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Abstract

In this paper we consider general rank minimization problems with rank appearing in either
objective function or constraint. We first show that a class of matrix optimization problems can be
solved as lower dimensional vector optimization problems. As a consequence, we establish that a
class of rank minimization problems have closed form solutions. Using this result, we then propose
penalty decomposition methods for general rank minimization problems in which each subproblem is
solved by a block coordinate descend method. Under some suitable assumptions, we show that any
accumulation point of the sequence generated by our method when applied to the rank constrained
minimization problem is a stationary point of a nonlinear reformulation of the problem. Finally, we
test the performance of our methods by applying them to matrix completion and nearest low-rank
correlation matrix problems. The computational results demonstrate that our methods generally
outperform the existing methods in terms of solution quality and/or speed.
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rank correlation matrix
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1 Introduction
In this paper we consider the following rank minimization problems:

H}%n{f(X) c rank(X) <7, X € XNQY, (1)
n}}n{f(X)—kurank(X):XGXﬁQ} (2)

for some r, v > 0, where X is a closed convex set, () is a closed unitarily invariant set in R™*", and
f i R™™ — R is a continuously differentiable function (for the definition of unitarily invariant set, see
Section 2). In literature, there are numerous application problems in the form of (1) or (2). For example,
several well-known combinatorial optimization problems such as maximal cut (MAXCUT) and maximal
stable set can be formulated as problem (1) (see, for example, [11, 1, 5]). More generally, nonconvex
quadratic programming problems can also be cast into (2) (see, for example, [1]). Recently, some image
recovery problems are formulated as (1) or (2) (see, for example, [28]). In addition, the problem of
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finding nearest low-rank correlation matrix is in the form of (1), which has important application in
finance (see, for example, [4, 30, 37, 39, 26, 31, 12]).

Several approaches have recently been developed for solving problems (1) and (2) or their special
cases. In particular, for those arising in combinatorial optimization (e.g., MAXCUT), one novel method
is to first solve the semidefinite programming (SDP) relaxation of (1) and then obtain an approximate
solution of (1) by applying some heuristics to the solution of the SDP (see, for example, [11]). Despite
the remarkable success on those problems, it is not clear about the performance of this method when
extended to solve more general problem (1). In addition, the nuclear norm relaxation approach has
been proposed for problems (1) or (2). For example, Fazel et al. [10] considered a special case of
problem (2) with f = 0 and Q = R"™*". In their approach, a convex relaxation is applied to (1) or
(2) by replacing the rank of X by the nuclear norm of X and numerous efficient methods can then
be applied to solve the resulting convex problems. Recently, Recht et al. [28] showed that under some
suitable conditions, such a convex relaxation is tight when X is an affine manifold. The quality of such
a relaxation, however, remains unknown when applied to general problems (1) and (2). Additionally,
for some application problems, the nuclear norm stays constant in feasible region. For example, as
for nearest low-rank correlation matrix problem (see Subsection 5.2), any feasible point is a symmetric
positive semidefinite matrix with all diagonal entries equal to one. For those problems, nuclear norm
relaxation approach is obviously inappropriate. Finally, nonlinear programming (NLP) reformulation
approach has been applied for problem (1) (see, for example, [5]). In this approach, problem (1) is
cast into an NLP problem by replacing the constraint rank(X) < r by X = UV where U € R"™*" and
V € R™" and then numerous optimization methods can be applied to solve the resulting NLP. It is
not hard to observe that such an NLP has infinitely many local minima, and moreover it can be highly
nonlinear, which might be challenging for all existing numerical optimization methods for NLP. Also,
it is not clear whether this approach can be applied to problem (2).

In this paper we consider general rank minimization problems (1) and (2). We first show that a class
of matrix optimization problems can be solved as lower dimensional vector optimization problems. As a
consequence, we establish that a class of rank minimization problems have closed form solutions. Using
this result, we then propose penalty decomposition methods for general rank minimization problems in
which each subproblem is solved by a block coordinate descend method. Under some suitable assump-
tions, we show that any accumulation point of the sequence generated by our method when applied
to the rank constrained minimization problem (1) is a stationary point of a nonlinear reformulation of
the problem. Finally, we test the performance of our methods by applying them to matrix completion
and nearest low-rank correlation matrix problems. The computational results demonstrate that our
methods generally outperform the existing methods in terms of solution quality and/or speed.

The rest of this paper is organized as follows. In Subsection 1.1, we introduce the notation that
is used throughout the paper. In Section 2, we establish some technical results on a class of rank
minimization problems that are used to develop the penalty decomposition methods for problems (1)
and (2) in Sections 3 and 4. The convergence of our penalty decomposition methods for problem
(1) is also established in those sections. In Section 5, we conduct numerical experiments to test the
performance of our penalty decomposition methods for solving matrix completion and nearest low-rank
correlation matrix problems. Finally, we present some concluding remarks in section 6.

1.1 Notation

In this paper, the symbol R" denotes the n-dimensional Euclidean space, and the set of all m x n
matrices with real entries is denoted by R™*™. The spaces of n X n diagonal and symmetric matrices



will be denoted by D™ and S", respectively. If X € 8" is positive semidefinite, we write X > 0.
The cone of positive semidefinite matrices is denoted by S%. Given matrices X and Y in R™*", the
standard inner product is defined by (X,Y) := Tr(XY7T), where Tr(-) denotes the trace of a matrix.
The Frobenius norm of a real matrix X is defined as | X||p := /Tr(XXT), and the nuclear norm of X,
denoted by || X||«, is defined as the sum of all singular values of X. The rank of a matrix X is denoted by
rank(X). We denote by I the identity matrix, whose dimension should be clear from the context. For
a real symmetric matrix X, A\(X) denotes the vector of all eigenvalues of X arranged in nondecreasing
order and A(X) is the diagonal matrix whose ith diagonal entry is \;(X) for all 7. Similarly, for any
X € ™" o(X) denotes the g-dimensional vector consisting of all singular values of X arranged in
nondecreasing order, where ¢ = min(m, n), and X(X) is the m x n matrix whose ith diagonal entry is
oi(X) for all i and all off-diagonal entries are 0, that is, 3;(X) = 0;(X) for 1 <i < g and £;;(X) =0
for all i # j. We define the operator & : 7 — R™*" as follows:

if i = j;
otherwise

Dij(x) = { g Vo € R, (3)

where ¢ = min(m,n). Given an n X n matrix X, 7 (X)) denotes a diagonal matrix whose ith diagonal
element is X;; for i = 1,...,n. For any real vector, ||-||o, || - ||1 and || - ||2 denote the cardinality (i.e., the
number of nonzero entries), the standard 1-norm and the Euclidean norm of the vector, respectively.
Given a real vector space U and a closed set C' C U, let dist(-,C) : U/ — R denote the distance function
to C measured in terms of || - ||, that is,

dist(u, C) := inf ||u —a|| YuelU.
ueC

Finally, No(x) and 7o (x) denote the normal and tangent cones of C' at any x € C, respectively.

2 Technical results on special rank minimization

In this section we first show that a class of matrix optimization problems can be solved as lower
dimensional vector optimization problems. As a consequence, we establish a result that a class of rank
minimization problems have closed form solutions, which will be used to develop penalty decomposition
methods in Sections 3 and 4. Before proceeding, we introduce some definitions that will be used
subsequently.

Let U™ denote the set of all unitary matrices in R**”. A norm || - || is a unitarily invariant norm on
Rt |{UXV]| = || X forall U e U™, V e U™, X € R™*". More generally, a function F' : R™*" — R
is a wunitarily invariant function if F(UXV) = F(X) for al U € U™, V e U™, X € R™*". A set
X C R™*™ ig a unitarily invariant set if

{UXV:UeU™Veld",XecX}=2X.

Similarly, a function F': 8® — R is a unitary similarity invariant function if F(UXUT) = F(X) for all
Uel™ X € S™. A set X C S" is a unitary similarity invariant set if

{UXUT:UcU", X c X} =X.

The following result establishes that a class of matrix optimization problems over a subset of R™*™
can be solved as lower dimensional vector optimization problems.



