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Abstract. We consider robust feedback control of time-varying, linear discrete-time systems operating over
a finite horizon. For such systems, we consider the problem of designing robust causal controllers that
minimize the expected value of a convex quadratic cost function, subject to mixed linear state and input
constraints. Determination of an optimal control policy for such problems is generally computationally
intractable, but suboptimal policies can be computed by restricting the class of admissible policies to be
affine on the observation. By using a suitable re-parameterization and robust optimization techniques,
these approximations can be solved efficiently as convex optimization problems. We investigate the loss of
optimality due to the use of such affine policies. Using duality arguments and by imposing an affine structure
on the dual variables, we provide an efficient method to estimate a lower bound on the value of the optimal
cost function for any causal policy, by solving a cone program whose size is a polynomial function of the
problem data. This lower bound can then be used to quantify the loss of optimality incurred by the affine

policy.
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1 Introduction

We are interested in characterizing the degree of suboptimality of affine feedback policies for lin-
ear discrete-time systems with mixed state and input constraints, bounded disturbances and an
expected value cost.

The problem of computing an optimal control policy for such systems, either in a minimax or
expected value sense, is computationally intractable in general. Methods for solving such problems
rely typically on some variation of robust dynamic programming [9] or vertex enumeration meth-
ods [23], and typically require the solution of an optimization problem that grows exponentially
with the size of the problem data. As a result, significant research effort has focused on methods for
finding suboptimal control policies that can be computed via solution of a tractable optimization
problem.

A common approach is to restrict the class of control policies considered to those based on per-
turbations to some fixed stabilizing linear controller [19, 21]. More generally, one can compute a
controller based on affine disturbance or measurement-error feedback, a technique suggested by a
number of authors [20, 25, 6]. In the affine feedback case, characterization of the set of constraint
admissible policies is achieved by following the general approach proposed in [6] for robust opti-
mization problems with linear decision rules, leading to a computationally tractable optimization
problem.



An attractive feature of such affine parameterizations is that they can be shown to be equivalent
(in the state feedback case) to parameterizations of control policies as affine functions of prior
states [16, 24|, or (in the output feedback case) as affine functions of prior measurements [15, 4]. The
idea underpinning these equivalence results is akin to that of the well-known Youla parameterization
(or Q-parameterization) in linear systems [28], and relies on a similar nonlinear transformation to
produce a convex set of constraint admissible policies over which one can optimize.

Further refinements to the basic idea of affine uncertainty feedback policies have also been pro-
posed, e.g. policies employing “segregated” disturbance feedback based on some partitioning of the
uncertainty set [26, 13]. However, a fundamental difficulty with all of the present proposals is that
they generally do not provide any estimate of the degree of suboptimality introduced by restrict-
ing the optimal control problem to the particular class of control policies proposed. One notable
exception to this is in the case of affine disturbance feedback policies for SISO systems, for which
such policies can be shown to be optimal for minimax problems in very limited circumstances [10].

In the present paper we provide a general method for estimating the degree of suboptimality of
affine feedback controllers when minimizing the expected value of a quadratic cost, for systems with
polyhedral state and input constraints and uncertainties whose support is characterized by conic
constraints. Our approach follows the general method of [18], and is predicated on a dualization
of the original optimal control problem followed by a restriction of the dual variables to those
parameterized by a linear decision rule. This results in a tractable optimization problem that
provides a lower bound on the finite horizon cost achievable, and is a natural counterpart to the
upper bound on the achievable cost that is found when restricting the class of control policies to
those in affine feedback form. The gap between these bounds then serves as an estimate of the
worst-case suboptimality of controllers based on affine feedback policies.

The ability to compute the suboptimality gap in an efficient manner provides a valuable insight
to anyone wishing to design a control system. If the gap is small, then affine policies are near-
optimal and there is little room for improvement. On the contrary, if the gap is large one may
consider investing more time and effort to improve on the affine policies, e.g. by using deflected
or segregated policies as in [26, 14, 13]. One attractive property of the proposed approach is that
due to the symmetry between the upper and lower bound, one may improve both bounds and thus
decrease the optimality gap by employing similar techniques on both the primal as well as the dual
controllers (e.g. segregation of the uncertainty space [13]).

The paper is organized as follows: Section 2 describes the problem of interest and details a number
of standing assumptions. Section 3 outlines the restriction of control policies to those in affine
form, and shows how such policies can be calculated via a tractable conic optimization problem.
Section 4 describes a method for estimating the degree of suboptimality of affine feedback policies,
based on a novel approximation to a dualization of the optimal control problem of interest. We
show how this method allows one to compute lower bounds on the optimal cost via solution of
a tractable conic optimization problem. Section 5 summarizes a number of general observations
about the relationship between the lower- and upper-bounding problems discussed in the previous
sections. Section 6 presents numerical examples illustrating the efficacy of the proposed method,
with some conclusions drawn in Section 7. An appendix contains the proofs of several technical
results presented in the paper.

Notation All random vectors appearing in this paper are defined on an abstract probability
space (2, F,P). E(:) denotes the expectation operator with respect to P. Random vectors will
be represented in boldface, while their realizations will be denoted by the same symbols in normal



face. For notational convenience, we denote by £2 := £2(Q, F,P; R") the space of all F-measurable,
square-integrable random vectors valued in R™. Given a stochastic process z := (zq,...,27), we
will denote as 2! := (2o, ..., 2;) the history of the z process up to time ¢.

The identity matrix in R” is denoted I(™ — the superscript will be omitted when the dimension
is clear from the context. For matrices (A, B) € R™*™ ker(A) denotes the kernel or null space
of A, At its pseudo-inverse, and A > B denotes component-wise inequality. For every C' € R ™
tr(C) denotes the trace of C. We denote the p-norm in R™ as ||-[|,, for any p € [1, 0c]. The p-order
cone in R™"! is denoted K, := {(t,z) € R""!: x|, < t}, and its dual cone as K = Ky, where
1/p+1/q =1. For any (y,z) € R"*! the relation y =, z implies that (y — z) € K,. For a matrix
D e Rvt)x(n+1)  p =k, 0 denotes column-wise inclusion in K,. The vector eyg denotes the unit
vector eg = (1,0,...,0).

