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Abstract

Following [13] we provide new formulas for the Fenchel subdifferential of the conjugate
of functions defined on locally convex spaces. In particular, this allows deriving expressions
for the minimizers set of the lower semicontinuous convex hull of such functions. These
formulas are written by means of primal objects related to the subdifferential of the initial
function, namely a new enlargement of the Fenchel subdifferential operator.
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1 Introduction

Duality is a basic tool in nonlinear (convex or not) analysis and optimization theory in which the
concept of Fenchel transformation plays a central role. The main feature of this transformation is
that the resulting function which is called the Fenchel conjugate is always convex. Therefore, by
the abundance of results and tools from convex analysis, one disposes of much information on the
behavior of this new function, namely in view of the nice properties of the Fenchel subdifferential
in the convex setting ([16, 19]). For instance, differentiability or Gateaux differentiability of the
conjugate function, which is in fact related to the geometry of the subdifferential set, allows
information on the convexity/strict convexity of the function itself; e.g., [2, 4, 12, 16, 17]. To
benefit from this transformation in an efficient way one needs an inversion process to go back
to the original function and to be able, for example, to know about its minimizers over a set,
the integration of its subdifferential, its convex and lower semicontinuous hulls, etc. Roughly
speaking, in order to go back and forth between the (possibly nonconvex) primal and the convex
dual settings, it is necessary to have in hand formulas relating the Fenchel subdifferential of a
function and its conjugate. At this point, the purpose of this paper is to provide such formulas
which are valid in more general settings. Let us mention that this study enters in the intensive
research on subdifferential calculus rules for pointwise supremum functions, see [3, 5, 6, 7, 10,
11, 13, 14, 18] among others.
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Explicit formulas for the Fenchel subdifferential of conjugate functions have been recently
established by M.A. Lépez and V. Volle [13]. The most general one, given in Theorem 2 of
[13] in terms of the approximate subdifferentials of the initial function, applies for any extended
real-valued function defined on a locally convex space X and gives us

of ()= () @[@-f) ")+ {y -2} ], (1)
y*66d>o?nf*

provided that the domain dom f* of f* is not empty. As a consequence, it is proven in Theorem
6 and Corollary 2 of [13] that

af* (IE*) = m co [(af;‘f)il(x*) + NLﬂdom f* (ZII*)] 5 (2)
LR @

where F(z*) either stands for F,- := {L C X* | L convex, z* € L, rint(cone(L N dom f*)) # 0}
or
Fp :={L C X* | L is a finite-dimensional linear subspace containing x*}. (3)

It is the purpose of this paper to introduce another enlargement 97 of the Fenchel subdiffer-
ential of f (instead of 0. f) in order to obtain new formulas modelled on (1) and (2). We shall
prove (see Theorem 4) that

of(x*)= () @[(0; )" (=*) + Nprdom s+ (2%)] (4)

LeF(xz*)

where F(x*) either stands for F,~ defined in (3) or

~

Foe i={L C X" convex | 2" € L, rint(L Ndom f*) # 0, fiinendom p+) 18 continuous}. — (5)

To fix the ideas, if the conjugate f* is finite and continuous at some point in the interior of its
domain and f is weakly lsc, then the formula in (4) simplifies to

9f*(2") = Naom p=(¢") + 0 [(0f) 7 (=7)] - (6)

As an immediate consequence, if we take 2* = 6 in (6) then we derive a formula for the argmin
set of the lower semicontinuous convex hull of f

Argmin (¢6f) = Naom ¢+ () + €0 [Argmin f].

It is the place to mention that many formulas of other types for Argmin (¢6f) can be found in
[1, 9, 14].

The remainder of the paper is organized as follows: in Section 2, we fix the notation which
will be used throughout the paper. In Section 3, we investigate an enlargement of the Fenchel
subdifferential. In Section 4, we establish in Theorem 4 the desired formulas for the subdifferential
of the conjugate function. After that, some important special cases are treated in a series of
corollaries, namely the formula of the Argmin set of the lower semicontinuous convex hull is
provided in Corollary 8. The paper is ended up by a couple of examples.



2 Notation

In this paper, X and X* are real locally convex (Ic, for short) spaces paired in duality by a
bilinear form (z*,z) € X* x X — (z*,2) = (x,2*) = x*(z). For instance, this setting includes
the following situations: X is a Hilbert space, X* is its topological dual, and (-,-) is the inner
product; X is a reflexive Banach space, X* is the dual normed space, and (-, -} is the dual product;
X is endowed with the weak topology (X, X*) (Mackey topology 7(X, X*), respectively) and
X* is endowed with the weak topology o(X*, X) (Mackey topology 7(X*, X), respectively),
etc. The null vector in the involved spaces are all denoted by 6, and the convex symmetric
neighborhoods of @ are called #-neighborhoods. We use the notation R := R U {—o0, +-o0}.

The following notation and preliminary results are standard in convex analysis [8, 16, 19].
Given two nonempty sets A and B in X (or in X*) and A C R, we define

A+B:={a+blacA be B}, NM:={da| e A ac A}, A+0:=0+A:=0, AD:=0.

By co A, cone A, and aff A, we denote the convex hull, the conic hull, and the affine hull of the
set A, respectively. We use int A and cl A (or, indistinctly, A) to respectively denote the interior
of A and the closure of A. Hence, @A := cl(co A), affA := cl(aff A), and coneA := cl(cone A).
We use rint A to denote the (topological) relative interior of A (i.e. the interior of A relative to
aff A if aff A is closed, and the empty set otherwise (see [19])).