Proposition 2.1 Let || - || be a unitarily invariant norm on R™*", and let F' : R™*" — R be a
unitarily invariant function. Suppose that X C R™*™ is a unitarily invariant set. Let A € R™*" be
given, ¢ = min(m,n), and let ¢ be a non-decreasing function on [0,00). Suppose that US(A)VT is the
singular value decomposition of A. Then, X* = U2 (x*)VT is an optimal solution of the problem

min - F(X) + (|| X — Al)
st. XedX, (4)

where x* € N is an optimal solution of the problem

min  F(2(x)) + ¢(||Z2(x) — B(A)|)

st. 9(x) e X. (5)
Proof. Since || - || is a unitarily invariant norm, we know from exercise 18 on page 215 of [13] that
IX = Al = [2(X) = Z(4)[ vX e R (6)

It then follows from (6), the monotonicity of ¢ and the relation £(X) = Z(0(X)) that
o(11X — All) = 6(|2(o(X)) — S(A)l) VX € R,
Since X is a unitarily invariant set and F' is a unitarily invariant function, we have
P20(X))eXx, F(2(c(X))=FX) vVXeAX.
Using the above relations, we immediately obtain that
FX) + (X = Al) = F(2(o(X))) + (| 2(o(X)) - S(A)])) VX € &,

which together with Z(0(X)) € X implies that the optimal value of problem (4) is minorized by that
of problem (5). Further, by the definition of z*, we know that Z(z*) € X, which along with the
assumption that X is a unitarily invariant set, implies that X* € X, that is, X™* is a feasible solution of
problem (4). Moreover, we observe that

F(X*) = F(2(z")), ¢(IX* = Al) = ¢(|lU2(z)VT = All) = 6(|2(z") - B(A)])).

Thus, the objective function of (4) reaches the optimal value of problem (5) at X*. It then immediately
follows that problems (5) and (4) share the same optimal value, and hence X* is an optimal solution of
(4). "

As some consequences of Proposition 2.1, we next state that a class of rank minimization problems
on a subset of R™*™ can be solved as lower dimensional vector minimization problems.

Corollary 2.2 Letv >0 and A € R™*" be given, and let ¢ = min(m,n). Suppose that X C R™*"™ is a
unitarily invariant set, and US(A)VT is the singular value decomposition of A. Then, X* = UP(x*)V7T
is an optimal solution of the problem

1
min{v rank(X) + §HX — A% X eXl, (7)
where x* € N is an optimal solution of the problem

min{l/l!ﬂf\lo+%llx—0(f1)\|§: I(x) € X}. (8)



Proof. Let || - | :== || - |, F(X) := v rank(X) for all X, and ¢(t) := t2/2 for all t. Clearly, the

assumptions of Proposition 2.1 are satisfied for such || - ||, F' and ¢. Further, notice that rank(Z(x)) =
l|z]|o and ||2(z) — Z(A)||r = ||z — 0 (A)]|2 for all z € . Tt immediately follows from Proposition 2.1
that the conclusion holds. n

Corollary 2.3 Letr >0 and A € R™*" be given, and let ¢ = min(m,n). Suppose that X C R™*" is a
unitarily invariant set, and US(A)VT is the singular value decomposition of A. Then, X* = UP(x*)VT
s an optimal solution of the problem

min{||X — A||p: rank(X) <r, X € X}, 9)

where x* € N is an optimal solution of the problem
minf|lz —o(A)|l2: [Jzflo <7, Z(x) € X}. (10)
Proof. Its proof is similar to that of Corollary 2.2. n

Remark. When X is simple enough, problems (7) and (9) have closed form solutions. In many
applications, X = {X € R"™*" : a < 0;(X) < b Vi} for some 0 < a < b < co. For such X, one can see
that 2(z) € X if and only if a < |x;| < b for all 4. In this case, it is not hard to observe that problems
(8) and (10) have closed form solutions (see Lu and Zhang [21]). It thus follows from Corollaries 2.2
and 2.3 that problems (7) and (9) also have closed form solutions.

The following results are heavily used in [6, 23, 35] for developing algorithms for solving the nuclear
norm relaxation of matrix completion problems. They can be immediately obtained from Proposition
2.1.

Corollary 2.4 Let v > 0 and A € R™*" be given, and let ¢ = min(m,n). Suppose that UL(A)VT is
the singular value decomposition of A. Then, X* = U2 (z*)V" is an optimal solution of the problem

) 1
min || Xl + X ~ A%,
where x* € N is an optimal solution of the problem

. 1
minvl|z]y + 5|z — o (A)]l3.

Corollary 2.5 Let r > 0 and A € R™*" be given, and let ¢ = min(m,n). Suppose that US(A)VT is
the singular value decomposition of A. Then, X* = U2 (z*)VT is an optimal solution of the problem

minf[| X — Al|p : [ X][l. <r},
where x* € N is an optimal solution of the problem
min{(lz — (A2 : [lzfly <r}.
We next show that a class of matrix optimization problems over a subset of S™ can be solved as

lower dimensional vector optimization problems. Before proceeding, we establish a lemma that will be
used subsequently.



Lemma 2.6 Let || - || be a unitarily invariant norm on R™*™. The following holds:
X =Y > [[AX) —AY)[ VX,V eS™

Proof. Let X, Y € 8™ be arbitrarily given. Let t be sufficiently large such that X 4+ ¢I and Y + tI
are both positive semidefinite. Then, we have

I2(X +tI) = 35(Y +tI)]| = [AX +tI) — A(Y +tI)|| = ||[A(X) — AY)].
It follows from (6) and the above relation that
X =Y =[[(X+tI) = (Y +tI)|| = [|B(X +tI) = Z(Y + )] = [AX) — AV,
and thus the conclusion holds. ]

The following result establishes that a class of matrix optimization problems over a subset of S™ can
be solved as lower dimensional vector optimization problems.

Proposition 2.7 Let || - || be a unitarily invariant norm on R™*"™, and let F' : 8™ — R be a unitary
similarity invariant function. Suppose that X C 8™ is a unitary similarity invariant set. Let A € 8™ be
given, and let ¢ be a non-decreasing function on [0,00). Suppose that UN(A)UT is the eigenvalue value
decomposition of A. Then, X* = U2 (z*)UT is an optimal solution of the problem

min  F(X) + ¢(|| X — A]|)

s.t. X ek, (11)
where x* € R" is an optimal solution of the problem
min F(2(x)) + 6(|2(x) - AA)]) )

st. P(x) e X.

Proof. The conclusion of this proposition follows from Lemma 2.6 and a similar argument as for
Proposition 2.1. [

As some consequences of Proposition 2.7, we next show that a class of rank minimization problems
on a subset of 8" can be solved as lower dimensional vector minimization problems.

Corollary 2.8 Let v >0 and A € 8™ be given. Suppose that X C S™ is a unitary similarity invariant
set, and UN(A)UT is the eigenvalue decomposition of A. Then, X* = U2(x*)UT is an optimal solution
of the problem

1
min{v rank(X) + §||X — A% X eXl, (13)
where x* € N is an optimal solution of the problem
. 1
min{v|z[lo + Slz ~ AA3: 2(x) € &3, (14)

Proof. The conclusion of this corollary immediately follows from Proposition 2.7, and the relations
rank(2(z)) = ||z|jo and ||Z2(z) — A(A)||F = ||z — A(A)]| for all z € R". "



Corollary 2.9 Letr >0 and A € S™ be given. Suppose that X C S™ is a unitary similarity invariant
set, and UN(A)UT is the eigenvalue decomposition of A. Then, X* = U2 (x*)UT is an optimal solution

of the problem
min{||X — A||r: rank(X) <r, X € X'}, (15)

where x* € R is an optimal solution of the problem
min{[lz — A(A)[l2: [lzflo <7 Z(x) € X} (16)
Proof. Its proof is similar to that of Corollary 2.8. n

Remark. When X is simple enough, problems (13) and (15) have closed form solutions. In many
applications, X = {X € 8" : a < \(X) < b Vi} for some a < b < co. For such X, one can see that
P (x) € X if and only if a < x; < b for all i (e.g.,, X = ST). In this case, it is not hard to observe
that problems (14) and (10) have closed form solutions (see Lu and Zhang [21]). It thus follows from
Corollaries 2.8 and 2.9 that problems (13) and (15) also have closed form solutions.

