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Abstract. We study the local behavior of a primal-dual inexact interior point
methods for solving nonlinear systems arising from the solution of nonlinear op-
timization problems or more generally from nonlinear complementarity problems.
The algorithm is based on the Newton method applied to a sequence of perturbed
systems that follows by perturbation of the complementarity equations of the orig-
inal system. In case of an exact solution of the Newton system, it has been shown
that the sequence of iterates is asymptotically tangent to the central path (Armand
and Benoist, Math Program 115:199–222, 2008). The purpose of the present pa-
per is to extend this result to an inexact solution of the Newton system. We give
quite general conditions on the different parameters of the algorithm, so that this
asymptotic property is satisfied.
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1 Introduction

We consider nonlinear programming problems of the form

Φ(x, y, z) = 0 and 0 ≤ x ⊥ z ≥ 0

where Φ : Rn+m+n → Rn+m is supposed to be smooth and the perp notation means
that in addition to nonnegative bounds, the variables x and z are orthogonal. This
problem is known as an implicit mixed complementarity problem (MCP for short)
and naturally arises in numerous applications [8, 9]. Consider for example the non-
linear programming problem

minimize f(x),
subject to g(x) = 0,

x ≥ 0,

for differentiable functions f : Rn → R and g : Rn → Rm. The first order necessary
optimality conditions can be written under the above form with

Φ(x, y, z) =
(
∇f(x) +∇g(x)y + z

g(x)

)
.

For convenience, let us rewrite the MCP under the form

F (w) = 0 and v ≥ 0, (1.1)

where w = (x, y, z), v = (x, z) and F : Rn+m+n → Rn+m+n is defined by

F (w) =
(

Φ(x, y, z)
XZe

)
,

where X = diag(x1, . . . , xn), Z = diag(z1, . . . , zn) and e is the vector of all ones.
The algorithm that we consider belongs to the class of interior point methods, in

which Newton-type iterations are applied to a perturbation of the complementarity
equations, namely

F (w) = µẽ, (1.2)

where µ > 0 and ẽ =
(
0 e>

)>. The perturbation parameter is progressively driven
to zero during the iterations, while the components of v are kept sufficiently positive,
so that at the limit we recover a solution of (1.1). Let us denote by w∗ such a solution.
Under standard nondegeneracy assumptions, the solution of (1.2) defines locally a
smooth curve µ 7→ w(µ), called the central path, whose end point is w∗ = w(0).

In this context, we provide a local convergence analysis for a primal-dual algo-
rithm of the form

F ′(wk)(w+
k − wk) + F (wk)− µk+1ẽ = rk, (1.3)
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for some suitable sequence {µk} of positive numbers converging to zero and some
residual vector rk. At the beginning, an initial starting guess w0, with v0 > 0, is
supposed to be given. To maintain strict feasibility with respect to the nonnegative
constraints, a safeguarding rule, the so-called fraction to the boundary rule, is applied
at each iteration: let αk be the greatest α ∈ (0, 1] such that

vk + α(v+
k − vk) ≥ (1− τk)vk, (1.4)

where τk ∈ (0, 1) (the inequality is understood componentwise). The new iterate is
then set according to

wk+1 = wk + αk(w+
k − wk). (1.5)

Recently [2], it has been shown that the sequence of iterates generated by algo-
rithm (1.3)–(1.5) with an exact solution of the Newton system, that is with rk = 0,
is asymptotically tangent to the central path in the sense that

wk = w(µk) + o(µk),

provided that the rate of convergence of {µk} is subquadratic. This is a core property
of interior point algorithms. It shows that the sequence of iterates naturally follows
the central path asymptotically, regardless of any proximity condition. In particular
it implies that the full Newton step (αk = 1) is asymptotically accepted by the
fraction to the boundary rule and that the rate of convergence of the sequence {wk}
is the same as those of {µk}. Our purpose is to extend this result to an algorithm
with inexact solutions of the Newton systems and by the way to provide conditions
on the residual rk, the perturbation parameter µk and the boundary parameter τk
such that the same property holds.

The usual analysis of the truncated or inexact Newton algorithms [6, 7, 15, 14]
for solving a nonlinear equation G(x) = 0, involves a forcing sequence {ηk} such
that the linear equation residual rk is forced to zero at least as fast as ηk times
the (non-linear) equation G(xk) to solve: ‖rk‖ ≤ ηk‖G(xk)‖. Whenever ηk < 1
remains bounded away from one, linear convergence in ensured. If {ηk} goes to
zero, superlinear convergence is obtained, while if ηk = O(‖G(xk)‖ξ) for 0 < ξ ≤ 1,
we get superlinear convergence with order at least 1 + ξ. In our context, a natural
extension should be ‖rk‖ ≤ ηk‖F (wk)−µk+1ẽ‖. Note that this condition could be too
restrictive in case of an iterate on the central path, in the sense that F (wk) = µk+1ẽ,
implying that rk = 0. In our study, we therefore propose a residual of the form

‖rk‖ ≤ ηk‖F (wk)− µk+1ẽ‖+ ζk, (1.6)

for a forcing sequence {ηk}, with 0 ≤ ηk < 1 for all k and a non-negative sequence
{ζk} that converges to zero. The parameter ζk appears as a relaxation term, but we
will see later that it also allows to encompass more general conditions on the residual.
We will show in Section 3 that our inexact strategy yields a locally convergent

3



algorithm even if {ηk} remains only bounded away from one. However, since we
strive to prove that {wk} asymptotically approaches in a tangential manner the
central path, the extension of the linearly convergent variants (ηk not converging
to 0) is hopeless. So, in our asymptotic analysis, developed in Section 5, we will
only consider sequences {ηk} converging to zero. The superlinear variants requires
that ηkµk = o(µk+1) and ζk = o(µk+1). For the order 1 + ξ variants, that is for a
dynamic forcing term of the form ηk = O(‖F (wk) − µk+1ẽ‖ξ) we will assume that
µk+1 ≥ βµ1+σ

k for some β > 0 and 0 < σ < ξ. This will be the most difficult case to
analyze.

This study is motivated by practical considerations, indeed in practice, when
solving large scale problems, iterative methods are often used to compute the New-
ton step. For instance, seven out of the ten papers in the special issue of Compu-
tational Optimization and Applications devoted to linear algebra in interior point
methods were concerned with iteratively solving the linear systems [13]. For lin-
ear and nonlinear problems, in many papers including [4, 1, 5, 12], the stopping
rule ‖rk‖ ≤ ηkµk is used. Note that our study encompasses this particular case by
means of suitable choices of the forcing terms used in (1.6). The results in those
references concerning inexact solutions of the linear systems vary from properties of
the preconditioner or the iterative solver to asymptotic analysis, sometimes also ad-
dressing global convergence. In one paper [1] for linear optimization, a result about
the iterates remaining in a neighborhood of the central path is given in a complexity
analysis context. Our results complement the above cited contributions, and are
mostly directly applicable to all those algorithms for non-linear problems including
MCPs. By satisfying our conditions, the central path is asymptotically followed,
and better numerical behavior is thus expected.