By A° and A™, we respectively denote the (one-sided) polar and the negative dual cone of
A given by A° := {z* € X* | (2*,2) <1V x € A} and A~ := (cone A)° . In particular, by the
bipolar theorem we have the equalities

A°° = (A°)° =co(AU{b}), A=~ :=(A7)” =cone(co A).
The normal cone to A at x is defined as

| (A—z)” if z€A,
Na(@) ‘—{ ifze X\ A

The support and the indicator functions of A are respectively 04 : X* — Rand I, : X — R,
defined by

oa(z®) :=sup{(z*,a) |a € A}, Ia(z):=0ifx € A; +oifz e X\ A,

with the convention that oy = —oc.

If f: X - R (or f: X* — R)is a given function, we use dom f and epi f to denote
respectively the (effective) domain and the epigraph of f

dom f:={zx e X | f(z) < +oo}, epif :={(z,)) € X xR | f(z) < A}

We say that f is proper if dom f # () and f(z) > —oco forallz € X. If A C X (or X*), we denote
fia the restriction of the function f to the subset A.

The lower semicontinuous (Isc) hull and the lsc convex hull of f, respectively written cl f,
tof : X — R, are defined so that

epi(cl f) := cl(epi f), epi(cof) := co(epi f).

Ifcof = f and f is proper then we write f € T'o(X). If f equals its weak Isc hull cl” f, then we
say that f is weakly lsc (or o(X, X*)-Isc).



The (Fenchel) conjugate of f is the function f* : X* — R given by
[(@") :=sup{(z,2") — f(z),z € X},

while f** : X — R given by
7 (x) == sup{{z, ™) — f*(z"),2" € X}

is the (Fenchel) biconjugate of f. It is known that f** =cof if and only if f is minorized by a
continuous affine function.

If M:X = X* (or X* = X) is a set-valued operator, M~! : X* = X denotes its inverse
set-valued operator defined as

M~ Yx*):={z € X | 2" € Mx};

in the sequel, we identify M to its graph {(z,z*) € X x X* | 2* € Mz}. Finally, when infx f € R
and € > 0, a vector z is said to be a global e-minimum of f, and we write € e-Argmin f (or,
simply, Argmin f if e = 0) if f(z) <infx f +e.

3 Enlargement of the Fenchel subdifferential operator

In this section, we investigate a new enlargement of the Fenchel subdifferential operator. We
recall that if f : X — R is an extended real-valued function, for £ > 0 the e—subdifferential of
f is the set-valued map 0. f : X = X* which assigns to € X the (possibly empty) w*—closed
convex set

O:f(x) :=A{z" € X | [*(a") + f(z) < (2", 2) + ¢}

(with the convention that 0. f(x) = (0 if f(z) ¢ R). In particular, df(z) := 9o f(z) is the usual
Fenchel subdifferential of f at x. We shall say that f is subdifferentiable at z if 9f(x) # (.

It is well-known that for functions f € I'g(X), the subdifferential operator of f* is completely
characterized by the subdifferential of f in view of the straightforward relationship

af = (af)™".

But, for functions not necessarily in T'g(X) the operator 9 is small enough to build up the whole
df* as the following simple example shows.

Example 1 Let f(z) := e~1*l. Then, direct computations yield f* = Loy,
9f*(0) = Ny} (0) =R, and (8f)7(0) = (9f)7*(0) + Naom - (0) = 0.

This example suggests to enlarge the concept of the Fenchel subdifferential by taking into
account the geometry of dom f*.

Definition 1 Given a function f : X — R, L C X* and (z,2*) € X x X*, we say that
(x,x*) € 05 f if and only if x* € L, f*(z*) € R, and there exists a net ()yep C X (where D
is a directed set) such that

lienll)@uY —z,y*) =0 Vy* €aff (LNdom f* —2*), and
o

lim (f(2,) — (@, 2%)) = —f*(a").

Y€D



If dom f* C L, for simplicity we denote 0" f := 0} f.
In particular, if int(dom f*) # @ it follows from the definition above that
o f =0(clV f), (7)

and so both 0* and 0 coincide if the function f is in addition weakly lsc. Furthermore, by
Corollary 2.3 and Remark 2.4 in [18] (giving formulas for the subdifferential of the lower semi-
continuous hull), (7) allows the following representation of the operator 9* by means of the
e-subdifferentials of the function f

ofx) =) U orw),

e>0 yex+U
UeN

where A/ denotes the collection of the #-neighborhoods in (X, o (X, X*)).
The following proposition gives first comparisons between 05, df, and 0f*.

Proposition 1 Let f : X — R be a function. Then, the following statements hold:
(i) for every x € X and L C X*,
LNof(z) Copf(x);
(ii) for every e >0, L C X*, and x* € LN dom f*,
& {(07.0)" (@)} @ {(01)1 @) + Niom - (2}
(iii) for every closed subspace L C X* and z* € L Ndom f*,
@ {01 (&) + Niatom s (")} € 0" + 11)(");
(iv) for every z* € X*,

N @{(apf)‘l (z") +deomf*<x*)} c af* (z*),

FEF,«
where Fyw is defined in (3).
Proof. (i) The proof is immediate if LNJf(z) = 0. Otherwise, if z* € LNJf(z) (C LNdom f*),
we get that f*(z*) € R and
f(@) = (z,2%) = = f*(z").