2 Problem Statement and Assumptions

In this paper we are concerned with linear time-varying systems with known state dynamics
Li41 :Atmt+Btut+Ct£t for t= 1,...,T—1, (21&)

where x; € E%z denotes the state of the system with &y = x1 known, u; € E%u denotes the control
input, and &, € £2 ) the process noise. The state of the system is partially observable in the sense

that the measured output y, € E%y at time t depends linearly on the state and the noise, i.e.
Yy, =Dixy + E,§, for t=1,...,T —1. (2.1b)
The system equations (2.1) can be rewritten compactly in matrix notation as
x=Bu+C¢ and y=Dx+ FE, (2.2)

with

T = (:cl,...,wT)EEQw, N, :=n,T
w:i=(uy,...,up_1) EE?VH, Ny :=n,(T —1)
&:=(&,. ..., &r_1) EE?\Q, Ne:=14neg(T —-1)
Y= (y07"‘7yT71)6[3Vy7 Ny i=14ny(T - 1),

where £, and y, represent degenerate random variables that are almost surely equal to 1. The
matrices B,C,D and E in (2.2) are easily constructed from the problem data in (2.1) and are
defined in the Appendix. In particular, note that the known initial state 1 appears as a component
of the problem data used in constructing the matrix C'. Throughout the paper, we will call x the
state process, u the control policy or control process, & the noise or disturbance process and y
the measurement or observation process. We include the degenerate random variables (&, vy,) as
a conceptual device that will simplify significantly later mathematical developments in the paper.

Remark 1. We assume without loss of generality that the initial state 1 is known and given by x1.
If that is not the case, we can set x1 to an arbitrary value and identify xo with the initial state.
We can then assign to xo a prescribed distribution by tying it to &, through a suitable choice of the
dynamic system matrices for t = 1.



We consider only physically implementable causal control policies, which rely solely on information
available by observing the measurement process y. To this end, we let N be the linear space of all
causal control policies

N = x5 (Q, FY P R™) C L3,

where F} := o(yg,...,y,;) is the o-algebra generated by the history of the observation process up
to time t. We are interested in stochastic optimal control problems of the following type:

inf |E [uTJuu + mTJma:]

st. weN,sely
x = Bu+ C¢ (P)
Fu+ F,x+F,s=h P-a.s.
s>0

Our aim is to find a causal control policy w € N that minimizes the expectation of the quadratic
cost u' Jyu—+x " J,x. The requirement that u € N is equivalent to that of each u; being a function
of the observation history y* = (yy,...,y,) available at that time. The control policy is selected
subject to linear joint state and control constraints of the form F,u + F,x + Fss = h, where
h e RNe, F, € RNexNu Froc RNeXNe e RNeXNs wwhere N, is the number of state and control
constraints. The random vector s € E?VS can be interpreted as a vector of Ny slack variables,
restricted to be nonnegative. Note that any row of F that contains only zeros corresponds to an
equality constraint involving only w and x. All other constraints include slack variables and thus
correspond to inequality constraints for w and @. It is assumed without loss of generality that the
matrix Fy has full column rank. Finally, we require the dynamic system equation € = Bu + C€ to
hold. Recall that this constraint includes the requirement that the initial state 1 = x;.

Some conditions need to be imposed for problem P to be well-defined. We assume that the matrices
Jy and J, are positive semidefinite to ensure convexity of the objective function. Additionally, we
assume that the support of the noise process £ is non-empty, compact and representable as

E::{geRNé:Wigt,gpo,z’:l...l, 635:1} (2.3)

for some matrices W; € RVeXNe, The last constraint in (2.3) ensures that & = 1 for all £ € Z,
which is consistent with our previous assumption that £, = 1 almost surely. We assume that the
second-order moment matrix associated with the noise process £ is known and defined as

M=E (55) . (2:4)

We further assume that the support = spans the state space RY¢ of the noise process. This is
equivalent to assuming that there is a { € = that satisfies the strict inequalities W;§ =x, 0 for
all 7+ = 1...l. Note that this last assumption is non-restrictive and can often be enforced by
reducing the dimension of the noise process. This assumption also ensures that M is invertible and
consequently that M > 0.

The cases of greatest general interest are p € {1,2,00}. In particular, it is easy to show that any
subset of the hyperplane {¢ € R : & = 1} that results from a finite intersection of arbitrary
ellipsoids and half spaces is representable in the form (2.3) for p = 2, so that the class of disturbances
we consider includes those with polyhedral support.



2.1 Controller Information Structure

The information available to the causal controllers u € A/ at each time instance ¢ can be interpreted
as the o-algebra F/, i.e. the information available by the history of the observation process y up
to time ¢. For any causal policy w € N, u; must be F/-measurable for each ¢t = 1,...,T — 1. Since
the observation process y depends on the control policy u, the filtration FY := {F} }3:01 seems to
depend on w as well. In order to show that F¥ is in fact independent of u, we consider the purified
observation process

n:=(Ng,...,Mr_1) € LY,

with n = (DC + E)¢ = G, where G := (DC + E) € RNv*Ne. Ag described in [3], the purified
observation 1, can be interpreted as the difference between the actual observation y, and the ob-
servation that would have resulted at time ¢ from a completely noise-free system obeying the same
control policy. Note that y is linear in the control policy w and the purified observation process 7,
i.e. y = DBu +n. Now let F; := o(ng,...,n,) be the o-algebra generated by the history of the
purified observation process up to time t. By construction, n and the filtration F := {F; tT:_Ol are
independent of the control strategy .

Proposition 2.1. The filtrations FY and F are identical.

Proposition 2.1 shows that the information structure generated by the observation process is not
decision-dependent. Furthermore, it shows that the observation process y and the purified obser-
vation process 1 convey the same amount of information. This in turn implies that the set of all
control policies that are adapted to y is equivalent to the set of all policies that are adapted to n.
As a result, we can re-define the set of all implementable causal control policies A in terms of the
o-algebras {F; ;‘F:_Ol.