3 Penalty decomposition method for rank minimization of asymmet-
ric matrices
In this section, we consider the rank minimization problems (1) and (2). In particular, we first propose

a penalty decomposition (PD) method for solving problem (1), and then extend it to solve problem (2)
at end of this section. Throughout this section, we make the following assumption for problems (1) and

(2).

Assumption 1 Problems (1) and (2) are feasible, and moreover, at least a feasible solution, denoted
by X2 s known.

Clearly, problem (1) can be equivalently reformulated as

I)?((H}I/I{f(X) X-Y=0 XeX, Ye)} (17)
where
Y :={Y € Q| rank(Y) <r}. (18)
Given a penalty parameter ¢ > 0, the associated quadratic penalty function for (17) is defined as
0

Qo(X.Y) := f(X) + SIIX — Y[ (19)

In addition, we define
Qu(X,U, V) := Qu(X,UV) VX € R™™ U € RV e R™". (20)

We now propose a PD method for solving problem (17) (or, equivalently, (1)) in which each penalty
subproblem is approximately solved by a block coordinate descent (BCD) method.

Penalty decomposition method for (17) (asymmetric matrices):

Let {ex} be a positive decreasing sequence. Let gy > 0, o > 1 be given. Choose an arbitrary YOO ey
and a constant T > max{ f(X%*) minxecx Qo (X, YY)} Set k = 0.



1) Set I = 0 and apply the BCD method to find an approximate solution (X*,Y*) € X x Y for the
penalty subproblem
min{Q,, (X,Y): X e X, Y €Y} (21)
by performing steps la)-1d):
la) Solve Xl";+1 € Arg glel% Qo (X, Ylk)
1b) Solve Yl’il € Arg }I;ng Qon (XlkH,Y).
€

lc) Set (X*,VH):= (XF,, V). If (X*,YF) satisfies

dist (—vXng (Xk,Yk),J\/'X(Xk)> < e (22)
IVoQu (X, UX VE) + ZE (VI |r < e, (23)
IVy Qo (X*,UR VF) + (UH ZEr < e (24)
for some Zf € No(Y*), UF € R VE € R such that
(UMHTU*k =1, Y*=U*VF, (25)

then go to step 2).
1d) Set I < 1+ 1 and go to step la).
2) Set opt1 = 00k

3) If min Qy, , (X, YF) > 7, set YFt! .= X3 Otherwise, set Yyt := V.
S

4) Set k + k+ 1 and go to step 1).
end

Remark. The conditions (22)-(24) are mainly used to establish global convergence for the above
method. Nevertheless, it may be hard to verify them practically unless A and 2 are simple. On
the other hand, we observe that the sequence {Q,, (Xlk,Y}k)} is non-increasing for any fixed k. In
practical implementation, it is thus reasonable to terminate the BCD method based on the progress of
{Qo (X lk, Ylk)} In particular, given accuracy parameter e; > 0, one can terminate the BCD method if

Qo (XY = Qo (XL YEDL )
max(|QQk(Xl]€7)/2k)’71) N

It is also reasonable to terminate the BCD method based on the progress of the sequence {(XF,Y}*)}.
Similarly, we can terminate the outer iterations of the above method once

max [Xf; — Y| < eo (27)
i
for some €p > 0. In addition, given that problem (21) is nonconvex, the BCD method may converge to

a stationary point. To enhance the quality of approximate solutions, one may execute the BCD method
multiple times starting from a suitable perturbation of the current approximate solution. In detail, at



the kth outer iteration, let (X*,Y*) be a current approximate solution of (21) obtained by the BCD
method, and let 7, = rank(Y'*). Assume that r; > 1. Before starting the (k + 1)th outer iteration,
one can apply the BCD method again starting from Y € Argmin{||Y — Y*||r : rank(Y) < r — 1}
(namely, a rank-one perturbation of Y*) and obtain a new approximate solution (X*,Y*) of (21). If
Qo (XF,Y*) is “sufficiently” smaller than Q,, (X*,Y*), one can set (X*,Y*) := (X* ,Y*) and repeat
the above process. Otherwise, one can terminate the kth outer iteration and start the next outer
iteration. Finally, in view of Corollary 2.3, the subproblem in step la) can be reduced to the problem
in form of (10), which has closed form solution when € is simple enough.

We next establish a global convergence result regarding the outer iterations of the above method for
solving problem (17). After that, we will study the convergence of its inner iterations.

Theorem 3.1 Assume that ¢, — 0. Let {(X*,Y*)} be the sequence generated by the above PD method,
and {(U*, V¥, ZE)} be the associated sequence satisfying (22)-(25). Suppose that the level set Xy =
{X € X|f(X) < 7Y} is compact. Then, the following statements hold:

(a) The sequence {(X*,Y* U* V*)} is bounded;

(b) Suppose that a subsequence {(X*,Y* U*F V) ek converges to (X*,Y*,U*, V*). Then, (X*,Y*)
is a feasible point of problem (17). Moreover, if the following condition

dx — dyV* —U*dy \  dx € Te(X7), dy € R,
dgV* +U*dy — dy " dy € R dy E’R)(X*)

} — %mxn X §Rm><n (28)

holds, then the subsequence {(Z%,Z8)}rex is bounded, where Z% = op(X* — Y*), and each
accumulation point (Z%, Z%) of {(Z%, Z8) }rer together with (X*,U*,V*) satisfies

—VIX") =2y € Nx(X7),
(Z% = Zy)(V)" = 0,

025 ~2) = 0 29)
X*—U'V*=0, Zy € No(X*).
Proof. In view of (19) and our choice of Yok that is specified in step 3), one can observe that
XY+ ZXE = YHIF = Qu(XH YF) < min Qu (X, Y < T k. (30)

It immediately implies that {X*} C Xy, and hence, {X*} is bounded. Moreover, we can obtain from
(30) that

X% = VM < 20T FOX)] /o < 20T — min F(X)) eo. (31)
which together with the boundedness of {X*} yields that {Y*} is bounded. In addition, it follows
from (25) that {U*} is bounded and V¥ = (U*)TY”*, which implies that {V*} is also bounded. Thus,
statement (a) holds.

We next show that statement (b) also holds. Suppose that {(X*, Y* U* V*)}.cx converges to
(X*,Y*,U*,V*). Notice that gp — oo as k — oo. Upon taking limits on both sides of (31) as
k€ K — oo, we have X* — Y* = (. In addition, it is not hard to show that ) is closed. We then
see that X* € X and Y* € Y due to the closedness of X and ). It thus follows that (X*,Y™*) is a



feasible point of problem (17). Now, let us prove the second part of statement (b). In view of (19),
(20), (22)-(25) and the definition of Z%, we have

dist(~Vf(X*) — ZE Nx(XF) < e,
1(Zy = Z5) (VI e < e, (32)
UM (Zy = Z%)lr < e

We now claim that the subsequence {(Zé“(7 Z{ﬁ)}ke k is bounded. Suppose not, by passing to a subse-
quence if necessary, we can assume that {(Z%, Z&)}rer — co. Let

(Z%,2y) = (2%, 2¥)/ (2%, Z3)|lr k.

Without loss of generality, assume that {(Z%, Z8)}rex — (Zx, Zy) (otherwise, one can consider its con-
vergent subsequence). Clearly, ||(Zx, Zy)||r = 1. Recall that {(X* Y* U* VF) icpe — (X*,Y*,U*, V)
and Y* = X*. Dividing both sides of the inequalities in (32) by [|(Z%,ZE)|r, taking limits as
k € K — oo, and using the relation Z%& € Nqo(Y*) and the semicontinuity of Ny () and No(-) (see
Lemma 2.42 of [32]) we obtain that

—ZX GN)((X*), Zy GNQ(X*)

(Zy = Zx)(V)T =0, (U (Zy —Zx)=0. (33)

By (28), there exist dx € Tx(X™), dy € To(X™*), dy € R"™*", dy € R"*" such that

~Zx = dx —dyV* —U*dy,
—Zy = dyV*+U*dy — dy.

