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Abstract
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1 Introduction

In this paper, we are interested in a specific class of convex infinite-dimensional problems
with decision variables being functions of time. These problems are characterized by the
joint presence of convex bounds on some finite-dimensional characteristics of the decision
variables, and of the point-wise time constraints. The key assumption on the problem
structure is that, when the coupling constraints are dropped, we can easily optimize the
remaining part of the problem separately, for each moment of time. Hence, the first
step in our approach is dualization of the difficult convex constraints. Since the number
of coupling constraints is finite, the Lagrangian dual problem is a non-smooth convex
problem in finite-dimension. We assume that the dual objective function value can be
computed for each value of the Lagrangian multipliers. Thus, our primary goal is to find
efficiently an approximate solution to the dual problem. At the same time, we are able
to reconstruct a nearly feasible optimal primal solution.

In order to satisfy these two goals, we develop a new double-smoothing approach,
which is a variant of the smoothing techniques [10, 11, 12]. Using the problem structure,
we transform the dual objective function into a smooth strongly convex function with
Lipschitz continuous gradient. These modifications allow us to minimize the dual function
by an optimal gradient scheme with complexity bound O (% In (%))iterations, where € is
the desired accuracy. We present some applications of our technique to some optimal
control problems and to large-scale problems in finite dimension.

The structure of this paper is as follows. In Section 2, we describe the infinite-
dimensional primal problem setting and derive the corresponding dual problem. By
Danskin theorem, we show that in general the dual objective function is non-smooth.
In Section 3, we apply to this function two regularizations which make it smooth and
strongly convex (we explain the importance of both properties). In Section 4, we recall
the optimal method [9] for smooth and strongly convex functions and describe its rate of
convergence. In Section 5, this optimal scheme is applied to our modified dual objective
function. From the dual minimization sequence, it is possible to reconstruct a nearly
feasible and optimal primal solution. The accuracy of the primal and dual solutions can
be adjusted by special parameters. In Section 6, we show that the approximate primal
solutions obtained by the double smoothing algorithm converge in a weak sense to the
optimal solution of the primal infinite-dimensional problem. This result can be used for a
constructive proof of the strong duality for the primal-dual problem. In the last two sec-
tions we consider the applications of double-smoothing technique to the optimal control
problems and to the large-scale convex optimization problems in finite dimension.

2 Problem formulation and dual approach

Consider the following infinite-dimensional convex optimization problem:

inf{fF(t7 u(t))dt : fAi(t)u(t)dt €Qi,i=1,...,N, (%)
“o 0
u(t) € Q(t) a.e in [0, T},

where T' < 0o, and the following assumptions are satisfied.



Assumption 1
1. For matrices A;(t) € R™*™ t € [0,T], we have f |A;(t)]|3dt < o0, i=1,...,N.

2. Sets Q; CR"™ i=1,...,N, are convezx, closed and bounded.

3. All sets Q(t) CR™, t € [0,T], are convex, closed and the graph Q := U;c(o.1Q(1) is
bounded.

4. Function F(t,u):[0,T] x Q@ — R is convez in u for any t € [0,T], and continuously
differentiable in (t,u).

We measure the size of the control function u(t) € R™, t € [0,7T], belonging to
L2([0,T],R™), by the standard Le-norm ||ul|3 = f lu(t)|3 dt.

Without convex coupling constraints (1)*, we can solve problem (1) in a pointwise way,
minimizing the objective separately for every ¢ € [0,7]. Hence, it is natural to dualize
these constraints and pass to a finite-dimensional Lagrangian dual problem. For each
value of dual variables, the dual function can be computed by a point-wise minimization in
u(t) € Q(t). Assuming that this operation is feasible, our primary goal is to show that the
dual problem can be solved efficiently. After that, we will see that the dual optimization
scheme can be used for constructing an approximate optimal primal solution.

Denote by A;, the linear operators defining the convex coupling constraints:

T
Ai  L2([0,T],R™) — R, u— [A;(t)u(t)dt, i=1,...,N.
0

T T
For any z; € R™ we have (A;u, 2;) = ([ A;(H)u(t)dt, ;) = [(u(t), AT (t)z;)dt. Thus,
0 0
Az = AF(t)z, te€[0,T). (2)

In view of Assumption 1.1, the operators A; are bounded and therefore continuous:

2
[Aiull; = HfA ()5 < (fHA szt)

2
T
= <fHA Mo - HU()szt> SOfHA Iz dt fHu iz dt < +oc.

Since @Q; is a convex set, inclusion A;u € @); is valid if and only if
(Aju, 2%y < 0g, (") V2" € R™

where 0, (2) = sup,¢q, (%, 2) is the support function of Q;. Therefore, problem (1) can
be rewritten in the following form:

))dt u,2Y) <og, (7)) V2PeRM™,i=1,.,N,
ueLQ([OT] Rm){f (Aiu, ") < oq,(z") Vz' e t (3)

u(t) € Q(t) a.e. in [0,T]}.
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_ N
Denote U = {u € L*([0,T],R™) : u(t) € Q(t) a.e. in [0,7]}, » = Y. ny, and z =
i=1
(z%,...,2M)T € R™. Dualizing the constraints A;u € @Q;, we obtain a dual form of the
primal problem:

T

P* = inf | [ F(t, u(t))dt + sup Z;N:l«.%liu, 2ty — UQi(Zi))] >

uelU |0 z€R?

def N ; . N . T

D sup |- o (=) + inf [ SN (A, )+ [P u()de ) |

z€R™ uelU 0

Thus, the Lagrangian dual problem (in minimization form) is given by
D = ¢+ ¢ inf SN 00, (2) + ¢(2) = inf,epn 6(2) (4)

where ¢ : R" — R is defined by:

T
0:) = suplf —F(tu)dt = S, (A 1)
T
= sug[of —F(t,u(t))dt — YN (u, At 2] (5)
T
2 sup [[=F(t,u(t)) = X% u(®), Ai(t)" ).