The remainder of the paper is organized as follows. After settling the notation
and assumptions in Section 2, convergence in a suitable neighborhood is addressed
in Section 3, while asymptotic behavior is explored in Section 4 and Section 5, then
numerical experiments are presented in Section 6. In Section 3, we provide a general
convergence analysis for any forcing sequence bounded away from one. These results
can be seen as an extension of the local convergence analysis of inexact Newton
methods, see e.g. [14, Chapter 6], when solving a parametrized system such as
(1.2). Section 4 is devoted to technical lemmas on which the asymptotic results
in Section 5 do rely; we herein prove that ‖wk − w(µk)‖ = O(µk) (Lemma 4.3).
Note that this result is a nontrivial extension of [2, Lemma 7] and has required an
entirely new proof. In Section 5, we provide analysis for the two inexact variants
of forcing sequences converging to zero; we justify that the inexact Newton step
w+
k satisfies w+

k = w(µk+1) + o(µk+1) (Lemma 5.4), and thus the unit stepsize
asymptotically satisfies the fraction of the boundary rule, which allows to conclude
that wk = w(µk) + o(µk) (Theorem 5.5). Therefore, asymptotically, our scheme
naturally follows the primal-dual central path. We then provide in Section 6 some
numerical illustrations which compare different choices of forcing sequences.
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2 Notation, assumptions and basic results

For i ∈ {1, . . . , n}, we denote by ei the vectors of the canonical basis of Rn and the
i-th component of a vector x ∈ Rn will be denoted by [x]i. Moreover in this paper
vector inequalities are understood componentwise. Given two vectors x, y ∈ Rn,
their Euclidean scalar product is denoted by x>y and the associated `2 norm is
‖x‖ = (x>x)1/2. The open Euclidean ball centered at x with radius r > 0 is denoted
by B(x, r), that is B(x, r) := {x′ ∈ Rn : ‖x′ − x‖ < r}.

For a differentiable function g : Rn → Rm and for all x ∈ Rn, ∇g(x) denotes the
transpose of the Jacobian matrix of g at x, i.e., the n×m matrix whose i-th column
is ∇gi(x).

For two nonnegative scalar sequences {ak} and {bk} converging to zero, we use
the Landau symbols: ak = o(bk) if there exists a sequence {ck} converging to zero,
such that ak = ckbk for large k; ak = O(bk) if there exists a constant c > 0, such
that ak ≤ cbk for large k. We use similar symbols with vector arguments, in which
case they are understood normwise.

Throughout the paper, we assume that the original complementarity problem
minimization problem has a local solution w∗ = (x∗, y∗, z∗) ∈ Rn+m+n. We also
suppose that the following assumptions are satisfied. To simplify our presentation,
the assumptions are stated according to the properties of the function F , instead to
the function Φ of the original complementarity problem.

Assumption 2.1 The functions F is continuously differentiable and its Jacobian is
Lipschitz continuous over an open neighbourhood of w∗, that is, there exist δ1 > 0
and L > 0 such that for all w,w′ ∈ B(w∗, δ1),

‖F ′(w)− F ′(w′)‖ ≤ L‖w − w′‖.

Assumption 2.2 The Jacobian F ′(w∗) is nonsingular.

Note that with the particular form of the function F , the second assumption
implies that strict complementarity holds at w∗. Indeed, we have

F ′(w) =
(

Φ′x Φ′y Φ′z
Z 0 X

)
,

so that if F ′(w∗) is nonsingular, then

a := min{[x∗]i + [z∗]i : i = 1, . . . , n} > 0. (2.1)

The two following lemmas are well known (see e.g. [11]). A proof of property
(2.2) below is given in [3].

Lemma 2.3 Let Assumptions 2.1-2.2 hold. There exist δ2 > 0, K > 0 and K ′ > 0
such that for all w ∈ B(w∗, δ2),

‖F ′(w)−1‖ ≤ K and ‖F ′(w)‖ ≤ K ′.
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Lemma 2.4 Let Assumptions 2.1-2.2 hold. There exist δ3 > 0, µ̄ > 0 and a
continuously differentiable function w(·) : (−µ̄, µ̄) → Rn+m+n such that for all
(w, µ) ∈ B(w∗, δ3)× (−µ̄, µ̄),

F (w) = µẽ if and only if w(µ) = w.

There exists C > 0, such that for all µ, µ′ ∈ (−µ̄, µ̄),

‖w(µ)− w(µ′)‖ ≤ C|µ− µ′|.

In addition, let w(µ) := (x(µ), y(µ), z(µ)), then for all i ∈ {1, . . . , n},

[x∗]i[z′(0)]i + [x′(0)]i[z∗]i = 1. (2.2)

We will first show in the next section that in a suitable neighborhood, the inexact
path following method is indeed attracted by w∗, and further in section 5 that, using
suitable forcing sequences, is attracted by the trajectory.

3 Convergence

We now address the convergence of the inexact interior point algorithm (1.3)–(1.5)
in which the residual of the linear system satisfies (1.6). We consider the general case
where the forcing sequence {ηk} satisfies 0 ≤ ηk ≤ η̄ < 1. The hardest case happens
to be the case when this sequence is not assumed to converge to zero. For this case,
the bounds given using an arbitrary norm would involve using the constants K and
K ′ and are too crude to obtain convergence since in the linear convergence analysis,
constants do matter. Therefore, we next use the norm induced by F ′(w(µ)) defined
as

‖u‖µ := ‖F ′(w(µ))u‖,

whenever the Jacobian matrix is nonsingular. Such method is classical for an analysis
of an inexact Newton method, see for example [14]. Note that with this notation we
have that

‖u‖0 := ‖F ′(w∗)u‖

since w(0) = w∗. Moreover, by virtue of Lemma 2.3, for all value of µ such that
w(µ) ∈ B(w∗, δ2) and for all vector u, we have

1
K
‖u‖ ≤ ‖u‖µ ≤ K ′‖u‖. (3.1)

For w close to w∗ and µ+ > 0, we define the inexact Newton iterate at (w, µ+)
by

F ′(w)(w+ − w) + F (w)− µ+ẽ = r, (3.2)
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where r is the residual of the linear system. It is assumed that this residual satisfies

‖r‖ ≤ η‖F (w)− µ+ẽ‖+ ζ, (3.3)

for given forcing terms η ∈ [0, 1) and ζ ≥ 0.
We hereafter assume that Assumption 2.1 holds for given positive constants δ1

and L. We then assume that the positive constants δ2, K, K ′, δ3, µ̄ and C are chosen
such that the conclusions of Lemma 2.3 and 2.4 hold. Let us define the constant

δ̄ = min{δ1, δ2, δ3}. (3.4)

We also assume that µ̄ is such that w(µ) ∈ B(w∗, δ̄) for all µ ∈ (0, µ̄), otherwise µ̄
is reduced accordingly.

