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Abstract. The automatic optimal design of feeding system in the shape cast-

ing process is considered in the present work. In fact, the goal is to find the
optimal position, size, shape and topology of risers in the shape casting process.

This problem is formulated as a minimum weight topology optimization prob-

lem subjected to a nonlinear transient PDE and space-time state dependent
pointwise constraints. An elegant bi-level reformulation of the optimization

problem is introduced which makes it possible to manage the infinite number

of design parameters and state-constraints efficiently. The computational cost
of this method is independent of the number of design parameters and con-

straints. The validity and efficiency of the presented method are supported

by several examples, from simple benchmarks to complex industrial castings.
According to numerical results, the presented approach makes a complete so-

lution to the problem of automatic optimal rider design in the shape casting

process.

Keywords. adjoint sensitivity, feeder design, Niyama criterion, pointwise

constraints, projected gradient, regularization.

1. Introduction

Metal casting is an important process to produce near net-shape products, which
are used extensively in automotive and aerospace industries. Since metals usually
contrast on the solidification, the last freezing points in castings encounter the lack
of molten metal. If this leakage is not compensated properly, it leaves some shrink-
age porosities in either of macroscopic or microscopic form inside castings. Risers
are appended to the castings at process design stage, to establish the directional
solidification from the casting to the risers so that the final solidification points are
located within the risers. They are cut-off and recycled after the solidification. The
goal of an optimal riser design procedure is to find the optimal location(s), size(s)
and shape(s) of riser(s). Moreover, the total weight of riser(s) should be minimized
to improve the casting yield and productivity. The goal of this paper is to introduce
a method for automatic optimal riser design in the shape casting process.

Although methods for the product design optimization are well documented in
literature (c.f. [7]), the process design optimization, in particular in the field of
riser design, has received less attention in spite of its importance.
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Parametric optimization of feeding system design is considered in [10–12, 15, 17].
In these approached, a nearly feasible parameterized initial design is considered and
then its parameters are determined using a black-box constrained optimization tool
to increase the casting yield. In [32, 34–37], evolutionary topology optimization al-
gorithm is employed for automatic optimal design of feeding system in the gravity
casting process. In [20, 21, 25, 40], the optimization of riser design is formulated as
a parametric shape optimization problem which is solved by a gradient based min-
imization method. The objective function to be minimized is defined as the riser
volume and a few constraints are defined to enforce the directional solidification
along a priori-defined feeding path. Two important prerequisites of these methods
are a nearly feasible initial design and a user-defined feeding path. These prereq-
uisites make these approaches far from our ultimate goal which is the automatic
optimal riser design in the shape casting process.

The goal of present study is to introduce a mathematical model and its cor-
responding numerical method to automate the above mentioned optimal design
problem. It can be accounted as a follow up part of our early work (see: [35]) in
this field.

2. Conceptual modeling

The selection of design parameters is the first step of every optimal design prob-
lem. In previous works (see: [20, 40]) the shape parameters of riser(s) are considered
as the design parameters. The small number of design parameters is the main ben-
efit of this approach. However, it is not able to change the topology of feeding
system. Moreover, it needs an appropriate initial design and a user defined feeding
path. To overcome these limitations, the topology optimization approach (c.f. [7])
is adapted in the present study. It is originally developed for the optimal design
of macro or micro mechanical structures. In this method, the topology indicator
function at each spatial point is defined as the design parameters. Therefore, there
are an infinite number of design parameters, before the spatial discretization.

Without loss of generality, the physical domain, D ⊂ R3, is assumed to be
rectangular, i.e., D = [0, lx]× [0, ly]× [0, lz]. In practice, D is identical to the mold-
box in the shape casting process. Henceforth, the global spatial domain is called as
the mold-box in this study. The original casting, denoted by Dc ⊂ D, is considered
as an embedded object within the mold-box. The topology indicator function is
equal to unity inside Dc. This function will be remained constant inside Dc during
the optimal design procedure. The position of casting inside D and lx, ly, lz should
be selected so that there will be sufficient space in the mold-box to design an
appropriable feeding system. Excluding Dc from D, the remainder of mold-box is
denoted by Dr, i.e., Dr = D\Dc. The design space of feeding system, Dd, is a subset
of Dr, i.e., Dd ⊆ Dr. In the worst conditions, Dd is identical to Dr. However, it is
preferred to restrict Dd as much as possible, e.g. excluding portions of Dr which are
infeasible for the design of feeding system. For instance, one can excludes bottom
portions of the mold-box from Dd. In our model, Dd is decomposed into two sub-
domains Ddr and Ddn such that Dd = Ddr ∪ Ddn and Ddr ∩ Ddn = Γrn. Ddr and
Ddn respectively denote the riser and riser-neck 1 design domains. Γrn denotes the
boundary between Ddr and Ddn. In practice, Ddn is a narrow shell of ln thickness

1Since riser(s) should be detached from the casting after the solidification, the connection area
of riser to casting, called as the riser-neck, should be minimized to reduce the machining cost.
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around the cast part. To improve the quality of final design, the user can exclude
infeasible portions of Dd from Ddn. For instance, the connection of risers to high
curvature and bottom surfaces is discouraged. The above mentioned design domains
are shown schematically in figure 1. The topology indicator function is equal to

D Dc Dr

Dd Ddn Ddr

Figure 1. Schematic of spatial domains D, Dc, Dr Dd, Ddn and
Ddr defined in this study (shaded regions).

zero inside Dr \ (Ddn ∪ Ddr) and will be fixed there during the optimization. It
varies inside Ddn and Ddr during the optimization. It assumes the value of either
unity or zero in these regions that is equivalent to the existence of metal and mold
materials there respectively. In fact, our goal is to determine the optimal value of
the topology indicator function in Ddn ∪ Ddr such that its corresponding design
results in a defect free casting. Moreover, to improve the casting yield, the total
volume of metal phase in Dd should be minimized. Assume that the volume of
Dd, Ddr and Ddn are denoted by Vd, Vdr and Vdn respectively. For the purpose of
riser-neck design, the total volume fraction of metal phase in Ddn, denoted by Rdn,
is constrained by a user-defined upper bound.

Assuming the physical domain is discretized into a uniform Cartesian grid and
the topology indicator field takes a fixed value within each cell (i.e. a piecewise-
constant approximation), then, this discretized domain is equivalent to a three-
dimensional black-white image in which the black value at each point is identical to
the existence of casting (includes the feeding system) and the white value is identi-
cal to the existence of mold material. The black-white values in Ddn ∪Ddr are the
design parameters in this study (see figure 2). To produce a defect free casting, it is
required to predict the formation of freezing defects quantitatively, and then to pose
constraints on the remained solidification defects inside the casting. Two impor-
tant requirements of a method for quantitative prediction of solidification induced
defects are: reasonable computational cost and differentiability for the purpose of
numerical optimization. Our experience with different defect prediction methods
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?

Figure 2. Schematic of automatic optimal riser design approach
based on topology optimization method in the present study.

suggests that the thermal criterion functions (see [28]) are reasonable choice for
this purpose. These methods use thermal history of casting to provide a pointwise
measure which shows the susceptibility of local defect formation. To predict the
formation of solidification induced defects, the Niyama criterion [23] is used in the
present study. In this way, there is a critical value for the Niyama criterion so that
regions of casting with lower Niyama values are suspectable to include the solid-
ification induced defects [23]. It is important to note that the Niyama criterion
at each point should be evaluated at the local freezing time. Therefore, there are
an infinite number of space-time pointwise constraints in our model in the present
study. Applying the Niyama criterion to predict the solidification induced defects,
we have to make the following assumptions here:

(H1) The mold cavity is filled with the molten metal and the initial tempera-
ture distribution is known (it is a common assumption in the solidification
simulation, e.g. see [33]).

(H2) The solidification interval, the difference between the liquidus and solidus
temperatures, is sufficiently small. In fact we have a narrow-bound freezing
which possesses a nearly planar macroscopic solid-liquid interface.

(H3) The effect of gravity is ignored.