The dual convex optimization problem (4) is an unconstrained problem in finite dimen-
sion. For each z € R™ we can compute its objective function defining ¢(z) in a pointwise
way:

w(t) = arg max [F(t,0) = T (0, 4072, te0,7]. (6)
veEQ(?)
(We assume that functions F'(¢,v) and convex sets ()(t) are simple enough.) In general,
this function 0(z) is nondifferentiable. Indeed, by standard reasoning, we can guarantee
that

0p(z) D {(—Aru, ..., —Anu)T 2 [ —F(t,u(®))dt — SN (A, 21 = ¢(2),u € U}.

oy

(A rigorous application of Danskin Theorem [5, 3| justifies the equality in the above
relation.) As the optimization problem (5) can have multiple optimal solutions, the set
0¢(z) can contain more than one element and therefore at this point ¢ is not differentiable.

Thus, the dualization of problem (1) results in a finite-dimensional nonsmooth convex
problem (4). The classical algorithms for solving such problems are the subgradient-type
schemes. Provided that 6(z) is computable, we can apply them directly to problem (4).
However, their convergence is rather slow. In order to get an accuracy e for the objective
value, they need O (}2) iterations (e.g. [9, 13]).

In our paper we propose another approach based on the smoothing techniques [10, 11,
12]. In the smoothing approach, using the specific structure of the problem, we apply



some regularization to the objective function and obtain much faster methods (which are
not anymore the pure black-box schemes). In this work, we develop an algorithm which is
able to solve the dual problem and to reconstruct from the nearly optimal dual solution,
a nearly optimal and feasible primal solution in O (% In (%)) iterations.

3 Double Smoothing Technique

In convex optimization there are two important class of objective function:

o F}''(R") is the class of convex functions f : R” — R which gradient is Lipschitz-
continuous with constant L > 0.

. Sé:lL(Rﬁ), is the class of functions f € F g’l(Rﬁ) which are strongly convex with
parameter x > 0.

We will try to solve the dual problem (4) using a new primal-dual smoothing technique.
Note that in general its objective function is not differentiable and not strongly convex.
However, we can ensure these properties by double primal-dual regularization of 6. The
goal of the first regularization is to obtain an objective function with Lipschitz-continuous
gradient. In this case, we will be able to apply much more efficient algorithms of smooth
convex optimization.

The goal of the second regularization is to obtain a strongly convex dual objective.
As we will see later, for reconstructing primal solution, we need to get a dual solution
with small value of the gradient of the objective function. Unfortunately, this feature
is not guaranteed by the small residual in the objective function. Indeed, consider the
unconstrained minimization problem

min g(2),
with g € F Ll’l(]Rﬁ) and with optimal solution z,. If we apply to this problem the optimal
scheme [10], we can obtain the following rate of convergence:

9(zk) — 9" < 0 ().

Since (e.g. Theorem 2.1.5 in [9]) 5~ IVg(zi)l13 < g(zx) — g*, we have |[Vg(zi)|l2 < O (1)
On the other hand, we can consider the modified function g(z) = g(z) + %5“2“% Note
that g € S§’§+L(Rﬁ). Therefore (e.g. Theorem 2.2.3 in [9])

~ ~ ~ 2
TV < a(a) - 57 < exp (<ky/52g) - L 2

Thus, we can get [|[Vg(zg)|2 < din O (61% In %) iterations.

These results justify why we want to modify the dual objective function in a strongly
convex function with Lipschitz-continuous gradient. Let us start from ensuring the
smoothness of the dual function.

The dual objective 6(z) is a sum of two functions. Both of them can be nonsmooth.
Consider its first term. For p > 0, we can approximate o¢,(z") = sup,cq. (z,z") by a
smooth function

o) = sup{{r.2) — flall). (7)
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This optimization problem has only one optimal solution since its objective is strongly
concave. Therefore the function o, ¢, is differentiable with gradient given by:

vzi 09,Qi (ZZ) = Tp i

where x,,: € Q; is this unique optimal solution to (7). Moreover, Vog,(z") is Lipschitz-
continuous with constant % (e.g. [10]). Applying this smoothing to all i = 1,..., N, we

obtain function SN | 0,,0:(2"), which gradient

N .
V: (Zizl 0p,Q;s (ZZ)) = (mp,zlv TP xp,ZN)T-

is Lipschitz-continuous with constant %.
Let us smooth now the second term of the dual objective. For p > 0, we modify the
function ¢(z) as follows:

T T
Pu(z) = sup (({ —F(tu(t)dt = 30 (Agu, ') — ’SJHU(t)Hgdt> :

Since the objective function of this problem is strongly concave in w, it has a unique
optimal solution u, (), that can be computed independently for each ¢ € [0,77]:

uuz(t) = argvrélgg) [—F(t,v) — N (v, Ay(0)T 27y — g H’UH%} . (8)

By Danskin Theorem, function ¢,(z) is differentiable and
Voulz) = (—Aluu,z,...,—ANumz)T.
Let us estimate the Lipschitz constant of its gradient.