It then follows from these equalities that

I(Zx, Zy)Ily: = —(Zx,~Zx) —(Zy,~Zy),
= —<Zx,dx—dUV*—U*dv>—<Zy,dUV*+U*dv—dy>,
<ZX — Zy,dUV* + U*dy) — (ZX,dx> + <Zy,dy>,

which together with (33) and the fact that dx € Tx(X*) and dy € To(X*) implies that ||(Zx, Zy)||% <
0, which contradicts the identity ||(Zx, Zy )| r = 1. Thus, {(Z%, ZE)}kek is bounded. Now let (Z%, Z3)
be an accumulation point of {(Z%, Z&)}recx. By passing to a subsequence if necessary, we can assume
that {(Z%, Z8) ke — (Z%,Z3). Recall that {(X* U* VF)} e — (X*,U*,V*). Taking limits on
both sides of the inequalities in (32) as k € K — oo, and using the semicontinuity of Nx(:), we
immediately see that the first three relations of (29) hold. In addition, the last two relations of (29)
hold due to the identities Y* = U*V* Y* = X* and the semicontinuity of Ng(-). n

Remark. From Theorem 3.1 (b), we see that under condition (28), any accumulation point (X*, U*,
V* 2%, Z%) of {(XF,UF VR ZE ZE)} ek satisfies (29). Thus, (X*,U*,V*) together with (Z%, Z3)
satisfies the first-order optimality (i.e., KKT) conditions of the following reformulation of (17) (or,
equivalently, (1)):

;n(}r%/{f(X): X-UV=0,U0UVeQ XeX, UecR™", VeR*"}L

We next establish a convergence result regarding the inner iterations of the above PD method. In
particular, we will show that an approximate solution (X*,Y*) € X x ) for problem (21) satisfying

10



(22)-(24) can be found by the BCD method described in steps 1a)-1d). For convenience of presentation,
we omit the index k from (21) and consider the BCD method for solving the following problem:

min{Qe(X,Y): X € X, Y € V). (34)

Accordingly, we relabel and simplify the BCD method described in step la)-1d) above and present it
as follows.

Block coordinate descent method for (34):
Choose an arbitrary initial point Y° € ). Set k = 0.

1) Solve X**1 € Arg mi X, Y.

) Solve € Arg min Qp(X, V")

2) Solve Y**! ¢ Arg 3111151) QQ(Xk+17Y)~
€

3) Set k + k+ 1 and go to step 1).

end

We now establish a convergence result regarding the above BCD method.

Theorem 3.2 Let {(X* Y*)} C X x ) be generated by the above BCD method, and let UF € ™",
VE € R be such that (UR)TUF = T and Y* = UFVF. Suppose that a subsequence {(X*,Y* U* Vk)}keK
converges to (X,Y ,U, V). If the following condition

{dUV +Udy —dy : dy € R™ ", dy € R™", dy € 7?2()7)} = R (35)
holds, then (X,Y,U,V) satisfies
—VxQ,(X,Y) e Ne(X), VuQ,(X,U,V)+2ZyVT =0, VyQuX,UV)+U"Zy =0  (36)
for some Zy € No(Y).
Proof. We observe from the first two steps of the BCD method that

QQ(Xk+17Yk) S QQ(X7 Yk) \V/X € X?

Qo(X*, YF) < Q, (X", Y) VY €. (37)

It follows that
QXML YRy < Q (XF YR < Q (X*, V%) vk >1. (38)

Hence, the sequence {Q,(X*,Y*)} is non—lncreasmg Further, by the continuity of Q, and {(X*, Y*)}rex

— (X,Y), we know that {QQ(Xk Ve — Qo(X,Y). We thus have {Q,(X*, Y¥)} — Q,(X,Y),
which together with (38) implies that {Q,(X*™!,Y*)} — Q,(X,Y). Upon taking limits on both sides
of (37) as k € K — 00, one can obtain

Qo(X,
Qo(X,

)
)

’~<j\ ’~<j|

Q,(X,Y) VX € X,
Q,(X.Y) WY e,

VANVAN
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which, together with (18), (20) and the relation Y = UV due to Y* = U¥V¥ | imply that
X A i XY
€ Argmin Qu(X,Y), (39)
(U, V) € Arg %nvn{éjg()’(, UV): UVeQ, UeR™" VeR "} (40)
The first relation of (36) immediately follows from the first-order optimality condition of (39). In view

of (40), (35) and Theorem 3.38 on page 134 of [32], we also see that the last two relations of (36) hold.
=

Using the semicontinuity of My (-) and Nq(+), and the continuous differentiability of @, and @Q, we
immediately conclude from Theorem 3.2 that the following corollary holds.

Corollary 3.3 Suppose that condition (35) holds for any U € R™*", V € R™" such that UTU = I
and Y = UV € Q. The approzimate solution (X*,Y*) € X x Y for problem (21) satisfying (22)-(25)
can be found by the BCD method described in steps 1a)-1d) within a finite number of iterations.

Remark. When Q = R™*"_ condition (35) clearly holds at any (U, V,Y) € R™MXT x Rr>n x Rmxn,

Before ending this section, we next extend the PD method proposed above to solve problem (2).
Clearly, (2) can be equivalently reformulated as

I}(li}f/l{f(X)—l—Vrank(Y): X-Y=0,XeX, YeQ} (41)
Given a penalty parameter o > 0, the associated quadratic penalty function for (41) is defined as
Po(X,Y) = f(X) + v rank(Y) + 2| X = Y} (42)

We are now ready to present the PD method for solving (41) (or, equivalently, (2)) in which each
penalty subproblem is approximately solved by a BCD method.

Penalty decomposition method for (41):

Let g9 > 0, 0 > 1 be given. Choose an arbitrary Y € Q and a constant Y such that T > max{ f(X )+
v rank(X %) minyxey P,y (X, YY)}. Set k = 0.

1) Set I = 0 and apply the BCD method to find an approximate solution (X* Y*) € X x Q for the
penalty subproblem
min{P, (X,Y): X e X, Y €Q} (43)

by performing steps la)-1c):
1 lve X[ | € Arg min P,, (X, Y}).
a) Solve X[° | € rg nin ox (X, Y))
1b) Solve Y}t € Arg }n/aelg Py (XF,Y).
1c) Set I <1+ 1 and go to step 1a).
2) Set opy1:= o0k

3) If min P,

min o (X YE) > T, set YO’ngl .= X' Otherwise, set Y0k+1 =Yk,
€
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4) Set k < k+ 1 and go to step 1).
end

Remark. In view of Corollary 2.2, the BCD subproblem in step 1a) can be reduced to the problem
in form of (8), which has closed form solution when 2 is simple enough. In addition, the practical
termination criteria proposed for the previous PD method can be suitably applied to this method.
Moreover, given that problem (43) is nonconvex, the BCD method may converge to a stationary point.
To enhance the quality of approximate solutions, one may apply a similar strategy as described for the
previous PD method by executing the BCD method multiple times starting from a suitable perturbation
of the current approximate solution. Finally, by a similar argument as in the proof of Theorem 3.1,
we can show that every accumulation point of the sequence {(X*,Y*)} is a feasible point of (41).
Nevertheless, it is not clear whether a similar convergence result as in Theorem 3.1 (b) can be established
due to the discontinuity and non-convexity of the objective function of (2).

4 Penalty decomposition method for rank minimization of symmetric
matrices

In this section we modify the PD methods proposed in Section 3 to solve rank minimization of general
symmetric matrices and positive symmetric matrices, respectively.

4.1 Penalty decomposition method for rank minimization of general symmetric
matrices

Throughout this subsection, assume that X is a closed convex set in &7, () is a closed unitary similarity
invariant set in 8™, and f : 8™ — R is a continuously differentiable function. Our aim is to modify the
PD methods proposed in Section 3 to solve problem (1) and (2) with X',  and f specified above. As
in Section 3, we also assume that problems (1) and (2) are feasible, and moreover, at least a feasible
solution, denoted by X' is known.

