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Abstract. We consider the separate convex programming problem with linking linear constraints, where
the objective function is in the form of the sum of m individual functions without crossed variables.
The special case with m = 2 has been well studied in the literature and some algorithms are very
influential, e.g. the alternating direction method. The research for the case with general m, however, is
in completely infancy, and only a few methods are available in the literature. To generate a new iterate,
almost all existing methods produce temporary iterates via solving m subproblems generated by splitting
the corresponding augmented Lagrangian function in either parallel or alternating way, and then apply
some correction steps to correct the temporary iterates. These correction steps, however, may result in
critical difficulties for some applications of the model under consideration. In this paper, we develop
the first method requiring no correction steps at all to generate new iterates for the model with general
m. We also apply the new method to solve some concrete applications arising in image processing and
Statistics, and report the promising numerical performance.

Keywords: Convex programming, separate structure, linking constraint, augmented Lagrangian
method, total variation, image restoration

1 Introduction

We consider the separate convex programming problem with linking linear constraints, where the
objective function is in the form of the sum of m individual functions without crossed variables:

min

{
m∑

i=1

θi(xi) |
m∑

i=1

Aixi = b; xi ∈ Xi, i = 1, 2, . . . , m

}
, (1.1)

where θi : <ni → < (i = 1, 2, · · · ,m) are closed proper convex functions (not necessarily smooth);
Ai ∈ <l×ni (i = 1, 2, · · · ,m); Xi ⊆ <ni (i = 1, 2, · · · ,m) are closed convex sets; b ∈ <l and∑m

i=1 ni = n. Throughout, we assume that the solution set of (1.1) in nonempty.
In the literature the special case of (1.1) with m = 2 has been well studied, and one of the most

popular methods is the alternating direction method (ADM) contributed originally in [19, 20] and
relevant closely to the Peaceman-Rachford and Douglas-Rachford operator splitting method [11, 44].
More specifically, to solve

min{θ1(x1) + θ2(x2) | A1x1 + A2x2 = b, xi ∈ Xi, i = 1, 2}, (1.2)
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the ADM splits the corresponding augmented Lagrangian function of (1.2) in the alternating manner
such that the variables x1 and x2 can be minimized separately in the alternating order. The iterative
scheme of ADM for (1.2) is:





xk+1
1 = Argmin

{
θ1(x1)− (λk)T (A1x1 + A2x

k
2 − b) + β

2 ‖A1x1 + A2x
k
2 − b‖2

∣∣ x ∈ X1

}
;

xk+1
2 = Argmin

{
θ2(x2)− (λk)T (A1x

k+1
1 + A2x2 − b) + β

2 ‖A1x
k+1
1 + A2x2 − b‖2

∣∣ x2 ∈ X2

}
;

λk+1 = λk − β(A1x
k+1
1 + A2x

k+1
2 − b).

where λk is the Lagrangian multiplier associated with the linear constraints and β > 0 the penalty
parameter for the violation of the linear constraints. We refer to, e.g. [2, 9, 12, 13, 16, 18, 21, 22,
28, 33, 49], for the intensive study of ADM in the literature of convex programming and variational
inequalities (VIs). In particular, as analyzed in [15], the ADM has inspired the influential linearized
Bregman method in [25] which is very popular in the area of image processing. Very recently, some
novel applications of ADM have been discovered by various authors, e.g. the total-variation problem
in image processing [1, 15, 38, 52], the covariance selection problem and semidefinite least square
problem [30, 54], the semidefinite programming problems [47, 50], and the sparse and low-rank
recovery problem [35, 55].

Another splitting strategy for (1.2) is to decompose the corresponding augmented Lagrangian
function in the parallel manner such that the individual variables x′is are eligible for simultaneous
computation if advanced parallel computing infrastructure is available. The basic iterative scheme
of parallel splitting methods for (1.2) is





xk+1
1 = Argmin

{
θ1(x1)− (λk)T (A1x1 + A2x

k
2 − b) + β

2 ‖A1x1 + A2x
k
2 − b‖2

∣∣ x1 ∈ X1

}
,

xk+1
2 = Argmin

{
θ2(x2)− (λk)T (A1x

k
1 + A2x2 − b) + β

2 ‖A1x
k
1 + A2x2 − b‖2

∣∣ x2 ∈ X2

}
,

λk+1 = λk − β(A1x
k+1
1 + A2x

k+1
2 − b),

where the variables x′is are not coupled and thus can be solved simultaneously. We refer to, e.g.
[7, 9, 23, 27, 34], for the parallel splitting methods for solving (1.2).

The more general case of (1.1) where m ≥ 3 captures many concrete applications. To mention a
few, the problem of recovering the low-rank and sparse components of matrices from incomplete and
noisy observation launched in [48], the constrained total-variation image restoration and reconstruc-
tion problem in [38, 43] and the minimal surface PDE problem in [51] can be easily reformulated
into (1.1) with m = 3; the constrained total-variation superresolution image reconstruction problem
[5, 37] is in the form of (1.1) with m = 4; the multistage stochastic programming problem in [42]
is modeled into (1.1) with m = 6; and the deblurring Poissonian image processing problem [45] is
characterized by (1.1) with general m.

These attractive applications urge to develop efficient numerical algorithms for solving the general
case of (1.1) with m ≥ 3. For this purpose, inspired by the efficiency of ADM, the instant idea is
to split the augmented Lagrangian function of (1.1) exactly in the alternating manner such that
the variables x′is can be minimized separately in the alternative order. This yields the following
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ADM-like iterative scheme:




xk+1
1 = Argmin

{
θ1(x1)− (λk)T p1(x1) + β

2 ‖p1(x1)‖2
∣∣ x1 ∈ X1

}
;

· · · · · ·
xk+1

i = Argmin
{

θi(xi)− (λk)T pi(xi) + β
2 ‖pi(xi)‖2

∣∣ xi ∈ Xi

}
;

· · · · · ·
xk+1

m = Argmin
{

θm(xm)− (λk)T pm(xm) + β
2 ‖pm(xm)‖2

∣∣ xm ∈ Xm

}
;

λk+1 = λk − β(
∑m

j=1 Ajx
k+1
j − b),

(1.3)

where

pi(xi) =
i−1∑

j=1

Ajx
k+1
j + Aixi +

m∑

j=i+1

Ajx
k
j − b, i = 1, . . . , m,

Unfortunately, the validity of the ADM extension (1.3) is so far not clear. In fact, even for the
special case of (1.3) where m = 3, the convergence of the extended ADM (1.3) is still ambiguous. In
[29], the ADM for (1.2) was extended to (1.1) with general m in the sense that the iterate generated
by the ADM-like scheme (1.3) served as a temporary iterate and then it was used to construct a
descent direction along which the new iterate is yielded. Thus, an ADM-based method for (1.1)
was developed in the prediction-correction fashion, where the ADM-like scheme (1.3) produces the
predictor and the descent step is the correction step generating the new iterate.