Theorem 1 With the assumption 1, the gradient of function ¢, is Lipschitz-continuous
with constant iZf;l [ As%

Proof:
For (u,z) € U x R™, define the function
T N ' T )
Up(u,2) = —OfF(t,U(t))dt — i1 (Aiu, 2") — § Of [[u(t)]I3 dt.

This function is Frechet differentiable in u and its Frechet derivative is given by:

(Valu(w,2),h) = [[=(VuF(tu(t), h() - plu(t), h(t)] dt — SN (Ar, h)

(we used the fact that F' is continuously differentiable). Therefore, by the first-order
optimality conditions for problem

du(z) = sup U, (u,z),
uelU



for all 2/ and 2" € R™ we have (see [8]):
(VaWy(up,ors 2)s tpor — ) <0, (VoW (uy,zm, 2") 2 — ) < 0.
Summing up these two inequalities, we obtain:
0 < gvumu(uﬂ,z/, 2') = VU (w27 g — o)

= g<_qu(ta Uy, 2 (t)) + VuF(t7 uu,z”(t))7 Uy, 2 (t) = Uy, 2" (t)>dt

T
N
—H f(uu,Z’ () — o (t), Uy o () — vy, (8))dt — i (AF (2 = 2), Uyt — Uy o)
0

Since F(t,.) is convex, (Vo F(t,uy o/ (t)) — Vo F (t, 1y .0 (t)), y o (t) — w20 (t)) > 0 for all
t € [0,T]. Hence, we conclude that — Ziil(zl’-—z;’,/li(umz/ — Uy ) > 2
Therefore:

IVou(z) = Vou")lz =

! — ull»ZN

M=

N
2
i) = AiCaen)lly < 52 1Al - luper = el
1=

i=1
’ LN N
< U Zl [|A; H2 Zl<zé - zz/‘/v-Ai<uu,Z’ - uu,z”»
1= =
N
< w Al -Zl 2= 2l - Aty — )2
i= i=
1 N / " N 2 12
< 4 21 A3 - 112" = 2"l2 - Zl [ Ai(up,2r) — Ai(ug,.n) I3
1= 1=
N
and we conclude that [|[V¢,(2") — V@, (2")]2 < % STIAE 12— 272 O
i=1

Denote D; = max{3|z||3 : z € @;} and D = max{3|lul|3 : u € U}. Concerning the
value of the modified dual objective function, we have:

00Q:(2") < 0qi(2") < 0,0.(2") +pDy, V2 €R™,
du(z) < P(z) < @u(z)+uD, Yz € R™.

N .
Therefore, if we define the function 6, ,,(2) = Y_ 0,0,(2") + ¢u(2), then
i=1

0,,(2) < 0(2) <6,u(2)+uD+pD, Vz€R* D &f YN, D 9)

Finally, in order to obtain a strongly convex dual objective function, we just add the
strongly convex function 1|/z[|3 with coefficient £ > 0 to function 6, ,. This gives us a
new dual objective function:

Ooun®) = 32 00, + 00l + 51413
which is strongly convex with parameter x, and which gradient
VOpun(2) = (pzs - xpyzN)T — (Arupz, oo .AN’LLM,Z)T + Kz.
is Lipschitz-continuous with constant L(p, u, k) = l + 1 val | 4;||3 + k. This function
R™).

can be minimized by the optimal method for the class S L(p " n)(



4 Optimal scheme for Séi(]R”)

For the reader convenience, in this section we present the simplest optimal method for
minimizing smooth strongly convex functions.

Let function g : R™ — R be strongly convex with parameter x > 0 and its gradient be
Lipschitz-continuous with constant L > . Consider the following problem:

min g(y). (10)

We assume that this problem is solvable. Denote by g* its optimal value and by y* the
optimal solution.

Algorithm ([9]): Choose wy = yo € R™.

Iteration (k > 0): Set yp11 = wy — 7 Vg(wg), and (11)

T—
Wht1 = Yht1 + %(ykﬂ — Yk)-

By Theorem 2.2.3 in [9] we have:

9w —g° < (9(w) = g* + 5llvo — y*lI3) e VE

(12)
< 2(g(yo) — g)e HVE.
Since Vg is Lipschitz-continuous, in view of Theorem 2.1.5 in [9] we have
1 2 * (12) x\ —k/ %
sVl < gluk) —g" < 2(g(yo) —g")e "V L.
Therefore,
IVg(ue)l3 < 4L(g(y0) — g")e "V, (13)
Finally, since g is strongly convex, by Theorem 2.1.8 in [9] we have:
K * |2 * (12) $\ —ka/ B
Slue —yll3 < g(ue) —9* < 2(g(yo) —g e "V L.
Using this inequality and additional arguments, we conclude that
o — 13 < min{llgo — v* 13 2(g(0) — g°)e "V} (14)

5 Solving primal-dual problem by optimal method
Denote by z* the unique optimal solution of the problem

in 0 15
min 0,..5(2), (15)



and by z** one of the optimal solutions of the dual problem (4). We assume that the
upper bound
25 < R (16)
is available.
Applying to this problem the method (11) with starting point zp = 0, we obtain a
sequence {zj} such that:

—k‘ Lad
Oppirs () = Opp(27) < 2(0p,1,5(0) — O, 06 (27))e Howr)
_k K
Hvap,u,n(zk)”% < 4L(PaM> ’f)(ep,u,n(()) - 9,),“7,{(,2*))6 L(W’N)a (17)

. —k u
H%—zwgslmn@vwaiwmwmy—m%Af»e “MM}.