Let Y and Q,(+,-) be similarly defined as in (18) and (19), respectively. In addition, we define

Q3(X,U,D) == Q,(X,UDU”) VX eS",UeR™",DeD" (44)

Similarly as for asymmetric matrices, problem (1) can also be equivalently reformulated as (17) in the
context of symmetric matrices.

We are now ready to modify the PD method proposed in Section 3 to solve problem (17) (or,
equivalently, (1)) in the context of symmetric matrices.

Penalty decomposition method for (17) (symmetric matrices):
All steps of this method are the same as those of the PD method proposed in Section 3 except that step
1c) is replaced by the following one:

lc) Set (X*,YF) .= (XF

HI,Y/L). If (X*,Y*) satisfies

dlSt(_VXQQk(Xk7Yk))NX(Xk)) S €k,
V@5, (X*, U, D*) + 2ZEUDF | < o, (45)
V@3, (XF,U*, D*) + 7 (UMTZEU®) |p < e
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for some Zf € No(Y*), UF € R*", D¥ € D" such that
UHTur =1, YF=U"DMNUMT, (46)

then go to step 2).

Remark. The conditions (45)-(46) are mainly used to establish global convergence for the above
method and they may be hard to verify practically unless X and 2 are simple. Clearly, the practical
termination criteria proposed for the previous PD methods can be suitably applied to this method.
Moreover, given that problem (21) is nonconvex, the BCD method may converge to a stationary point.
To enhance the quality of approximate solutions, one may apply a similar strategy as described for the
previous PD methods by executing the BCD method multiple times starting from a suitable perturbation
of the current approximate solution. Finally, in view of Corollary 2.9, the BCD subproblem in step 1a)
of the above method can be reduced to the problem in form of (16), which has closed form solution
when ) is simple enough.

We now state a convergence result regarding the outer iterations of the above method for solving
problem (17) in the context of symmetric matrices. Its proof is similar to the one of Theorem 3.1.

Theorem 4.1 Assume that ¢, — 0. Let {(X*,Y*)} be the sequence generated by the above PD method,
and {(U*,D*  ZE)} be the associated sequence satisfying (45) and (25). Suppose that the level set
Xy :={X € X|f(X) <Y} is compact. Then, the following statements hold:

(a) The sequence {(X* Y* U*, D*)} is bounded;

(b) Suppose that a subsequence {(X*,Y* U* D*)}rcx converges to (X*,Y*,U*, D*). Then, (X*,Y*)
is a feasible point of problem (17). Moreover, if the following condition

dx — dyD*(U*)T — U*dp(U*)T — U*D*d]; dx € Tx(X*),dy € R, n o en
* *\T * *\T * Tyx J1T : T * =5"xS$
dyD*(U*)" + U*dp(U*) +U*D*dy; — dy dp € D", dy € To(X™)
(47)
holds, then the subsequence {(Z%,Z8)}rex is bounded, where Z% = or(X* — Y*), and each
accumulation point (Z%, Z%) of {(Z%, Z%) Yrex together with (X*,U*, D*) satisfies

~Vf(X*) - Z% € Nx(XY),
 (Zy-p)UtDT = o, (48)
7 (UNT(Z% — Z3)U*) = 0,
X*—U*D*UNT =0, Z; € No(X*).

Remark. From Theorem 4.1 (b), we see that under condition (47), any accumulation point (X*, U*,
D*, Z%, Z3) of {(X*,U*, D*, 7% ZE )} ek satisfies (48). Thus, (X*,U*, V*) together with (Z%, Z3)
satisfies the first-order optimality (i.e., KKT) conditions of the following reformulation of (17) (or,
equivalently, (1)) in the context of symmetric matrices:

;n[}nD{f(X) . X -UDUT =0, UDUT €Q, X € X, U R™", De D"}

We next state a convergence result regarding the inner iterations of the above PD method, whose
proof is similar to the one of Theorem 3.2. For ease of of presentation, we simplify the BCD method
by omitting the index k from (21) and the resulting BCD method is the same as the one presented in
Section 3 except in the context of symmetric matrices.

14



Theorem 4.2 Let {(X*,Y*)} C X x Y be generated by the above BCD method, and let U¥ € R7¥7,
D¥ € D" be such that (UF)TU* = I and Y* = U*D*(U*)T. Suppose that a subsequence {(X*,Y* U¥, D*)}rer
converges to (X,Y U, D). If the following condition

{dUDUT + UdDUT + UDdg —dy: dy e R"",dp € D",dy € 7?2(}7)} =S§" (49)
holds, then (X,Y,U, D) satisfies

~VxQ,(X,Y) e Nx(X), VyQi(X,U,D)+2ZyUD=0, VpQi(X,U,D)+2(U"ZyT)=0
for some Zy € No(Y).

Using the semicontinuity of My (-) and Nq(+), and the continuous differentiability of @, and @Z, we
immediately conclude from Theorem 4.2 that the following corollary holds.

Corollary 4.3 Suppose that condition (49) holds for any U € R**", D € D" such that UTU = I and
Y = UDUT € Q. The approzimate solution (X*,Y*) € X x Y for problem (21) satisfying (45) and
(46) can be found by the BCD method described in steps 1a)-1d) within a finite number of iterations.

Remark. When Q = S", condition (49) clearly holds at any (U,D,Y) € R™" x D" x S*. In
addition, it is obvious that the above PD method can be extended to solve problem (41) in the context
of symmetric matrices by the same manner as described in Section 3. Moreover, it follows from Corollary
2.8 that the corresponding BCD subproblems can be reduced to the problems in form of (14), which
have closed form solutions when 2 is simple enough.

4.2 Penalty decomposition method for rank minimization of positive semidefinite
matrices

Throughout this subsection, assume that X is a closed convex set in S, () is a closed unitary similarity
invariant set in 8%, and f : 8" — R is a continuously differentiable function. We aim to modify the
PD methods proposed in Section 3 to solve problems (1) and (2) with X', © and f specified above. As
in Section 3, we also assume that problems (1) and (2) are feasible, and moreover, at least a feasible
solution, denoted by X' is known.

Let Y and Q,(+,-) be defined as in (18) and (19), respectively. In addition, we define

Q5 (X,U) = Qo(X,UUT) VX € 8™, U € R,

Similarly as for asymmetric matrices, problem (1) can also be equivalently reformulated as (17) in the
context of positive semidefinite matrices. Further, since 2 C 8%, it can be represented as

Q=8"n0N

for some  C 8". For example, when Q = {X ¢ ST : Tr(X) = 1}, we can choose Q={Xecs":
Tr(X) = 1} accordingly.

We are now ready to modify the PD method proposed in Section 3 to solve problem (17) (or,
equivalently, (1)) in the context of positive semidefinite matrices.

Penalty decomposition method for (17) (positive semidefinite matrices):

All steps of this method are the same as those of the PD method proposed in Section 3 except that step
1c) is replaced by the following one:
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lc) Set (X*,V*) = (XF,, V). If (X*, V) satisfies

dist (—Vx Qo (X*,YF), Nx(X*)) < e, (50)
IVoQat (X5, UF) +2ZEU |r < e
for some ZJ; € Ng(Y*), U € R"*" such that
vk =UkUh)T, (51)

then go to step 2).

Remark. The conditions (50)-(51) are mainly used to establish a global convergence result for
the above method and they may be hard to verify practically unless X and Q are simple. Clearly,
the practical termination criteria proposed for the previous PD methods can be suitably applied to
this method. Moreover, given that problem (21) is nonconvex, the BCD method may converge to a
stationary point. To enhance the quality of approximate solutions, one may apply a similar strategy as
described for the previous PD methods by executing the BCD method multiple times starting from a
suitable perturbation of the current approximate solution.

We now state a convergence result regarding the outer iterations of the above method for solving
problem (17) in the context of positive semidefinite matrices. Its proof is similar to the one of Theorem
3.1.