Hence, by taking =, = x in Definition 1 it follows that z* € 05 f(z).
(ii) The proof is obvious if (8% f) " (z*) = 0 and, so, we suppose that (95 f)~" (z*) # 0 which
in particular yields (9. f)~!(z*) # 0. Consequently, it suffices to show that
U(B}if)il(w*)(v*) < U(aef)il(z*)+NLﬂniorx1f* (I*)(U*) for all v* € X (8)

Indeed, if v* € X*\cone(LNdom f*—z*) (= X*\[Nzndom £+ (2*)] ), we choose v € Nrndom £+ (z*)



such that (v*,v) > 0. Therefore, recalling that o(y_f)-1(4+)(v*) > —o0,

0-(8Ef)—1(aj*)+NLmdon]f*(‘T*)(v*) > il;}())<)\’0,"0*> + U(asf)—l(w*)('l)*) = +00;

i.e. (8) holds. If v* € come(L Ndom f* — z*), we fix € (85 f) ' (¢*) and > 0. By invoking
Definition 1, f*(z*) € R and we find a net (z,),ep C X such that, for each v € D,

(Ty —2,0") S, flzy) + [7(27) < (2y,27) +e.
Hence, z-, € (0:f)"!(x*) and so we write
(,07) S 0@, p-1() (V") + (T = 24,0") < 0. 5)~1(2) N pgom g+ () (V) +

Consequently, (8) follows by taking the supremum over z € (95 f )_1 (z*), and next letting o — 0.
(iii) Let us first show that

Af +1)@") = (] @{(@:)" ")+ Nraradom - (+*)} ©)

e>0
FeF, «

Indeed, writing the (Isc convex) function f* + 1y : X* — R as
(" +10)(z%) = sup{(z", 2) + IL(z7) — f(2), z € X},

by applying Theorem 4 in [7] to the family of Isc convex functions {f, () := (-, 2) + IL(-) — f(2),
z € X} we obtain that

O(f* +1p)(a") = () @{{z+0I(x"): (&*,2) = f(2) = f*(2") — €} + NrnLndom 5= (27)}-
e>0
FEF,

Therefore, (9) follows since that .1z, (z*) = L, L' + Npazadom £+ (2°) = Npazadom £+ (2*), and
(0:4) ") = {z € X | (a7, 2) — f(2) 2 ["(2") e}
Now, in view of (9), the statement of (ii) leads us to
w{(@LN) (@)} c o + 1)), (10)
Consequently, if (f* +1.)(z*) = 0, then (95 )" (*) = 0 and, so,
w{@n) " (@)} = {@LN " (&) + Nipaom s () } = 0" + 1) (") =

that is (iii) holds. If O(f* +I.)(z*) # 0, by [19, Exer. 2.23] we have that Npndqom s+ (z*) =
(O(f* +11)(2"))oo and so, again by (10),

@{(a}tf)il (ZE*)} + NLﬂdomf* (l'*) - 8(f* + IL)(x*) + NLﬁdomf* (LL'*) = a(f* + IL)(-’II*),



which leads us, as O(f* +1Ir)(«*) is closed and convex, to
0 {(011)7" (@) + Nioaom - (2} € O +10) ("),

showing that (iii) also holds in this case.
(iv) This statement follows from (iii) in view of the relationship () 9(f* + Ir)(z*) =
FEF,=
Of*(z*). m
In the following Proposition we show that in the convex case J7 almost agree with the usual
Fenchel subdifferential.

Proposition 2 Let f : X — R be a function and fix v € X.
(i) If f is convexz, then for every closed subspace L C X* satisfying LN Of(x) # 0, we have
that

01 f(x) =LNaf(x).
(ii) if f € To(X), then Of(z) and O* f(x) coincide, i.e. Of (x) admits the following equivalent
representation
Of(x) ={a" € X* | f*(2") € R and 3 a net (z4)yep C X, s.t.
lim (v, — 2,y*) — 0 Vy* € aff(dom f* —2*), lim(f(z,) — (z,,2%)) = —f*(2*)}.
yeD yeD

Proof. (i) We fix a closed subspace L C X*. By Proposition 1(i) it is sufficient to show that
01 f(x) c LNaf(x).

This inclusion is obvious if 95 f(z) = 0. Otherwise, if z* € 95 f(x), Proposition 1(iii) gives us
z € O(f* +11)(2*) = 0(fOor)*(2*), where fOor(-) := infyex{f(y') + or(- — ')} is the inf-
convolution of f and or. So, z* € d(fUor)** (). Since that L N df(z) # 0, by assumption,
we obtain that d(fOop)(z) = LN Af(z) # 0. Therefore, z* € d(fUor)**(z) = d(fUor)(z) =
LNaf(x), as we wanted to prove.

(ii) As in (i) it suffices to show that 0* f(z) C df(x). We fix z* € 0*f(z) (= 0%. f(z)). By
Proposition 1(iii) we get that = € 9(f* + Ix«)(z*) = 0f*(z*). Hence, as f € I'g(X) we deduce
that z* € 9f**(z) = 0f(z). m

Let us once again verify Example 1 by using now the new operator 07 .