When the parallel splitting strategy is applied to (1.1), the resulted subproblems at each iteration
are: 




xk+1
1 = Argmin

{
θ1(x1)− (λk)T q1(x1) + β

2 ‖q1(x1)‖2
∣∣ x1 ∈ X1

}
;

· · · · · ·
xk+1

i = Argmin
{

θi(xi)− (λk)T qi(xi) + β
2 ‖qi(xi)‖2

∣∣ xi ∈ Xi

}
;

· · · · · ·
xk+1

m = Argmin
{

θm(xm)− (λk)T qm(xm) + β
2 ‖qm(xm)‖2

∣∣ xm ∈ Xm

}
;

λk+1 = λk − β(
∑m

j=1 Ajx
k+1
j − b),

(1.4)

where

qi(xi) =
i−1∑

j=1

Ajx
k
j + Aixi +

m∑

j=i+1

Ajx
k
j − b. i = 1, . . . , m.

We refer to [27, 48] for some parallel methods solving (1.1) with m = 3. In [26], a parallel splitting
method for (1.1) with general m was developed also in the prediction-correction fashion, where the
iterate generated by (1.4) was used as a predictor and a descent step is employed as the correction
step to generate a new iterate.

Therefore, almost all the existing methods for solving the general case of (1.1) with m ≥ 3 cannot
use directly the iterate generated by (1.3) or (1.4) as the new iterate, and they all require correction
steps to correct the iterate generated by (1.3) or (1.4). To the best of our knowledge, the only
exception is our variant alternating splitting augmented Lagrangian method (VASALM) in [48] for
the particular case of (1.1) with m = 3 arising in the sparse and low-rank matrix recovery problem
(see [6, 8]). As we analyzed for the sparse and low-rank recovery problem with incomplete and noisy
observation in [48] (see the PSALM therein), these correction steps may cause critical difficulties
for remaining the low-rank property for recovered low-rank components obtained by (1.4). More
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specifically, even if the recovered low-rank components obtained by (1.4) are of low rank, we usually
end up with high-rank new iterates after implementing some correction steps. We believe that the
reason causing this difficulty is that the additional correction steps usually destroy the low-rank
feature of the temporary iterate generated by (1.4). In Section 5.1, we shall implement the method
in [29] to solve the the sparse and low-rank recovery problem with incomplete and noisy observation
in [48], and illustrate that correction steps are also very likely to destroy the low-rank feature of the
temporary iterate generated by (1.3).

These difficulties arising in applications of (1.1) motive us to develop such a splitting method
without correction steps for solving the most general case of (1.1) with m ≥ 3, and this is the
main motivation of this paper. More specifically, by embedding both the alternating and the par-
allel strategies in the way of splitting of the augmented Lagrangian function of (1.1), we develop
a novel splitting method for solving (1.1) without any correction step. At each iteration, the new
splitting method solves the variables x′is separately via solving m smaller and easier subproblems
individually, among which the variables x′is (i = 2, · · · ,m) are eligible for simultaneous computation
once x1 is computed and the Lagrangian multiplier is updated accordingly. Another fact urging
splitting methods without correction steps is that some concrete applications of (1.1) are often large-
scale in dimensions, and thus the required correction steps may result in additional computation
considerately. We will illustrate it in Section 5.2.

Finally, we mention some interesting methods for solving some problems which are revelent to
but essentially different from (1.1). For example, the alternating linearization approach in [23, 32]
for minimizing the sum of two convex functions without constraints and [24] for minimizing the sum
of finitely many convex functions without constraints; some splitting methods for signal processing
problems which can be modeled as minimizing the sum of finitely many convex functions without
constraints in [10]; the projective splitting method in [14] and the Jacobian-like method in [46] for
finding zero points of the sum of finitely many maximal monotone operators without constraints.

The rest of the paper is organized as follows. In Section 2, we provide some preliminary useful
for the convergence analysis. In Section 3, we present the new method followed by some remarks.
We then analyze the convergence of the new method in Section 4. In Section 5, we apply the new
method to solve some application problems arising in image processing and Statistics. Finally, some
conclusions are made in Section 6.

2 Preliminaries

In this section, we summarize some basic properties and related definitions that will be used in the
coming analysis and discussions.

A mapping F : X ⊂ <n → <n is said to be monotone respect to X if

(x− y)T (F (x)− F (y)) ≥ 0, ∀ x, y ∈ X .

For i = 1, 2, · · · ,m, let fi(xi) ∈ ∂(θi(xi)) where ∂(·) denotes the subgradient operator of a convex
function. Then it is well known that fi is monotone when θi(xi) is convex.

By deriving the optimal condition, it is easy to see that the separate convex programming with
linking linear constraints (1.1) is characterized by the following variational inequality:

Find w∗ = (x∗1, x
∗
2, ..., x

∗
m, λ∗) ∈ W := X1 ×X2 × · · · × Xm ×<l
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such that




(x
′
1 − x∗1)

T {f1(x∗1)−AT
1 λ∗} ≥ 0,

(x
′
2 − x∗2)

T {f2(x∗2)−AT
2 λ∗} ≥ 0,

...
(x

′
m − x∗m)T {fm(x∗m)−AT

mλ∗} ≥ 0,

(λ
′ − λ∗)T (

∑m
i=1 Aix

∗
i − b) ≥ 0,

∀ w
′
= (x

′
1, x

′
2, · · · , x

′
m, λ

′
) ∈ W. (2.1)

Or, we can rewrite (2.1) into the following more compact form denoted by VI(F,W):

(w′ − w∗)T F (w∗) ≥ 0, ∀ w′ ∈ W, (2.2)

where

w =

(
x

λ

)
=




x1

x2

...
xm

λ




, F (w) =




f1(x1)−AT
1 λ

f2(x2)−AT
2 λ

...
fm(xm)−AT

mλ∑m
i=1 Aixi − b




, (2.3)

and
W = X1 ×X2 × · · · × Xm ×<l.

Note that F (w) defined in (2.3) is monotone whenever f ′is are.
Under the aforementioned assumption that the solution set of (1.1) is nonempty, the solution set

of (2.2)-(2.3) denoted by W∗ is also nonempty and convex (see Theorem 2.3.5 in [17]).
In addition, for the monotone VI(F,W), we have

(w − w∗)T F (w) ≥ (w − w∗)T F (w∗), ∀w ∈ W, w∗ ∈ W∗.