5.1 Convergence of 6(z;) to 0"

Since 6,,,,x(0) = 0,,(0) and 0, x(2*) = 0,,(z") + 5 12|13, we have

5 ||Z*||§ < Oppk(0) = Oppi(z) = 0pu(0) = bpu(2") — 5 ||z*||§,
=21 2(0,00) Gyl V. "
Note that
(12) N ) )
Opu(2k) — Opu(2") < (0,(0) = 0,u(27))e Lpans) 4 5 U1z M15 = llzxll2)-

On the other hand,

12* = 2kll2(ll2" ]2 + ll2l2)
12* = 2rll2(2[12"[l2 + 2% — 27[[2)

12113 — ll&ll3

—
Nt

3l12* = zill2 - [I27]l2

_k [
3 HZ*HQ\/%(@,),M(O) — 0, u(2))e 5\ o

320, ,(0) = O u(2*))e *

R

IN% INZIATIA IA

—~
=

N2
e
™~
>
FZ
x
2

‘ 3 _ 25
and therefore (since 1+ \/g <3)

k / K
ep,u(zk) _Hpvu(Z*) < %(9,;,“(0) —9,)7“(2*))6 2V )
We also have 6, ,(0) < 6(0) and
Opu(z*) = 0(z%) — PD —pD = 6(z) — PD —uD.

Therefore:
0p,u(0) —0,,u(2*) < 0(0) —0(2*) + pD + uD. (19)

Finally, since 6, ,,(z*) + %(|2*[|3 < 0,,,(2**) + £]/2**||3, we have:

)
Opu(2) < Opu(z™) + 511213 < 0(=") + 5112113,

8



and therefore
* ©) a *k K| %% (|2
Opp(zr) — 0pu(2%) = 0(zk) — uD — pD — 0(z™) — 5”2 13-

In conclusion, we have:

O(z) —0(z) < ND‘F/)D-i-%Rz

(20)
~ _k [k

2 (8(0) — 0(="%) + pD + pD) &V 7.

Now it is clear how to choose the smoothing parameters. Let us fix some ¢ > 0. In
the upper bound for the residual 6(z) — 6(2**), we have four terms. In order to ensure
accuracy 0(z;) — 0(z**) < ¢, we force all of these terms to be less or equal than §. This

3
leads to the following values:

€

p=ple) =15, p=ple) =5 r==r(e)=35. (21)
With this choice we get

MBS

Yazomog (22)

The last term in the estimate (22) defines the number of iterations needed for getting
the accuracy e. Clearly, we ensure

0(z) — 0(z*) < % + 28—5 (9(0) —6(z**) + %) e

2 (9(0) — O(=) + £) e PV EE <

8
ko> /e OO @3

|
[

by taking

It remains to note that

L(p,p,k) 1 1 X 2
" = 1+p7+m21“«4i“2
1=

(21) 8 | A N 2| p2
= 1+ % D+Dzl\|Ai\|2 R2.
1=
Thus, we need at most k = O(2 In 1) iterations.

5.2 Convergence of ||V0, ,(z)],

In our approach, we are able to reconstruct a nearly optimal and feasible primal solution.
In Section 5.3, we will see that the accuracy of this solution depends not only on the
convergence rate of objective, but also on the rate of convergence of the norm of the
gradient. Let us give an upper bound for the number of iterations needed to drop this
norm below a certain level.



We have:

IVOou(ze)llz < IVOppun(zr) — w2kl < IVOppum(20)ll2 + £llzkl2
17

(17)
< VO um(zh)ll2 4 2 [|27]] -

Note that
17),(18) T
7 IV0un(z)ll < (0pu(0) = Opu(z"))e
0 . ,k\/I
< (6(0) = 6(=") + puD + pD)e "V Ew
D (00) - 0=) + e VT,

At the same time,

—~
=)
~

0(z*)+ 511215 > Opu(z™) + 5127015 > Opu(z*) + 51127115
9) R
> 0(z*) — uD — pD + & ||*[|3
> §(z") —uD — pD + 5 [|2*]3.
Hence,
~ (21) 21
Il < I3+ 2D+ 2D < w125 B 3R, (25)

and we obtain:

_k K
IV0pu(a)le < /AEGo )00 = 0 e 2V 700 4 2y/3kR,
Taking into account (21), we can see that in k(e) = O(1In 1) iterations, we can ensure

0(zk) = 0(=") <€, [VOpulzi)l2 < % (26)

5.3 Constructing an approximate primal solution

In this section, given an accuracy € > 0, we will see how to obtain from the dual iterate
Zk(e)» an approximate primal solution () € U such that:

T
JE(t, e (t)dt — D*| < 2(1+2V3) - (27)
0

N ) 1/2

Slamo -zl <% @

where T; € Q; for alli =1,..., N.
tn
Since D* < P*, inequality (27) implies [ F(, Uy (t))dt < P*+Che. Thus, the control
0
function iy (t) satisfying (27), (28) can be seen as a nearly optimal and feasible primal

solution with accuracy proportional to e.