In the remainder of the paper we will provide tractable methods for calculating upper and lower
approximations to the problem P using affine decision rules. Although no further assumptions are
required for the upper bound to be presented in Section 3, some further assumption relating to the
purified observation process 1 will be required for the lower bounds presented in Section 4:

A1l (Noise Process) The expectation of the noise process & conditioned on the purified obser-
vation process n is linear in m, i.e. there exists a matriz L € RNeXNv 5o that

E[¢|n] = Ln P-a.s. (2.5)

Furthermore, the conditional expectation of m given its history n' := (ng,...,n,) up to time t, is
linear in mt, i.e. there exist matrices H; € RNv*(1+1) s that

E [n|n'] = Hn' P-a.s. forallt=1,...,T — 1. (2.6)

The assumptions of A1 appear to be restrictive. However, they are satisfiable in two special cases
of considerable practical and theoretical interest:

Proposition 2.2 (Elliptically Contoured Distributions). The conditions of A1 are satisfied if the
distribution of the noise process & follows an elliptically contoured distribution.

Proof. To demonstrate that (2.5) holds, we can use [11, Thm. 1] to show that the joint random

vector (£,m), as the image of & under the linear transformation (I (Ni),GT)T, also follows an



elliptically contoured distribution. This result allows us to invoke [11, Cor. 5] which guarantees
that the conditional expectation of £ given 7 is almost surely linear in 1. A similar argument can
be used to establish (2.6). O

The preceding result confirms that A1l is very broadly applicable, since the class of elliptically
contoured distributions covers a wide range of distributions including multivariate normal, logistic,
symmetric stable, generalized-hyperbolic and t-distributions as well as their truncated versions [12].

In the case of perfect state information, a weaker set of conditions are required to ensure satisfaction
of Al:

Proposition 2.3 (Perfect State Information). The conditions of A1 are satisfied if the following
conditions all hold:

i) The system state can be measured perfectly, i.e. y, = a; for allt =1,...,T — 1.

ii) There exist matrices Ny € RNex(141me) sy ch that

E [£| £t] = N&' P-a.s. forall t=1,...,T. (2.7)
iii) The matrices Cy have full column rank for allt =1,...,T — 1.

Proof. In the perfect information case under consideration, the system equations (2.1) simplify
because n, = n, while Dy = I and E; =0 for all t =1,...,T — 1. The matrix G then simplifies to

1

Ty
A%Z’l 01
G = A‘%Sﬂl A%Cl 02 )

_.A?J?l AgCl A3TOQ CT_2 0

where the last n¢ columns contain only zeros. We can now define G as the sub-matrix of G which
is obtained by removing the last ng columns of G. By construction, we have n = G§ = GeT2
since 1 does not depend on &£,_; when Er_; = 0. Note that G has full column rank, and thus the
purified observation process m and the truncated noise process £ ~2 generate the same o-algebra.
This implies that

Eéln] =E [¢/¢" ] = Np_o &7 ? = Ny GIGET 2 = Np_, G

A similar argument can be used to establish (2.6). O

Remark 2. The conditions required in Proposition 2.3 are very mild. Condition (i) is trivially
satisfied if, for ezample, the noise vectors &, are serially independent. Condition (iii) is a common
assumption for control problems of the type P with perfect state measurements, and can usually be
enforced by reducing the dimension of the noise process.

3 Upper Approximations of P and Primal Affine Control Policies

The optimization problem P generally involves an infinite number of decision variables and con-
straints. Without a suitable approximation, this problem is not amenable to numerical solution. In



this section we impose a restriction on the feasible set to achieve computational tractability. Any
reduction of the feasible set corresponds to a conservative approximation of the original problem
and thus results in an upper bound on the true optimal value of P. Here, we calculate such an
upper bound by restricting the class of causal control policies N to the subclass of all control poli-
cies that are affine with respect to the observations. The affine observation-feedback policies can
be written as

t
w =0+ » Upsy, for t=1,....T—1,
s=1

for some matrices U; s € R™*™. In compact notation, we have u = Uy almost surely (since y, = 1
almost surely), where

Ui 0 Ui
U2,0 Us,1 Us,o

U:= . ) . (3.8)
ur—10 Ur—11 Ur—i12 -+ Ur—i17-1

We denote by U the linear space of all block lower triangular matrices of the form (3.8).

Proposition 3.1. An upper bound to the problem P can be found by solving the following optimiza-
tion problem, where the control policy w is parameterized as an affine function of the outputs y:

inf E[u'Jyu+z'Jx]

st. Uel,se Ly
x=Bu+CE u=Uy
Fu+ F,x+Fss=h P-a.s.
s>0

The above problem is itself equivalent to the following optimization problem, where the control policy
u s parameterized as an affine function of the purified outputs n = G§:

inf E [uTJuu + :cTJxa:}
s.t. QeEU,s¢e ‘C%Vg

x = Bu+ C¢, u=QG¢ (Pu)
Fu+ Fox+ Fss=h P-a.s.
s>0

Note that the two equivalent problem formulations in Proposition 3.1 differ only in their represen-
tation of the control policy w. In the first case, the control input is parameterized as a causal affine
function of prior measurements y, while in the second case the input is parameterized as a causal
affine function of the purified outputs n = G&. In both cases, the set of feasible control policies is
a subset of the set of all possible control policies N.

Before proceeding to the proof of Proposition 3.1, we note that problem P, remains seemingly
intractable due to the presence of functional decision variables and constraints. We therefore
require an additional result that provides a method for solving the problem P, as a tractable
convex optimization problem.

Proposition 3.2. A solution to problem P, can be found by solving the following equivalent convex
optimization problem:



inf tr(G'Q"(Ju+ B'J,B)QGM +2C" J,BQGM + C" J,CM)
st. QeU,SeRN>Ne A, e RNexNs e RNs
(F.+ F.B)QG + F,C + F;S — hey =0 .

S = peg + i AW (Pu)
A; t;c; 0,7=1...1
p = 0.

The problem P, is a tractable conic optimization problem and can be solved in polynomial time for
any p € [1,+o0].

The problem P, is of interest because it provides a tractable (though suboptimal) solution to P by
restricting the class of control policies over which the optimization is performed. However, there are
at present no sophisticated methods available for estimating the degree of suboptimality introduced
by imposing such a restriction. In Section 4, we develop a method for calculating a lower bound
on P by formulating a problem dual to P and restricting the dual variables to affine form to ensure
tractability. This will enable us to bound the suboptimality in P, in Section 5.