Consequently, because
(w − w∗)T F (w∗) ≥ 0, ∀w ∈ W,

we obtain
(w − w∗)T F (w) ≥ 0, ∀w ∈ W. (2.4)

With the notation of v = (x2, · · · , xm, λ) and W∗, for convenience, we also define

V = X2 × · · · × Xm ×<l, Λ∗ = {λ∗ | (x∗1, x∗2, . . . , x∗m, λ∗) ∈ W∗},

and
V∗ = {(x∗2, . . . , x∗m, λ∗) | (x∗1, x∗2, . . . , x∗m, λ∗) ∈ W∗}.

3 The new method

In this section, we present the new splitting method for solving (1.1) and give some remarks.
Let H ∈ <l×l be a positive definite matrix. In particular, we can take H = βIl where β > 0 is a

constant and Il denotes the identity matrix in <l×l. With the given vk = (xk
2, · · · , xk

m, λk), the new
splitting method for (1.1) generates the new iterative (xk+1

1 , xk+1
2 , · · · , xk+1

m , λk+1) via the following
scheme.
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Algorithm 1: the new splitting method for solving (1.1) with m ≥ 3:

Step 1. Solve xk+1
1 via:

min{θ1(x1)− (λk)T A1x1 +
1
2
‖A1x1 +

m∑

i=2

Aix
k
i − b‖2

H

∣∣ x1 ∈ X1}, (3.1)

Step 2. Update the Lagrangian multiplier with xk+1
1 :

λk+ 1
2 = λk −H

(
A1x

k+1
1 +

∑m
i=2 Aix

k
i − b

)
. (3.2)

Step 3. Solve xk+1
i (i = 2, · · · ,m) via (if possible, simultaneously):

min{θi(xi)− (λk+ 1
2 )T Aixi +

µ

2
‖Ai(xi − xk

i )‖2
H

∣∣ xi ∈ Xi}, (3.3)

where the parameter µ satisfies the Assumption specified below.

Step 4. Update the Lagrangian multiplier with xk+1
i (i = 1, 2, · · · ,m):

λk+1 = λk −H
(∑m

i=1 Aix
k+1
i − b

)
. (3.4)

Assumption:
The parameter µ in (3.3) is chosen such that

‖vk − vk+1‖2
G + 2(λk − λk+1)T

( m∑

i=2

Ai(xk
i − xk+1

i )
) ≥ τ‖vk − vk+1‖2

G (3.5)

is satisfied for a constant τ > 0, where

vk =




xk
2
...

xk
m

λk




and G =




µAT
2 HA2

. . .
µAT

mHAm

H−1




. (3.6)

Note that we abuse the notation of ‖ · ‖G to denote that

‖vk − vk+1‖G =
(
µ
∑m

i=2‖Ai(xk
i − xk+1

i )‖2
H + ‖λk − λk+1‖2

H−1

)1/2
,

even though that the matrix G defined in (3.6) is only a block diagonal positive semi-definite matrix.
This abuse to simplify notation does not invalidate the following analysis.

To illustrate that the proposed method is well defined and easily implementable, we first need
to show that the Assumption can be easily achieved. In the following, we demonstrate that the
Assumption is guaranteed to be satisfied whenever µ is simply chosen as:

µ > m− 1.
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Note that

‖vk − vk+1‖2
G + 2(λk − λk+1)T

( m∑

i=2

Ai(xk
i − xk+1

i )
)

=




H1/2A2(xk
2 − xk+1

2 )
H1/2A3(xk

3 − xk+1
3 )

...
H1/2Am(xk

m − xk+1
m )

H−1/2(λk − λk+1)




T



µIl 0 · · · 0 Il

0 µIl
. . .

...
...

...
. . . . . . 0 Il

0 · · · 0 µIl Il

Il · · · Il Il Il







H1/2A2(xk
2 − xk+1

2 )
H1/2A3(xk

3 − xk+1
3 )

...
H1/2Am(xk

m − xk+1
m )

H−1/2(λk − λk+1)




(3.7)

and

‖vk − vk+1‖2
G =




H1/2A2(xk
2 − xk+1

2 )
H1/2A3(xk

3 − xk+1
3 )

...
H1/2Am(xk

m − xk+1
m )

H−1/2(λk − λk+1)




T 


H1/2A2(xk
2 − xk+1

2 )
H1/2A3(xk

3 − xk+1
3 )

...
H1/2Am(xk

m − xk+1
m )

H−1/2(λk − λk+1)




.

Therefore, the assumption is satisfied when the ml ×ml matrix

M̃ =




µIl 0 · · · 0 Il

0 µIl
. . .

...
...

...
. . . . . . 0 Il

0 · · · 0 µIl Il

Il · · · Il Il Il




ml×ml

is positive definite.
Note that the matrix M̃ has the same largest (resp. smallest) eigenvalues as the m×m symmetric

matrix

M =




µ 0 · · · 0 1

0 µ
. . .

...
...

...
. . . . . . 0 1

0 · · · 0 µ 1
1 · · · 1 1 1




m×m

. (3.8)

Lemma 3.1 For m ≥ 2, the m × m symmetric matrix M defined in (3.8) has (m − 2) multiple
eigenvalues

ν1 = ν2 = · · · = νm−2 = µ,

and another two eigenvalues

νm−1, νm =
(µ + 1)±

√
(µ + 1)2 + 4((m− 1)− µ)

2
.

Proof. Let e be a (m− 1)-vector whose each element equals 1. Thus

M =

(
µIm−1 e

eT 1

)
.
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Without loss of generality, we assume that the eigenvectors of M have forms

z =

(
y

0

)
or z =

(
y

1

)
,

where y ∈ <m−1. In the first case, we have
{

µy = νy,

eT y = 0.
(3.9)

It is clear that the (m− 1)-vectors

y1 =




1
0
0
...
0

−1




, y2 =




0
1
0
...
0

−1




· · · · · · ym−2 =




0
0
...
0
1

−1




are linear independent and satisfy (3.9) with ν = µ. Thus,

zi =

(
yi

0

)
, i = 1, . . . , m− 2,

are eigenvectors of M and the related eigenvalue

ν1 = ν2 = · · · = νm−2 = µ.

In the second case, zT = (yT , 1), we have
{

µy + e = νy,

eT y + 1 = ν.
(3.10)

It follows from (3.10) that
(ν − µ)(ν − 1)− (m− 1) = 0,

and thus

νm−1, νm =
(µ + 1)±

√
(µ + 1)2 + 4((m− 1)− µ)

2
.