10



Consider Uy = the unique optimal solution of the corresponding problem

UN(€)721€ €)’
(8). This solution can be (o)btained in a pointwise way since uy)(t) is defined almost
everywhere as a unique optimal solution of the finite-dimensional strongly convex problem.
We assume that, for all ¢ € [0,T7], the convex functions v — F'(¢,u) and the convex sets
Q(t) are simple enough for solving these point-wise problems analytically or very quickly

using, for example, real-time embedded convex optimization.

We have:
N
Ope)ute) (h(e) = Zl 0 p(e),@: (Zhe)) + Pul2ie)
x i ple) 2 i
= z; << p(6)7zi<€)’zk(5)> - 9 ‘ (e),zi() ) - JF(t>uk(e)( ))dt
N 2
Z;(-A iUk (e)> Zk(€)>
Therefore,

2

T
. " N .
{F(tv Uk (e) (t))dt - D = Zi:l (xp(s),z};(d - ‘Aiuk’(ﬁ)’ Zk(e > - 2 Zz 1 H (o), Zk( )

— 5[5 = Opterute) (2e) + O(=").

Since 0,(¢) u(e) (Zi(e)) — 0(2") < 0(z)) — 0(2™) < €, and

(21) .
=" O(zk(e) — 0(z") — je

we have [0,() u(e)(2r(e)) — 0(2*)| < e. Therefore:

) R
(), (o) (Zr(e) — 0(2") > O(zre) — ple)D — p(e) D — O(2™)
>

T N ‘
be(t,ﬂk(e)(t))dt - D*‘ < Z H%(a,z;(e) — Ailig(q) |, || %o, T PED + (€D +e
(21
1V0,e) ) i) |l 2o [l + 2€
(26)

< % llawcoll, +2¢
On the other hand:

(a7) (25)
lze@ !l < zwe — 2%, + 1251, < 202", < 2V3R.

and we obtain:
T

‘({F(t ak:(e) (t))dt - D*

< 2(1+2V3) ¢

Finally, we have:

e Ty € U by construction ie. Uy (t) € Q(t) Vt e [0,T]

R 2 (26)
’.Aiuk(e ~ @z ||y

Hvep(e),u(e)(zk(e))”Q < 275,
Where T p(e) 2 G Q; Vi=1,..,N.

Therefore, functlon uy can be seen as an approximately feasible and optimal solution for
the primal infinite-dimensional problem (1).

11



6 Condition for strong duality

As a simple consequence of the results of the previous sections, we can prove the strong
duality between the primal and the dual problem, i.e. that D* = P*. We can justify this
by the double smoothing algorithm, which can construct a sequence {u,} C U, such that
u, converges in a certain sense to the optimal solution of the primal problem (which is
therefore solvable).

Let {e,} be a decreasing sequence of positive scalars such that lim, . €, = 0. For
each n > 0, we can apply k(e,) iterations of the double smoothing algorithm with the
parameters ji(e,), p(€n), £(€n) defined by (21). Denote by up = T,y € U the output of
the corresponding minimization process.

Theorem 2 Let the dual problem (4) be solvable. Then there is no duality gap: P* =

D* = —0(2™*), and the sequence u, = Uy, weakly converges to an optimal solution of
the primal problem. Hence the problem (1) is solvable.
Proof:

Note that u, € U for all n > 0, and J(uy,) := [ F(t,u,(t))dt — D* as n — oo. Moreover,

oy

dist (Ajun, Q;) @9 0 as n — co. Since the set U is bounded, the whole sequence {u,,}
is also bounded. Since L?([0,T],R™) is a reflexive Banach space, by Banach Theorem,
we can extract a subsequence {un,} C {un,} which converges weakly in L*([0,t,],R™).
Denote by u* its weak limit (u,, — u*).

Let us prove first that J is continuous. Consider a sequence u, — @ in L%([0, T], R™).
By Corollary 2.17 in [1], we can find a subsequence {u;} C {u}, which converges to U
pointwise almost everywhere. As F' is continuous and bounded on [0,7] x @), we obtain,
using the pointwise convergence and the Lebesgue dominated convergence theorem, that

T T
lim J(up;) = lim [ F(t,u,(t)dt = [ lim F(t,u,(t))dt
j—o0 j—oo o J—o0

T
= OfF(,t,ﬂ(t))dt = J(u).

Suppose that there exists another subsequence {v;} C {ux} such that lim;, J(v;) = «
and a # J(w). Then, using the same arguments as above, we can extract a subsubsequence
{vi,} € {w} such that lim;_, J(v;;) = J(w) and we obtain a contradiction. We conclude
that all convergent subsequence of {J(uy)} converges necessarily to J(u). Hence the total
sequence is converging i.e limy_,~, J(t) = J(u) and we have proved that J is continuous.