Without loss of generality, we made the following assumptions to reduce the model
complexity and computational cost of numerical simulation:

(H4) The effect of alloying elements segregation during solidification is ignored.
(H5) The effect of air-gap formation2 during the solidification is ignored. It is a

reasonable assumption particularly in the case of sand mold casting process.

2In practice air-gap forms at the cast-mold interface due to the simultaneous contraction of
the solidified skin and expansion of the mold walls.
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(H6) The interfacial heat transfer coefficient of the cast-mold interface is com-
puted by the harmonic averaging of the thermal heat conductivity of cast
and mold materials. This is an appropriate assumption in the case of sand
mold casting.

(H7) The latent heat of solidification is linearly distributed within the freezing
interval. This is a reasonable assumption almost for every alloying system,
in particular whenever there is no explicit relation between the solid fraction
and temperature (c.f. [14]).

In addition to the above mentioned constraints, some geometric constraints
should be taken into account to ensure the moldability of final design (c.f. [13]).
However, the moldability constraints are not considered in the present study for
the sake of convenience. It is worth mentioning that in the case of full mold or
evaporative pattern casting, we do not face the geometric moldability constraints.

3. Mathematical modeling

Ignoring the effect of melt flow during solidification, the temperature history of
casting can be modeled by the following nonlinear heat transfer equation (see [14]):

ρc(θ)cc(θ)
∂θ
∂t = ∇ · (kc(θ)∇θ) + ρc(θ)L

∂fs
∂t in T × Dm

ρm(θ)cm(θ) ∂θ
∂t = ∇ · (km(θ)∇θ) in T × D \ Dm

θ(t,x) = θ0(x) in {t = 0} × D
−km∇θ · n = h∞(θ − θ∞) on T × ∂D
ki∇θ · ni |cast = −ki∇θ · ni |mold on T × ∂Dm

(3.1)

where T := (0, T ] denotes the temporal domain (T is sufficiently large to capture
the whole dynamics of solidification), Dm ⊂ D is a portion of the mold-box which is
occupied by the metal phase, i.e., the casting and corresponding feeding system, θ
denotes the temperature, ρ denotes the density, c denotes the specific heat capacity,
k denotes the thermal conductivity, L denotes the fusion latent heat, fs denotes the
local solid fraction, θ0 denotes the initial temperature distribution, h∞ denotes the
air-mold interfacial heat transfer coefficient, θ∞ denotes the ambient temperature, n
denotes outer unit normal on ∂D, ki denotes the cast-mold interfacial heat transfer
coefficient, ni denotes unit normal on ∂Dm directed toward the mold and subscripts
(·)c and (·)m denote the metal and mold materials respectively. As it was explained
before (assumption H6), ki is computed by the harmonic averaging as follows:

k−1
i =

1

2

(
k−1
c + k−1

m

)
(3.2)

It is worth mentioning that, the heat flux is not continuous on the cast-mold inter-
face in general. However, H6 is a reasonable assumption in practice due to small
heat conductivity coefficient of sand material. Moreover, we have to employ this
assumption in this study to homogenize the governing equations for the purpose of
topology optimization. The choice of harmonic mean, instead of arithmetic mean,
is based on Voller work [43] in which it was shown that for rapidly changing heat
conductivity coefficient, the harmonic averaging leads to more accurate results. In
this way the cast and mold domains are distinguished by the mathematical model
implicitly through the rapid change in physical properties.

It is assumed that at t = 0, the mold temperature is equal to the ambient
temperature and the molten metal temperature is equal to the pouring temperature,
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θp, i.e.,

θ0(x) =

{
θp, in Dm
θ∞, elsewhere

(3.3)

Without lose of generality, in order to improve the computational performance, it
is assumed that the physical properties are temperature invariant. This assumption
simplifies, (3.1) into the following form:

ρccc
∂θ
∂t = ∇ · (kc∇θ) + ρcL

∂fs
∂t in T × Dm

ρmcm
∂θ
∂t = ∇ · (km∇θ) in T × D \ Dm

θ(t,x) = θ0(x) in {t = 0} × D
−km∇θ · n = h∞(θ − θ∞) on T × ∂D
ki∇θ · ni |cast = −ki∇θ · ni |mold on T × Γi

(3.4)

Assume that the solidus and liquidus temperatures are denoted by θs and θl re-
spectively. Using assumption (H7) in the previous section results:

fs(θ) =

 0, θ > θl
(θl − θ)/(θl − θs), θs 6 θ 6 θl
1, θ < θs

(3.5)

therefore,

∂fs(θ)

∂θ
=

 0, θ > θl
(θs − θl)−1, θs 6 θ 6 θl
0, θ < θs

(3.6)

Considering (3.6), fs(θ) is not differentiable at θ = θs and θ = θl. This issue is
temporary ignored here. It will be fixed later in section 4. According to chain rule
we have: ∂fs/∂t = (∂fs/∂T )(∂θ/∂t). Therefore, considering (3.4) together with
(3.6) results:

ρcce(θ)
∂θ
∂t = ∇ · (kc∇θ) in T × Dm

ρmcm
∂θ
∂t = ∇ · (km∇θ) in T × D \ Dm

θ(t,x) = θ0(x) in {t = 0} × D
−km∇θ · n = h∞(θ − θ∞) on T × ∂D
ki∇θ · ni |cast = −ki∇θ · ni |mold on T × Γi

(3.7)

where the effective specific heat capacity, denoted by ce, is computed as follows:

ce(θ) =

 cc, θ > θl
cc + L(θl − θs)−1, θs < θ < θl
cc, θ < θs

(3.8)

The topology indicator function, χ, inside Dd is the design parameter in this
study. In fact, this function is the characteristic function of the metal phase within
D, i.e.:

χ(x) :=

{
1, in Dm
0, elsewhere

(3.9)

Since function χ(x) varies during our optimization, the solution domain in (3.7)
should be varied accordingly. Using (3.9), we can rewrite (3.7) in the following
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form: 

ρ(χ)c(χ) ∂θ
∂t = ∇ · (k(χ)∇θ) in Q

ρ(χ) = χρc + (1− χ)ρm in Q
c(χ) = χce + (1− χ)cm in Q
k(χ)−1 = χk−1

c + (1− χ)k−1
m in Q

θ(t,x) = χθp + (1− χ)θ∞ in Q0

k(χ)∇θ · n = h∞(θ∞ − θ) on Σ

(3.10)

where Q := T × D, Q0 := {t = 0} × D, Σ := T × ∂D. The characteristic function
χ is computed by the linear interpolation on the cast-mold interface. It is easy to
check that for a fixed topology, (3.10) is equivalent to (3.7).

The objective function is defined as the scaled total volume of the molten metal
used in the design domain, i.e.,

arg min
χ∈{0,1}

J(χ) = V −1
d

∫
Dd

χ(x) dΩ (3.11)

The pointwise value of the Niyama criterion at the local freezing time is con-
strained in Dc to ensure the production of a defect-free casting. These constraints
can be expressed in the following form (see [23, 28] for further details about the
Niyama criterion),

g
(
t = ts(x),x, θ

)
> 0, ∀ x ∈ Dc (3.12)

where g(t,x, θ) =

(
− gc(x) + |∇θ(t,x)|/

√
∂θ(t,x)
∂t

)
, ts(x) is the local freezing time

and gc(x) is the critical Niyama value. The local freezing time is defined as the
time in which the temperature reaches to θs, i.e.,

ts(x) = t
(
θ(x) = θs

)
(3.13)

The user defined function gc(x) can be fixed to a constant value or varies spatially (a
fixed value is used in our numerical experiments in this study). In the later case one
can use lower critical values at less important regions of casting and higher values at
important points. However, in general there is a critical value, specific property for
each alloy, that ensures a defect-free solidification. It is worth mentioning that ts
varies spatially and it is determined in the course of simulation. Therefore, at each
spatial point x (3.12) should be satisfied locally in the temporal domain. These
issues make it very difficult to directly mange deal with (3.12) directly.