The lemma is proved. 2

For µ ≥ 1, it is easy to verify that

νm =
(µ + 1)−

√
(µ + 1)2 + 4((m− 1)− µ)

2
(3.11)

is the smallest eigenvalue of M . In addition, νm > 0 if and only if µ > (m−1). Therefore, µ > m−1
is a sufficient condition to guarantee that (3.5) to be satisfied with τ = νm > 0.

In the end, we give some remarks on the proposed method.

Remark 3.2 For the case that m = 1, the proposed method is exactly the classical augmented
Lagrangian method. For the case that m = 2, if we take the parameter µ = 1, then ADM is
recovered. Also, the VASALM proposed in [48] is a special case of Algorithm 1.
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4 Convergence

In this section, we mainly prove the convergence of the proposed Algorithm 1. Before that, we empha-
size that like the existing prediction-correction methods in [26, 29] for (1.1), the proposed Algorithm
1 without correction step can be easily extended to a new prediction-correction method where the
iterate generated by Algorithm 1 is used as a predictor which is corrected by a simple correction
step to generate the new iterate. Since we will demonstrate the numerical superiority of Algorithm
1 via its comparison with the new prediction-correction method in Section 5, we here present the
iterative scheme of the new prediction-correction method for the convenience of comparison. Recall
that vk := (xk

2, x
k
3, · · · , xk

m, λk).

Algorithm 2: a prediction-correction splitting method for solving (1.1) with m ≥ 3:

Step 1. Prediction step. Let the iterate generated by Algorithm 1 from the given iterate
(xk

1, x
k
2, · · · , λk) be denoted by (x̃k

1, x̃
k
2, · · · , x̃k

m, λ̃k).
Step 2. Correction step. Update the new iterate (xk+1

1 , xk+1
2 , · · ·xk+1

m , λk+1) via:
{

xk+1
1 = x̃k

1;
vk+1 = vk − αk(vk − ṽk),

(4.12)

where

αk = γα∗k, γk ∈ (0, 2), α∗k =
ϕ(vk, ṽk)
‖vk − ṽk‖2

G

(4.13)

and
ϕ(vk, ṽk) = ‖vk − ṽk‖2

G + (λk − λ̃k)T
(∑m

i=2 Ai(xk
i − x̃k

i )
)
. (4.14)

As we can see easily, Algorithm 1 turns out to be a special case of Algorithm 2 where γk ≡ 1/αk in
(4.13). Thus, in the following, we prove the convergence for Algorithm 2, from which the convergence
of Algorithm 1 becomes trivial.

Lemma 4.1 Under the assumption (3.5) it holds that

ϕ(vk, ṽk) ≥ 1 + τ

2
‖vk − ṽk‖2

G, (4.15)

and consequently α∗k > 1+τ
2 .

Proof. It follows from (3.5) that

2‖vk − ṽk‖2
G + 2(λk − λ̃k)T

( m∑

i=2

Ai(xk
i − x̃k

i )
) ≥ (1 + τ)‖vk − ṽk‖2

G,

and the assertion follows from the definitions of ϕ(vk, ṽk) and α∗k (see (4.13) and (4.14)) directly.
2

For the convenience of the later analysis, we summarize some equations in the follow lemma,
whose proof is straightforward from (3.2) and (3.4) and thus omitted.

Lemma 4.2 For the iterate generated by Algorithm 2, we have

(λ̃k − λk+ 1
2 ) = H

(∑m
i=2Ai(xk

i − x̃k
i )

)
(4.16)
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and
m∑

i=1

Aix̃
k
i − b = H−1(λk − λ̃k). (4.17)

The following theorem justifies the rationale that we can use the descent step (4.12) as the
correction step in Algorithm 2.

Theorem 4.3 Let w̃k = (x̃k
1, ṽ

k) be generated by Algorithm 1, then we have

(vk − v∗)T G(vk − ṽk) ≥ ϕ(vk, ṽk), ∀ v∗ ∈ V∗, (4.18)

where ϕ(vk, ṽk) and G are defined in (4.14) and (3.6), respectively.

Proof. The proof consists of some manipulations. First, by deriving the optimal condition and
considering (3.2), it is easy to see that (3.1) is characterized by the following VI:

x̃k
1 ∈ X1, (x′1 − x̃k

1)
T
{
f1(x̃k

1)−AT
1 λk+ 1

2
} ≥ 0, ∀ x′1 ∈ X1. (4.19)

Similarly, the subproblems (3.3) can be characterized by the following VIs:

x̃k
i ∈ Xi, (x′i − x̃k

i )
T
{
fi(x̃k

i )−AT
i λk+ 1

2 + µAT
i HAi(x̃k

i − xk
i )

} ≥ 0, ∀ x′i ∈ Xi, i = 2, . . . , m. (4.20)

Then, it follows from (4.19) and (4.20) that

x̃k ∈ X ,




x′1 − x̃k
1

x′2 − x̃k
2

...
x′m − x̃k

m




T 


f1(x̃k
1)−AT

1 λk+ 1
2

f2(x̃k
2)−AT

2 λk+ 1
2

...
fm(x̃k

m)−AT
mλk+ 1

2




≥




x′1 − x̃k
1

x′2 − x̃k
2

...
x′m − x̃k

m




T 


0
µAT

2 HA2(xk
2 − x̃k

2)
...

µAT
mHAm(xk

m − x̃k
m)




, ∀ x′ ∈ X . (4.21)

Because
∑m

i=1 Aix̃
k
i − b = H−1(λk − λ̃k) (see (4.17)), adding the equality

(λ′ − λ̃k)T
( m∑

i=1

Aix̃
k
i − b

)
= (λ′ − λ̃k)T H−1(λk − λ̃k)

to (4.21), it yields

w̃k ∈ W,




x′1 − x̃k
1

x′2 − x̃k
2

...
x′m − x̃k

m

λ′ − λ̃k




T 






f1(x̃k
1)−AT

1 λ̃k

f2(x̃k
2)−AT

2 λ̃k

...
fm(x̃k

m)−AT
mλ̃k

∑m
i=1 Aix̃

k
i − b




+




AT
1 (λ̃k − λk+ 1

2 )
AT

2 (λ̃k − λk+ 1
2 )

...
AT

m(λ̃k − λk+ 1
2 )

0








≥




x′1 − x̃k
1

x′2 − x̃k
2

...
x′m − x̃k

m

λ′ − λ̃k




T 


0
µAT

2 HA2(xk
2 − x̃k

2)
...