Further, since U is closed and convex, and since J is convex, its continuity implies
the weak lower semi-continuity of this functional (see Corollary IIL.8 in [4]). We conclude
that J(u*) < liminf; o J(uy,) = D*.

Finally, since u,; — u*, and the operatots A; are linear and continuous, we have
Aiun; — Aju* for all i = 1,..., N. Taking into account that the sets ); are compact in
R™, the continuity of the distance function implies

dist(Aju*, Q;) = lim dist(Azun;, Q;) = 0.
j—o0

Hence, A;ju* € Q; foralli=1,..., N.
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It remains to note that U is closed and convex, and therefore (e.g. Theorem II1.7 in
[4]), it is weakly closed. Since {un,} C U and up; — u*, we conclude that u* € U.

Thus, we have proved that u* is a feasible solution for (1) and J(u*) < D*. Since
J(u) > P* > D* for all feasible u, we conclude that P* = D*, and u* is the optimal
primal solution. O

7 Applications in optimal control

7.1 Class of optimal control problems and reformulation

In this section, we will look at the optimal control problems that can be written in the
form (1). In particular, we consider the optimal control problems governed by a system
of linear differential equations with convex objective functional, convex constraints on
the state variables at finite number of inspection moments, and the point-wise convex
constraints on the control variables.

Consider the following optimal control problem:

T
igf{({ F(t,u(t))dt . x(t) = A(t)z(t) + B(t)u(t), z(0) = zo,
2(t;) € Qi i=1..,N, (29)

u(t) € Q(t) a.ein [0,T]},
where T' < oo, and Q(¢t) C R™, t € [0,T], are closed convex sets with bounded graph @ o
Uselo,m@(t). We assume that function F': [0,7] x @ — R is bounded, and continuously
differentiable and convex in the second argument, z:(¢) € R™ and u(t) € R™, ¢t € [0,T].
T

For measuring the control variables, we use the norm ||ul|3 = [ ||u(t)||3dt. We assume
0

that
A(t) € C([0,T],R™™),  B(t) € C([0,T], R™*"™).

In problem (29), we have a finite number of inspection moments ¢; € (0,7, and we
assume that Q; C R", i =1,..., N, are bounded closed convex sets.

Let us rewrite the problem (29) in terms of control u. Denote by ®(t, ) the transition
matrix of the system. It is the unique solution of the following matricial Cauchy problem:

4ot r) = AWB)®(r), t>71, B(r,7) =1

Remark 1 When the system is time-invariant, i.e. A(t) = A, and B(t) = B, t € [0,T],
then the transition matrix is the usual matrixz exponent:

k

(I)(t,T) — e(t—T)A — I+ Z Ak(ZTT) .
k=1

13



From the Optimal Control Theory (e.g [6]), we know that the state trajectory xz(t),
generated by the system for a control u(t), is given by the following expression:

z(t) = @(t,0)z0+ ({t(I’(t,T)B(T)’U,(T)dT, t €10,7T).

Therefore, the constraint z(t;) € @; can be expressed as follows:

def

Aiw) ¥ [o, n)B(un)dr € Q, € Q; — d(t;,0)z0, (30)

where ®(t;,0)xq is the value at time ¢; of the unique solution of Cauchy problem
z(t) = At)xz(t), =(0)= xzo.

Remark 2 At the first glance, it seems that we are restricted to the objective functionals
depending only on the control u(t) and not on the state variable x(t). In fact, using the
state tramsition matriz, we can also consider any convex functions depending on some
linear functionals of the state. Such a functional can be defined as

T t

(w(t),a(t)hdt = [{[ ®(t,7)B()u

00
)B(T)u(r),a(t))drdt =

—~

l(z) = 7)dr, a(t))dt

A
=
\]
S

ft(u ()T®(t, )T a(t))drdt
0

Q—o%

ef

(u(t), B()T®(t, ) a(t))dtdr = [{u(T),h(r))dr,

I
O IO — O —
N goe—
oy

T
with h(1) = [ B(r)T®(t,7)Ta(t)dt. Another possibility is as follows:

17}

l(x) = (x(t;) Of(ID ti, T)B(T)u(T)dT, a)
t; t;
= 0f< (t:s T)B(r)u(r), a)dr < J (u(m): h(r))dr,

with h(t) = B(t)T®(t;,7)"a.

Thus, for the linear operator A; : L?([0,T],R™) — R™, defined by (30), the ith state
constraint becomes:

Aiw = [Aj(m)u(r)dr € Q;, (31)

®(t;, 7)B(1), when T € [0,t;],
0, when 7 €]t;, T.
Thus, the optimal control problem (29) can be rewritten in the form (1). Hence, we
can solve it by the double smoothing technique. This approach assumes that we are able
to solve the pointwise problems

maxyequ { ~F(tu) = T (u, AT (1)) = & ull3}

where A;(1) = def

14



where A;(t) depends directly on the state transition matrix. However, in practice the
state transition matrix ®(¢;,t) is often not known. Instead, we can compute the function
AT (t)2" as a solution of some ODE.

Indeed, we have (e.g. Theorem 1.2 in [7])

LoT(t;,t) = —A@)ToT(t;,1).