Consider the Dirac delta function, δD(·),

δD(x) :=

{
∞, x = 0
0, x 6= 0

,

∫
R
δD(x) dx = 1,

∫
R
f(x) δD(x) dx = f(0)

where x ∈ R and f : R→ R is an arbitrary well-defined continuous function. Using
the properties of Dirac delta function, constraint (3.12) can be extended to whole
temporal domain as follows,

ge(ts,x, θ) = g(t,x, θ) δD(t− ts) > 0, ∀ (t,x) ∈ R×Dc (3.14)

where ge denotes the temporal extension of g to R. Since ts ∈ T , (3.14) can be
simplified to:

ge(ts,x, θ) = g(t,x, θ) δD(t− ts) > 0, ∀ (t,x) ∈ Qc (3.15)
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where Qc := T × Dc. Since ts is an implicit function of θ, the appearance of ts
in (3.15) increases the complexity of our analysis. Using the implicit relation be-
tween the local freezing time and the solidus temperature, c.f. (3.13), the following
equality is identical,

δD
(
t− ts(θ(t,x))

)
= δD

(
θ(t,x)− θs

)
∀ (t,x) ∈ Qc (3.16)

Thus, ts can be removed from (3.15) by the substitution of (3.16) into (3.15),

ge(x, θ) = g(t,x, θ) δD(θ − θs) > 0, ∀ (t,x) ∈ Qc (3.17)

Finally the mathematical formulation of the optimal design problem in the
present paper can be expressed as follows,

(P) :=



arg minχ J(χ) = V −1
d

∫
Dd
χ(x) dΩ, subject to:

ρ(χ)c(χ) ∂θ
∂t = ∇ · (k(χ)∇θ) in Q

ρ(χ) = χρc + (1− χ)ρm in Q
c(χ) = χce + (1− χ)cm in Q

k(χ)−1 = χk−1
c + (1− χ)k−1

m in Q
θ(t,x) = χθp + (1− χ)θ∞ in Q0

k(χ)∇θ · n = h∞(θ∞ − θ) on Σ
ge(x, θ) > 0 in Qc

χ ∈ Yχ
where Yχ denotes the admissible domain of control variable that is defined as fol-
lows,

Yχ :=

χ ∈ Xχ(D)

∣∣∣∣∣∣∣∣∣∣
χ(x) = 0 on ∂D
χ(x) = 1 in Dc
χ(x) = 0 in Dr \ Dd
χ(x) ∈ {0, 1} in Dd∫

Ddn
χ dΩ 6 RdnVdn

 .

The boundary condition χ = 0 on the external boundaries of the mold box is applied
here to improve the convergence-rate of numerical solution.

Remark 3.1. It should be noticed that the structure of topology optimization prob-
lem (P) is different from the classical topology optimization problems in the sense
that the objective functional (or target) space is not identical to the control space.
More precisely, in the classical topology optimization problems the optimal mate-
rial distribution is found within a spatial domain on which the objective functional
and constraints are defined. However, in the topology optimization problem (P),
the optimal material distribution is found within Dd to pose control inside Dc. In
fact, a new class of topology optimization problems is introduced in the present
study. This contribution extends the utility of topology optimization approach to
solve new classes of engineering design problems.

4. Regularization of the mathematical model

As it was mentioned in section 3, fs(θ) in equation (3.5) (and so ce(θ)) is not dif-
ferentiable at θ = θs and θ = θl (in fact this function is not analytic at these points).
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Therefore, the nonlinear heat equation in optimal problem (P) is non-smooth 3. An
smoothing approach is presented in this section to resolve this problem. We can
express (3.5) in the following equivalent form,

fs(θ) = H(θs − θ) +

(
H(θl − θ)−H(θs − θ)

)
θl − θ
θl − θs

(4.1)

where H(x) : R → R denotes the one-dimensional Heaviside function which is
defined as follows (c.f. chapter 1 of [24]):

H(x) :=

{
0, x < 0
1, x > 0

(4.2)

Following [24], the smoothed form of the one-dimensional Heaviside function can
be expressed as follows,

H̃ε(x) =

 0, x < −ε
1
2 + x

2ε + 1
2π sin

(
πx
ε

)
, −ε 6 x 6 ε

1, x > ε
(4.3)

where ε ∈ (0,∞) is the smoothing parameter in the sense that: H(x) = limε→0 H̃ε(x).

It is clear that H̃ is a C2(R) function with the first order derivative of:

H̃ ′ε(x) =

 0, x < −ε
1
2ε + 1

2ε cos
(
πx
ε

)
, −ε 6 x 6 ε

0, x > ε
(4.4)

Using the smoothed one-dimensional Heaviside function (4.1) can be rewritten as
follows:

f̃s(θ) = H̃ε(θs − θ) +

(
H̃ε(θl − θ)− H̃ε(θs − θ)

)
θl − θ
θl − θs

(4.5)

where f̃s denotes the regularized solid fraction function. Similarly, the regularized
effective specific heat capacity function, c̃e, can be expressed as follows:

c̃e = cc + L
f̃s(θ)

∂θ
(4.6)

The graph of ce and c̃e functions are schematically shown in figure 3. Note that
we do not solve the ε-decreasing sequence of problems in this study, but solve one
problem with a sufficiently small smoothing parameter. The smoothing parameter
ε is equal to 0.1(θl − θs) in this study.

The existence of Dirac delta function in space-time constraints (3.17) leads to the
complexity of optimization problem in both aspects of the sensitivity analysis and
numerical solution. To overcome these issues, the Dirac delta function is regularized
in this study. The regularized Dirac delta function, δDa (x) : R→ R, is a sufficiently
smooth function such that (see [1]):∫

R
δDa (x) dx = 1, δD(x) = lim

a→0
δDa (x)

where a ∈ (0,∞) is the regularization parameter that controls the Dirac delta
function smoothing. The bell-shaped probability density function is used as the

3This differentiability issue is not well considered in the solidification modeling literature. It
is worth mentioning that the integral formulation based on the enthalpy approach is used in some

literature. However, this problem exists in this case too.
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θs θlθ

c̃e, ce

cc

cc +
L

θl−θs

2ε

c̃e

ce

Figure 3. Schematic plots of ce and c̃e functions in the present
study. The regularization parameter ε is equal to 0.1(θl− θs) here.

regularized counterpart of the Dirac delta function in the present work. Therefore,
by δDa (x) we denote the following function henceforth:

δDa (x) =
1

a
√

2π
e−(x)2/(2a2) (4.7)

In fact, the regularized function (4.7) distributes the pointwise concentration of
δD(x) on neighborhood of x. For instance, for a = 1, more than 99 % of the
function concentration will be distributed smoothly over interval (−3, 3), see figure
4.

0.1

0.2

0.3

δD1 (x)

-3 -2 -1 0 1 2 3

x

68.2%

13.6% 13.6%

Figure 4. Schematic of the regularized Dirac delta function, δDa ,
used in this study for a = 1.

The regularized form of (3.17), g̃e, in the present study has the following form:

g̃e(a,x, θ) = g(t,x, θ) δDa (atθ + bt) > 0, ∀ (t,x) ∈ Qc (4.8)

where a = 1 in the present study, at = 6(θl − θs)
−1 and bt = −3(θl + θs)(θl −

θs)
−1. In this way, the effect of delta concentration at every spatial point will

be approximately distributed within the temperature interval [θl − θs] centered at
θ = 1

2 (θl + θs).
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The regularized from of (P), denoted by ˜(P), can be stated as follows:

˜(P)(ε, a) :=



arg minχ J(χ) = V −1
d

∫
Dd
χ(x) dΩ, subject to:

ρ(χ)c̃(χ) ∂θ
∂t = ∇ · (k(χ)∇θ) in Q

ρ(χ) = χρc + (1− χ)ρm in Q
c̃(χ) = χc̃e + (1− χ)cm in Q

k(χ)−1 = χk−1
c + (1− χ)k−1

m in Q
θ(t,x) = χθp + (1− χ)θ∞ in Q0

k(χ)∇θ · n = h∞(θ∞ − θ) on Σ
g̃e(a,x, θ) > 0 in Qc

χ ∈ Yχ

5. Relaxation of the mathematical model

In general topology optimization problems, like ˜(P), are ill-posed variational
problems. Thus, the do not admit optimal solutions in their original form.The
relaxation of original problem (c.f. [18]) is a common approach to deal with this
difficulty. In this way, the design space is extended from the characteristic functions
χ ∈ BV (D; {0, 1}) to continuous functions w ∈ L∞(D; [0, 1]). To find an explicit

relaxation of ˜(P) is a very challenging job. Moreover, it is not clear that whether

there exists an explicit form for relaxation of ˜(P). Because the mathematical analysis

of ˜(P) is beyond the scope of present work, inspiring from [6, 22], we assume that

an explicit relaxation of ˜(P), denoted by (RP), can be stated as follow:

(RP)(ε, a) :=



arg minw J(w) = V −1
d

∫
Dd
w(x) dΩ, subject to:

ρ(w)c̃(w) ∂θ
∂t = ∇ · (k(w)∇θ) in Q

ρ(w) = wρc + (1− w)ρm in Q
c̃(w) = wc̃e + (1− w)cm in Q

k(w)−1 = wk−1
c + (1− w)k−1

m in Q
θ(t,x) = wθp + (1− w)θ∞ in Q0

k(w)∇θ · n = h∞(θ∞ − θ) on Σ
g̃e(a,x, θ) > 0 in Qc

w ∈ Yw
where Yw denotes the admissible set of control parameters, defined as follows,

Yw :=

w ∈ Xw(D)

∣∣∣∣∣∣∣∣∣∣
w(x) = 0 on ∂D
w(x) = 1 in Dc
w(x) = 0 in Dr \ Dd

0 6 w(x) 6 1 in Dd∫
Ddn

w dΩ 6 RdnVdn

 .

where Xw is a sufficiently regular Banach space corresponding to the control vari-

able w. In fact, the characteristic function χ in ˜(P) is replaced by the more regular
function w in (RP). However, there is no guarantee that the relaxed problem will be
well-posed and admits at least an optimal solution. The ill-posness issue in topol-
ogy optimizations stems in this fact that the optimal solutions tend to form finer
and finer microstructures. The minimum length-scale control is a common way to
cope this problem.
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6. SIMP penalization of mathematical model

From a practical point of view, the numerical solution of (RP) is not desirable,
because it tolerates the existence of graded material in the optimal solution. Several
treatments are suggested in the literature to overcome this difficulty (c.f. [7]). The
solid isotropic material penalization (SIMP) method [7] gained more popularity
in the literature due to the ease of implementation, satisfactory results and low
computational cost. The SIMP penalization of (RP), denoted by (SRP), can be
expressed as follows:

(SRP)(ε, a) :=



arg minw J(w) = V −1
d

∫
Dd
w(x) dΩ, subject to:

ρ(w)c̃(w) ∂θ
∂t = ∇ · (k(w)∇θ) in Q

ρ(w) = wpρc + (1− wp)ρm in Q
c̃(w) = wpc̃e + (1− wp)cm in Q

k(w)−1 = wpk−1
c + (1− wp)k−1

m in Q
θ(t,x) = wpθp + (1− wp)θ∞ in Q0

k(w)∇θ · n = h∞(θ∞ − θ) on Σ
g̃e(a,x, θ) > 0 in Qc

w ∈ Yw
where p ∈ [1,∞) denotes the SIMP power. This parameter is gradually increased
from 1 to 5 during solution of each sub-problem in the present study. In practice,
p > 2 makes a strong bias on w to assume a value near either of 0 or 1.

7. Bilevel reformulation of the optimization problem

The goal of present study is to introduce an efficient solution algorithm for
real-world problems. It can not be realized by using conventional (black-box) opti-
mization tools. An efficient solution strategy will be introduced in this section by
carefully exploiting the specific structure of the (SRP).

There are generally two approaches to solve PDE constrained optimization prob-
lems: ”discretize then optimize” and ”optimize then discretize”. In the former
method the state and control spaces are firstly discretized into a finite dimensional
spaces. Then, the finite dimensional counterpart of original optimization problem
is solved by convectional optimization algorithms. From a practical point of view,
the ease of implementation is the main advantage of this approach. Assuming a
gradient based method is employed to solve the discretized optimization problem,
the cost of sensitivity analysis is very large. This is due to the fact that the direct
design sensitivity analysis is economic when the number of (state-dependent) con-
straints is large. On the other hand, the adjoint sensitivity analysis is preferable
when the number of control parameters is large (c.f. [39]). However, when both of
these parameters are large, as it is the case in our problem, the cost of sensitivity
analysis scales with either of these parameters. This issue makes the numerical
solution computationally intractable (c.f. [19]). In the later approach, optimize
then discretize, the optimization is performed formerly on an infinite-dimensional
function spaces and then, the corresponding system of optimality conditions will
be discretized for the purpose of numerical solution. This approach has a good
potential to cope the above mentioned limitations. Therefore, we shall develop
our solution strategy based on the later approach. Doing a rigorous analysis on
(SRP) beyond the scope of this paper (see [41, 42] for further details). Hence, only
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the solution strategy will be introduced here without involving in technical details
(the reliability of present approach is supported by extensive numerical experiments
given in section 10).

To exploit the specific structure of (SRP), the constraints in (SRP) are divided
into three categories as follows: control constraints, PDE-constraint and pointwise
state-dependent constraints. The admissible set of control parameters is denoted
by Yw here, as it is defined in section 5. The admissible set of state variable θ with
respect to PDE-constraint in (SRP), denoted by Yθ, is defined as follows:

Yθ :=

{
θ ∈ Xθ(D)

∣∣ F (t, θ, θ̇,∇θ,∇2θ, w) = 0, ∀ (t,x) ∈ Q and w ∈ [0, 1]

}
where Xθ is a sufficiently regular Banach space corresponding to the state variable
and the operator F (t, θ, θ̇,∇θ,∇2θ, w) = 0 denotes the pointwise feasibility of the
heat equation in (SRP). The pointwise constrains g̃e in (SRP) can be equivalently
expressed in the following form:

min
(
g̃e(a,x, θ), 0

)
= 0, ∀ (t,x) ∈ Qc (7.1)

The infeasibility measure of these constraints can be defined as follows:

G(θ) :=
1

2

∫
Qc

(
min

(
g̃e(a,x, θ), 0

))2
dQ (7.2)

where dQ := dΩdt (a is constant and equal to 1 in the present study). When
G(θ) = 0, constraints (7.1) hold almost everywhere in Qc. The admissible space of
state variable θ with respect to the pointwise state-dependent constraints, denoted
by Yg, can be defined as follows,

Yg :=
{
θ ∈ Xθ(D) | G(θ) = 0

}
Using the above definition, (SRP) can be expressed in the following abstract form:

(SRP)(ε, a) := arg min
w

J(w) subject to
(
w, θ(w)

)
∈
(
Yw × (Yθ ∩ Yg)

)
In our solution strategy, the feasibility of control parameters are strictly hold with
respect to set Yw. Considering the bound constraints on w, we have J(w) : Yw →
[0, 1]. Therefore, for every w ∈ Yw, J(w) assumes the fixed value Rd ∈ R[0, 1].
Thus, w is always a member of the following admissible set:

A :=

{
w ∈ Yw

∣∣ V −1
d

∫
Dd

w(x) dΩ = Rd

}
Assuming (SRP) admits at least an optimal solution, (SRP) can be reformulated as
the following bilevel optimization problem:

(BP)(a, ε) := minimizeRd over [0, 1] subject to
(
w, θ(w)

)
∈
(
A×(Yθ∩Yg)

)
Proposition 7.1. The set of optimal solutions to problems (SRP) and (BP) is iden-
tical.

Proof. Comparing (BP) and (SRP), the proof is evident. �

The lower level problem in (BP) is in fact a feasibility problem. For the purpose
of convenience, lets to denote this feasibility problem symbolically as follows:

(IP)(ε, a,Rd) :=
(
w, θ(w)

)
∈ (A× (Yθ ∩ Yg))
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Notice that the feasibility problem (IP) does not essentially admit a solution for
every Rd ∈ [0, 1) even if the feasible set of problem (SRP) be nonempty. Assume
R∗d denotes the optimal value of Rd at an optimal solution of (BP). The following
proposition provides a guideline to restrict the search interval of R∗d.