Remark 3. The second part of Proposition 3.1 provides a method for optimizing over affine output
feedback policies uw = Uy by re-parameterizing the problem into one of optimizing over a different
but equivalent class of parametric policies, for which uw and x become affine functions of the pa-
rameters [4, 15, 24]. The resulting optimization problem can then be solved using Proposition 3.2.
The idea underpinning this re-parameterization follows a similar approach to the classical Youla-
or Q-parameterization procedure [28]. The benefit of this approach is that it avoids direct opti-
mization over the parameter U € U, which is impractical since both w and x become nonlinear
(rational) functions of the coefficients of U. In order to keep the paper self-contained and to fa-
cilitate comparison with the lower bounding methods of Section 4, we sketch the proofs using our
notation.

Corollary 3.3. A trivial upper bound to P can be found by considering only stationary (i.e. open-
loop) policies:

inf u'(Jy+B"J,B)u+2u'B"J,CE[¢]+tr (CTJ,CM)
sit. ueRVe § e RNoXNe A, € RNeXNs ) ¢ RN

(Fu + FyB)ue] + F,C + FS —hel =0

S = peg + S AW,

A; i;g; 0,i=1...1

p > 0.

where u € RN« s the vector of the stationary controls. It is easy to verify that

P < Pu < Puu-

Problem P,,, is a control optimization problem over open-loop robust controllers. Note that Py, is
a restriction of P,. One can derive Py, from P, by restricting the control policies to be stationary
instead of affine on y. As a result P, is a tighter upper bound to P than P,.

In the remainder of this section we supply proofs for Propositions 3.1 and 3.2.



Proof of Proposition 3.1

Proof of the first part of Proposition 3.1 is straightforward, since any control law in the affine form
u = Uy is causal due to the lower triangular structure imposed by the constraint U € U, hence

ueN.

To prove the second part, we show that any control law in the affine output feedback form uw = Uy
for some U € U can be matched exactly by a control law in the purified output feedback form
u = (n = QGE for some @) € U, and vice-versa. To prove the first case, assume that u = Uy and
solve for the control input w in terms of the purified outputs n, yielding

w= (I -UDB) 'Un.

We then set Q = (I — UDB)™'U, noting that the required matrix inverse exists since UDB is
strictly lower triangular, which also ensures that ) € U. Proof of the second case is provided by a
similar argument. O

Proof of Proposition 3.2

Both w and x are linear in £ in the problem P,. By pre-multiplying the joint state and control
constraint of P, with the left inverse of Fy (which exists since Fj is assumed to have full column
rank), it can be seen that the vector of slack variables s appearing in P, is also linear in &, so that
s = S¢ for some matrix S € RNs*Ne, Noting also that h = hej € almost surely, we can rewrite the
problem P, as

inf E [uTJuu + aZTinlZ]
st. QeU, S eRNsxNe

x=Bu+CE u=QG¢ (3.9)
(F.QG + F,BQG + F,C + FyS — hej )¢ =0 P-a.s.
SE>0

Observe that due to the continuity of the constraint functions in &, the almost sure constraints in
(3.9) must hold for all £ € Z. We can therefore replace the almost sure constraints with semi-infinite
constraints to obtain the equivalent semi-infinite problem

inf  tr (G'Q"(Ju+ B J,B)QGM +2(C"J,BQGM) + C"J,CM)
st. QeU, S eRNxNe

S >0 =

where we have also eliminated u and x and rewritten the objective function in terms of the second-
order moment matrix M =E [ng].

(3.10)

The equality constraints in (3.10) must hold for all { € =, meaning that the linear hull of = belongs
to the null space of the linear operator (F, + F,B)QG + F,S + F,C — heg. Since Z is assumed
to span the entire space RY¢, these semi-infinite equality constraints are equivalent to the matrix
equality (F, + F,B)QG + FsS + F,C — hej = 0. Next, we simplify the semi-infinite inequality
constraints by using techniques that are commonly used in robust optimization [5, 7, 8]. The
following lemma, which is a special case of [8, Theorem 3.1], describes the key enabling mechanism:



Lemma 3.4. For any z € RN¢, the following statements are equivalent:
i) 2T€>0 forallE € 2

ii) There exist vectors \; € RNe fori € {1...1} and a scalar > 0 such that
l
27 :,ueUT+Z)\Z-TWZ-
i=1
Ai EICZO, i=1...1

Proof of this lemma is included in the appendix.

Let z! denote the s-th row of the matrix S in problem (3.10). We can then use Lemma 3.4 to replace
the semi-infinite constraint z, ¢ > 0V¢ € Z by finitely many linear constraints involving the new
decision variables p, € R and A\ ; € RN¢ for 4 = 1,...,1. The constraint S¢ > 0V¢ € = can thus be

reformulated in terms of p = (1, . ..N,,uNS)T € RNs and A; = (A1 -0 An,) € RNexNs 5 =1,...,1
to yield the optimization problem P,. Solvability of P, in polynomial time for any p € [1, 4+00] is
ensured by [27]. O

4 Lower Approximations of P and Dual Affine Control Policies

The use of primal affine control policies leads to a conservative approximation for the original
problem P, whose computational complexity scales gracefully with the horizon length and the
dimension of the system (2.1). It also yields an implementable control policy which is feasible,
but typically suboptimal, in P. The main goal of this paper is to estimate the loss of optimality
due to the use of affine policies. To this end, we now establish a lower bound on P by extending
the dual linear decision rule techniques that were recently introduced in the context of stochastic
programming; see [18]. The loss of optimality incurred by using affine controllers can then be
bounded by the difference between the upper and lower bounds on the optimization problem P.
In order to derive the lower bound, we first reformulate P as a min-max problem by introducing a
dual control policy v € E?VC and by moving the joint state and control constraints to the objective
function, to obtain

inf  sup E [uTJuu vz S+ v [Fyu+ Fox+ Fys — h

VEE?\,C

st. weN,seLly (P
x = Bu+C¢
s> 0 } P-a.s.

The inner maximization over the dual control policies in P’ ensures that any violation of the state
and control constraints on a set of strictly positive probability incurs an infinite penalty. The two
problems P and P’ are equivalent. In order to derive a tractable lower bounding approximation
for P, we will adopt the same approach as in the primal problem in Section 3 and restrict the
space of all dual control policies to those that depend linearly on the noise process, and are thus
representable as v = Y& for some Y € RVeXNe . We will then show that the resulting approximation
problem can be solved by solving an equivalent tractable conic optimization problem.