Lemma 3.1 There exist K1 > 0 and K2 > 0 such that for all w ∈ B(w∗, δ̄),
µ+ ∈ [0, µ̄), η ∈ [0, 1) and ζ ≥ 0, if the residual defined by (3.2) satisfies (3.3), then

‖w+ − w(µ+)‖µ+ ≤ η‖w − w(µ+)‖µ+ +K1‖w − w(µ+)‖2 +K2 ζ.

Proof. Let w ∈ B(w∗, δ̄), µ+ ∈ [0, µ̄), η ∈ [0, 1) and ζ ≥ 0. We have

F ′(w(µ+))(w+ − w(µ+)) = (F ′(w(µ+))− F ′(w))(w+ − w(µ+))
+F ′(w)(w+ − w) + F ′(w)(w − w(µ+)).

Using (3.2) and F (w(µ+)) = µ+ẽ, we also have

F ′(w)(w+ − w) = r + µ+ẽ− F (w)

= r +
∫ 1

0
F ′(w + t(w(µ+)− w))(w(µ+)− w) dt.

We then deduce that

F ′(w(µ+))(w+ − w(µ+)) = r + (F ′(w(µ+))− F ′(w))(w+ − w(µ+))

+
∫ 1

0
(F ′(w + t(w(µ+)− w))− F ′(w))(w(µ+)− w) dt.

Taking the norm, then applying Cauchy-Schwarz inequality and using Assump-
tion 2.1, we get

‖w+ − w(µ+)‖µ+ ≤ ‖r‖+ L‖w+ − w(µ+)‖‖w − w(µ+)‖+
L

2
‖w − w(µ+)‖2. (3.5)

On one hand, using the equality

F (w)−µ+ẽ = F ′(w(µ+))(w−w(µ+)) +F (w)−F (w(µ+))−F ′(w(µ+))(w−w(µ+)),
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then taking the norm, using (3.3) and again the fact that F ′ is Lipschitzian, we
obtain

‖r‖ ≤ η‖w − w(µ+)‖µ+ + η
L

2
‖w − w(µ+)‖2 + ζ. (3.6)

On the other hand, by using (3.2), (3.3) and Lemma 2.3, we have

‖w+ − w(µ+)‖ ≤ ‖w+ − w‖+ ‖w − w(µ+)‖
≤ ‖F ′(w)−1(r + µ+ẽ− F (w))‖+ ‖w − w(µ+)‖
≤ K(‖r‖+ ‖F (w)− F (w(µ+))‖) + ‖w − w(µ+)‖
≤ K(1 + η)‖F (w)− F (w(µ+))‖+Kζ + ‖w − w(µ+)‖
≤ KK ′(1 + η)‖w − w(µ+)‖+Kζ + ‖w − w(µ+)‖
= K ′1‖w − w(µ+)‖+Kζ (3.7)

where K ′1 = 1 + KK ′(1 + η). Finally, using (3.7) and (3.6) in (3.5), the conclusion
follows with the constants K1 = 1

2L(1 + η + 2K ′1) and K2 = 1 + LKδ̄. 2

Next, we need to express the evolution of w+ − w∗ with respect to w − w∗. We
will use the norm ‖ · ‖0 and the above lemma, bounding the conversion between
norms.

Lemma 3.2 There exist three positive constants K3, K4 and K5 such that for all
w ∈ B(w∗, δ̄), µ+ ∈ [0, µ̄), η ∈ [0, 1) and ζ ≥ 0, if the residual defined by (3.2)
satisfies (3.3), then

‖w+ − w∗‖0 ≤ η‖w − w∗‖0 +K3‖w − w∗‖2 +K4µ
+ +K5 ζ. (3.8)

Proof. Let w ∈ B(w∗, δ̄), µ+ ∈ [0, µ̄), η ∈ [0, 1) and ζ ≥ 0. From the definition of
‖ · ‖0, Lemmas 2.3 and 2.4, we first have

‖w+ − w∗‖0 ≤ ‖w+ − w(µ+)‖0 + ‖w(µ+)− w∗‖0
≤ ‖w+ − w(µ+)‖0 +K ′Cµ+. (3.9)

Next, by using Assumption 2.1, Lemma 2.4, Lemma 3.1, inequality (3.7) and the
fact that ab ≤ 1

2(a2 + b2) for real numbers a and b, we obtain

‖w+ − w(µ+)‖0
= ‖F ′(w∗)(w+ − w(µ+))‖
≤ ‖F ′(w(µ+))(w+ − w(µ+))‖+ ‖F ′(w∗)− F ′(w(µ+))‖‖w+ − w(µ+)‖
≤ ‖w+ − w(µ+)‖µ+ + LCµ+‖w+ − w(µ+)‖
≤ η‖w − w(µ+)‖µ+ +K1‖w − w(µ+)‖2 + LCµ+‖w+ − w(µ+)‖+K2 ζ

≤ η‖w − w(µ+)‖µ+ +K1‖w − w(µ+)‖2 + LCK ′1µ
+‖w − w(µ+)‖+K ′2ζ

≤ η‖w − w(µ+)‖µ+ + (K1 +K ′3)‖w − w(µ+)‖2 +K ′3(µ+)2 +K ′2ζ
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where K ′2 = KLCµ̄+K2 and K ′3 = 1
2LCK

′
1.

Using ‖w − w(µ+)‖ ≤ ‖w − w∗‖ + ‖w∗ − w(µ+)‖ ≤ ‖w − w∗‖ + Cµ+ and the
inequality (a+ b)2 ≤ 2(a2 + b2) for real numbers a and b, we obtain

‖w+ −w(µ+)‖0 ≤ η‖w−w(µ+)‖µ+ + 2(K1 +K ′3)‖w−w∗‖2 +K ′4µ
+ +K ′2 ζ (3.10)

with K ′4 = (2(K1 +K ′3)C2 +K ′3)µ̄.
At last, we have

‖w − w(µ+)‖µ+

≤ ‖w − w∗‖µ+ + ‖w∗ − w(µ+)‖µ+

≤ ‖w − w∗‖µ+ +K ′Cµ+

≤ ‖F ′(w∗)(w − w∗)‖+ ‖(F ′(w(µ+))− F ′(w∗))(w − w∗)‖+K ′Cµ+

≤ ‖w − w∗‖0 + LCµ+‖w − w∗‖+K ′Cµ+

≤ ‖w − w∗‖0 + C(Lδ̄ +K ′)µ+. (3.11)

The conclusion of the lemma follows by using (3.11) and (3.10) in (3.9), defining the
constants K3 = 2(K1 +K ′3), K4 = C(Lδ̄ +K ′) +K ′4 and K5 = K ′2. 2

Corollary 3.3 Let η̄ ∈ [0, 1). There exist two constants 0 < δ ≤ δ̄ and M > 0 such
that for all w ∈ B(w∗, δ), for all µ+ ∈ [0, µ̄) and for all η ∈ [0, η̄], if the residual
defined by (3.2) satisfies (3.3), then the inexact Newton iterate w+ at (w, µ+) exists
and

‖w+ − w∗‖0 ≤
1 + η̄

2
‖w − w∗‖0 +M(µ+ + ζ). (3.12)

Proof. Set δ = min{ 1−η̄
2KK3

, δ̄} and M = max{K4,K5}, where K, K3 and K4 are
constants chosen so that conclusions of Lemmas 2.3 and 3.2 hold. Let w ∈ B(w∗, δ),
µ+ ∈ [0, µ̄) and η ∈ [0, η̄]. Applying Lemma 2.3, we have

‖w − w∗‖ = ‖F ′(w∗)−1F ′(w∗)(w − w∗)‖
≤ K‖w − w∗‖0.