Example 2 (Continuation of Example 1) As aff(dom f*) = {0} and f*(0) = 0, it follows that
x € (8% )" (0) if and only if there exists a sequence (z); C R such that

f(zr) = 0zp = f(ax) — —f7(0) = 0.
Therefore, observing that limy_. o e ¥ =0, (9*f) "' (0) = R and so we write
of(0)=(@H " (0)=R:
in other words, in view of Proposition 2 we have the formula
o f7(0) = (1) (0).

Next, we give a couple of simple examples illustrating Definition 1; the one in (a) is Example
4.1 in [1].



Example 3 (a) Let f(a,b) := Va? + e~ Ibl, for a,b € R. Then, because cof(a,b) = |a| it follows
that

f* (CL, b) = (@f)*(a, b) = I[7171]><{0} (CL, b)v
hence, dom f* = [—1,1] x {0} and we easily verify that 9f = 0. Let us calculate 0* f(a,b) for
fixed a,b € R. Following Definition 1 we write

0" f(a,b) = {(a,O) € [=1,1] x {0} | 3(bp)x s.t. Va2 + e~ lbel — aa}.
Thus, («, ) € 0*f(a,b) if and only if 5 =0 and « € 9|-| (a); that is,

{(-1,0)} ifa<0
0 f(a,b) =< [-1,1] x {0} ifa=0
{(1,0)} if a>0.

(b) Let f(a) :=+/aif a >0 and f(a):= 400 if a < 0. Then, we have that
f*(a)=0ifa <0 and f*(a) = +oo if a > 0,
so that dom f* = (—o00, 0] and, for every a <0,
0 fla) =Ry ifa=0; {0}ifa<0.

We end up this section by the following proposition which will be used in the proof of Theorem
4. It may be of independent interest since it sheds more light on the operators 95 .

Proposition 3 Let be given a function f: X — R, an 2* € X*, and a subset L € ﬁr (see (5)).
If f* is subdifferentiable at x*, then (62]”)71 (x*) £ 0 and for every z* € rint(L N dom f* — x*)
we have that
ﬁgf)gp T(0. )= &)+ N s aom 5+ () (27) S T (g0 y=1 50y (27).

Proof. Let us first suppose that * = 6 and f*(z*) = f*(0#) = 0 (which is possible since that f*
is subdifferentiable at z* and f*(2*) € R). We let L C X* be as in the proposition (in particular,
0 € L and aff(L N dom f*) is closed), and fix z* € rint(L N dom f*). Thus, by the current
assumption on f*, there exists a #-neighborhood U C X* such that (z* 4+ U) Naff(LNdom f*) C
LNdom f* and, for all w € UNaff(LNdom f* — 2*) (= U Naff(LNdom f*), as § € LN dom f*
by assumption),

[rE+u) < f1E) + 1 (11)

We denote

= inf 2%, for e > 0.
Pe ye(asf)71(9)+NLﬁdoxr1f*(0)< y>

According to (2), we have that 0 # df*(0) C (9-f)~*(0) + NLrdom r+ () and, so,
. <max<q1l, inf (—2%, .
B X{ yeaf*(9)< y>}

Moreover, due to the fact that z* € LNdom f* it holds that —(z*,y) > 0 for all y € Nzdom £+ (6)
and, so,

Be> inf  (=2"y)>—  sup (2"y) — fly) te>—fT(z") —e,
ve(@:f)=1(0) ye(@.£)~1(0)



where in the second inequality we used the definition of d.f (i.e. f(y) —e < —f*(0) = 0).
Consequently, we obtain that

—00 < —f*(2") —e < B < sup Ber < max{l, inf (—z*,y>} < +oco forall e > 0.
e'>0 y€of=(0)

We pick e, — 07 and denote By := f3, . So, by the definition of the f)’s, and taking into account
the above inequality, there are sequences (yx)r>1, (2x)k>1 C X such that, for each k > 1,

1
Yk € (askf)il(e)v S NLﬁdomf* (G)a <_Z*7yk + Zk> < 6k + E < Sulgﬁs +1 < +o0. (12)
£>

Hence, for every u € U Naff(L Ndom f* — z*),

() = (u+t2% k) + (yk, 2") — 20", 2 + yu) + 2(2", 25)
< (w25 un) + (e, 25) — 2025, 2 + un) (as 2, € Nradom 7+ (0))
< (w25 y) + (Yk, 27) + 28Upes Be + 2 (by (12))
< P Hu) + 2+ 2f (yk) +25upesg Be + 2 (by Fenchel inequality)
< FE w4 ) 425 28 B 42 (as gk € (0, )71(0))
< max{l,2f*(2*) + 2e; + 2sup,.o B + 3} = 7 (by (11)).

Consequently, (yx)x C [r~(UNaff(LNdom f*))]° and, so, by Alaoglu-Bourbaki Theorem applied
in the lc space aff (L N dom f*), whose topology is induced by the one of X*, there are a subnet
of (yr)k, denoted in the same way, and y € X such that

(yg, w) — (y,w) for all w € aff (L N dom f*).
On another hand, using again the fact that y;, € (0., f)~1(0),
0=—f(0) =iff < flye) = flye) + [7(0) Sex Vhk =1L

that is, limy f(yx) = 0 = —f*(0) and so y € (95 f)~1(#). Hence, (05 f)~1(0) # 0 and the first
conclusion follows.
Now, as z* € LNdom f*, and z; € Npndom +(0) for all k > 1, from (12) we get that