µAT
mHAm(xk

m − x̃k
m)

H−1(λk − λ̃k)




, ∀ w′ ∈ W. (4.22)
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Set w′ = w∗ in (4.22), use the notation of F (w̃k) and (w̃k −w∗)T F (w̃k) ≥ 0 (see (2.3) and (2.4)), we
get




x̃k
1 − x∗1

x̃k
2 − x∗2

...
x̃k

m − x∗m
λ̃k − λ∗




T 


0
µAT

2 HA2(xk
2 − x̃k

2)
...

µAT
mHAm(xk

m − x̃k
m)

H−1(λk − λ̃k)




≥ ( m∑

i=1

Ai(x̃k
i − x∗i )

)T (λ̃k − λk+ 1
2 ), ∀w∗ ∈ W∗. (4.23)

By using
∑m

i=1 Aix
∗
i = b, (4.16) and (4.17), we have

( m∑

i=1

Ai(x̃k
i − x∗i )

)T (λ̃k − λk+ 1
2 ) = (λk − λ̃k)T

( m∑

i=2

Ai(xk
i − x̃k

i )
)
.

Substituting it in the right hand side of (4.23), we obtain



x̃k
2 − x∗2

...
x̃k

m − x∗m
λ̃k − λ∗




T 


µAT
2 HA2(xk

2 − x̃k
2)

...
µAT

mHAm(xk
m − x̃k

m)
H−1(λk − λ̃k)




≥ (λk − λ̃k)T
( m∑

i=2

Ai(xk
i − x̃k

i )
)
, ∀v∗ ∈ V∗. (4.24)

Using the notations of G, v and ϕ(v, ṽ), the assertion (4.18) follows from (4.24) immediately. 2

Theorem 4.4 Let w̃k = (x̃k
1, ṽ

k) be generated by Algorithm 1. Then for any v∗ ∈ V∗, we have

‖ṽk − v∗‖2
G ≤ ‖vk − v∗‖2

G −
{‖vk − ṽk‖2

G + 2(λk − λ̃k)T
( m∑

i=2

Ai(xk
i − x̃k

i )
)}

. (4.25)

Proof. By using (4.18) we obtain

‖vk − v∗‖2
G − ‖ṽk − v∗‖2

G

= ‖vk − v∗‖2
G − ‖vk − v∗ − (vk − ṽk)‖2

G

= 2(vk − v∗)T G(vk − ṽk)− ‖vk − ṽk‖2
G

≥ ‖vk − ṽk‖2
G + 2(λk − λ̃k)T

( m∑

i=2

Ai(xk
i − x̃k

i )
)
.

The assertion of this theorem is proved. 2

Based on Theorem 4.4, convergence of the classical ALM (the special case of (1.1) with m = 1)
and ADM (the special case of (1.1) with m = 2) can be immediately recovered, as we show in the
following corollaries.

Corollary 4.5 The sequence {λk} generated by ALM for the problem (1.1) with m = 1 satisfies

‖λk+1 − λ∗‖2
H−1 ≤ ‖λk − λ∗‖2

H−1 − ‖λk − λk+1‖2
H−1 , ∀λ∗ ∈ Λ∗. (4.26)
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Proof. The ALM is the special case of the proposed method for (1.1) with m = 1. In this case,
v = λ and (4.25) becomes (4.26). The assertion is proved. 2

Note that the ALM is essentially the application of the well-known proximal point algorithm [36]
to the Lagrange dual of (1.1), as analyzed insightfully in [41]. If H = βI is a scalar matrix, then the
inequality (4.26) is reduced to

‖λk+1 − λ∗‖2 ≤ ‖λk − λ∗‖2 − ‖λk − λk+1‖2, ∀λ∗ ∈ Λ∗,

which reflects this fact clearly.

Corollary 4.6 The sequence {vk = (xk
2, λ

k)} generated by ADM for the problem (1.1) with m = 2
(i.e., (1.2)) satisfies

‖vk+1 − v∗‖2
G ≤ ‖vk − v∗‖2

G − ‖vk − vk+1‖2
G, ∀ v∗ ∈ V∗. (4.27)

Proof. Note that ADM for the problem (1.2) is exactly the application of Algorithm 1 for (1.1) with
m = 2 and µ = 1. In this case,

G =

(
AT

2 HA2

H−1

)

By setting m = 2 and vk+1 = ṽk, it follows from (4.25) that

‖vk+1 − v∗‖2
G ≤ ‖vk − v∗‖2

G −
(‖vk − vk+1‖2

G + 2(λk − λk+1)T A2(xk
2 − xk+1

2 )
)
.

Therefore, in order to show (4.27), we need only to prove

(xk
2 − xk+1

2 )T AT
2 (λk − λk+1) ≥ 0. (4.28)

Since µ = 1, it follows from (4.20) that

xk+1
2 ∈ X2, (x′2 − xk+1

2 )T
{
f2(xk+1

2 )−AT
2 λk+ 1

2 + AT
2 HA2(xk+1

2 − xk
2)

} ≥ 0, ∀ x′2 ∈ X2. (4.29)

Note that in the case that m = 2, by using (3.2) and (3.4), we have

λk+1 = λk+ 1
2 + HA(xk

2 − x̃k
2).

Thus, (4.29) can be rewritten as

xk+1
2 ∈ X2, (x′2 − xk+1

2 )T
{
f2(xk+1

2 )−AT
2 λk+1

} ≥ 0, ∀ x′2 ∈ X2. (4.30)

Due to the same reason, in the (k − 1)-th iteration, we have

xk
2 ∈ X2, (x′2 − xk

2)
T
{
f2(xk

2)−AT
2 λk

} ≥ 0, ∀ x′2 ∈ X2. (4.31)

Setting x′2 = xk in (4.30) and x′2 = xk+1 in (4.31), respectively, and then adding the resulting
inequalities, we get

(xk
2 − xk+1

2 )T AT
2 (λk − λk+1) ≥ (xk

2 − xk+1
2 )T

(
f2(xk

2)− f2(xk+1
2 )

)
.

