For the induction argument we have that, by Proposition we may assume that C' N P is full-
dimensional. By Theorem , CGC(C) is a polyhedron. Let Sy C Z™ be a finite set such that
CGCg,(C) = CGC(C). Now, let {F;}™,, denote the facets of P. Then by the induction hypothesis,
we have that CGC(C N F;) is a polyhedron for each i. For each S; C Z"™ such that CGCg, (C' N F;) =
CGC(CNF;) let S; CZ" be the set given by Propositionsuch that CGCg/(CNP)NF; = CGCg, (CN
F;) = CGC(C N F;). Finally, let S = Sy U Sp UL, S; where Sp is the finite set such that P = {z €
R™ : (a,2) < op(a)Va € Sp} (Observe that Sp exists because P is a rational polyhedron).
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Noting than CGCg,(C) C C we obtain that CGCg(C'N P) C C'N P. Moreover, by Proposition [3.1] we
have that CGCg,(C) Nbd(C) C Z™ so

CGCs(C'NP)Nbd(C'NP) = (CGCs(C'NP)Nbd(C)NP)U(CGCs(CNP)NCNbA(P))  (14)

= (CGCs(CNP)Nbd(C)NP)U O(CGCS(C NP)NCNE) (15)

i=1

m
= (Z"nbd(C)NnP)U| JCGC(CNF) (16)
i=1
=CGC(CNP)Nbd(CNP) (17)
where the last two containments follow from the definition of S, Proposition [5.3] and Lemma Then
S complies with the hypothesis of Proposition and hence CGC(C N P) is a polyhedron. O

Appendix A. Omitted Proofs PROOF OF PROPOSITION . By Corollary C.3.1.2 in [20] we

have that
C= () {z€R": (a,2) <o(a)}.
acR”
It then suffices to show that

m {r eR" : (a,2) < o(a)} C ﬂ {z eR" : (a,2) < o(a)} C ﬂ {r eR" : (a,2) < o(a)}.
a€zZm aeQn acR”
The first containment follows from positive homogeneity of o¢(-) and the second follows from density of
Q™ in R™ and continuity of o¢(+) and (-, x). O

PRrROOF OF LEMMA (3.1, Take v € S"~1. Since C is compact, the linear form (v,.) achieves its
maximum over C. By linearity of (v,.) and since v # 0, any maximizer must be contained in bd(C). To
show that m¢ is well-defined, we need only guarantee that this maximum is unique. Assume then that
z,y € bd(K), x # y, such that

(0,2) = (v,9) = 56 (v)
Then note that the line [z,y] C bd(C), since C is convex and (v,z) < oc(v) for all z € C implies
(v,2) = o¢(v) for all z € [z,y]. But by the strict convexity of C, we have that (z,y) C int(C), a clear
contradiction. Hence the form (v,.) has a unique maximizer as needed.

Now let {v'};en be a sequence of vectors in S™"~! such that v* 12,y Let o = me(v). To show that
me is continuous it suffices to show that mg (v') “——» mg(v) = 2. Assume not, then for some open
neighborhood N of z, there exists a subsequence {v*i};cn such that me(v®) ¢ N for all i € N. Note
that the sequence {mc(v®)}ien is an infinite sequence on a compact set bd(C). Hence there exists a
convergent subsequence {mc(v%)};cy with limit y € bd(C). Since by construction, mc(v%) ¢ N, we
have that lim; ., mc(v®) =y ¢ N. Since x € N, we have that = # y. Now we see that

(v,y) = <4lim o9, lim mc(vﬁ"’)> = lim <vﬁi,mc(vﬁi)>

11— 00 71— 00 71— 00

Y

lim <vﬁi,x> = (v,z) > (v,y)

71— 00
Now since = m¢(v), we have that y € bd(C) is a maximizer of the form (v,.). But by strict convexity
this maximizer is unique, and since x # y, we get a contradiction. Hence m¢ is a continuous function as
claimed. O

PROOF OF PROPOSITION [5.2] For a convex set C' let

() = {0 zeC

+0o0  o.w.

be its indicator and for convex function f : R™ — RU{+o0} let f*(a) := sup{(a,z) — f(z) : = € dom(f)}
be its conjugate or Legendre-Fenchel transform. Now, let g3z = ic and g2 = ip so that (¢1)* = o,
(92)* = op and icnp = g1 + g2. Because P Nint(C) # () we have that int(dom(g1)) N dom(g2) # @ and
we hence have qualification assumption (2.3.Q.jj’) in page 228 of [20]. We can then use Theorem E.2.3.2
in [20] to obtain that opnc(a) = (icnp)*(a) = inf{op(ap) + oc(ac) : @ = ap + ac} and that for every
a € R™ there exists ap,ac € R" such that opnc(a) = op(ap) + oc(ac). O
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