—0(0; -1 0)(27) < (=27 y) = lim(=2", yi) < Tim(=2"yx + 2¢) < liminf Gy,

establishing the desired inequality. R -
To study the general case, when z* is not necessarily null, we define the function f: X — R
as

f(@) = f(2) — (&%, 2) + f*(27)

€ R). By direct computation it follows that o= (4a*) - J*(x*)
)7HO) = (0-f)"Hz*) for all € > 0, Of*(0) = df*(z*), dom f* =

(we remember that f*(z*)
a'nd’ SO’ f* (0) = 07 (aEf



dom f* — {z*}, rint((L — z*) N dom f*) = rint(L N dom f* — z*), and
N1 avyrdom 7+ () = Nadom g+ (@), (8{p_p /) 71(0) = (97.1) " (z7). (13)

It is also clear that rint((L — z*) N dom f*) # () and fﬁint((L—z*)ﬂdomf*)
by the first part of the proof, (8Zf)_1 (z*) = (8*L_$*)f)_1(9) # ) and, for every z* € rint(L N
dom f* — %) = rint((L — z*) N dom f*),

is continuous so that,

lim sup sup (z*,y) = limsup sup (z*,y)
e—0% y€(9:f)~ (") +NLndom f+ (z*) e=0" ye(0:F)"1(0)+N (1 4+ )ndom 7+ (0)
< sup - (Ny)= osup o (Zhy),
ye (B;Lﬁ*)f) ) ye(05f)” (=)

completing the proof of the proposition. m

4 Explicit formulas for the subdifferential of the conjugate
function

We provide in this section the desired formulas for the subdifferential operator of the conjugate
function, by means of primal objects built upon the subdifferential of the initial function, namely
the operators J7 introduced in Section 3.

In the following theorem, we use the notation F,- and F defined in (3) and (5), respectively;
that is,

Fp- ={L C X* | L is a finite-dimensional linear subspace containing x*},

Fur ={L C X* convex | z* € L, rint(L N dom f*) # 0), fltint(LAdom f+) 1S continuous},

where fl; ¢ Lndom f+) 18 the restriction of f* to rint(L N dom f*).

Theorem 4 Given a function f: X — R, for every x* € X* we have the formula

of*(z*) = ﬂ o {(97./) (") + NLadom - (z7) }

LeF(x*)

where F(x*) either stands for Fpx or Fpe. In particular, provided that rint(dom f*) # 0 and
fﬁint(domf*) s continuous, we have that

0f"(2") = {(0" )~ (=") + Naom s+ (")} .

Proof. We begin by proving the first statement. The inclusion 7 D 7 with F(a*) = F,« is
established in Proposition 1(iv). Moreover, in view of the fact that F,« C F,«, this inclusion

A~

also holds when F(z*) = Fy«. So, we only need to establish the direct inclusion ” C ” with
F(z*) = F,- in the non trivial case af*(z*) # 0; hence, f*(z*) € R and f* is proper. Thus,
as shown at the end of the proof of Proposition 3 (see (13)), we may assume that z* = 6 and
f*(x*) = f*(0) = 0; thus, in particular, infx f = 0.

Proceeding by contradiction, if « & .z @ {(05.f) () + NLadom +(0) } , we find some

10



Le j':e such that
x ¢co{ (87 )" (0) + Nradom s+ (0) } -
Since this last set is obviously closed, and nonempty according to Proposition 3 (as we assumed
af*(0) # 0), by the separation theorem (e.g., [19]) there exist Z* € X*\ {0} and ¢;,¢ € R such
that
(2,7%) > & > é > (y,&") for all y € (95 f)"(0) + Nrrdom f+ (). (14)

In particular, we have that (y,2*) < 0, for all ¥ € Nrndom s+ (0), which in turn yields * €
[NLAdom £+ ()] = come(LNdom f*). We denote ¢ € T'g(X™*) the positively homogeneous function
given by
P(2") =0 py-1(0)(27) — (T, 27),

so that (14) reads ¢(Z*) < 0. Let us show that cone(L N dom f*) C dom . For we let z* €
LNdom f* be given, and pick z € (95 f)~'(#) (this set is shown above to be non-empty). Then,
in view of the definition of 07 f we find a net (z,)yep such that lim,ep(z,,2*) = (z,2*) and
lim,ep f(zy) = —f*(8) = 0. Hence, some vy € D exists so that, invoking Fenchel inequality,

(2,2") < (29, 2") +1 < flzy) + f(27) +1 < f(27) +2 for all v > 7.
So, by taking the supremum over z € (95 f)~1(0),
(") = 09z p)-1(0) (2") — (2, 2") < f(z") = (2,27) +2 < +o0,

showing that 2z* € dom ¢. Then, the desired inclusion cone(L N dom f*) C dom ¢ follows from
the positive homogeneity of ¢.