Theorem 4.4 Assume that ¢, — 0. Let {(X*,Y*)} be the sequence generated by the above PD method,
and {(U*, ZE)} be the associated sequence satisfying (50) and (51). Suppose that the level set Xy =
{X € X|f(X) < T} is compact. Then, the following statements hold:

(a) The sequence {(X*,Y* U} is bounded;

(b) Suppose that a subsequence {(X*,Y* UF)lrcx converges to (X*,Y* U*). Then, (X*,Y*) is a
feasible point of problem (17). Moreover, if the following condition

dx — dU(U*)T - U*dg . dx € T/y(X*),dU € jRmxT, _ on n

{( dy(UNT +U*df, —dy )~ dy € T5(X*) =8t xS (52)
holds, then the subsequence {(Z%,7Z8)}rex is bounded, where Z% = op(X* — Y*), and each
accumulation point (Z%, Z%) of {(Z%, Z%) Yrex together with (X*,U*) satisfies

~ViX*) - Zy € Nx(XY),
(Zy = Zy)U* = 0, (53)
X —UrUnT =0, Z; € Ns(X*).

Remark. From Theorem 4.1 (b), we see that under condition (52), any accumulation point (X*, U*,
7%, Z3%) of {(XF,U*, Z%  ZE)} ek satisfies (53). Thus, (X*,U*) together with (Z%, Z;) satisfies the
first-order optimality (i.e., KKT) conditions of the following reformulation of (17) (or, equivalently, (1))
in the context of positive semidefinite matrices:

min{f(X): X - vuT =0, UUT €Q, X e X, U e R}
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We next state a convergence result regarding the inner iterations of the above PD method, whose
proof is similar to the one of Theorem 3.2. For ease of of presentation, we simplify the BCD method
by omitting the index k from (21) and the resulting BCD method is the same as the one presented in
Section 3 except in the context of positive semidefinite matrices.

Theorem 4.5 Let {(X* Y*)} C X x Y be generated by the above BCD method, and let UX € R be
such that Y* = UF(U")T. Suppose that a subsequence {(X*,Y* U*)}rex converges to (X,Y,U). If
the following condition

{dyU" +Udf; — dy : dy € R™",dy € T5(Y)} =S (54)
holds, then (X,Y,U) satisfies
~VxQo(X,Y) e Nx(X), VuQi+(X,U)+2ZyTU =0
Jor some Zy € N5(Y).

Using the semicontinuity of Ny(-) and Nq(-), and the continuous differentiability of @, and @Z*,
we immediately conclude from Theorem 4.5 that the following corollary holds.

Corollary 4.6 Suppose that condition (54) holds for any U € R™" such that Y = UUT ¢ Q. The
approzimate solution (X*,Y*) € X x Y for problem (21) satisfying (50) and (51) can be found by the
BCD method described in steps 1a)-1d) within a finite number of iterations.

Remark. When Q = 8", condition (54) clearly holds at any (U,Y) € R™*" x 8". In addition, it
is obvious that the above PD method can be extended to solve problem (41) in the context of positive
semidefinite matrices by the same manner as described in Section 3. Moreover, it follows from Corollary
2.8 that the corresponding BCD subproblems can be reduced to the problems in form of (14), which
have closed form solutions when  is simple enough.

5 Numerical results

In this section, we conduct numerical experiments to test the performance of our penalty decomposition
(PD) methods proposed in Sections 3 and 4 by applying them to solve matrix completion and nearest
low-rank correlation matrix problems. All computations below are performed on an Intel Xeon E5410
CPU (2.33GHz) and 8GB RAM running Red Hat Enterprise Linux (kernel 2.6.18).

5.1 Matrix completion problem

In this subsection, we apply our PD method proposed in Section 3 to the matrix completion problem,
which has numerous applications in control and systems theory, image recovery and data mining (see,
for example, [34, 25, 9, 18]). It can be formulated as

min  rank(X)
XeRmxn o (55)
s.t. Xij = Mija (’L,]) S @,
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where M € R™*™ and © is a subset of index pairs (7, ). Recently, numerous methods were proposed
to solve the nuclear norm relaxation or the variant of (55) (see, for example, [20, 6, 23, 8, 14, 16, 22,
24, 33, 19, 38, 36]).

It is not hard to see that problem (55) is a special case of the general rank minimization problem
(2) with f(X)=0,v =1, Q =R"*" and

X ={X e R™": X;; = M;j, (i,j) € O}.

Thus, the PD method proposed in Section 3 for problem (2) can be suitably applied to (55). Recall
that the main computational parts of this method lie in solving the subproblems in steps 1a) and 1b).
In the context of (55), they are in the form of

min{[[ X — Alf: X € &}, (56)
m};n{rank(Y) + 0|V = B||% : Y € ™"} (57)

for some ¢ > 0, A, B € R™*™, respectively. In view of the above definition of X', we easily see that the
solution of (56) is given by
X=A+Po(M—-A),

where Pg is the projection onto the subspace of matrices with nonzeros restricted to the index subset
©. In addition, it follows from Corollary 2.2 that problem (57) also has a closed form solution.

We now address the initialization and termination criteria for our PD method when applied to (55).
In particular, we choose X to be the m x n matrix satisfying Xl-f;?as = M;; for all (i,5) € © and
Xif?as =0 for all (4,5) ¢ ©, and set Y) = X In addition, we choose the initial penalty parameter gy

to be 0.1, and set the parameter o = v/10. We use (26) and (27) as the inner and outer termination
criteria for the PD method and set their associated accuracy parameters e; = 10~7 and ep = 107,

Next we conduct numerical experiments to test the performance of our PD method for solving matrix
completion problem (55) on random and real data. We also compare the results of our method with
the other two methods, that is, the FPCA method [23] and the LMaFit method [36]. The codes of all
the methods are written in Matlab.

In the first experiment, we aim to recover a random matrix M € with rank r based on a
subset of entries {M;;}; j)ee. For this purpose, we randomly generate M and © by a similar procedure
as described in [23]. In detail, we first generate random matrices My € R™*" and Mr € R™*" with
i.i.d. standard Gaussian entries and let M = M LM}Q. We then sample a subset © of p entires uniformly
at random. As observed in [23], the recoverability for M based on its partial entries is closely related
to two ratios, that is, the sampling ratio SR = p/(mn) (i.e., the number of measurements divided by
the number of entries of the matrix) and another ratio FR = r(m +n —r)/p (i.e., the dimension of the
set of rank r matrices divided by the number of measurements). Evidently, when SR gets larger, it is
easier to recover M. Additionally, as mentioned in [23], if F'R > 1, there is always an infinite number of
matrices of rank r with the given entries {M;;}(; jyco. Thus in this situation it is impossible to recover
M based on its partial entries. Moreover, even if FFR < 1, it still becomes harder to recover M as F'R
gets closer to 1. In our experiment, we set m = n = 40, p = 800 (or, equivalently, SR = 0.5) and
randomly generate 50 copies of M for each r =1,...,10. Clearly, their F'R varies in (0,1).