By virtue of Lemma 3.2 we have

‖w+ − w∗‖0 ≤ (η +KK3δ)‖w − w∗‖0 +M(µ+ + ζ),

from which the result follows by the choice of δ. 2

The result that follows will be used to show that near the solution, the steplength
computed by means of the fraction to the boundary rule (1.4) remains bounded
away from zero. This property will be satisfied if the components of the residual
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corresponding to the complementarity conditions are smaller than µ+, in the sense
that

‖rc‖∞ < µ+, (3.13)

where rc is defined by

rc := Z(x+ − x) +X(z+ − z) +XZe− µ+e. (3.14)

In practice, this condition can be easily satisfied by reducing the system thanks to
the substitution

z+ − z = X−1(µ+e− Z(x+ − x)) (3.15)

in (3.2). In that case, because rc = 0, (3.13) is trivially satisfied.
Recalling the definition (2.1) of the constant a and according to the fact that

F ′(w) is nonsingular in the ball B(w∗, δ̄), we have a > δ̄. We then define the positive
constant

b :=
1

a− δ̄
.

Lemma 3.4 For all w ∈ B(w∗, δ̄) and µ+ ∈ (0, µ̄), if v > 0 and if the residual
defined by (3.14) satisfies (3.13), then

v +
v+ − v

1 + b‖w+ − w‖
≥ 0.

Proof. Let w ∈ B(w∗, δ̄) such that v > 0. Let us define

t :=
1

1 + b‖w+ − w‖
.

It is enough to prove that for all i ∈ {1, . . . , n},

[z]i + t([z+]i − [z]i) ≥ 0. (3.16)

By a symmetric argument the same property will hold for the components [x]i.
Let i ∈ {1, . . . , n}. If [z+]i ≥ 0, then (3.16) is satisfied because [z]i > 0 and

0 < t ≤ 1. Suppose then that [z+]i < 0. Using (3.14), we have

[z]i([x+]i − [x]i) + [x]i([z+]i − [z]i) = µ+ − [x]i[z]i + [rc]i,

and thus

[x+]i − [x]i =
µ+ + [rc]i

[z]i
− [x]i[z+]i

[z]i
.

By assumptions we have µ+ + [rc]i > 0, we then deduce that

0 < − [x]i[z+]i
[z]i

< [x+]i − [x]i. (3.17)
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The remainder of the proof is completely similar to the proof of [2, Lemma 4],
but we reproduce it here for completeness.

Let us define ti = [z]i
[z]i−[z+]i

. It follows that 0 < ti < 1 and by using the notation
vi = ([x]i, [z]i), we obtain

1− ti
ti

=
−[z+]i

[z]i
=

(([x]i[z+]i/[z]i)2 + ([z+]i)2)1/2

‖vi‖
.

Now using (3.17) and 0 < −[z+]i < [z]i − [z+]i, we obtain

1− ti
ti

≤ (([x+]i − [x]i)2 + ([z+]i − [z]i)2)1/2

‖vi‖

≤ ‖w − w+‖
‖vi‖

. (3.18)

The definition (2.1) of a and Assumption 2.2 imply

a− δ̄ ≤ ‖v∗i ‖ − ‖vi − v∗i ‖ ≤ ‖vi‖, (3.19)

where v∗i = ([x∗]i, [z∗]i). From inequalities (3.18) and (3.19), we deduce that

1− ti
ti
≤ b‖w − w+‖,

and thus
t ≤ ti.

Since [z+]i − [z]i < 0, the last inequality implies that

[z]i + t([z+]i − [z]i) ≥ [z]i + ti([z+]i − [z]i) = 0,

from which (3.16) follows. 2

Corollary 3.5 [2, Corollary 1] Let µ+ ∈ (0, µ̄) and w ∈ B(w∗, δ̄) such that v > 0.
Let w+ be the Newton iterate defined by (3.2). Assume that the residual satisfies
(3.13). Let α be the greatest value in (0, 1] such that

v + α(v+ − v) ≥ (1− τv)v,

where τv ∈ (0, 1). Then the following inequalities hold:

α ≥ τv
a− δ̄
a+ δ̄

(3.20)

and
1− α ≤ 1− τv + b‖w − w+‖. (3.21)
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This result allows to prove convergence in a suitable neighborhood.

Theorem 3.6 Let Assumptions 2.1–2.2 hold. Let η̄ ∈ (0, 1) and τ̄ ∈ (0, 1). There
exists δ∗ ∈]0, δ̄[, ζ∗ > 0, µ∗ ∈]0, µ̄[, κ ∈ (0, 1) and M > 0 such that for all sequences
{ηk} ⊂ [0, η̄], {ζk} ⊂ [0, ζ∗] converging to zero, {τk} ⊂ (τ̄ , 1), {µk} ⊂ (0, µ∗) con-
verging to zero and for an initial point w0 ∈ B(w∗, δ∗) with v0 > 0, the inexact
primal-dual algorithm, defined for all k by (1.3)–(1.5) with a residual rk satisfying
(1.6) and ‖rck‖∞ < µk+1, generates a sequence {wk} converging to w∗ such that, for
all integer k, vk > 0 and

‖F ′(w∗)(wk+1 − w∗)‖ ≤ κ‖F ′(w∗)(wk − w∗)‖+M(µk+1 + ζk).

Proof. Let us choose

δ∗ =
1

KK ′
δ, 0 < ζ∗ <

(1− η̄)δ
2KM

and µ∗ = min{(1− η̄)δ
2KM

− ζ∗, µ̄},

where δ, K, K ′ and M are the constants defined in Lemma 2.3 and Corollary 3.3. We
have δ∗ ≤ δ ≤ δ̄ and µ∗ ≤ µ̄. Let {ηk} ⊂ [0, η̄] be a forcing sequence , {τk} ⊂ (τ̄ , 1) be
a sequence and {µk} ⊂ (0, µ∗) be a sequence converging to zero. Let w0 ∈ B(w∗, δ∗),
with v0 > 0, be the starting point of the primal-dual algorithm.