Now, knowing that (§ # rint(L N dom f*) (C rint(cone(L N dom f*))) and &* € cone(L N
dom f*), we pick z* € rint(L N dom f*) and apply the accessibility Lemma (e.g., [16]) to get
that az* 4+ (1 — @)Z* € rint(cone(L N dom f*)), for every « € (0,1]. Consequently, invoking the
convexity of ¢ and the facts that ¢(z*) € R and ¢(Z*) < 0 (from (14)), we can choose « € (0, 1]
small enough so that the vector z* := az* + (1 — «)Z* satisfies

(") < ap(z") + (1 — a)p(T*) < 0;

hence, T* # 6 and, by the positive homogeneity of ¢, we may assume that z* € L Ndom f*. In
particular, the last inequalities yield the existence of ¢q, co € R such that

(2,2%) > 1 > ca > 0(0; py-1(9) (") = (y,2") forally e (07./)71(8) + NLrdom s+ (6).-
Now, by applying Proposition 3, the last inequalities above lead us, for some £y > 0, to

sup (y, ) <1 <{(z,Z") for all € € (0,eq],
Y€(9ef)~H(0)+NLrdom s+ (0)

which in turn implies that ¢ €6 { (8-, f) ~*(#) + NLrdom s+ (0) } . In other words, we have proved
that

(0 {(@=£)7"(8) + Nendom - (6)} € @ {91 f(6) + Nrrdom - (6)}

e>0

2

which in view of (2) yields the desired inclusion ” C ” and, so, finishes the proof of the main
conclusion.
To prove the last conclusion, we observe that the supplementary conditions on rint(dom f*)

and f* imply that L := dom f* is in fg. Thus, by the first part of the theorem, and the fact
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that 0" f = 0, s« [, it follows that

af*(0) C @ {(0"F) " (6) + Naom s+ (6) } -

The converse inclusion is also immediate as we obviously have that (9*f)~!(0) C 9f*(6) and
Ndom = (0) is the recession cone of 9f*(6) (this last fact holds if 0f*(6) # (). This completes the
proof of the theorem. m

The following result gives an alternative representation of the main conclusion of Theorem
4. In it, for y* € dom f* we denote 0y« f : X =2 X* the operator such that (x,z*) € 0, f if and
only if f*(2*) € R and there exists a net (z,)yep C X satisfying

whe%<x7 —xz,y* —2") =0 and

lim f(zy) = (zy,27) = —f"(z7).

Y€ED
Corollary 5 Given a function f : X — R, for every x* € X* we have the formula
of @)= [ @{@Ne)+ly -}
y*€dom f*

Proof. Given a vector y* € dom f*, we denote Ly~ := z* + R{y* — 2™} so that L,- € F,- (see
(3)), NL,.ndom s+ (z*) = [y* —2*] ", and aff(L,~ Ndom f* — 2*) = R{y* — 2*}. We also easily
check that (8zy*f)_1(x*) = (0y~ f)~(z*) so that, by appealing to Theorem 4,

of (@) Cew{@y N @) +ly =]},

»”

yielding the inclusion ” C 7 after intersecting over y* € dom f*. On the other hand, by Proposi-

tion 1(iii) we get
@ {(9y- /)71 (=") + Ni, . ndom - (z)} € O(f* + 1. ) (2")

so that, by intersecting over y* € dom f*,
N @{ON'e)+ -aT}c () o +1u,.)@"),
y*€dom f* y*€dom f*
Consequently, the inclusion ” C ” holds in view of the relationship ﬂy* cdom f* o(f*+1p,.)(z") =
af*(z*). m
Next, we give a series of corollaries devoted to some important special situations relying on
the topology of dom f* and/or the dimension of the underlying space X.

Corollary 6 Let f : X — R be such that int(dom f*) # () and f* is continuous in int(dom f*).
Then, for every x* € X* we have the formula

Of* (") = Naom s+ (") + 0 { (9" f) "} (z")} -
In particular, provided that f is weakly lsc we have that

8f*($*) = Ndomf* (33*) +@{(8f)71($*)} .

Proof. We suppose without loss of generality that 9f*(z*) # 0, 2* = 0, and f*(0) = infx f = 0;

12



hence, f** =¢of and both functions f and f** are proper. Also, taking into account the current
assumption, we let z* € int(dom f*) and #-neighborhoods U C (X, 0(X, X*)), V C X* be such
that
(2,2 <1, f*(Z"+2") < f*(z*)+1 forallzeU, z* V. (15)
To establish the main conclusion, according to Theorem 4 it is sufficient to show that the
convex subset of X denoted by A := Nom 7+ (0)+co { (0" f) 1 (6) } is closed. We pick € A. Then,
for each m € N* there exist ky, € N*, v, € Naom £+ (0), Aim € [0,1], and z; , € (9*f)71(0), for
i=1,---,ky, such that (A1, -+, Ak, ,m) € Ay, and

—1
AMm@1m -+ Moy m @l m + Um —x €m™ U,

where
Akm = {(Ckh'-' 704km) Eka |OZ1,-~- , O, >0,a1 4+ +ag, = 1} (16)

m

Also, in view of the definition of (9* f)~1(#) we may suppose that

fl@im) <1l foralli=1,--- kp

m*

Then, by taking into account (15) (that z* +V C dom f*) the last relationship above gives us,
for every z* €'V,

<'Um,2*> < _<'Um75*> (as Vm € Ndom £ (9))
< (2, Z2%) + Ci<i<kn, NiymTim, 27) +mT !

< —z, 2+ > ANim(f(@im) + f(Z*))+1 (by Fenchel inequality)

1<i<knm

< max{l, —(z, z*) + f*(z") + 2} =7 (as sup  f(@im) < 1);
1<i <k

that is, (Um)m C (r~!'V)°. Then, we may suppose that the nets (vi,)m, (AMmZTim + -+ +
Ny Thipy,m)m converge to some v € Nom f+(0) and z — v € o {(9*f)71(0)}, respectively,
showing that z = v + (z — v) € A, as we wanted to prove.