Proposition 7.2. Assume that problem (SRP) has at least an optimal solution,
then there exist an upper bound Ru ∈ [0, 1] such that R∗d ∈ [0, Ru] where,

Ru = V −1
d

∫
Dd

w0 dΩ

and w0 is a solution to the following feasibility problem:(
w, θ(w)

)
∈ (Yw × (Yθ ∩ Yg))

Proof. Since (SRP) has at least an optimal solution, we have
(
A × (Yθ ∩ Yg)

)
6=

∅. Therefore the feasibility problem (IP) admits at least a solution too. Since(
A× (Yθ ∩ Yg)

)
⊆
(
Yw × (Yθ ∩ Yg)

)
we have

(
Yw × (Yθ ∩ Yg)

)
6= ∅ which ensures

the existence of w0. Since R∗d is the least value of Rd ∈ [0, 1] such that (IP) admits
at least a solution, we have R∗d 6 Ru which completes the proof. �

The following minimization problem, denoted by (MP), is used in the present
study to solve the feasibility problem (IP),

(MP)(ε, a,Rd) :=



minw G(θ(w)) = 1
2

∫
Qc

(
min

(
g̃e(a,x, θ(w)), 0

))2
dQ, s.t. :

ρ(w)c̃(w) ∂θ
∂t = ∇ · (k(w)∇θ) in Q

ρ(w) = wpρc + (1− wp)ρm in Q
c̃(w) = wpc̃e + (1− wp)cm in Q

k(w)−1 = wpk−1
c + (1− wp)k−1

m in Q
θ(t,x) = wpθp + (1− wp)θ∞ in Q0

k(w)∇θ · n = h∞(θ∞ − θ) on Σ
w ∈ A

It is worth mentioning that w0 can be computed by solving a modified version of
(MP) in which the constraint w ∈ A is replaced by w ∈ Yw. When (IP) has at least
a feasible solution then the corresponding (MP) admits at least an optimal solution
with the objective functional equal to zero at the optimal solution.

Note that problem (MP) is structurally similar to the classical volume constrained
topology optimization problems (c.f. [7]), i.e. it includes a global objective func-
tional, bound and volume constraints on the control variables together with a
PDE-constraint. Therefore, available efficient solution algorithms, e.g. [38], can
be employed to solve sub-problems (MP). According to our numerical experiments,
the computational cost of numerical solution of (MP) is almost equivalent to that of
a classical volume constrained topology optimization problem. Another benefit of
solving (MP) is the possibility of managing infeasible solutions, which is commented
later in this section.

Now, we slightly modify (MP) to simplify the sensitivity analysis. The character-
istic function of Dc, denoted by Ic, can be defined as follows,

Ic(x) :=

{
1, x ∈ Dc
0, elsewhere

(7.3)
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Ic can be alternatively expressed as follows,

Ic(x) =

∫
Dc

δD(x)δD(y)δD(z) dΩ (7.4)

where x = (x, y, z). To smooth the characteristic function Ic, we replace the Dirac
delta functions in (7.4) by the regularized Dirac delta function introduced in section

4. Therefore, the smoothed characteristic function of Dc, denoted by Ĩc, has the
following form,

Ĩc(x) =

∫
Dc

δDb (x)δDb (y)δDb (z) dΩ (7.5)

where δDb (·) denotes the regularized delta function with the regularization param-
eter b. Using (7.5), we redefine the objective functional corresponding to (MP) as
follows,

F(θ(w)) := 1/2

∫
Q

G(x, θ(w)) dQ, G(x, θ(w)) =
(

min
(
g̃e(a,x, θ(w)), 0

))2 Ĩc(x)

(7.6)
where the spatial integration domain in the original objective functional is extended
to the whole spatial domain here. In the present study we fix the regularization
parameter b to 1/6 of the spatial grid-size used in our numerical method. In this
way, the width of smoothing region is almost equal to one spatial grid-size. Note
that evaluation of the discrete version of function Ĩc is performed only once in this
study (prior to starting the optimization procedure). The modified version of (MP),
denoted by lower-level problem (LP), is defined as follows,

(LP)(ε, a, b, Rd) :=



arg minw F(θ(w)) = 1
2

∫
Q
G(x, θ(w)) dQ, s.t. :

ρ(w)c̃(w) ∂θ
∂t = ∇ · (k(w)∇θ) in Q

ρ(w) = wpρc + (1− wp)ρm in Q
c̃(w) = wpc̃e + (1− wp)cm in Q

k(w)−1 = wpk−1
c + (1− wp)k−1

m in Q
θ(t,x) = wpθp + (1− wp)θ∞ in Q0

k(w)∇θ · n = h∞(θ∞ − θ) on Σ
w ∈ A

The upper level problem in (BP) is equivalent to a simple mono-dimensional
global pattern search on the line segment [0, Ru]. In the present study, the solu-
tion is kept feasible with respect to the control and PDE constraints during the
optimization procedure, i.e., (w, θ) ∈ (Yw × Yθ). Therefore, the remained task is
to find minimum value of Rd, denoted by R∗d, such that R∗d = V −1

d

∫
Dd
w∗ dΩ, w∗

solve (LP)(ε, a, b, R∗d) and F(θ∗(w∗)) = 0. There are many approaches to solve this
simple line search problem. According to our numerical experiments in the present
study, F is continuous and monotonically non-increasing function of Rd in all of our
experiments. It is worth mentioning that this observation is not correct in general.

Lets to assume that the objective functional F is a continuous and monotoni-
cally non-increasing function of Rd within interval [0, Ru]. In this case, a simple
bisection algorithm followed by linear interpolation can employed here to find R∗d
over search interval [0, Ru]. This bisection algorithm can be expressed as follows:
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Algorithm 1: Upper-level optimization solver: bisection approach

1 initialization : given n > 1, i = 1, Rld = 0, Rrd = Ru, Fl = 1020, Fr = 0;

2 while (i 6 n) do
3 i = i + 1, Rcd = (Rld +Rrd)/2;

4 solve (LP)(ε, a, b, Rcd) and compute F∗c ;

5 if (F∗c == 0) then Rrd = Rcd, Fr = F∗c ;

6 else Rld = Rcd, Fl = F∗c ;

7 end

8 if (Fl == 0) then R∗d = Rld;

9 else R∗d = (FrRld −FlRrd)/(Fr −Fl);
10 return R∗d;

For n = 10, the above algorithm, without linear interpolation, gives R∗d within error
er where |er| ≤ Ru/2

10. This level of accuracy is quite sufficient for engineering
applications. The linear interpolation usually increases this level of accuracy by
an order of magnitude. In this way, the optimal solution with sufficient accuracy
can be achieved in expense of solving 12 classical volume constrained topology op-
timization sub-problems. The computational complexity of our solution algorithm
does not increase in practice when we do not assume the monotonicity of F (with
respect to Rd). In this case, we apply a simple global optimization method for
F(Rd). Since this problem is one-dimensional, a suitable global optimization algo-
rithm could be exploited very efficiently. For instance, we suggest a few number
of equidistance sampling on [0, Ru] to interpolate the graph of F − Rd on [0, Ru].
Then, the least root of F , which is equal to R∗d, is found approximately by means
of interpolated F −Rd graph, i.e.,

Algorithm 2: Upper-level optimization solver: global interpolation

1 initialization: given n > 1, ∆ = Ru/n;

2 for i = 0, . . . , n solve (LP)(ε, a, b, Rid = i∆) and compute F∗i ;

3 compute approximate graph F∗ = C(Rd) by interpolation between (i∆,F∗i );

4 take R∗d equal to the least root of C(Rd);

When problem (BP) is infeasible, i.e.
(
Yw × (Yθ ∩ Yg)

)
= ∅, it is not possible

to solve the original optimization problem by classical optimization methods. In
this case, the presented solution strategy, with a minor modification, is enable to
manage infeasible problems and to provide valuable information for designers. It is
easy to show that

(
Yw ×Yθ

)
6= ∅. In fact, the infeasibility roots in the violation of

pointwise state-dependent constraints. Now lets to define the concept of the best
infeasible solutions as follows:

Definition 7.3. Assume that for problem (BP) we have
(
Yw× (Yθ ∩Yg)

)
= ∅, then

(w∗, θ∗) ∈
(
Yw × Yθ

)
is called a best α-infeasible solution to (BP) if the following

condition holds:

Mα(w∗, θ∗) 6Mα(w, θ) ∀(w, θ) ∈
(
Yw × Yθ

)
,
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where α ∈ [0, 1] is a user-defined (trade-off) parameter and the merit function
Mα(·, ·) is defined as follows:

Mα := αRd + (1− α) F∗

where F∗ denotes the value of the objective functional at the local solution of the
sub-problem (LP) for Rd.