Firstly we shall show by induction that for all integer k, the vector wk exists and
satisfies the inequality

‖wk − w∗‖0 ≤
δ

K
.

Our claim holds for k = 0 by using the second inequality in (3.1). Assume it is true
for a given k ≥ 0. The first inequality in (3.1) implies that ‖wk−w∗‖ ≤ δ. By virtue
of Corollary 3.3, the vector w+

k exists and we have

‖w+
k − w

∗‖0 ≤ 1 + η̄

2
‖wk − w∗‖0 +M(µk+1 + ζk) (3.22)

≤ 1 + η̄

2
δ

K
+M(µ∗ + ζ∗)

≤ δ

K
.

Using (1.5) and the induction hypothesis, the vector wk+1 exists and we have

‖wk+1 − w∗‖0 = ‖αkw+
k + (1− αk)wk − w∗‖0

≤ αk‖w+
k − w

∗‖0 + (1− αk)‖wk − w∗‖0 (3.23)

≤ δ

K

which ends our induction reasoning. Now put

ᾱ = τ̄
a− δ̄
a+ δ̄

and κ = 1− 1− η
2

ᾱ < 1.

12



Let k ∈ N. Using (3.20), we have ᾱ ≤ αk and, according to (3.22) and (3.23), it
follows

‖wk+1 − w∗‖0 ≤ αk(
1 + η̄

2
‖wk − w∗‖0 +M(µk+1 + ζk)) + (1− αk)‖wk − w∗‖0

≤ κ‖wk − w∗‖0 +M(µk+1 + ζk)

which is exactly the desired inequality. Moreover, recalling that the sequence {wk}
is bounded and taking the limit superior in the above inequality, we deduce that
lim sup ‖wk−w∗‖0 = 0. It follows that the whole sequence {wk} converges to w∗. 2

4 Technical lemmas

The section is devoted to the proof of a fundamental property intended to the
asymptotic analysis. As we said in the introduction, Lemma 4.3 is a far from obvious
extension of [2, Lemma 7]. Note that the statements of this section are valid in a
general context and that this part can be skipped at first reading. The proof is
divided in three parts. Before proving Lemma 4.3 we will show two important
preliminary lemmas.

Lemma 4.1 Let {µk} ⊂ (0,+∞) be a sequence such that for all integer k

βµ1+σ
k ≤ µk+1 ≤ γµk (4.1)

for some constants β > 0, γ ∈ (0, 1) and σ > 0. Let {ek} ⊂ R+ be a sequence
converging to zero and satisfying for all integer k

ek+1 ≤ qke1+ξ
k +

µk+1

µk
ek (4.2)

for two constants q ∈ (0, 1) and ξ > σ. Then we have ek = O(µk).

Proof. Firstly let us choose two real numbers σ′ and ξ′ such that σ < σ′ < ξ′ < ξ
and set r := 1 + σ′ and s := 1 + ξ′. Let us also define the real number

Q :=
∞∏
`=0

(1 + q`),

which belongs to (1,+∞). Without loss of generality we can assume that the se-
quence {ek} ⊂ (0,+∞). Indeed if ek = 0 for some k, the relation (4.2) implies that
the terms of the sequence vanish for all indices greater than k and the conclusion
trivially holds. We can also assume that the sequence {ek}k≥k0 is non-increasing for
some k0 ∈ N. Indeed, for sufficiently large k ∈ N we have

ek+1 ≤ (qkeξk +
µk+1

µk
)ek ≤ (qkeξk + γ)ek ≤ ek.

13



Let us now define the set of indices K := {k ∈ N : µk+1 ≤ µkeξk}. We shall show that
K has a finite number of elements. Suppose on the contrary that K := {ki}i∈N is a
subsequence of the sequence of nonnegative integers. From the definition of K and
from (4.2), we have on one hand for all k /∈ K

ek+1

µk+1
≤ (1 + qk)

ek
µk

(4.3)

and on the other hand for all i ∈ N

eki+1 ≤ (1 + qki)e1+ξ
ki

. (4.4)

Since q ∈ (0, 1) and the sequence {ek} tends to zero, we deduce from (4.4) that there
exists i0 ∈ N such that ki0 ≥ k0 and for all i ≥ i0

eki+1 ≤ eski . (4.5)

We now claim that there exists i1 ≥ i0 such that for all i ≥ i1, there exists
ti ∈ [0, 1] such that

eki+1
≤ tieski and µki+1

≥ tiµrki .

Indeed, since r > 1 + σ and the sequence {µk} tends to zero, there exists i1 ≥ i0
such that for all i ≥ i1, we have

µki+1 ≥ βµ1+σ
ki
≥ β

Q
µ1+σ
ki
≥ µrki . (4.6)

Let i ≥ i1. If ki+ 1 = ki+1, according to (4.5) and(4.6), we can take ti = 1. Suppose
now that ki+1 < ki+1. Using that (4.3) holds for all index k such that ki < k < ki+1

and that the finite product
∏ki+1−1
`=ki+1(1 + q`) is bounded above by A, we obtain

eki+1

µki+1

≤ Qeki+1

µki+1
.

Let us take ti :=
eki+1

eki+1
. Since the sequence {ek}k≥k0 is non-increasing, we have

ti ≤ 1. By (4.5) we have eki+1
= tieki+1 ≤ tieski . We also have

µki+1
≥ 1
Q

eki+1

eki+1
µki+1 ≥

β

Q
tiµ

1+σ
ki
≥ tiµrki ,

so that the claim is proved.
In others words, for all i ≥ i1, we have

Ui+1 ≤ tiU si and Vi+1 ≥ tiV r
i (4.7)

where Ui = eki and Vi := µki . Moreover the definition of K combined with the first
inequality in (4.1) yields

βµ1+σ
ki
≤ µki+1 ≤ eξkiµki .
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Since σ < ξ, we deduce that there exists i2 ≥ i1 such that for all i ≥ i2.

Vi = µki ≤
1

β1/σ
e
ξ/σ
ki
≤ eki = Ui.

Repeating the use of (4.7), we deduce that for all i ≥ i2 and for all j ≥ 0 we have
the chain of inequalities(

j−1∏
`=0

tr
`

i+j−1−`

)
V rj

i ≤ Vi+j ≤ Ui+j ≤

(
j−1∏
`=0

ts
`

i+j−1−`

)
U s

j

i ≤

(
j−1∏
`=0

tr
`

i+j−1−`

)
U s

j

i ,

the last inequality following from r < s and ti ∈ (0, 1] for all i ≥ i2. We then obtain
for all i ≥ i2 and for all j ≥ 0

V rj

i ≤ U s
j

i ,

which contradicts the fact that r < s.
Consequently K has a finite number of elements. Then there exists k1 ∈ N such

that (4.3) holds for all k ≥ k1. We deduce that for all k ≥ k1

ek
µk
≤ Qek1

µk1

and thus we conclude that ek = O(µk). 2

Lemma 4.2 Let {µk} ⊂ (0,+∞) be a sequence such that for all integer k

βµ1+σ
k ≤ µk+1 ≤ γµk (4.8)

for some constants β > 0, γ ∈ (0, 1) and σ > 0. Let {ek} ⊂ R+ be a sequence
converging to zero and satisfying for all integer k

ek+1 ≤ e1+ξ
k +

µk+1

µk
ek (4.9)

for some constant ξ > σ. Then we have ek = O(µk).