The last conclusion is immediate in view of the relationship 0*f = 0f (see (7)). m

In the following corollary we address the finite-dimensional counterpart of Corollary 6.

Corollary 7 Let f : R® — R be such that int(dom f*) # (). Then, for every x* € X* we have
the formula

Of* (") = Naom s+ (") + co { (9" )"} (z") } -
In addition, if f is lsc then
Of* (") = Naom s+ (") + co {(9f) 7' (z") } .

Proof. We shall denote B, (z) (B, if z = 0) the ball of radius v > 0 centered at z. As before, we
suppose without loss of generality that df*(z*) # 0, * = 6, and f*(z*) = 0; thus, f* is proper
and infx f = 0. By assumption, we fix z¢ € int(dom f*) and p > 0 such that

[ (o +v) < f*(zo)+1 forallve B, (17)
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Then, to prove the first conclusion it suffices, according to Corollary 6, to show that

@ {(0° )71 (0)} Ceo{(@°F)7HO)}. (18)
For we pick a sequence (), in co {(8*f)~*(f)} which converges to a given x. By taking into
account Carathéodory’s Theorem, for each k > 1 there are (Ag,1, -+ , Akn+1) € Apt1 (see (16))
and Tg 1, , Tp 1 € (0% f)71(F) such that

Tk = A 1Zk1 + o F A1 Tkt 1 (19)

without loss of generality we suppose that (zo,zx) > (zo,z) — 1 for all k, Ap; > 0, for all 4, k,
and the sequence (Ag,1, -, Ag,nt1)r converges to some (Ar, -+, Apt1) € Appq (rvecall (16)). By
the definition of (9% f)~*(8), for each i € {1,--- ,n + 1} there exists y,; € B (xk,;) such that
flyr,i) < % and, so, by Fenchel inequality,

(o, Tri) < (o, Yri) + k" (@0, m0) < f*(20) + (w0, 0) + 1 for all k. (20)
So, by multiplying (19) by ¢ it follows that, for each k,
(o, Tk,i) = (To, Tk) — Z Ak, 1{Z0s Tk, )
1<]<n+1
> (xg,z) — 1 — max{f*(zo) + v/ (zo,20) + 1,1} =: c.

Hence, by invoking Fenchel inequality together with (17) and (20), for every v € B, we get that

(v, Tri) = (To + v, Yr,i) — (To, Thyi) + (To + U, Thi — Yr.i)
< (o +v) + fyri) — a+ k™ (w0, z0) + p

< f*(xo) — a4+ v/ {xo, o) + p+ 2 < +00;

that is, by subsequencing if necessary, the sequence (xy ;)i converges to some ;. Thus, the
corresponding sequence (yg)r also converges to x;. But, limy_,. o f(yr) = 0 and so x; €
(0% f)71(0). Consequently, (18) follows and establishes the first conclusion. The last conclusion
immediately fellows from the first one in view of (7). ®

Now, in view of the relationship Argmin f** = 9f*(0), we derive from Theorem 4 and Corol-
laries 6 and 7 new formulas for the set Argmin(cof) by means of Argmin f. We recall that (see
(3) and (5), respectively)

Fo={L C X* | L is a finite-dimensional linear subspace},
Fo={L C X" convex | 0 € L, rint(L Ndom f*) # 0, fline(zndom s+) 18 continuous}.
Corollary 8 Given a function f : X — R having a proper conjugate, we have the formula

Argmin f** = () @ {(9;)7"(0) + Nradom r(0) } ,
LeF(0)
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where F(0) either stands for Fy or j':g. In particular, the following statements hold:

(i) if rint(dom f*) # 0 and £ (dom f+) 18 continuous,

Argmin f** =co {(9* f “1(0) + Naom s+ 0)};
(ii) if int(dom f*) # 0 and f7, qom f-) 8 continuous,

Argmin f** = Ngom s+ (0) + €0 {Argmin (cl f)};
(iii) 4f, additionally to (ii), f is weakly Isc,
Argmin f** = Ngom ¢+ () + ¢o {Argmin f};

(iv) if X = R", int(dom f*) # 0, and f is Isc,

Argmin f** = Ngom £+ (6) + co {Argmin f} .

We end up this article by a couple of examples given in a Hilbert space (H, |||, (-, -)).

Example 4 Given a subset C C H, we consider the function f: H — R U {+o0} defined by

1) ::{ Lz itzecC

—+o00 otherwise.
Then, for every z* € H we have the formula

Of (z*) =co{z e C" | Jap — z, x4 € C, li]£n||:1:k —z¥|| = do(z™)},

where C denotes the weak closure of C, and d¢ denotes the usual distance to C. Consequently,
if C' is weakly closed, then

Of*(z*) =cofz € O ||lz — 27| = do(z")}.
Proof. To begin with we observe that the weak Isc hull cl¥ f of f is given by

1. A 2 . —w
w 5 liminf, ., ||y|” ifzeC
— 2 y—
cl® f(z) : { too otherwise.

By Asplund’s formula one has

(@ 1)) = 1) = 5 (1a°| — dB(a*)). (21)

We notice that dom f* = H and, so, (the proper Isc convex function) f* is continuous on H.
Therefore, Corollary 6 applies and yields to

—co{ (¥ )~ } for all z* € H.
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To conclude, it suffices to observe that z € (9(cl” f))~!(x*) if and only if
w 1 * * *
(e £)@) + 5 (l2]]” = dg (@) = (. 27),

if and only if z € C" and there exists a sequence C' 3 z;, — a such that

1., 2 * 1 * 2 * 1. *|12 1 *
stim (loal® = 26ak,a%)) + S (2] = d2 (@) = 5 lim (Jlax = 2*°) = 32 (") =0,

thus, if and only if # € C" and the sequence (z)r C C weakly converges to = and satisfies
[z —2*[| = de (7).