In fact, in the case of problem infeasibility, we will have a bi-objective optimiza-
tion problem in which there is a trade-off between the consumed materials resource
weighted by factor α and the infeasibility of state-dependent pointwise constraints
weighted by factor (1− α). To find a best α-infeasible solution of (BP), for a user-
defined α-value, we solve (LP) for equidistance values of Rd on [0, 1] and compute
the corresponding merit functions, M , at optimal solutions. Then, the approximate
graph of the merit function M is found as a function of Rd by means of a global
interpolation using sampled points. Finally, the value of Rd corresponding to an
approximate best α-infeasible solution is taken equal to the approximate global
minimum of M -Rd graph. This algorithm can be expressed as follows:

Algorithm 3: Upper-level optimization solver for infeasible problems

1 initialization: given n > 1, α ∈ [0, 1], ∆ = 1/n;

2 for i = 0, . . . , n solve (LP)(ε, a, b, Rid = i∆) and compute Mα,i;

3 compute approximate graph Mα = C(Rd) by interpolation between

(i∆,Mα,i);

4 take R∗d equal to the global minimum of C(Rd);

The solution of lower-lever problem, i.e., (LP), is the remaining part of our solution
algorithm in this study which will be discussed in section 8.

8. Necessary optimality conditions for the lower-level problem

A deterministic gradient based method is used in the present study to solve
problem (LP) in (BP). In this way, it is possible to find a local minimum of (LP)
using a suitable optimization algorithm. Since (LP) is non-convex, it possibly admits
many local solutions. On the other hand, a local solution my not be a desirable
solution in practice. However, local solutions were satisfactory from a practical
point of view according to our numerical experiments. The first order necessary
optimality conditions corresponding to (LP) will be derived in this section. For
background materials, interested readers are encouraged to read chapter 10 of [2].

Definition 8.1. (Gâteaux derivative, c.f. [2]) Consider Banach spaces Y and W ,
and U as open subset of Y . A function f : U →W is called Gâteaux differentiable
at u ∈ U , if for every test function v ∈ Y the following limit exist:

f ′(u) := lim
ζ→0

f(u+ ζv)− f(u)

ζ

In this case we show Gâteaux derivative symbolically by f ′(u). If Y is a Hilbert
space, then f ′(u) lives on the dual space of Y . Thus, by using the Riesz represen-
tation theorem, there exists a unique p ∈ Y such that 〈p, v〉 = f ′(u), where 〈·, ·〉
denotes the inner product on Y . In this case, it is common to call p as Gâteaux
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derivative. The partial Gâteaux derivative is shown by either f ′(·) or ∂(·)f(· · · )
symbols in this study. For the purpose of convenience, Gâteaux derivative is called
directional derivative henceforth. Since our goal in this study is not to do a rigorous
mathematical analysis, we simply assume that our functions are sufficiently regular.
We use notation 〈·, ·〉A :=

∫
A(·)(·) dΩ to denote either of inner product or duality

pairing on the corresponding function spaces.

Consider arbitrary functions η ∈ Xη(Q), ηb ∈ Xη(Σ) and η0 ∈ Xη(Q0), where
Xη is a sufficiently regular Banach space (identical to Xθ in practice). Lets to
introduce the following lagrangian by augmenting the objective functional in (LP)
with the corresponding state constraint:

L(w, θ, η) := F(θ) +

∫
Q

η
(
ρc̃ θ̇ −∇ · (k∇θ)

)
dQ+

∫
Σ

ηb
(
k∇θ · n− h∞(θ∞ − θ)

)
dΣ

+

∫
Q0

η0

(
θ(t,x)− wpθp − (1− wp)θ∞

)
dΩ

where dΣ := dΓdt and dΓ denotes the surface measure induced on ∂D. The set of
points that satisfy the first order necessary optimality conditions of (LP), denoted
by U here, can be expressed as follows (c.f. [2]):

U :=

(w, θ, η) ∈
(
A×Xθ(Q)×Xη(Q)

) ∣∣∣∣∣ ∂wL(w, θ, η) = 0 in D (C.1)
∂θL(w, θ, η) = 0 in Q (C.2)
∂ηL(w, θ, η) = 0 in Q (C.3)

 .

where ∂wL, ∂θL and ∂ηL respectively denote the directional derivatives of L with
respect to w, θ and η along arbitrary directions δw ∈ Xw(D), δθ ∈ Xθ(Q) and
δη ∈ Xη(Q) respectively. In fact set U includes constrained stationary points of
lagrangian L. Now, lets to define the following inner product notations, to keep
our derivations concise:〈

·, ·
〉
Q

:=

∫
T

〈
·, ·
〉
D dt,

〈
·, ·
〉

Σ
:=

∫
T

〈
·, ·
〉
∂D dt〈

·, ·
〉
Q0

:=
〈
·, ·
〉
D
∣∣
t=0

,
〈
·, ·
〉
QT

:=
〈
·, ·
〉
D
∣∣
t=T

For ∂wL in the optimality condition (C.1) we have,〈
∂wL, δw

〉
D =

〈
η(∂wρc̃+ ρ∂w c̃) θ̇ − η∇ · (∂wk∇θ), δw

〉
Q

+
〈
ηb ∂wk∇θ · n, δw

〉
Σ

−
〈
η0 ∂wθ0, δw

〉
Q0

=
〈
η(∂wρc̃+ ρ∂w c̃)θ̇ + ∂wk∇η · ∇θ, δw

〉
Q
−
〈
η0∂wθ0, δw

〉
Q0

(8.1)

where,

∂wρ = pwp−1(ρc − ρm) (8.2)

∂w c̃ = pwp−1(c̃e − cm) (8.3)

∂wk = pwp−1kckm(kc − km)
(
wp(km − kc) + kc

)−2
(8.4)

∂wθ0 = pwp−1(θp − θ∞) (8.5)

Note that the boundary term in (8.1) is removed by taking η = ηb on Σ and
integration by part followed by applying the divergence theorem on the diffusion
term.
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For ∂θL in the optimality condition (C.2) we have,〈
∂θL, δθ

〉
Q

=
〈
∂θF , δθ

〉
Q

+
〈
ηρ ∂θ c̃ θ̇, δθ

〉
Q

+
〈
ηρc̃, ∂(δθ)/∂t

〉
Q

−
〈
η, ∇ ·

(
k∇(δθ)

)〉
Q

+
〈
kηb, ∇(δθ) · n

〉
Σ

+
〈
h∞ηb, δθ

〉
Σ

+
〈
η0, δθ

〉
Q0

:= I1 + I2 + I3 + I4 + I5 + I6 + I7 (8.6)

where,

∂θ c̃ = wp
∂c̃e
∂θ

= wpL
∂2f̃s
∂θ2

(8.7)

The C2 continuity of H̃ε(·) ensures the regularity of (8.7). To avoid lengthy expres-
sions, lets to define the following notations:

g := (θ̇)−
1
2 |∇θ| − gc, d̂ := δDa

(
atθ + bt

)
, g̃e := g d̂, ĝ := min(g̃e, 0)

Thus, for G, in F we have,

G =

(
min

((
(θ̇)−

1
2 |∇θ| − gc

)
δDa
(
atθ + bt

)
, 0
))2

Ĩc =
(

min(gd̂, 0)
)2 Ĩc = ĝ2 Ĩc

Note that G is an explicit function of θ, θ̇ and ∇θ. Thus, for I1 we have,

I1 =
〈
∂θF , δθ

〉
Q

+
〈
∂∇θF ,∇(δθ)

〉
Q

+
〈
∂θ̇F , ˙(δθ)