Proof. By eventually renumbering the sequences, we can assume that µ0 ≤ 1. Let
us choose γ′ and θ in (0, 1) such that γ < γ′ < γ

1−σ
ξ < θ. Then we can also choose

σ̄ ∈ (σ, ξ) sufficiently near ξ such that

γ1−σ
σ̄ ≤ θ. (4.10)

Since the sequence {ek} tends to zero, there exists k0 ∈ N such that for all k ≥ k0

ek+1 ≤ (eξk + γ)ek ≤ γ′ek.
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Let us define a := θξ, ēk := 1

θ
k+ 1

ξ
ek and µ̄k := 1

θk
µk, such that (4.9) is rewritten as

ēk+1 ≤ akē1+ξ
k +

µ̄k+1

µ̄k
ēk.

Let us show that the two sequences {µ̄k} and {ēk} satisfy all the assumptions of
Lemma 4.1, so that we will have ēk = O(µ̄k) and thus ek = O(µk).

On one hand, assumption (4.2) is clearly satisfied and for all k ≥ k0 we have

ēk+1 =
1

θ
k+1+ 1

ξ

ek+1 ≤
1

θ
k+1+ 1

ξ

γ′ek =
γ′

θ
ēk

from which we deduce that the sequence {ēk} tends to zero. On the other hand,
from (4.8) we have that for all k ∈ N

β̄θkσµ̄1+σ
k ≤ µ̄k+1 ≤ γ̄µ̄k, (4.11)

with β̄ = β
θ and γ̄ = γ

θ < 1. In particular since µ̄0 = µ0 ≤ 1, we have µ̄k ≤ γ̄k for all
integer k. Recalling (4.10) which can be rewritten γ̄ ≤ θ

σ
σ̄−σ , we deduce that for all

integer k, µ̄k ≤ θ
kσ
σ̄−σ , and thus

µ̄1+σ̄
k = µσ̄−σk µ̄1+σ

k

≤ θkσµ̄1+σ
k .

Hence, relation (4.11) implies that for all integer k,

β̄µ̄1+σ̄
k ≤ µ̄k+1 ≤ γ̄µ̄k.

It follows that assumption (4.1) is satisfied, which completes the proof. 2

Lemma 4.3 Let {µk} ⊂ (0,+∞) be a sequence converging to zero and satisfying
for all integer k

βµ1+σ
k ≤ µk+1 ≤ γµk (4.12)

for some constants β, γ and σ in (0,+∞). Let {ek} ⊂ R+ be a sequence converging
to zero and satisfying for all integer k

ek+1 ≤ e1+ξ
k + ρ

µk+1

µk
ek + cµk+1 (4.13)

for some constants ξ > σ, ρ ∈ (0, 1) and c ≥ 0. If ργ < 1, then we have

lim sup
k→∞

ek
µk
≤ s := cmax{(1− ρ)−1, (1− ργ)−1}. (4.14)
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Proof. In order to prove the lemma, it suffices to show that for every t > s there
exists an integer kt such that for all k ≥ kt, ek ≤ tµk.

Let t > s. We first claim that there exists an integer k0 >
1
σ such that, for all

k ≥ k0

tξ
µ1+ξ
k

µk+1
+ ρ+

c

t
≤ 1.

Indeed the definition of s in (4.14) and t > s imply that

t >
c

1− ρ
and t >

c

1− ργ
. (4.15)

The first inequality of (4.12) implies that µ1+ξ
k
µk+1

≤ µξ−σk
β and consequently the sequence

{tξ µ
1+ξ
k
µk+1
} converges to zero. Moreover, the first inequality of (4.15) implies that

ρ+
c

t
< 1, so that the existence of such k0 is ensured.

If ek ≤ tµk for some k ≥ k0, then by applying inequality (4.13), we obtain

ek+1 ≤

(
tξ
µ1+ξ
k

µk+1
+ ρ+

c

t

)
tµk+1 ≤ tµk+1.

Hence, if we can prove that ekt ≤ tµkt for some kt ≥ k0, then by induction we
have ek ≤ tµk for all k ≥ kt and we are done. Therefore, to conclude this proof,
it is enough to show that ek ≤ tµk for some k ≥ k0. We will prove this fact by
contradiction.

Suppose that
ek > tµk for all k ≥ k0. (4.16)

Let k ≥ k0. Notice that (4.16) and (4.13) yield µk+1 <
ek+1

t and(
1− c

t

)
ek+1 ≤

(
eξk + ρ

µk+1

µk

)
ek.

Multiplying both sides of this last inequality by
(

t
t−c

)1+ 1
ξ we obtain

ẽk+1 ≤ ẽ1+ξ
k +

µ̃k+1

µ̃k
ẽk (4.17)

where ẽk :=
(

t
t−c

) 1
ξ
ek and µ̃k := ϕkµk with ϕ := ρt

t−c . The first inequality of (4.15)

implies that ϕ < 1. Multiplying inequalities (4.12) by ϕk+1 we have

ϕk+1β
(ϕkµk)1+σ

ϕk(1+σ)
≤ ϕk+1µk+1 ≤ ϕγϕkµk,
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which is equivalent to
ϕ1−kσβµ̃1+σ

k ≤ µ̃k+1 ≤ ϕγµ̃k.

Since ϕ < 1 and k ≥ k0 >
1
σ , we have ϕ1−kσ > 1 which implies

β̃µ̃1+σ̃
k ≤ µ̃k+1 ≤ γ̃µ̃k (4.18)

where β̃ := β, σ̃ = σ and γ̃ := ϕγ. Moreover from the second inequality of (4.15)
and since ργ < 1, we deduce that ϕγ = ρtγ

t−c < 1 or equivalently γ̃ < 1.
Relations (4.17) and (4.18) imply that all assumptions of Lemma 4.2 are satisfied

with the sequence {µ̃k0+k}k≥0 and the sequence {ẽk0+k}k≥0 which clearly converge
to zero. Applying Lemma 4.2 we conclude that ek = O(ϕkµk), which contradicts
(4.16) and completes the proof. 2

5 Asymptotic behavior

In this section, we place our study in the context of Theorem 3.6. More precisely,
we assume that Assumptions 2.1–2.2 holds. We fix two constants η̄ ∈ (0, 1) and
τ̄ ∈ (0, 1). We also fix sequences {ηk} ⊂ [0, η̄], {ζk} ⊂ [0, ζ∗] converging to zero,
{τk} ⊂ (τ̄ , 1), {µk} ⊂ (0, µ∗) converging to zero and an initial point w0 ∈ B(w∗, δ∗)
with v0 > 0. Then, according to Theorem 3.6, the inexact primal-dual algorithm
generates a sequence {wk} converging to w∗. To lighten the notation, we define the
following sequences

εk = ‖wk − w(µk)‖, ε̂k = ‖wk − w(µk+1)‖ and ε+k = ‖w+
k − w(µk+1)‖.