Given an approximate recovery X* for M, we define the relative error as

%mXTL

1X* = Ml
M

rel_err :=
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Table 1: Computational results for m = 40, n = 40 and p = 800

Problems FPCA LMaFit PD

Rank FR NS relerr Time | NS relerr Time | NS rel.err Time
1 0.0988 50  7.20e-6 2.4 50 1.38e-4 0.004 | 50 1.17e-5 0.1
2 0.1950 50 1.34e-5 2.4 50 1.76e-4  0.005 50 1.57e-5 1.2
3 0.2888 50  2.20e-5 2.6 50 2.15e-4 0.008 | 50 1.90e-5 2.4
4 0.3800 || 50  2.87e-5 2.6 50 2.94e-4 0.014 | 50 2.34e-5 2.8
5 0.4688 50  3.52e-5 2.7 50 3.54e-4 0.024 | 50 3.27e-5 3.5
6 0.5550 || 50  3.98e-5 2.9 48 4.41e-4 0.034 | 50 3.77e-5 5.4
7 0.6388 50  6.13e-5 3.0 46  6.23e-4 0.045 | 48 5.64e-5 6.1
8 0.7200 48 1.22e-4 3.2 26 7.57e-4 0.066 | 47 9.21e-5 11.5
9 0.7987 || 47  1.50e-4 3.5 6 9.24e-4 0.107 | 40 1.31le-4 19.7
10 0.8750 || 33 6.24e-4 4.6 0 - - 25 2.07e-4 485

We adopt the same criterion as used in [28, 7], and say a matrix M is successfully recovered by X* if the
corresponding relative error is less than 1072, For each rank r, we apply our PD method, the FPCA
method [23] and the LMaFit method [36] to recover M on 50 instances randomly generated above. As
in [23, 36], the parameter setting for LMaFit is tol = 1074, K = |1.25r], est_rank = 1, rank_max = 40
while the one for FPCA is tol = 107* and g = 10~*. All other parameters are set to the default
values for these two methods. For convenience, we use NS to denote the number of matrices that are
successfully recovered. The computational results are presented in Table 1. In detail, the rank r and F'R
of the problems are given in the first two columns. The results of all three methods in terms of NS, the
average rel_err and CPU time on the successfully recovered instances are reported in columns three to
eleven, respectively. Table 1 shows that the recoverability of three methods are similar for the instances
with » < 7, but FPCA and PD are significantly better than LMaFit for the instances with » > 8. In
addition, though FPCA successfully recovers slightly more matrices than PD when FR gets closer to
one, most of recovery matrices by PD are closer to the original matrices M on the average since their
average relative errors are smaller. Overall, PD is comparable to FPCA, which has better recoverability
than the other existing methods as demonstrated in [23, 36]. Finally, we observe that our method is
slower compared to the other two methods because it requires a full singular value decomposition at
each inner iteration while the other two methods require partial or none singular value decompositions.
Despite this drawback, our method sometimes outperforms the other two methods in terms of solution
quality as demonstrated in the next test.

In the second experiment, our goal is to recover a high-rank matrix M € R™*"™, whose most of
singular values are nearly zero, by a low-rank matrix based on a subset of entries {M;;}(; j)ce- To this
aim, we randomly generate M and © by a similar procedure as described in [36]. In particular, we first
generate random matrices My € R™*"™ and Mg € R™*™ with i.i.d. standard Gaussian entries. Then we
obtain matrices U and V by orthonormalizing the columns of M; and Mg, respectively. Let X be a
diagonal matrix whose diagonal elements are o; = i~ for all i or o; = 9.970~Y for all i. Finally, we
set M = UXVT, and sample a subset © of p entires uniformly at random. We generate 50 instances for
each one of the sample ratios SR that vary from 0.5 to 0.9.

For each sample ratio SR, we apply our PD method, the FPCA method [23] and the LMaFit
method [36] to recover M on 50 instances randomly generated above. As in [36], the parameter setting
for LMaFit is tol = 1074, K = 1, est_rank = 2, rk_inc = 1, rank_max = 40 while the one for FPCA
is tol = 107% and p = 10™*. All other parameters are set to the default values for these two methods.
The computational results are presented in Tables 2 and 3. In particular, Table 2 reports the results
for the instances with n = 40 and o; = i~ for all i while Table 3 presents the results for the instances
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Table 2: Computational results for n = 40 and o; = i~

FPCA LMaFit PD

SR || Rank rel.err | Rank relerr | Rank rel_err
0.5 2.0 1.45e-2 9.2 4.73e-4 5.0 9.91e-4
0.6 2.0 1.42e-2 9.9 2.73e-4 5.0 9.56e-4
0.7 2.0 1.34e-2 10.0  1.89e-4 5.0 9.37e-4
0.8 2.0 1.31e-2 10.8  1.42e-4 5.0 9.25e-4
0.9 2.1 1.24e-2 10.5 1.16e-4 5.0 9.01le-4

Table 3: Computational results for n = 40 and o; = 9.9~ (1

FPCA LMaFit PD

SR || Rank rel.err | Rank relerr | Rank rel_err
0.5 2.0 1.10e-2 4.2 2.66e-4 4.0 1.27e-4
0.6 2.0 1.07e-2 4.0 1.86e-4 4.0 1.15e-4
0.7 2.1 1.00e-2 4.5 1.46e-4 4.0 1.08e-4
0.8 2.1 1.02e-2 4.6 1.36e-4 4.0 1.04e-4
0.9 2.1 1.01e-2 4.4 1.08e-4 4.0 1.02e-4

with n = 40 and o; = 9.970=Y for all i. In each table, the sample ratio SR of the test problems is given
in the first column. The average rank and rel_err of the solutions given by these three methods over
every 50 randomly generated instances are reported in columns two to seven, respectively. From Table
2, we see that the average rank of FPCA is much smaller than that of LMaFit and PD, but FPCA
has much larger average rel_err than LMaFit and PD. Given that the average rel_err for FPCA is far
above 1073, it follows from the above commonly adopted criterion that the original matrix M is not
successfully recovered by FPCA. On the other hand, M is successfully recovered by LMaFit and PD as
their average rel_err is far below 1073, In addition, we observe that LMaFit has much smaller average
rel_err than PD, but PD has much smaller average rank. Now, one natural question is whether there
exists a matrix X* with a smaller rank than the one given by PD for successfully recovering such a M.
The answer is actually not. Indeed, let X* be a matrix of rank at most four with smallest rel_err, that
is,
X" € Argmin{|| X — M||p : rank(X) < 4}.

Using Corollary 2.3 and the fact that o;(M) = i~* for all i, we have

|X* M _ VI, 02 () B o
RO S RO S

Thus, according to the above criterion, any matrix of rank at most four cannot successfully recover such
a M. The similar phenomenon as above can be observed in Table 3 for FPCA. We also see from Table 3
that PD has equal or smaller average rank than LMaF'it, and moreover, PD has smaller average rel_err.
One can also observe that the original matrix M is successfully recovered by PD and LMakFit , but not
by FPCA. In addition, by a similar argument as above, we can show that any matrix of rank less than
the one given by PD has rel_err above 10™3 and thus it cannot successfully recover such a M. From
these two examples, we see that our method PD can find the recovery matrix of smallest rank, but the
other two methods generally cannot.

In the last experiment, we aim to test the performance of our PD method for solving a real data
problem, that is, grayscale image inpainting problem [2]. This problem has been used in [23, 36] to

~18e—3>1075.
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test FPCA and LMaFit, respectively. For an image inpainting problem, our goal is to fill the missing
pixel values of the image at given pixel locations. The missing pixel positions can be either randomly
distributed or not. As shown in [34, 25|, this problem can be solved as a matrix completion problem if
the image is of low-rank. In our test, the original 512 x 512 grayscale image is shown in Figure 1(a). To
obtain the data for problem (55), we first apply the singular value decomposition to the original image
and truncate the resulting decomposition to get an image of rank 40 shown in Figure 1(b). Figures 1(c)
and 1(e) are then constructed from Figures 1(a) and 1(b) by sampling half of their pixels uniformly at
random, respectively. Figure 1(g) is generated by masking 6% of the pixels of Figure 1(b) in a non-
random fashion. We now apply our PD method to solve problem (55) with the data given in Figures
1(c), 1(e) and 1(g), and the resulting recovered images are presented in Figures 1(d), 1(f) and 1(h),
respectively. In addition, we shall mention that the relative errors of three recovered images to the
original images by our method are 6.72e-2, 6.43e-2 and 6.77e-2, respectively, which are all smaller than
those reported in [23, 36].

5.2 Nearest low-rank correlation matrix problem

In this subsection, we apply our PD method proposed in Subsection 4.2 to find the nearest low-rank
correlation matrix, which has important applications in finance (see, for example, [4, 30, 37, 39, 31]).

It can be formulated as
min %HX —CH%
Xesn

s.t. diag(X) =e, (58)
rank(X) <r, X =0

for some correlation matrix C' € S7 and some integer r € [1,n]|, where diag(X) denotes the vector
consisting of the diagonal entries of X and e is the all-ones vector. Recently, a few methods have been
proposed for solving problem (58) (see, for example, [29, 27, 3, 26, 12, 17]).