The first of these results forms a natural lower-bounding counterpart to Proposition 3.1:

10



Proposition 4.1. A lower bound to the problem P (equivalently P') can be found by solving the fol-
lowing optimization problem, where the dual policy variable v is parameterized as an affine function
of the disturbance &:

inf sup E {uTJuu +a e +v' [Fuu+ Fpax + Fss — h]}
yeRrMexNe

st. welN,s EE?VS
x = Bu+ C¢
VYE >0 } P-a.s.

The above min-max problem is itself equivalent to the following minimization problem, whose solu-
tion provides a lower bound to the problem P:

inf [E [uTJuu + :UTJxaz]

st welN,sely
z = Bu+ C¢ (Pe)
E[(Fou+ Fx+Fss—h)€'] =0 P-a.s.
s>0

Before proceeding to the proof of Proposition 4.1, we note that although P, has only finitely many
state and control constraints, it remains seemingly intractable since it involves functional decision
variables and functional inequality constraints. We therefore require a method for solving the
problem P, as a tractable convex optimization problem. The following result provides a solution
to this problem and forms a natural lower-bounding counterpart to Proposition 3.2:

Proposition 4.2. If A1 holds, then a lower-bounding solution to problem Py can be found by
solving the following convex optimization problem:

inf tr(G'Q"(Ju+ B'J,B)QGM +2C" J,BQGM + C" J,CM)
st. QeU, SeRNsxNe

(Fu+ F.B)QG + FyS + F,C — hey =0 (Pe)
WiMST =, 0,i=1...1
eg MST > 0.

The problem Py is a tractable conic optimization problem and can be solved in polynomial time for
any p € [1,+o0].

Remark 4. The problem Py can be shown to be equivalent to the finite-dimensional problem Py
whenever Py contains a strictly feasible point. Proof of this claim is based on the observation that
the constraints in Py represent the closure of a set of constraints in a problem equivalent to Py (and
which is constructed in the proof). We omit details of this argument for the sake of brevity.

The problem P, provides a tractable (though suboptimal) method for finding a lower bound to
P, and therefore allows us to bound the degree of approximation in the affine policy optimization
problem P,. Furthermore, there is an attractive structural similarity to the constraints in Py and
P, — we elaborate on these points in Section 5.
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Corollary 4.3. A trivial lower bound to P can be found by considering a certainty equivalence
problem:
inf w'Ja+z JT
s.t. weRNe 5cRNs
T = Bu+ CE [¢] . (Pe)
Fua+F,t+F3s5—h=0
5>0

It is easy to verify that P > Py > Pyy.

Problem Py is a certainty equivalence problem where only the mean of the uncertainty is considered.
Note that the feasible region of Py is a subset of the feasible region of P,. One can retrieve the
feasible region of Py, by restricting the dual policy variable v € E%\,C in P’ to be stationary instead
of affine on £. Furthermore, Jensen’s Inequality ensures that the obj‘ective function in Py is a lower
bound to the objective function in P,. As a result Py is a tighter lower bound to P than Py.

In the remainder of this section we supply proofs for Propositions 4.1 and 4.2.

Proof of Proposition 4.1

Proof of the first part of Proposition 4.1 is straightforward, since any dual variable in the affine
form v = Y& also satisfies v € E?VC. Hence the inner maximization over Y is a lower bound on the
inner maximization that appears in the problem P’.

Proof of the second part follows from the first since

SupE [gTYT [Fou+ Fyx + Fys — h]} = supE [tr {[Fuu + Fyx+ Fys — b gTYTH

B {0 if [Fyu+ Fox+ Fys —hl&T =0 P-as.

oo otherwise.

Problem Py is clearly a relaxation of P since any (u, s) satisfying the almost sure state and control
constraints in P will therefore also satisfy the expectation constraint in P;. O

Proof of Proposition 4.2

We first eliminate the state process x in P, by substituting the dynamic system constraint into
both the objective function and the expectation constraint in P,;. Recalling the definition of the
second-order moment matrix M, the approximate problem P, can then be rewritten as

inf E[u'(J,+B"J,B)u|+2tr(CTJ,BE [ug¢'] +CTJ,CM)
st ueN,seLly

(Fy+ F,B)E [u€] + F,E [s€"] + (F,C — hed )M =0

s >0 P-a.s.

(4.11)

The optimization problem (4.11) contains a variety of terms composed of the functional decision
variables (u, s). In the remainder of the proof, we introduce a number of technical lemmas that will
enable us to eliminate each of these terms in turn, replacing them with finite-dimensional variables.
Proof of each of these lemmas is included in the appendix.

12



The first result will allow us to eliminate terms in the form E[u&'] and E[s & ']:

Lemma 4.4. For every s € E%VS there exists a matriz S € RN*Ne that satisfies
SM =E[s¢']. (4.12)

Likewise, if A1 holds, then for every w € N there exists a block lower triangular matriz Q € U
that satisfies
QGM = E[ug']. (4.13)

Remark 5. For any Q € U, the affine controller w = Qn € N satisfies (4.13) since
E[Qn¢'] = QGE[EE'] = QGM.

The second part of Lemma 4.4 investigates the converse situation in which some uw € N (not
necessarily affine in n) is given, and we seek some QQ € U satisfying (4.13).

The results of Lemma 4.4 allow us to add new decision variables Q@ € U and S € RNs*Ne to
problem (4.11) and append (4.12) and (4.13) as additional constraints without constraining the
choice u € N and s € E%VS in (4.11). Therefore (4.11) is equivalent to the optimization problem

inf E[u(Jy+ B"JB)u'] +2tr(C"TJ,BQGM + C" J,CM)

st. wueN,QelU,ScRVs>xNe
(Fy + FyB)QGM + FsSM + (F,C — hed )M =0 (4.14)
QGM =E [ug']
ds € ﬁ?vs tSM =E [sz] , §>0 P-as.

We next introduce a technical Lemma that will enable us to eliminate the functional decision vari-
able u in (4.14) by explicitly minimizing the part of the objective function containing this term:

Lemma 4.5. Consider the convex optimization problem
min [E [uTJu]
st. uweN (4.15)
QGM =E [u¢']

where J is positive semi-definite and QQ € U is fizred. A minimizer for this problem is u* = QGE.