Because f2 is monotone, (4.28) is true and thus the assertion is proved 2

Now, we are ready to prove the convergence of the proposed methods.
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Theorem 4.7 Let w̃k = (x̃k
1, ṽ

k) be generated by Algorithm 1 and the parameter µ be chosen such
that the condition (3.5) is satisfied. If the new iterate is updated by vk+1 = ṽk, then we have

‖vk+1 − v∗‖2
G ≤ ‖vk − v∗‖2

G − τ‖vk − ṽk‖2
G, ∀ v∗ ∈ V∗. (4.32)

Proof. It follows from Theorem 4.4 and the assumption (3.5) immediately. 2

In order to explain how to determine the step size αk in (4.13), we define the step-size-dependent
new iterate by

v(α) = vk − α(vk − ṽk). (4.33)

In this way,
ϑ(α) = ‖vk − v∗‖2

G − ‖v(α)− v∗‖2
G (4.34)

is the distance decrease functions in the k-th iteration by using updating form (4.33). By defining

q(α) = 2αϕ(vk, ṽk)− α2‖vk − ṽk‖2
G. (4.35)

It follows from (4.33), (4.34) and (4.18) that

ϑ(α) = ‖vk − v∗‖2
G − ‖vk − v∗ − α(vk − ṽk)‖2

G

= 2α(vk − v∗)T G(vk − ṽk)− α2‖vk − ṽk‖2
G

≥ 2αϕ(vk, ṽk)− α2‖vk − ṽk‖2
G

= q(α). (4.36)

Note that q(α) is a quadratic function of α, it reaches its maximum at

α∗k =
ϕ(vk, ṽk)
‖vk − ṽk‖2

G

, (4.37)

and this is just the same as defined in (4.13). Usually, in practical computation, taking a relaxed
factor γ > 1 is useful for fast convergence.

Theorem 4.8 Let w̃k = (x̃k
1, ṽ

k) be generated by Algorithm 1 and the parameter µ be chosen such
that the condition (3.5) is satisfied. If the new iterate vk+1 is updated by (4.12)-(4.14) in Algorithm
2, then we have

‖vk+1 − v∗‖2
G ≤ ‖vk − v∗‖2

G −
γ(2− γ)(1 + τ)2

4
‖vk − ṽk‖2

G, ∀ v∗ ∈ V∗. (4.38)

Proof. It follows from (4.34) and (4.36) that

‖vk+1 − v∗‖2
G ≤ ‖vk − v∗‖2

G − q(γα∗k), ∀v∗ ∈ V∗. (4.39)

By using (4.35) and (4.37) we obtain

q(γα∗k) = 2γα∗kϕ(vk, ṽk)− (γα∗k)
2‖vk − ṽk‖2

G

= γ(2− γ)α∗kϕ(vk, ṽk). (4.40)

Using the results in Lemma 4.1 we have

α∗kϕ(vk, ṽk) ≥ (1 + τ)2

4
‖vk − ṽk‖2

G.

The proof of this theorem is complete. 2

In order to guarantee that the right hand side of (4.40) is positive, we take γ ∈ [1, 2). Theorems
4.7 and 4.8 point out that the sequence {vk} generated by the proposed methods is Fejér monotone
with respect to V∗. Now, we are in the stage to prove the main convergence theorem of this paper.
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Theorem 4.9 Let {vk} be generated by Algorithm 2. Then we have

1. limk→∞‖Ai(xk
i − x̃k

i )‖ = 0, i = 2, . . . , m, and limk→∞ ‖λk − λ̃k‖ = 0.

2. Any cluster point of {w̃k} is a solution point of VI(W, F ).

3. The sequence {ṽk} converges to some v∞ ∈ V∗ when Ai, i = 1, . . . , m, are full column rank
matrices.

Proof. First, it follows from (4.32) and(4.38) that

min
{γ(2− γ)(1 + τ)2

4
, τ

}
·
∞∑

k=0

‖vk − ṽk‖2
G ≤ ‖v0 − v∗‖2

G, ∀ v∗ ∈ V∗.

Consequently, since H is positive definite, we have

lim
k→∞

‖Ai(xk
i − x̃k

i )‖ = 0, i = 2, . . . , m, and lim
k→∞

‖λk − λ̃k‖ = 0. (4.41)

The first assertion is proved. Substituting (4.41) in (4.21), we have

lim
k→∞

(x′i − x̃k
i )

T
(
fi(x̃k

i )−AT
i λk+ 1

2
) ≥ 0, ∀x′i ∈ Xi, i = 1, . . . , m.

Because (see (4.16)), we have

lim
k→∞

(λ̃k − λk+ 1
2 ) = lim

k→∞
H

(∑m
i=2Ai(xk

i − x̃k
i )

)
= 0

and thus
lim

k→∞
(x′i − x̃k

i )
T
(
fi(x̃k

i )−AT
i λ̃k

) ≥ 0, ∀x′i ∈ Xi, i = 1, . . . , m. (4.42)

Note that limk→∞ ‖λk − λ̃k‖ = 0 implies (see (3.4)) that that

lim
k→∞

(
m∑

i=1

Aix̃
k
i − b) = 0. (4.43)

Combining (4.42) and (4.43) we get

w̃k ∈ W, lim
k→∞

(w − w̃k)T F (w̃k) ≥ 0, ∀w ∈ W, (4.44)

and thus any cluster point of {w̃k} is a solution point of VI(W, F ).
In the case that Ai, i = 2, . . . , m are column full rank matrices, the matrix G is positive definite.

It follows from (4.32) and (4.38) that {vk} is bounded and

lim
k→∞

‖vk − ṽk‖ = 0.

Let v∞ be a cluster point of {ṽk} and the subsequence {ṽkj} converges to v∞. It follows from (4.44)
that

w̃kj ∈ W, lim
k→∞

(w − w̃kj )T F (w̃kj ) ≥ 0, ∀w ∈ W. (4.45)

This means that v∞ ∈ V∗. Since {vk} is Fejér monotone and limk→∞ ‖vk − ṽk‖ = 0, the sequence
{ṽk} can not have other cluster point and {ṽk} converges to v∞ ∈ V∗. 2
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5 Applications

In this section, we show the superiority and efficiency of the proposed Algorithm 1 by some concrete
applications of (1.1). All the codes were written by MATLAB 7.8 (R2009a) and were run on a T6500
notebook with the Intel Core 2 Duo CPU at 2.1 GHz and 2 GB of memory.

5.1 The superiority of Algorithm 1 without correction steps

In this subsection, we mainly justify the necessity of presenting such an algorithm without correction
steps for solving (1.1), as we have mentioned in Introduction. More specifically, we will focus on
the model of recovering low-rank and sparse components of matrices from incomplete and noisy
observation which was recently proposed in [48] based on the pioneering work [6, 8] (see also [35,
55]). We will implement the proposed Algorithm 1 and the alternating directions based contraction
(ADBC) method in [29] to solve this matrix recovery model, and then the rational of developing
Algorithm 1 without any correction steps for (1.1) is clear.

The task of recovering the low-rank and sparse components of a given matrix captures many
applications arising in diversified areas such as the model selection in statistics, matrix rigidity in
computer science and system identification in engineering. In [8], the following convex relaxation
model of this NP-hard problem was presented:

minA,E ‖A‖∗ + τ‖E‖1

s.t. A + E = C,
(5.1)

where C ∈ Rm×n is the given matrix (data); the nuclear norm denoted by ‖ · ‖∗ is to induce the
low-rank component of C and the l1 norm denoted by ‖ · ‖1 is to induce the sparse component of C;
and τ > 0 is a constant balancing the low-rank and sparsity. This model has also been highlighted
in [6] in the context of the so-called robust principle component analysis (RPCA) where C is a given
high-dimensional matrix in Rm×n, A is the underlying low-rank matrix representing the principal
components and E is the corrupted data matrix which is sparse yet its entries can be arbitrary in
magnitude.