Therefore ®(t;,t)" is the state transition matrix of the system 0(t) = —A(t)Tv(t). Hence,
AT )2 = B(t)Tv(t), where v(t) is the unique solution of Cauchy problem

o(t) = —AW)Tv(t), vt) =2 te0,t], (32)

extended by zero for ¢ € [t;, T.

7.2 Evaluation of || A,

In order to solve the primal-dual problem (1), (4) by double smoothing technique, we need
to evaluate the norms ||.A4;||2. Moreover, from the estimates (23), (24), it is clear that these
norms are very essential elements of the global complexity bound of our problem. In this
section, using the reachability Gramian of the dynamical system, we derive a closed-form
representation for the norm |[|.A4;[|,. However, this quantity is not easily computable (it
needs the knowledge of the transition matrix). Moreover, its dependence in the length
of time interval is not very transparent. Therefore, in the next section, we obtain some
simple upper bounds for the norms ||.4;]|,, which can be easily computed by solving Linear
Matrix Inequalities (LMI).
Let us derive first the exact expression for ||.A4;||,. By definition,

[All, = sup {IMAiull2 = llull 2o/ rm) = 1} -
ueL?([0,T],R™)

Since the vector A;u does not depend on values of u(t) for t € (¢;,T], we can consider the

restriction of A; on L2([0,t;], R™):

t;
uw — [ ®(t;,7)B(T)u(r)dr.
0
Then
[Aill, = sup {IlAsullz = [[ull L2000, m) = 1},
ueL2([0,t;],R™)

and the operator A} transforms y € R" into the function B(t)T®(t;,t)Ty € L([0, ;).
For all t; > 0,7 =1,..., N, define the reachability Gramians

t;
W,.(0,t;) = fq)(tl',T)B(T)B(T)T(I)(ti,T)TdT = AA7,
0

which are symmetric positive semidefinite matrices (€ S7 ). Recall the following definition.
Definition 1 The system
#(t) = A(t)z(t)+ B(t)u(t) x(0)=0, (33)

is called reachable on [0,%] if for any & € R™ there exist a control u(t) such that z(t) = .

15



The reachability is closely related with reachability Gramian (e.g. Corollary 2.3 in [2]):

Theorem 3 The system (33) is reachable on [0,t;] if and only if the Gramian W,.(0,t;)
s positive definite.

Let us come back now to the definition of the norm ||.A;]|,. We have:

[Ailly = sup  {[Agull2 « [lull z2(o,1)mm) = 1}
UGLQ([O,ti],Rm)

wer2 (5L oy Uz e Al = 1)

-1

If the system is reachable on [0,;], then Im.A;(L?([0,t;],R™)) = R", and we have:

u€L2(1[6l£]Rm {llull 2oy = [ Aiullz = 1}

= ER}PH o {llull 2o, my = A = a3} .
ueLQ([o t; ] R™)

Consider now the minimization problem  min lull,. We will use the following
wEL2([0,¢;],RM),
U=

simple result

Lemma 1 Let H be a Hilbert space and the linear operator A : H — RY be nondegenerate:
AA* = 0. Then for any b € RV and f € H, the Euclidean projection m,(f) of f onto the
subspace Ly, = {g € H : Ag = b} is defined as follows:

m(f) = f+AY(AA)TH(b— Af).

Thus,
el = A CAAD) el = (AT AAD) s, A (A )2
e = ((AAN) Ty, x) Y2
Therefore

inf U my Ajullo =1} = inf (A AY) Ly, )12
it (llagoaam [l =1} =it ((AAD) oz

= A2 ((AAD)Y,

mlIl

and we conclude that

il = Al 2((AAD ™) = A (AiAD),

mln

where A; A = W,.(0,¢;) is the reachability Gramian.
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7.3 Bounding the growth of norms |A4;||, with time

In the previous section, we have shown that the norm |.A4;||, is equal to the square root of
the maximal eigenvalue of the reachability Gramian on the interval [0, ¢;]. Simple examples
show that this norm can grow exponentially with ¢;. However, for the stable systems the
situation is much better.

In this section, we derive the bounds for the growth of the norms [|.A4;||, from the
stability characteristics of the linear time-varying system:

it) = A@®)z(t), t>0, (34)

where the matrix A(t) is continuous in time.
Recall that the state 2 = 0 is always an equilibrium of the system (34). It is the unique
equilibrium if A(¢) is nonsingular for all ¢ > 0. The following facts are standard (e.g. [2]).

Theorem 4 The equilibrium x = 0 is stable if and only if the solutions of the linear
systems are bounded. That is

def

sup ||®(t,7)|l, = k(1) <oo, Vr>0.
t>1
It is uniformly stable if and only if
def
supk(7) = sup;sosupss. [Pt 7)|l, = ko < oo

7>0

¢
Finally, it is is exponentially stable if [ ||®(t, 7')”3 dr < C for all t > 0 where the constant
0
C' is independent on t.

Using these stability results, we can obtain some estimates for the growth of ||.A;]|,.