We can apply Lemma 4.5 with J := (J, + B".J,B) to (4.14) and replace w by QG&. This yields
the following optimization problem:

inf tr(G'Q"(Ju+ B'J,B)QGM +2C" J,BQGM + C" J,CM)
st. QeU, SeRNsxNe

(F, + F.B)QG + FsS + F,C — hef =0

ds € 5?\,3 :SM =E [sﬁT] , §>0 P-as.

(4.16)

Note also that we removed the second-order moment matrix M from the state and control constraint
by post-multiplying the corresponding constraint in (4.14) with M~

The last constraint in (4.16) requires the solution of Ny moment problems, i.e. for a given S €
RNs*Ne we must assert the existence of Ny non-negative Borel measures whose vectors of zero- and
first-order moments coincide with the rows of SM and which have square integrable densities with
respect to P. The following lemma provides a means for dealing with this constraint by replacing
it with a set of conic constraints that enclose its feasible region:

13



Lemma 4.6. Define the cones C C RNe and Ce C RNe gs

Ce := {ZGRN5 : s e L3 with z = E [s€],s > 0 P-a.s}
C::cone(E):{ze]RMz : Wizt;cpo,izl...l,egzZO}.

Then ) # intC C Ce C C.

Using the definition of C¢ in Lemma 4.6, we can rewrite (4.16) in the form

inf tr (GTQ"(J,+B"J,B)QGM +2C"J,BQGM + C" J,CM)
st. QeU, SeRNsxNe

(Fy + F:B)QG + FsS + F,.C — hej =0

(MST); € Cg, Yie{1,...,Ns},

(4.17)

where (MST); denotes the i*h column of MST. The problem (4.17) is therefore equivalent to P,.
A lower bound to (4.17) can then be found by taking the closure of its constraints via application of
Lemma 4.6, replacing C¢ with C, which results immediately in the problem Py. Tt can be shown that
the application of this closure operation does not affect the optimal value except for pathological
cases of little practical interest (cf. Remark 4), so that in most cases Py is actually equivalent
to (4.17). Note that C is the cone generated by .

Solvability of P, in polynomial time for any p € [1, +00] is ensured by [27]. O

5 Geometric Properties

In this section we make a number of general observations about the relationship between the lower-
and upper-bounding problems P; and P,. Where necessary for clarity, we will make the depen-
dence of the problem P on the initial state 21 explicit by denoting it P(z1), and its optimal value
P*(x1). We adopt a similar notation in relation to the problems P, and P, and their tractable
reformulations Py and P,. The first result is a natural consequence of Propositions 3.2 and 4.2 and
is the central result in the paper:

Theorem 5.1. The optimal values of the problem P and the tractable problems P, and Py satisfy

77@*(931) < 73*(1’1) < J(xl) Va1 € R™.

The above result is significant because it allows one to bound the degree of suboptimality in-
curred when employing affine decision rules to solve approximately the intractable optimization
problem P(x7).

Further insight is possible by comparing the sets of feasible decision variables in the finite dimen-
sional upper- and lower-bounding problems P, (z1) and Py(z1). Define the sets of feasible decision
variables for these problems as

I, (x1) := {(Q,S) : problem P, (z;) is feasible for some p > 0, A; =K 0, 1€ {1... l}}

y(x) := {(Q, S) : problem Py(z) is feasible},

14



and define the sets of initial states x; for which a feasible policy can be found for these problems
as

Xy i={z1 € R™ : T, (z1) # 0}
Xpi={z1 € R™ : Tly(z1) # 0}

The next result guarantees that these sets are nested:
Proposition 5.2. The policy sets I1,,(x1) and 1y(x1) satisfy

Hu(l’l) - Hg(xl) Vr, € an’
and the initial state sets X, and X, satisfy X, C Xy.

Proof. To prove the first part, assume that (Q,S) € IL,(z1) is specified, so that S = ueg +
Zi:l AZTVVZ- for some A; k3 0,i=1,...,0, and p > 0. Then

WiMST = W;M(eou' + zlgzl W, A;)
= E[Wig]p' + Z%zl WiMW,;TA;
= EWi€lp" + 3 E [(Wi€)(A/ Wig)T] =k, O,

since W;§ =i, 0 and AIsz >0VEeZ, i =1,...,1. This ensures that the conic inequality in
Py(x1) is satisfied. Furthermore,

el MST e M(eop + 30, W,TAY)
= pu Y eg MWTA;

= u'+ 22:1 E[(A W:€)T] > 0.

This ensures that the final inequality constraint in Py(z1) is satisfied. Since all other constraints
in Py(x1) and Py(xy1) are identical, (@, S) € Ip(xq).
The second part of Proposition 5.2 follows immediately from the first part. O

Remark 6. An important application for solutions to robust finite horizon problems such as P is
in receding horizon control (RHC). If one equips problem P (alternatively, 75u) with appropriate
terminal conditions on the constraints and objective function, then a RHC law synthesized from
repeated solutions to P can be shown to endow the resulting closed-loop system with desirable stability
and invariance properties; cf. [22, §4],[17, 26].

It is difficult in general to assess the degradation of performance (if any) of such a controller if
one substitutes receding horizon implementation of solutions to problem P with solutions to its sub-
optimal approzimation Py. In particular, there is no obvious method for directly inferring stability
properties (e.g. input-to-state gain) from the value function P*, which typically plays the role of a
Lyapunov function in RHC. On the other hand, if one defines X := {x : P(x) is feasible}, then
clearly X,, C X C Xy. Given appropriate terminal conditions, the set X (alternatively, X, ) is the
region of attraction of such a RHC' controller, and the set difference X, \Xy provides an estimate
of the conservatism of a RHC synthesized from P, with respect to region of attraction.

Finally, we show that the upper and lower bounds calculable via P, and P, coincide for problems
with equality constraints only, which demonstrates that our approximation methods are not un-
necessarily conservative in this case:
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Figure 1: Upper and lower bounds for the perfect state measurements example.

Corollary 5.3. If Fy = 0 then the optimal values achieved in the upper- and lower-bounding
problems P, and Py coincide, i.e.