The model (5.1) was immediately extended in [48] to more general setting where only a fraction
of entries of the matrix are assumed to be observable and the observation is corrupted by both
impulsive and Gaussian noise. The resulted model is:

minA,E ‖A‖∗ + τ‖E‖1

s.t. ‖PΩ(C −A− E)‖F ≤ δ,
(5.2)

where Ω is a subset of the index set of entries {1, 2, · · · ,m}×{1, 2, · · · , n} representing the observable
entries; PΩ : Rm×n → Rm×n summarizes the incomplete observation information and it is denoted
by the orthogonal projection onto the span of matrices vanishing outside of Ω so that the ij-th entry
of PΩ(X) is Xij if (i, j) ∈ Ω and zero otherwise; δ > 0 is the Gaussian noise level and ‖ · ‖F is the
standard Frobenius norm.

As in [48], we let C = A∗ + E∗ be the data matrix, where A∗ and E∗ are the low-rank and
sparse components to be recovered, respectively. We generate A∗ by A = LRT , where L and R are
independent m × r matrices whose elements are i.i.d. Gaussian random variables with zero means
and unit variance. Hence, the rank of A∗ is r. The index of observed entries, i.e. Ω, is determined
at random. The support Γ ⊂ Ω of the impulsive noise E∗ (sparse but large) are chosen uniformly
at random, and the non-zero entries of E∗ are i.i.d. uniformly in the interval [−500, 500]. Let sr,
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spr and rr represent the ratios of sample (observed) entries (i.e., |Ω|/mn), the number of non-zero
entries of E (i.e., ‖E‖0/mn) and the rank of A∗ (i.e., r/m), respectively.

To witness the fact that correction steps are likely to destroy the low-rank characteristic of the
recovered low-rank component, we focus on the special case of (5.2) with

δ = 0, τ = 1/
√

n, m = n = 500, rr = spr = 0.05 and sr = 0.6.

We executed the singular value decomposition (SVD) fully to compute the exact ranks of the re-
covered low-rank components Ak, and recorded the variation of the ranks for Algorithm 1 and the
ADBC method in the following figure (left).

0 20 40 60 80 100 120 140
25

30

35

40

45

50

55

60

65

70

Evolution of rank(Ak) for Algo. 1 and ADBC

Iteration number

ra
nk

 

 

Algo. 1
ADBC

0 20 40 60 80 100 120 140
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Errors of Algorithm 1 and ADBC

Iteration number

 

 

Algo. 1: errsSP
Algo. 1: errsLR
ADBC:  errsSP
ADBC:  errsLR

Figure 1: Evolution of rank (left) and errors of recovered components (right) for Algorithm 1 and ADBC

As shown in Figure 1, the rank of iterates generated by ADBC changes radically according to
iterations at the first stage; while the rank of iterates generated by Algorithm 1 is much more stable—
not sensitive to the iterations. We believe that the reason behind this difference is that the correction
step of ADBC destroys the underlying low-rank feature. On the opposite, the low-rank feature is
well preserved by Algorithm 1; and this merit is very suitable for the application of some popular
packages for partial SVD such as PROPACK.

For exposing the difference resulted by correction steps, we also compare their respective varia-
tions of the recovered low-rank component’s error and sparse component’s error denoted by

errsLR :=
‖Ak −A∗‖F

‖A∗‖F
and errsSP :=

‖Ek − E∗‖F

‖E∗‖F

in the right of Figure 1.
As shown clearly, compared to Algorithm 1, the errors generated by ADBC’s iterations, especially

the recovered low-rank component’s error, change more radically.
Therefore, Figure 1 illustrates well our motivation of presenting such an splitting algorithm

without any correction steps for solving (1.1).

5.2 The efficiency of Algorithm 1

In this subsection, we mainly show the efficiency of the proposed Algorithm 1 to solve some appli-
cations of (1.1) arising in the area of image processing. We also implement the proposed Algorithm
2 in this subsection. With the comparison of Algorithms 1 and 2, the reason of avoiding correction
steps is further justified.
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As delineated in [26], the model (1.1) captures many important applications of digital image
restoration and reconstruction problems arising in image processing. Digital image restoration and
reconstruction problems play an important role in various areas of applied sciences such as medical
and astronomical imaging, film restoration and image and video coding and many others. Let
x̄ ∈ Rn2

be the original image, K ∈ Rn2×n2
be a blurring (or convolution) operator, S ∈ Rn2×n2

be
a diagonal matrix, which diagonal entry is 0 (i.e. missing the corresponding information) or 1 (i.e.
keeping the corresponding information), ω ∈ Rn2

be an additive noise, and f ∈ Rn2
which satisfies

the relationship
f = SKx̄ + ω. (5.3)

Given S,K, our objective is to recover x̄ from f , which is known as the problem of image inpainting.
When S is the identity operator, recovering x̄ from f is referred to as deconvolution.

It is well known that (5.3) is an ill-conditioned problem. To stabilize the recovery, one must utilize
some prior information such as adding a regularizer to certain data fidelity. The total variation (TV)
regularization introduced in [43] for image construction has been shown both experimentally and
theoretically to be suitable for preserving sharp edges. More specifically, denote the discrete gradient
operators as ∂1 : Rn2 →Rn2

and ∂2 : Rn2 →Rn2
, which represent the discretized derivatives in the

horizontal and vertical directions, respectively. The gradient operator is then defined as∇ := (∂1, ∂2).
Then the TV inpainting model can be formulated as the following reconstruction model

min
x
‖|∇x|‖+

µ

2
‖SKx− f‖N , (5.4)

or the equivalent constrained form:

min ‖|∇x|‖
s.t. x ∈ Rn2

, ‖SKx− f‖N ≤ α.
(5.5)

Here, let y =

(
y1

y2

)
∈ Rn2 × Rn2

, we define |y| =
√

y2
1 + y2

2 ∈ Rn2
, and ‖ · ‖N refers a norm, in

particular ‖ · ‖2 = ‖ · ‖. The parameter α is positive real numbers, which measures the trade-off
between the fit to f and the amount of regularization.