Theorem 5 If the equilibrium x = 0 is stable and k; & sup || B(t)||, < oo, then
>0

ti

1/2
[Aill2 < kl[ kg(f)df] . (35)

0

Proof:
For all u € L?([0,¢;]R™), we have

t; t;
Ml = ||f o nB@u@ar| < 1o BE, lu@)], dr

(zi tio 1/2

< L{||¢><tm>r\%||B<T>||%df-OfHu(ﬂuédf]

¢, 1/2

< ||l

t, 1/2
Therefore ||A;ll, < k1 [f ko(T)2d7:| : 0

0
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t;
This upper bound depends on the growth of the integral [ ko (1)2dr with respect to t;,
0

which can be very fast. Moreover, it can happen that function kg is not in L?([0,¢;]) and
then the bound (35) gives no information. However, if we assume the uniform stability of
the equilibrium z = 0, then we can get much better bounds.

Theorem 6 If equilibrium x = 0 is uniformly stable and ki 3 sup;>q | B(t) |, < 0o, then

[Ailly, < Kokt

The proof of this theorem is the same as that of Theorem 5. However, now we can
ensure a sublinear bound for the growth |[.A;[|, with respect to ¢;. If we strengthen again
the stability assumption, we can obtain an upper bound independent on t;.

Theorem 7 Let equilibrium x = 0 be exponentially stable and ki = sup||B(t)||, < oo.
>0
Then [|Ai]ly < k1vC.

Again, this fact can be easily derived from the arguments of the proof of Theorem 5.
In some case, we can obtain a computable upper bound for the norm ||.A4;||,. Recall
the following well-known sufficient condition of global exponential stability.

Theorem 8 [2] Let the linear system (34) be time-invariant, and there exists a matrix
P = PT = 0 such that ATP + PA < 0. Then equilibrium x = 0 is globally exponentially
stable.

Under conditions of this theorem, there exists n; > 0 such that the following LMI
ATP+PA<-—mP, P=PT~0,

admits a solution. Matrix P and constant 7; can help us to obtain an explicit upper-
bound for the norm ||A;||,. Indeed, by definition, A;u is the position at time ¢; of the
point of unique trajectory defined by the linear system

#(t) = Ax(t)+ Bu(t), z(0)=0.

Therefore,

x(t;),x(t; def i
le@)3 = (a(t),a(t) < EFL2HL < - ML

where R(t) o (Px(t),z(t)). The derivative of function R can be bounded as follows:

R(t) = ( ) (
= (P,z(t)(Az(t) + Bu(
2 (t x

IA
|
3
=
e
8
=
vﬁ%
N
+
2
e
&
=
oy
<
=
IA
|~
“U
oy
<
=
oy
<
=
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Since z(0) = 0, we get

R(t;) = TR(t)dt < %T(PBu(t),Bu(t))dt
0 0

S (P f |Bu(t)[3dt < LA (P) B3 [ul}3-

2 Amax (P Amax
Hence, || A;ull; < W | B|13 ||ul|3, and therefore ||.A;]3 < mf;m P) B3

If we want to obtain the best upper bound for ||.A;||,, we need to solve the following
optimization problem in the variables 01, 12, 13, and P:

min{% . ATP+PA=Z—mP, ml X P =l m,mis > 0} . (36)
This problem is non-convex, but we can find an upper bound for its optimal solution from
quasiconvex LMI. Note that

A5 < min{% o ATP+PA= —mmsl, el 2P =l iy, nz > 0}
since the feasible set of the right-hand side is smaller than that of (36). Introducing a
new variable 71 = n173, we get the following problem:

2
min{ngi ATP+PA = —7I, nl 2 P =3l 717772,77320}-
112

Since the objective of this problem is quasiconvex, it can be solved in polynomial time.

8  Discretization and application to large-scale
finite-dimensional problems

The double smoothing technique developed in this paper allows us to solve the primal-
dual infinite-dimensional problem (1), (4) up to accuracy € in O (£ 1In (1)) iterations. The
complexity analysis of this approach is done in the infinite-dimensional framework. How-
ever, the exact computation of the gradient V0, ,, .(wy) at each iteration needs in general
an infinite number of pointwise operations. For some simple problems this computation
can be implemented in a finite time. However, in practice this situation is very rear.

For the moment, there are two ways for avoiding this difficulty. The first one is to
adapt the optimal scheme for S ML to the case when the gradient is computed with certain
accuracy. Under this assumptioﬁ, we will be able to keep all the analysis in the infinite-
dimensional framework, and to obtain the accuracy of € in O (% In (%)) iterations for the
infinite-dimensional problem itself. The discretization will be used only inside the first
order orcale, which computes the gradient of the modified dual objective function with
glven accuracy The rigorous justification of corresponding variant of the optimal method
for S L is the topic of our forthcoming paper.

The second possibility is to discretize the infinite-dimensional problem (1) from the
very beginning. Even in this classical framework, our double smoothing approach keeps
all of its strong points. Indeed, the discretized problem will be typically a very large scale
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finite-dimensional problem with coupling constraints. Since it is often easier to solve a
large number of small problems than one large problem with coupling constraints, it is
interesting to tackle these problems by dualizing the coupling constraints and to apply
the double smoothing scheme to the Lagrangian dual problem. The analysis presented in
this paper for infinite-dimensional framework remains valid also in finite dimension. If we
assume that the pointwise problems are solvable in a closed-form, the double smoothing
technique gives us a possibility to solve the discretized problem with an accuracy of e
in O (% In (%)) iterations using an appropriate first-order method. More generally, our
approach can be applied to any kind of large-scale convex problems in finite dimension in
the presence of linear coupling constraints and separable point-wise constraints.
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