Pi (1) = P (x1) = P (21) -

Proof. If F, = 0, then both of the problems P, and P, are constrained only by the causality condi-
tion @ € U and the equality (Fy, + F; B)QG + F,C — heq = 0. This ensures that TL,(x1) = TI;(x1),

and consequently P (1) = P, (x1). The result then follows from Proposition 3.2, 4.2 and Theo-
rem 5.1. 0

Remark 7. The above result ensures that affine policies computed using both the primal and dual
methods of Section 3 and 4 are optimal for control problems of the type P if u and x are restricted
only to a subspace. In the particular case that (J,J,) are block diagonal and (Fy, Fy, Fs) = 0,
both problems reduce to the standard Linear Quadratic Regulator problem, for which linear feedback
policies are well-known to be optimal [1].

6 Numerical Examples

6.1 Perfect State Measurements

We consider the following time-invariant, discrete-time linear system, which allows for perfect state

measurements:
Ty = T+ | T uw+ || € =x
1= g ] % 1 t 0.1| St Yt = s

where t = 1,...,7 — 1. The initial state of the system is set to &1 = (4.7, O)T. We assume that
the &, are independent and uniformly distributed on [0,2] for ¢t =1,...,T, while £, = 1P-a.s. Our
objective is to minimize E [uTu + (ET.’B] subject to

(=5,-5) <z, < (557, t=1,...,T
(L,Da, <5, t=1,...,T

(1,-)ax; <5, t=1,...,T

lwg| <1, t=1,...,T—1

P-a.s.
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Figure 2: Sets of initial states X, and X, for horizon T" = 8, for the perfect state measurements example.

We solve the approximate problems P, and P, as well as the trivial bound problems Py and Py, for
T =2,...,10. Figure 1 shows results for the optimal value achieved by solving these problems for
the given horizon lengths. For this particular example, the upper and lower bounds P, and P, are
close to each other but diverge slowly. The bounds do not coincide suggesting that affine policies
may not be optimal, especially as the time horizon increases beyond 4. The trivial bounds Py and
Py fail to detect the near-optimality of affine policies for time horizons less than 4. Figure 2 shows
the two regions X; and X, of initial states 1, for which a feasible policy can be found for P; and
75u respectively, for a time horizon of T' = 8. Observe that X, C Xj.

6.2 Imperfect State Measurements

We consider a similar system but with imperfect state information and measurement errors. The

system equations are:
m—11m+0'5u+1005
A O NS 1 At O U E (O T W] I

yt:[l 1]33t+[0 0 1]&

for all t = 1...T — 1. The initial state is set to 1 = (0,1)" and the support = is defined as
== {€eRYe: £, 0, 6] 6 =1}

The process noise £ is uniformly distributed on Z. Our objective is to minimize E [uTu + $T$]
subject to

-5 -5 < < T t=

(=5,-5) <x; <(5,5)', t=1,....,T Poas.

lue| < 2, t=1,...,T—1

We solve the approximate problems P; and P, and the trivial bound problems Py and P, for
T =2,...,20. The results are shown in Figure 3. For this example, the bounds P; and P, coincide,
meaning there is no optimality gap and thus affine policies are optimal in this instance. This is
of course not true in general, but as the proposed bounds are problem-specific, they can attest
distinct instances of problems where affine controllers are optimal. Problem P,,, becomes infeasible
for T' > 5, rendering the trivial upper bound meaningless for those horizons.
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Figure 3: The upper and lower bounds for the imperfect state measurements example. The two bounds Py
and P, coincide meaning that for this problem instance affine policies are optimal.

7 Conclusion

We investigate discrete time, time-varying linear systems with input and measurement uncertainty.
Finding causal controllers that minimize an expected cost function is computationally intractable
in the presence of state constraints. Therefore, we restrict attention to affine controllers over which
one can optimize in polynomial time by solving a tractable conic optimization problem. The optimal
value of this problem constitutes an upper bound on the minimal cost achievable. Estimating the
degree of suboptimality of the best affine controller has been a longstanding open problem. By
linearizing the dual variables in the original control problem, we devise a relaxed problem whose
optimal value provides a lower bound on the minimal cost achievable by any causal controller. We
argue that this problem is again equivalent to a tractable conic optimization problem. The difference
between the two bounds constitutes an a posteriori measure for the degree of suboptimality of the
best affine controller. This error estimate depends on the structure of the underlying control
problem and can be calculated in polynomial time.

A Appendix

Matrix Definitions

Define B € RN»*Ne, & € RN+ Ne, D e RNv>*Ne and E € RV *Ns as

O —
AgB1 Ang 0 A;xl A201
B := : .. , C = A‘le Agcl A%C’g
AT:B ATB AT]g ATz, ATCy ATCy, - ALCr_y
A2 D1 I'By - o TBr_)
"o ’
Dy 0 E,
b= ? FE =
L Dr_ 0 i B
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where Aé = Ay 1 Ao Ag for s < t, A§ = I(”x), and x is the given value of the initial state x.

Proof of Proposition 2.1

The statement is proved by induction. For any causal policy w € N, u; must be F}/-measurable for
each t = 1,...,T — 1. This is equivalent to asserting the existence of Borel-measurable functions
@+ Rt 5 R™ such that u; = ¢4(yg, - - -, Yy;), see e.g. [2, Theorem 6.4.2 (c)]. It is clear that
FY = Fy since y, = 1y, which is 1 almost surely. Assume now that FY = F,forall 0 < s < t where
0 <t <T—1. Thus, there are Borel-measurable functions 15 and s such that y, = ¥s(ng,...,n,)
and n, = xs(yg,--.,y,) for all 0 < s < t. Moreover, by the causality of the control policy u we
have

t—1 -1
Yy = Zs:l Dy A5y Bsus + Zszo DAL Cy + B,

t—1
= 23:1 Dy Ay Bs @s(o(no), - -, ¥s (Mg, - -, M) + 1 (A.18)

= wt(n[)a s 77715)7
and from (A.18) we infer that

m=v- Y DAL Bipuyo. . y,) (A.19)
= Xt(Yo, -+ Y1)
The relation (A.18) implies that
F =o(Wo(ng),- - ¥e(no. .-, my)) € o(ng,....m) = Fu, (A.20a)
and the relation (A.19) implies that
Fe=0(xo(o):----xe(Yo: - - ¥) So(Yo, - ye) = F- (A.20b)
The inclusions (A.20a) and (A.20b) yield 7/ = F, and thus the claim follows. O
Proof of Lemma 3.4
The proposition follows from a strong duality argument. Statement (i) is equivalent to
0< min z'¢ N
" gvngt; 0,i=1...1 (A.21)
68—5 =1.