〉
Q

:= J1 + J2 + J3 (8.8)

Although min(x, 0) is not differentiable at x = 0, (min(x, 0))2 is smooth and differ-
entiable everywhere. Now, we simplify J1 as follows,

J1 =
〈
− a−2at (atθ + bt) g̃e ĝ Ĩc, δθ

〉
Q

(8.9)

For J2 we have,

J2 =
〈 d̂ ĝ Ĩc
|∇θ|

√
θ̇
, ∇θ · ∇(δθ)

〉
Q

=
〈 d̂ ĝ Ĩc
|∇θ|

√
θ̇
∇θ · n, δθ

〉
Σ
−
〈
∇ ·
( d̂ ĝ Ĩc∇θ
|∇θ|

√
θ̇

)
, δθ

〉
Q

:= J2,1 − J2,2 (8.10)

The boundary integral J2,1 in (8.10) is equal to zero, because Ĩc = 0 on ∂D. To
proceed derivation, lets to define the following notations,

j :=
∂G
∂θ̇

= −(θ̇)−
3
2 |∇θ| d̂ ĝ Ĩc

The regularization of function j, denoted by ĵ, is defined as,

ĵ = −(θ̇)−
3
2 |∇θ| d̂ m̃in(g̃e, 0) Ĩc (8.11)

In fact, the minimum function in j is replaced by the regularized minimum function
in ĵ. Considering the identity min(x, 0) = x(1 −H(x)), the regularized minimum
function can be defined as follows,

m̃in(x, 0) := x(1− H̃ε(x)) (8.12)

The regularization parameter ε corresponding to (8.12) is taken equal to one spatial
grid-size in the present work. Applying the integration by part on J3 in (8.8) results
in,

J3 =
〈
j, δθ

〉
QT

−
〈
j, δθ

〉
Q0

−
〈
dtj, δθ

〉
Q

:= J3,1 − J3,2 − J3,3 (8.13)
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and,

dtj(θ, θ̇,∇θ) ≈ ∂θ ĵ θ̇ + ∂(θ̇)ĵ θ̈ + ∂(∇θ)ĵ · ∇(θ̇) (8.14)

where (̈·) := ∂2(·)/∂t2. Since, expanding terms in (8.14) is straightforward, we leave
further simplification of (8.14) to save the space. It is worth mentioning that by
the regularization of minimum function in F , it depends explicitly on w. However,
because the concentration of F is inDc and w only vary in Dd, the explicit derivative
of F with respect to w is approximately equal to zero. Hence, it is ignored in our
derivation here. Because, the concentration of δDa (atθ + bt) is within the freezing
interval, it is approximately equal to zero at t = 0. Thus, j ≈ 0 at t = 0 in practice.
Consequently, J3,2 ≈ 0. The integration by part simplifies I3 to:

I3 =
〈
ρc̃ η, δθ

〉
QT
−
〈
ρc̃ η, δθ

〉
Q0
−
〈
∂(ρc̃ η)/∂t, δθ

〉
Q

:= I3,1− I3,2− I3,3 (8.15)

Using the integration by part and divergence theorem twice simplifies I4 as follows,

I4 = −
〈
kη, ∇(δθ) · n

〉
Σ

+
〈
k∇η · n, δθ

〉
Σ
−
〈
∇ · (k ∇η), δθ

〉
Q

= −I4,1 + I4,2 − I4,3

The collection of all terms in the right hand side of (8.6) results in the following
abstract form:

===

〈
∂θL, δθ

〉
Q

= (J1 − J2,2 − J3,3 + I2 − I3,3 − I4,3)︸ ︷︷ ︸
in Q

+ (−I4,1 + J4,2 + I5 + I6)︸ ︷︷ ︸
on Σ

+ (J3,1 + I3,1)︸ ︷︷ ︸
in QT

+ (−I3,2 + I7)︸ ︷︷ ︸
in Q0

= 0

(8.16)

Now we drive the adjoint PDE by equating terms in every parenthesis of (8.16)
to zero (c.f. [3, 31]). We first examine the second parenthesis. Because the test
function δθ is arbitrary (i.e., the parenthesis should be equal to zero for every choice
of trace of δθ on Σ), we take δθ = 0 on Σ and vary term k∇(δθ) · n on Σ. Thus,
η should be equal to ηb on Σ. Consequently, I4,1 = I5 and the second and forth
terms in this parenthesis cancel each others. Varying the trace of δθ on Σ results
in the following boundary condition:

−k∇η · n = ηh∞ on Σ

Using similar treatments results in the following identities:

ρc̃ η = −j in QT

η0 = ρc̃ η in Q0

Thus, enforcing the condition (C.2), results in the following adjoint heat equation:

(AH)(θ, w) :=

 −
∂
(
ρ(w)c̃(w) η

)
∂t = ∇ · (k(w)∇η)− ηSa(x) + Sb(x) in Q

−k(w)∇η · n = h∞η on Σ
η(t,x) = η0(x) in QT
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where,

Sa(x) = wpρ(w)L
∂2f̃s
∂θ2

θ̇ (8.17)

Sb(x) = a−2at(atθ + bt)g̃eĝ Ĩc +∇ ·
(
d̂ĝ

∇θ
|∇θ|

√
θ̇
Ĩc
)

+ dtj (8.18)

η0(x) =
(
ρ(w)c̃(w)

)−1
(θ̇)−

3
2 |∇θ|d̂ĝĨc (8.19)

Note that the adjoint heat equation (AH) should be integrated in reverse time direc-
tion, i.e., from t = T to t = 0 (consider the negative sign of transient term in this
PDE). The optimality condition (C.3) holds when θ solves the direct heat equation
in (LP) for known w function:

(DH)(w) :=

 ρ(w)c̃(w) ∂θ
∂t = ∇ · (k(w)∇θ) in Q

k(w)∇θ · n = h∞(θ∞ − θ) on Σ
θ(t,x) = θ0(x) in Q0

where θ0(x) := wpθp + (1− wp)θ∞.
Now lets to state the necessary optimality conditions based on the projected

gradient approach (c.f. [27, 29]). For the sake of convenience, we briefly recall some
known results.

Theorem 8.2. (orthogonal projection over a convex set, theorem 12.1.10 of [2])
Let V be a Hilbert space and K as a convex closed nonempty subset of V . For all
u ∈ V , there exists a unique uK ∈ K such that

‖u− uK‖22 = arg min
v∈K
‖u− v‖22.

The orthogonal projection of u onto set K is shown by operator PK(u) henceforth
in this paper, i.e., uK = PK(u). Equivalently, uK is characterized by the following
property:

uK ∈ K, 〈uK − u, v − uK〉 > 0, ∀v ∈ K (8.20)

Theorem 8.3. (Euler inequality for convex sets, theorem 10.2.1 of [2]) Let V be a
Hilbert space and K as a convex closed nonempty subset of V . Assume functional
J(u) : K → R is differentiable at u ∈ K with the directional derivative denoted by
J ′(u). If u be a local minimum point of J(u) over K then:

〈J ′(u), v − u〉 > 0, ∀v ∈ K (8.21)

Corollary 8.4. (necessary optimality conditions based on the projected gradient,
proposition 2.4 of [29]) Let V be a Hilbert space and K as a convex closed nonempty
subset of V . Assume functional J(u) : K → R is differentiable at u ∈ K with the
directional derivative denoted by J ′(u). If u be a local minimum point of J(u) over
K then:

J ′K,µ(u) = 0 a.e., J ′K,µ(u) = PK(u− µJ ′)− u (8.22)

where µ ∈ R+. Since PK(u−µJ ′)−u is equivalent to the scaled projected gradient,
constrained stationary points of J are zeros of the scaled projected gradient with
respect to set K. Therefore we call (8.22) as the necessary optimality conditions
based on the projected gradient.
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Corollary 8.5. (descent property of the scaled projected gradient, proposition 2.5
of [29]) Let V be a Hilbert space and K as a convex closed nonempty subset of V .
Assume functional J(u) : K → R is differentiable at u ∈ K with the directional
derivative denoted by J ′(u). Assume that the scaled projected gradient at u ∈ K
is denoted by J ′K,µ(u), i.e., J ′K,µ(u) = PK(u − µJ ′) − u. Then for all u ∈ K and