Example 5 Given a bounded set C C H, we consider the function f: H — RU {400} defined
by

~Lz|* ifze-C

+o00 otherwise.

fa)={
Then, for every 2* € H we have the formula

Of*(z*) = —co{z € C | Iz, — z s.t. x € C, h}Icn lxg — x*|| = sup |ly — =¥ }-
yel

Consequently, if H is finite-dimensional,

Of*(x*) = — co{ Fg(x™)},
where Fx(z*) is the set of furthest points in C' from z*.

Proof. In this case the conjugate of f is
*[ %\ 1 *12 %12
Fr@®) = S (sup fly — 27" = ll2"1%),
yeC
which is then continuous on H. We also can check that

O f) N(z*) = —{x € H| 3wy — x s.t. 71, € C, liin lxg — ¥ = Slelg ly — x|}
y

Therefore, the conclusion follows by Corollary 6, while the last consequence uses Corollary 7. m

Acknowledgement. We would like to thank the referees for making valuable suggestions
and comments which substantially improve the present paper. Also, we are grateful to Y. Garcia
and J.-F. Jaber for their carefully reading of a preliminary version of this manuscript, and to M.
Volle for pointing to us the starting question on the possible extension of the results of [1].

References

[1] BENOIST, J. AND HIRIART-URRUTY, J.-B. What is the subdifferential of the closed convex
hull of a function? STAM J. Math. Anal. 27 (1996), no. 6, 1661-1679.

[2] BORWEIN, J. M. AND VANDERWERFF, J. Differentiability of Conjugate Functions and Per-
turbed Minimization Principles, J. Convex Anal. 16 (2009), no. 3 & 4, 707-711.

16



3]

[10]

[11]

[12]

[13]

[14]

CORREA, R. AND SEEGER, A. Directional derivative of a minimaz function; Nonlinear
Anal. 9 (1985), no. 1, 13-22.

GRIEWANK, A. AND RABIER, P. J. On the smoothness of convex envelopes, Trans Amer
Math Soc. 322 (1991), 691-709.

HANTOUTE, A. Subdifferential set of the supremum of lower semi-continuous convex func-
tions and the conical hull intersection property, Top 14 (2006), no. 2, 355-374.

HANTOUTE, A. AND LOPEZ, M. A. A complete characterization of the subdifferential set

of the supremum of an arbitrary family of convex functions, J. Convex Anal. 15 (2008), no.
4, 831-858.

HANTOUTE, A., LOPEZ, M. A. AND ZALINESCU, C. Subdifferential calculus rules in convex
analysis: a unifying approach via pointwise supremum functions, STAM J. Optim. 19 (2008),
no. 2, 863-882.

HIRIART-URRUTY, J.-B. AND LEMARECHAL, C. Convex Analysis and Minimization Algo-
rithms I, II, Springer, Berlin, 1993.

HirIART-URRUTY, J.-B., LOPEZ, M. A. AND VOLLE, A. The e-strategy in Variational
analysis: illustration with the closed convexification of a function, (2010), will appear in
Rev. Mat. Iberoamericana.

HiriarT-URRUTY, J.-B., MoussAoul, M., SEEGER, A. AND VOLLE, M. Subdifferential
calculus without qualification conditions, using approximate subdifferentials: A survey, Non-
linear Anal. 24 (1995), no 12, 1727-1754.

JOFRE, A. AND PENOT, J.-B. A note on the directional derivative of a marginal function,
Rev. Mat. Apl. 14 (1993), no. 2, 37-54.

KIRCHHEIM, B. AND KRISTENSEN, J. Differentiability of convexr envelopes, C. R. Acad. Sci.
Paris Sér. I Math. 333 (2001), no. 8, 725-728.

Lopez, M. A. AND VOLLE, M. A formula for the set of optimal solutions of a relaxed
minimization problem. Applications to subdifferential calculus, Journal of Convex Analysis,
17 (2010), Pub. online (http://www.heldermann-verlag.de/jca/jcal7/jca0851.pdf).

Loprez, M. A. AND VOLLE, M. On the subdifferential of the supremum of an arbitrary
family of extended real-valued functions, (2010), will appear in RACSAM Rev. R. Acad.
Cienc. Exactas Fis. Nat. Ser. A Mat.

MORDUKHOVICH, B. S. Variational analysis and generalized differentiation I. Basic theory.
Springer-Verlag, Berlin, 2006.

ROCKAFELLAR, R. T. Convex Analysis, Princeton University Press, Princeton, N.J., 1970.

Sovroviov, V. Duality for nonconvex optimization and its applications, Anal.Math. 19
(1993); no. 4, 297-315.

VOLLE, M. Complements on subdifferential calculus, Pac. J. Optim. 4 (2008), no. 3, 621-628.

ZALINESCU, C. Convex analysis in general vector spaces, World Scientific Publishing Co.,
Inc., River Edge, NJ, 2002.

17