We now address the asymptotic behavior of the inexact primal-dual algorithm.
In this context, since we deal with superlinear convergence, the analysis may well
be performed using any norm, the refined constants bounds not being required.
We develop simultaneously the results for two cases depending on the choice of the
forcing sequence:

• {ηk} converges to 0,

• ηk = O(‖F (wk)− µk+1ẽ‖ξ), for some parameter ξ > 0.

Intuitively, the rate of convergence of the forcing sequence has to be faster than that
of the barrier parameter to let the sequence of iterates becoming asymptotically
tangent to the central path. For the first case we will assume that ηkµk = o(µk+1).
For the second case it will be assumed that the rate of convergence of {µk} is at
most superlinear with an order 1 + σ for a given 0 < σ < ξ. More precisely, in the
sequel we add on the sequences {ηk}, {ζk} {τk} and {µk} the following assumption.
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Assumption 5.1 The sequences {µk} and {τk} satisfy for all integer k

βµ1+σ
k ≤ µk+1 ≤ γµk (5.1)

and
1− τ µk+1

µk
≤ τk < 1 (5.2)

for constants β > 0, γ > 0, σ ∈ (0, 1) and τ < min{ 1
γ ,

1
2}. The forcing sequence

{ζk} satisfies
ζk = o(µk+1). (5.3)

The forcing sequence {ηk} satisfies either

ηk = o
(µk+1

µk

)
(5.4)

or
ηk = O(‖F (wk)− µk+1ẽ‖ξ) (5.5)

for some constant ξ ∈ (σ, 1].

The left inequality in (5.1) implies in particular that

µ2
k = o(µk+1). (5.6)

Note also that, for all integer k, since µk+1 ≤ γµk we have

|µk+1 − µk| ≤ γ′µk (5.7)

with γ′ = max{1, γ − 1}.
Now we can evaluate the progress made by the inexact Newton step w+

k .

Lemma 5.2 Let Assumption 5.1 holds. We have

ε+k = O(ε2k + ηkεk + ηkµk + µ2
k + ζk). (5.8)

Moreover, in the case where (5.5) holds, we get

ε+k = O(ε1+ξ
k + µ1+ξ

k + ζk). (5.9)

Proof. By virtue of Lemma 3.1 and by applying the inequalities (3.1), we have that

ε+k = O(ε̂2k + ηk ε̂k + ζk). (5.10)

Using Lemma 2.4 and (5.7), we also have for all integer k

ε̂k ≤ εk + ‖w(µk)− w(µk+1)‖
≤ εk + C|µk − µk+1|
≤ εk + Cγ′µk. (5.11)
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Combining (5.10) and (5.11), we deduce the relation (5.8).
Assume now that (5.5) holds. In this case we have ηk = O(ε̂ ξk ). The bound (5.10)

implies that ε+k = O(ε̂ 1+ξ
k + ζk). From (5.11) we get ε+k = O((εk + µk) 1+ξ + ζk).

Finally applying for all integer k the following inequality of convexity

(εk + µk)1+ξ ≤ 2ξ(ε1+ξ
k + µ1+ξ

k ) (5.12)

we get the result. 2

In order to pursue, we need to take into account the fraction to the boundary
steplength. We will prove that the sequence {εk} goes to zero at a speed at least as
fast as µk. This in turn will allow to formally justify that the unit steplength will be
taken, and thus that the above lemma remains valid when we replace w+

k by wk+1.
Recall that in Assumption 5.1 we have τ < 1 and τγ < 1. Therefore, we can

choose a constant ρ such that

τ < ρ < 1 and ργ < 1.

Under this notation we have the following properties.

Lemma 5.3 Let Assumption 5.1 holds. In case where (5.4) holds, there exist con-
stants c > 0 and e > 0 such that for all integer k,

ek+1 ≤ e2
k + ρ

µk+1

µk
ek + c µk+1. (5.13)

In case where (5.5) holds, there exist constants c > 0 and e > 0 such that for all
integer k,

ek+1 ≤ e1+ξ
k + ρ

µk+1

µk
ek + c µk+1. (5.14)

Proof. Using (1.5), inequality (3.21) and the assumption (5.2), we have for all
integer k

εk+1 = ‖αkw+
k + (1− αk)wk − w(µk+1)‖

≤ αkε
+
k + (1− αk)ε̂k

≤ ε+k + (1− τk + b‖wk − w+
k ‖)ε̂k

≤ ε+k + τ
µk+1

µk
ε̂k + b(ε̂k + ε+k )ε̂k

Then, using (5.11), we obtain for all integer k

εk+1 ≤ τ
µk+1

µk
εk +Rk (5.15)
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with Rk = τCγ′µk+1 + b(εk + Cγ′µk)2 + (1 + bε̂k)ε+k . Recalling that the sequence
{ε̂k} converges to 0 and according to relation (5.6), we have

Rk = O(µk+1 + ε2k + ε+k ).

Then, using relation (5.8) and the assumption (5.3), we obtain

Rk = O(ε2k + ηkεk + ηkµk + µk+1). (5.16)

Assume that (5.4) holds. We then have ηkεk = o(µk+1

µk
εk). Then, according to

relations (5.15) and (5.16), there exist e > 0 and c > 0 such that for k large enough

εk+1 ≤ eε2k + ρ
µk+1

µk
εk +

c

e
µk+1.

By multiplying both sides by e and by eventually increasing the value of c, inequality
(5.13) is satisfied for all k ∈ N.

Assume now that (5.5) holds. In this case we have ηk = O(ε̂ ξk ) which implies,
ηk(εk + µk) = O((εk + µk)1+ξ) from inequality (5.11). By applying (5.12), we get
ηk(εk +µk) = O(ε1+ξ

k +µ1+ξ
k ), from which with the assumption (5.1) we deduce that

ηk(εk + µk) = O(ε1+ξ
k + µk+1).

Then, according to relations (5.15) and (5.16), the fact that ε2k ≤ ε1+ξ
k for k large

enough, there exist e > 0 and c > 0 such that for sufficiently large k we get

εk+1 ≤ eξε1+ξ
k + ρ

µk+1

µk
εk +

c

e
µk+1.

By multiplying both sides by e and by eventually increasing the value of c, inequality
(5.14) is then satisfied for all k ∈ N. 2

Lemma 5.4 Let Assumption 5.1 holds. We have ε+k = o(µk+1).