Due to our assumptions on the support =, the feasible region of the minimization problem (A.21)
has nonempty relative interior. By strong conic duality, (A.21) therefore is equivalent to

0< max pu
st.  ueR, /\iERéV
ST S AW+ pe]
Ait;c;O, 1=1...1,

which is manifestly equivalent to statement (ii). Thus the claim follows. O
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Proof of Lemma 4.4

Proof of the first statement is immediate since M is invertible and we impose no special structure
(such as block lower triangularity) on the matrix S.

Proof of the second statement is subdivided into three parts. Before beginning the proof, we
introduce a sequence of truncation operators

PRV S R st = (o, omy), t=1,...,T — 1. (A.22)

It is easy to verify that P,p = P,G&€ = Gi€ where Gy € RUT)XNe ig the sub-matrix of G which
is obtained by removing the last ((T"— 1) — t)n, rows of G.

Part 1. We first show that for every u € A there exists a matrix @Q; € R™*(1+7) that satisfies

QGMG] =E [u; (G&)"|. (A.23)

Since the matrix M is positive definite by assumption, the null space relationship ker(G;M GQ— ) =
ker([G;MG/]") = ker(G]) holds. We set

Qi =B |u; (G&) "] (G ).

Then Qv = 0 for all v € ker(G} ), and Q;G:MG/ v = E [uy (G;£)"] v for all v in the orthogonal
complement of ker(G, ), which guarantees (A.23).

Part 2. Next we show that for every u € N there exists a Q € U so that
QGMG =E [uqﬂ . (A.24)

By assumption, there exists a matrix H; € RVy*(1+1) g5 that E [77| nt] = H;Pinp = H,Gi &€ P-as.
Therefore, we find

E [ut nT] = E [utE [n\ nt}j =K [ut (Gy £)T] H,;r
= QGMGIH  =QE[GE(HGE)'] (A.25)
= QE [ntE min']"| =QE[n'n"]
= QGE[¢(]GT =QRGMGT,

where the first line follows from the law of iterated conditional expectations and the F; -measurability
of us. The second line holds due to (A.23) and the definition of M, and the third line follows from
the definition of H; and the law of iterated conditional expectations. The last line follows from the
definition of G} and M. Finally, we define

Qo

Q1P
. cu.

Qr-1Pr—

By construction, @) satisfies (A.24).
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Part 3. To conclude the proof, we use the relation (A.24) in conjunction with assumption A1l
that E [&|n] = Ln P-a.s. We have

Efu¢’] = E[uE(En)]
E thTj‘LT (Aﬂ26)

= QGMG'LT =QGM,

where that last equality follows from

GMGTLT =GE[¢¢"|GTLT =E[nn"|LT

—E[nE(m)"]| =Ene] (A.27)
=GM.
This observation completes the proof of the second statement. O
Proof of Lemma 4.5
We first consider the relaxed problem
min {IE [UTJU} : QGM =E [u {T} } , (A.28)

2
uECNu

where u is not restricted to be in M. We will show that this problem has a solution in A/, which
is therefore also a solution for (4.15). Consider the Lagrangian of the relaxed problem (A.28),

L(u,A) =E [uTJu} +tr (AT (QGM _E [u gTD) , (A.29)

where A € RN«*Ne is the matrix of Lagrange multipliers associated with the equality constraints. A
set, of first-order optimality conditions is found by setting the Gateaux differential of the Lagrangian
with respect to u to zero for all descent directions h € L?Vu.

SL(u,A;h)= E[h' (2Ju—AN§€)] =0 Vhel3

— 2Ju—A¢(=0 P-as. (A.30)

It can be verified that A* = 2JQG and u* = QGE = Qn satisfy both the optimality conditions
(A.30) and the constraints of problem (A.28). Thus u* constitutes a valid but not necessarily
unique solution of the convex problem (A.28). Furthermore, since @ is an element of U, the affine
policy u* is non-anticipative, that is u* € N. As a result, u* is also an optimal solution for problem
(4.15), which is more restrictive than (A.28). Thus the claim follows. O

Proof of Lemma 4.6

First, observe that () # intC. This follows from the assumption that = has a non-empty relative
interior and spans RN¢. In the remainder of the proof we show that intC C C¢ € C. We will show
this using the methodologies used in [18, Proposition 3.

Let M™ be the set of all nonnegative finite measures on (=, B(Z)) with finite second moments, and
let Mg be the subset of all measures in M™ that have a square-integrable density with respect to

the distribution Pg of . Define two convex cones in RN ag
C:= { [ Ep(dé) pe M+} and Cg:= {/_gu(dg) = Mg}.
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By construction (fg C C. Since the density of any u € M; with respect to Pg can be identified
with a function in £32, it is clear that C~§ = C¢. Furthermore, as M;f is weakly dense in M™ (since

= constitutes the support of P¢), and the identity mapping £ — & is continuous, it follows that CNE
is dense in C. Keeping in mind that C¢ is also convex, the above findings imply

intC CCe=Ce CC. (A.31)

We now proceed to show that C = C, which will complete the proof. For any z € C there exists a
2/ € Z and a scaling factor A > 0 such that 2 = \z’. Next, we define u, := A\d,» where §,/ is the
Dirac measure which concentrates unit mass at the point z’. It is easy to verify that p, € M™*. We
then have

zz/Efuz(dé“) eC,

yielding the relation C C C. In order to derive the opposite relation, we select any z € C. By the
definition of C there exists a u € M™T so that z = J=&n(dg). We set X := pu(E). If X = 0, then
z =0 € C, since p is a non-negative measure. From now on we thus assume that A > 0 and set
2= % J= & pu(dE). Observe that p/X constitutes a probability measure. Then, it is easy to verify
that 2z’ € Z, since 2’ is the mean value of a probability distribution supported on the convex set =.
Since A > 0, we have z = A2’ € C. As the choice of z € C was arbitrary, we have C C C, and thus
we conclude that C = C. Substituting this result into (A.31) completes the proof. O
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