In this following, we apply both the proposed methods to solve the constrained TV-l2 model, i.e.,
let N = 2 in (5.5), which is to restore a blurred image with additive Gaussian noise. To ensure the
nonempty of the solution set, we assume that the constraint set

Ω := {x ∈ Rn2
, ‖SKx− f‖ ≤ α} (5.6)

is nonempty.
First, we rewrite the problem (5.5) into:

min ‖|y|‖
s.t. y = ∇x,

Kx = z,

z ∈ Z,

(5.7)

where
Z := {z ∈ Rn2

, ‖Sz − f‖ ≤ α}
is a ball. Then, (5.7) is a special case of (1.1) where

x = (x1, x2, x3) = (y, x, z) ∈ R2n2 ×Rn2 ×Z
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f1(y) = ‖|y|‖, f2(x) = 0, f3(z) = 0

and

A = (A1, A2, A3) =

(
I −∇ 0
0 −K I

)
and b =

(
0
0

)
.

The augmented Lagrangian functional associated to this problem is defined by

L(x, y, z, λ1, λ2) = ‖|y|‖1 − λT
1 (y −∇x)− λT

2 (z −Kx) +
1
2
‖y −∇x‖2

H +
1
2
‖z −Kx‖2

H .

To expose the main idea clear, throughout we set H ≡ βI and we restrict out discussion into the
case where β > 0 is fixed.

Now, we elaborate on the strategy of solving the resulted subproblems when the proposed Algo-
rithm 1 is applied to solve (5.7). Recall that we denote by (ỹk, λ̃k, x̃k), z̃k the iterate generated by
Algorithm 1 for solving (5.7).

• The first subproblem (3.1) amounts to solving

ỹk ∈ argmin y‖|y|‖1 +
β

2
‖y −∇xk − 1

β
λk

1‖2.

Obviously, the closed-form solution of the above minimization problem is given by

ỹk = shrink 1
β

(
∇xk +

λk
1

β

)
,

where for a vector y =

(
y1

y2

)
∈ Rn2 × Rn2

and a scalar β > 0, the operator shrinkβ(y) is

defined as
shrinkβ(y) = y −min(β, |y|) · y

|y| , (5.8)

where |y| ∈ Rn2
be defined by |y| =

√
y2
1 + y2

2 and 0 · (0/0) = 0 is assumed.

• The second subproblem (3.2) is trivial whenever ỹk is computed.

• The third subproblem (3.3) amounts to solving

x̃k ∈ argmin x(λ
k+ 1

2
1 )T∇x + (λ

k+ 1
2

2 )T (Kx) +
β

2
µ‖

(
−∇
−K

)
(x− xk)‖2,

whose solution can be obtained via solving the following system of linear equations:

βµ(∇T∇+ KT K)(x̃k − xk) = −∇T λ
k+ 1

2
1 −KT λ

k+ 1
2

2 . (5.9)

Assuming that the blur K is spatially invariant and periodic boundary conditions are used for
the discrete differential operator, we see that the matrices K and ∇T∇ can be diagonalized by
the Fast Fourier transform (FFT).
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• The fourth subproblem (3.4) amounts to solving

z̃k ∈ argmin z(−λ
k+ 1

2
2 )T z +

β

2
µ‖z − zk‖2,

whose closed-form solution is given by:

z̃k = PB[zk +
1

βµ
λk+ 1

2 ].

Here the projection operator PB(·) is defined as

PB(t) =
t− f

‖t− f‖ . ∗min(‖t− f‖, α) + f,

where t ∈ Rn2
.

In the following, we implement both Algorithms 1 and 2 to the Lena image (256×256). The
iteration will be terminated whenever

‖xk+1 − xk‖
max{‖xk‖, 1} < ε, (5.10)

where ε > 0 is a given tolerance. As usually used, we measure the quality of restoration by the
signal-to-noise ratio (SNR), which is measured in decibel (dB) and defined by

SNR(x) , 10 ∗ log10

‖x̄− x̃‖2

‖x̄− x‖2
, (5.11)

where x̄ is the original image and x̃ is the mean intensity value of x̄. In the following experiments,
Guassian kernel was applied with blurring size hsize = 5, standard deviation σ = 14 under two
cases: one is noise level std = 10−3 with 40% information, the other is noise level std = 10−2 with
30% information. We set the missing pixels as 0. We set ε = 5× 10−3, α = ‖Kx− f‖, and µ = 1.8,
γ = 1.3, β = 18. In Figure 2, we present the destroyed image and recover results from two methods
in terms of relative error, SNR, consuming time (CPU) and iteration numbers (It.).

6 Conclusions

For solving the separate convex programming problem with linking linear constraints whose objective
function is in the form of the sum of m individual functions without crossed variables, we present
the first splitting algorithm where m smaller and easier subproblems are solved separately at each
iteration and no any correction steps are required. The superiority and efficiency of the new method
is illustrated by some numerical examples. At each iteration of the new method, however, the
resulted m subproblems are not suitable for completely simultaneous computation as the latter
m − 1 subproblems require the solution of the first subproblem. With the consideration of using
advanced computing infrastructure such as parallel facilities, it is of interest to develop such a splitting
algorithm whose resulted subproblems at each iteration are completely tailored for simultaneous
computation. This is one of our research topics in the future.
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B. & N., RE: 77.56% RE: 6.88%, SNR: 15.07dB, CPU= 2.7s, It.: 42 RE: 6.47%, SNR: 15.60dB, CPU= 4.3s, It.: 47

B. & N., RE: 83.83% RE: 7.49%, SNR: 14.33dB, CPU= 3.2s, It.: 51 RE: 7.27%, SNR: 14.59dB, CPU= 5.0s, It.: 59

Figure 2: Recovered results from Algo. 1 and 2 on TV-l2. In both rows from left to right: blurry
and noisy image missing partial information (B. & N.) and recovered results from Algorithm 1. and
2., respectively. RE, CPU and It. represent relative error, running time and iteration numbers,
respectively. Top row: std = 10−3 and lost 60% information; Bottom row: std = 10−2 and missing
70% information.

20



References

[1] M. V. Afonso, J. M. Bioucas-Dias and M. A. T. Figueiredo, Fast image recovery using variable
splitting and constrained optimization, manuscript, 2009.

[2] A. Auslender and M. Teboulle, Entropic proximal decomposition methods for convex programs
and variational inequalities, Math. Program., 91, 33-47, 2001.

[3] D. P. Bertsekas, Constrained Optimization and Lagrange Multiplier methods, Academic Press,
1982.

[4] E. Blum and W. Oettli. Mathematische Optimierung. Springer-Verlag, Berlin, 1975. Grund-
lagen und Verfahren, Mit einem Anhang “Bibliographie zur Nichtlinearer Programmierung”,
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