It is not hard to see that problem (58) is a special case of the general rank constraint problem (2)
with f(X) = 3| X — C||%, @ = S%, and

X ={X € 8":diag(X) = e}.

Thus, the PD method proposed in Section 4 for problem (2) can be suitably applied to (58). Recall
that the main computational parts of this method lie in solving the subproblems in steps 1a) and 1b).
In the context of (58), they are in the form of

min{[|X — Al X € &,
min{[|Y — B||% :rank(Y) <r, Y = 0} (59)

for some A, B € 8", respectively. In view of the above definition of X and Corollary 2.9, we easily see
that the above two problems have closed form solutions.

We now address the initialization and termination criteria for our PD method when applied to (58).
In particular, we choose X% = ee”' | and Yy to be the solution of problem (59) by replacing B by C.
In addition, we choose the initial penalty parameter gy to be 1, and set the parameter o = 1/10. We use
(26) and (27) as the inner and outer termination criteria for the PD method and set their associated
accuracy parameters ey = 1077 and ep = 107°.

Next we conduct numerical experiments to test the performance of our method for solving (58)
on four classes of benchmark testing problems. These problems are widely used in literature (see, for
example, [3, 30, 26, 17]) and their corresponding data matrices C' are defined as follows:
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Table 4: Statistics of v;, i =1,...,4

Y1 Y2 Y3 Y4
Estimate 0.000 | 0.480 | 1.511 | 0.186
Standard error - 0.099 | 0.289 | 0.127

(P1) Cjj =0.540.5exp(—0.05]i — j|) for all 7, j (see [3]).
(P2) Cjj = exp(—|i — j]) for all 4, j (see [3]).

(P3) Cj; = LongCorr + (1 — LongCorr) exp(k|i — j|) for all ¢, j, where LongCorr = 0.6 and x = —0.1
(see [30]).

(P4)
. i—J . .
Cij = exp <_71|Z—J|—72| J —74\\/5—\/;|>

max(i, )"
for all ¢, j, where v; > 0 for ¢ = 1,2, 4, and the estimate and standard error of each ~; is given in
Table 4 (see [26]).

We generate two instances for each (P1)-(P3) by letting n = 100, 500, respectively. In addition, for
each n = 100, 500, we generate 10 instances for problem (P4) by sampling ~;’s according to their mean
and standard deviation detailed in Table 4.

We now apply our PD method and the method named as Major developed in [26] to solve problem
(58) on the instances generated above. The codes for both methods are written in Matlab. To fairly
compare their performance, we choose the termination criterion for Major to be the one based on the
relative error rather than the (default) absolute error. More specifically, it terminates once the relative
error is less than 107°. In addition, our method needs to solve problem (59) at each iteration, which re-
quires computing r leading eigenvalues and the associated eigenvectors. We use the package PROPACK
[15] to compute them, which is much more efficient than the standard eigenvalue decomposition when
r is relatively small. The computational results of both methods on the instances generated above
with » = 5,10,...,25 are presented in Table 5. The names of all problems are given in column one
and they are labeled in the same manner as described in [17]. For example, P1n100r5 means that it
corresponds to problem (P1) with n = 100 and r = 5. The results of both methods in terms of number
of iterations, objective function value and CPU time are reported in columns two to seven of Table 5,
respectively. For those problems prefixed by “P4”, the results are obtained by taking the average over
10 random instances. We observe that the objective function values for both methods are comparable
though the ones for Major are slightly better on some instances. In addition, for small r (say, r = 5),
Major generally outperforms PD in terms of speed, but PD substantially outperforms Major as r gets
larger (say, r = 15).

6 Concluding remarks

In this paper we proposed penalty decomposition (PD) methods for general rank minimization prob-
lems in which each subproblem is solved by a block coordinate descend method. Under some suitable
assumptions, we showed that any accumulation point of the sequence generated by our method when
applied to the rank constrained minimization problem is a stationary point of a nonlinear reformula-
tion of the problem. The computational results on matrix completion and nearest low-rank correlation
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Table 5: Comparison of Major and PD

Problem Major PD
Tter Obj Time Tter Obj Time

P1n100r5 243 15.0 1.4 976 15.0 8.2
P1n100r10 || 1698 1.9 12.6 596 1.9 7.8
P1nl100rl5 || 5581 0.5 52.5 403 0.5 7.6
P1n100r20 || 10667 0.2 1284 208 0.2 5.2
P1n100r25 || 17430 0.1 259.9 116 0.1 2.4
P1n500r5 488 3107.0 22.9 2514  3107.2 80.7
P1n500r10 || 836 748.2 51.5 1220 748.2 48.4
P1n500r15 || 1690 270.2 137.0 804 270.2 37.3
P1n500r20 || 3106 1234 329.1 581 1234 31.5
P1n500r25 || 5444  65.5 722.0 480 65.5 29.4
P2n100r5 528 852.3 3.1 963 852.3 7.7
P2n100r10 || 180 356.6 1.4 573 356.6 7.1
P2n100r15 || 122 196.4 1.3 421 196.4 7.0
P2n100r20 || 105 121.0 1.2 318 121.0 6.5
P2n100r25 || 102 79.4 1.6 231 79.4 5.9
P2n500r5 2126 242485 97.8 3465 24248.5 112.3
P2n500r10 || 3264 11749.5  199.6 1965 11749.5 76.6
P2n500r15 || 5061 7584.4 409.9 1492 75844 70.4
P2n500r20 || 4990 5503.2 532.0 1216 5503.2 67.2
P2n500r25 || 2995 4256.0 404.1 1022 4256.0 69.2
P3n100r5 279 29.4 1.6 937 29.4 7.0
P3n100r10 || 1232 4.4 9.2 601 4.4 7.1
P3n100r15 || 3685 1.3 34.6 505 1.3 8.6
P3n100r20 || 7903 0.6 95.2 317 0.6 7.3
P3n100r25 || 13472 0.3 201.5 176 0.3 5.2
P3n500r5 2541 2869.3 116.4 2739  2869.4 90.4
P3n500r10 || 2357  981.8 144.2 1410 981.8 55.4
P3n500r15 || 2989 446.9 241.9 923 446.9 41.6
P3n500r20 || 4086 234.7 438.4 662 234.7 33.0
P3n500r25 || 5923 135.9 788.3 504 135.9 29.5
P4n100r5 387 9.5 2.2 1573 9.5 12.9
P4n100r10 || 2062 1.2 15.1 1977 1.2 25.7
P4n100rl5 || 6545 0.4 61.5 1480 04 27.8
P4n100r20 || 13439 0.2 157.5 1089 0.2 27.6
P4n100r25 || 23470 0.1 350.9 875 0.1 28.8
P4n500r5 160 845.7 8.1 2389  846.2 79.1
P4n500r10 || 971 109.6 60.8 2044 109.7 80.6
P4n500rl5 || 2674  32.8 215.4 1608 32.9 72.6
P4n500r20 || 5249 13.9 572.0 1322 14.0 69.0
P4n500r25 || 8248 7.2 1107.8 | 1203 7.2 4.7

matrix problems demonstrate that our methods generally outperform the existing methods in terms of

solution quality and/or speed.

We remark that the methods proposed in this paper can be straightforwardly extended to solve

more general rank minimization problems:

m)}n f(X)
s.t. gz(X) §O7 t=1,...,p,
hl(X):Oa Z_la' » 4,
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m)}n f(X) + v rank(X)

gi(X)<0,i=1,...
hi(X)=0,i=1,...

s.t.

)p?
7q7



for some r, v > 0, where X is a closed convex set, ) is a closed unitarily invariant set in R™*™,
R 5 R og R > R i =1,...,p, and h; : R™" — R, i = 1,...,q, are continuously
differentiable functions. In addition, we can also develop augmented Lagrangian decomposition methods
for solving these problems simply by replacing the quadratic penalty functions of the PD methods by
augmented Lagrangian functions.
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(a) original image

(c) 50% masked original image (d) recovered image by PD

(e) 50% masked rank 40 image (f) recovered image by PD

(g) 6.34% masked rank 40 image (h) recovered image by PD

Figure 1: Image inpainting

27