Proof. According to Lemma 4.3, we have εk = O(µk). Assume that (5.4) holds.
By using (5.8), we obtain

ε+k = O(µ2
k + ηkµk + ζk).

Assume now that (5.5) holds. By using (5.9), we obtain

ε+k = O(µ1+ξ
k + ζk).

In both cases, by Assumption 5.1, we can conclude that ε+k = o(µk+1). 2
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Theorem 5.5 Assume that all the assumptions of Theorem 3.6 are satisfied. As-
sume also that Assumption 5.1 holds. Then the inexact primal-dual algorithm, de-
fined for all k by (1.3)–(1.5), generates a sequence {wk} converging to w∗ such that
for sufficiently large index k the unit step length is accepted by the fraction to the
boundary rule (1.4), meaning that wk+1 = w+

k and we have

wk = w(µk) + o(µk).

Proof. Since ‖w(µk)−w∗‖ = O(µk), the full step to w+
k should satisfy the fraction

to the boundary rule, so we would have εk = o(µk). This is proved in [2, section 8],
and the proof only relies on Lemmas 2.4 and 5.4, so it still applies in our more
general context. 2

6 Numerical illustration

We choose to illustrate the behavior of an inexact interior point method by means of
the numerical solution of a set of bound constrained quadratic convex minimization
problems. We explore different choices for the forcing sequences and observe their
impact on the efficiency of the algorithm. The experiments were done with Matlab.
The problems come from [10] and are of the form

min 1
2x
>Hx+ q>x

s.t. x ≥ 0,

where H ∈ Rn×n is positive definite and q ∈ Rn. To simplify the presentation the
bounds are assumed to be only nonnegative, but general bounds are handled in
similar manner as described below.

There are two problems suites: 760 problems named Ball and 997 problems
named Topple. The problems are of medium size, ranging from a minimum of 33
variables to a maximum of 288. Under our notation we have w = (x, z) and

F (w) =
(
Hx+ q − z

XZe

)
.

The corresponding Newton system is first reduced thanks to the substitution (3.15),
so that the linear equation to solve is of the form

(H +X−1Z)(x+ − x) +Hx+ q − µ+X−1e = 0,

This linear system is solved by means of a preconditioned conjugate gradient method
(pcg.m). Two preconditioners are suggested in [10]. The first one is the simple
diagonal matrix diag(H + X−1Z). The second one is obtained via an incomplete
Cholesky factorization (cholinc.m) of the matrix H +X−1Z with a drop tolerance
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of 10−4. Though such a factorization cannot be done in a real application where
only products matrix-vector are available, we do it only to compare different choices
of the parameters.

The general settings are done according to those described in [10], which corre-
spond to the local algorithm (1.3)–(1.5) described here, except that two steplengths
are used, one for the primal variable x and one for the dual variables z, each one
been computed by means of the fraction to the boundary rule of the form (1.4). The
choice of the barrier parameter was slightly modified from that of [10], in order to
fulfill our theoretical assumptions. At the beginning, the barrier parameter is set to
the duality gap, that is 1

nx
>z. Then the choice of µ+ is done as follows. The value

µ̄ = θ
nx
>z is at first computed, where θ is a centering parameter initially set to 0.1.

Whenever one of the fraction to the boundary steplengths becomes too small (less
than 0.1), θ is set to 0.3, otherwise it is set to (0.1 + θ)/2. The new value of the
barrier parameter is then set according to

µ+ =
{

min{µ̄, γµ} if µ ≥ 0.1,
max{µ1+σ,min{µ̄, γµ}} otherwise,

with γ = 2 and σ = 0.4. At last, the choice of the fraction to the boundary parameter
was done according to the formula max{0.9995, 1− µ+/(2γµ)}.

The stopping test of the conjugate gradient iterations is of the form

‖(H +X−1Z)(x+ − x) +Hx+ q − µ+X−1e‖ ≤ η‖F (w)− µ+ẽ‖+ ζ,

where the function F is defined above, except in one experiment for which the right
hand side of the inequality is replaced by

min
{
‖F (w)‖1.5, 1

k+1‖F (w)‖
}
, (6.1)

where k is the iteration number. The results for different choices for the parameters
η and ζ are given in Tables 1 and 2, which report the mean/max number of inte-
rior point iterations (IP Iter) and conjugate gradient iterations (CG Iter) on each
problems class.

The first row of each table corresponds to a nearly exact solution of the linear
system and was the choice made in [10]. We note that the number of IP iterations is
quite stable, while the efficiency in terms of CG iterations is very sensitive regarding
the choices of η and ζ. We also experimented with a dynamic formula of the form
η = ‖F (w) − µ+ẽ‖ξ, but have not reported the results because they are similar to
those with η = µξ. The last experiments with formula (6.1) are interesting because
they give a real dynamic choice of the stopping tolerance for the CG iterations and
is supported by our convergence theory. Indeed, by using the triangle inequality and
a convex inequality like (5.12), we have

‖F (w)‖1.5 ≤
√

2(‖F (w)− µ+ẽ‖1.5 + (‖ẽ‖µ+)1.5)

and thus assumptions (5.3) and (5.5) are satisfied. This choice gives the best nu-
merical results for both classes of problems and both preconditioners.
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ball topple

η ζ IP Iter CG Iter IP Iter CG Iter
10−6 0 13.1/21 1375/2335 13.2/22 1160/4928
µ 0 13.6/39 863/1867 17.0/41 807/3407
µ0.5 0 14.0/47 648/1404 18.8/52 553/2691
µ+

(k+1)µ 0 13.3/29 681/1338 14.0/26 491/2452
0 µ2 13.7/29 1054/2699 13.7/23 962/3934
0 µ1.5 13.5/27 863/1574 13.3/22 735/3774
0 µ+

k+1 13.0/21 857/1528 13.2/22 720/4012
µ0.5 µ+

k+1 14.0/47 628/1404 18.8/52 541/2691
(6.1) 13.7/28 612/1129 16.8/29 468/2269

Table 1: Diagonal preconditioner

ball topple

η ζ IP Iter CG Iter IP Iter CG Iter
10−6 0 13.1/21 53/98 13.2/22 72/170
µ 0 13.1/36 31/91 16.3/41 58/135
µ0.5 0 13.1/36 19/66 16.4/41 42/103
µ+

(k+1)µ 0 13.1/26 19/55 13.2/23 38/99
0 µ2 13.7/29 38/105 13.5/23 64/162
0 µ1.5 13.3/27 26/66 13.2/22 49/128
0 µ+

k+1 13.1/21 26/61 13.2/22 48/124
µ0.5 µ+

k+1 13.1/36 18/66 16.4/41 41/103
(6.1) 13.6/26 19/52 15.0/26 37/91

Table 2: Incomplete Cholesky factorization preconditioner
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