µ ∈ R+ we have:

〈J ′(u), J ′K,µ(u)〉 6 − 1

2µ
‖J ′K,µ(u)‖22 (8.23)

Corollary 8.5 suggests a simple iterative gradient descent method to find local
minimums of convex constrained optimization problems. Assume that the iteration
counter is denoted by m and consider u0 as the initial guess, then we have:

um+1 = um + νmJ
′
K,µm

(um), m = 0, 1, . . . , (8.24)

where νm ∈ (0, 1]. In the present study, the scaling parameter µm is selected based
on the Barzilai-Borwein (BB) step-size [4]:

µm = 〈sm−1, sm−1〉/〈sm−1, rm−1〉,
where sm := um − um−1 and rm := J ′(um)− J ′(um−1). The main benefit of using
BB step-size is its spectral properties. It makes it a cheap and efficient method
to approximately solve large-scale optimization problems (c.f. [8]). To ensure the
global convergence, it is required that νm is selected based on a globalization strat-
egy, like a line-search algorithm. However, using a monotonic line-search algorithm
reduces (8.24) to the classic projected steepest descent method, i.e., we miss promis-
ing properties of BB step-size. To cope this problem, the nonmonotone globalization
strategy suggested in [8] is used in the present study (see [8] for further details).

Combining the above results, we can state the first order necessary optimality
conditions of (LP), denoted by (OC) as follows:

(OC) :=



ρ(w)c̃(w) ∂θ
∂t = ∇ · (k(w)∇θ) in Q

k(w)∇θ · n = h∞(θ∞ − θ) on Σ
θ(t,x) = θ0(x) in Q0

−∂
(
ρ(w)c̃(w) η

)
∂t = ∇ · (k(w)∇η)− ηSa(x) + Sb(x) in Q

−k(w)∇η · n = h∞η on Σ
η(t,x) = η0(x) in QT

PA(w − ∂wL)− w = 0 in D
For the sake of completeness, lets to briefly outline the optimization algorithm

used to solve problem (LP) in the present work. To avoid technical difficulties, we
sate our algorithm for discretized version of our original problem (details of dis-
cretization method will be discussed later). Lets to denote by (LP)h, (OC)h, (DH)h
and (AH)h, the finite dimensional counterpart of (LP), (OC), (DH) and (AH) respec-
tively. Assume θ and η solve problems (DH)h, (AH)h respectively, the optimal value
of w is found using the nonmonotone globalized version of iterations (8.24). This
algorithm is in fact identical to nonmonotone spectral projected gradient (SPG)
method introduced in [8]. More precisely, the SPG2 algorithm presented in [8, 9]
is used in this study. To use SPG2 in this regard, it is sufficient to remark that
whenever SGP2 asks for the objective functional value, (DH)h should be solved using
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current value of w-filed and then the objective function should be evaluated. Simi-
larly, when SGP2 asks for the gradient of the objective functional, it is required to
solve (DH)h and (AH)h respectively and, then to compute ∂wL using (8.1). The input
parameters for SPG2 algorithm in this study are identical to set of default param-
eters in [9]. As it is mentioned in [8], the efficiency of SPG2 mainly relay on the
existence of an efficient way to project trial steps onto the feasible set of solutions
(is a user-defined function in SPG2 algorithm), i.e., PA(·) operator in the present
study. Therefore, introducing an efficient method for the projection onto the ad-
missible domain of control parameters is the remaining part of our optimization
algorithm which is discussed in section 9.

9. Projection onto the admissible control domain

Assume that the admissible control domain of w is nonempty, i.e., A 6= ∅. Since
all constraints define A are linear functions of w, A is a closed convex subset of
L2(D). Consider an arbitrary control variable w with at least an L2(D) regularity.
According to theorem 8.2, there is a unique wA ∈ A where (c.f. [30]):

wA = PA(w) := arg min
w∈A

1

2
‖wA − w‖2. (9.1)

Lets to redefine the projection problem (9.1) as follows:

arg min
w∈Bw

1

2
‖wA − w‖2 s.t. :

∫
Dd

w(x) dΩ = bd,

∫
Ddn

w(x) dΩ 6 bdn, (9.2)

where bd = VdRd, bdn = VdnRdn and,

Bw :=
{
w ∈ Xw(D)

∣∣ wL 6 w 6 wU }
where inequalities in the definition of Bw are to be understood pointwise and,

wL :=

{
w ∈ Xw(D)

∣∣ wL(x) = 1 in Dc
wL(x) = 0 in D \ Dc

}
.

wU :=

{
w ∈ Xw(D)

∣∣ wU (x) = 1 in Dc ∪ Dd
wU (x) = 0 in Dr \ Dd

}
.

The boundary condition w = 0 on Σ in naturally maintained based on the above for-
mulation because Σ ⊂ Dr\Dd. It is evident that wA is alternatively equal to unique
constrained (w ∈ Bw) stationary point of the following augmented lagrangian:

M(λd, λdn, w) :=
1

2
‖wA − w‖2 + λd

( ∫
Dd

w dΩ− bd
)

+ λdn
( ∫
Ddn

w dΩ− bdn
)

where λd, λdn ∈ R are lagrange multipliers corresponding to the integral equality
and inequality constraints in (9.2) respectively. The constrained stationary point
of M is characterized by identity,

∂λd
M(λd, λdn, w) = ∂λnM(λd, λdn, w) = ∂wM(λd, λdn, w) = 0, (9.3)

together with w ∈ Bw and the complementarity conditions,

λdn
( ∫
Ddn

w dΩ− bdn
)

= 0, λdn > 0

for the qualification of the corresponding integral inequality constraint. The first
and second conditions in (9.3) are equivalent to the integral equality and inequality
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constraints respectively. Consider an arbitrary test function δw ∈ Xw(D), for the
directional derivative of M with respect to δw we have,〈

∂wM, δw
〉
D =

〈
wA − w, δw

〉
D +

∫
Dd

λdδw dΩ +

∫
Ddn

λdnδw dΩ (9.4)

Denoting by Id and Idn the characteristic functions corresponding to the spatial
domains Dd and Ddn, (9.4) can be written as follows:〈

∂wM, δw
〉
D =

〈
wA − w, δw

〉
D +

∫
D
λdδwId dΩ +

∫
D
λdnδwIdn dΩ (9.5)

(9.5) simplifies to:〈
∂wM, δw

〉
D =

〈
wA − w + λdId + λdnIdn, δw

〉
D (9.6)

The following condition holds the third condition of (9.3) almost everywhere in D:

wA − w + λdId + λdnIdn = 0, a.e. in D (9.7)

To enforce the bound constraints, w ∈ Bw, the necessary optimality conditions
based on the projected gradient method, corollary 8.4, is employed here. Thus, the
constrained stationary point of M should satisfy the following condition:

wA − PBw

(
w − λdId − λdnIdn

)
= 0, a.e. in D (9.8)

Backing to the definition of domains Dd and Ddn in section 2, we have Idn ⊆ Id.
Therefore, we can decompose (9.8) into the following independent conditions defined
in non-overlapping parts of D:

wA − PBw

(
w
)

= 0, a.e. in D \ Dd,
wA − PBw

(
w − λd

)
= 0, a.e. in Dd \ Ddn,

wA − PBw

(
w − λd − λdn

)
= 0, a.e. in Ddn

It is well-know that the projection onto the bound constraints is separable and can
be explicitly computed as follows (c.f. chapter 10 of [2]):

PBw
(w) = mid (wL, w, wu),

where the median operator, mid (·, ·, ·), is to be understood pointwise here and is
defined as follows,

mid (a, b, c) := min (c, max (a, b)),

where a, b, c ∈ R and a 6 c. As a result, we have:

wA = mid (wL, w, wu), a.e. in D \ Dd, (9.9)

wA = mid (wL, w − λd, wu), a.e. in Dd \ Ddn, (9.10)

wA = mid (wL, w − λd − λdn, wu), a.e. in Ddn (9.11)

It is clear that (9.9) has an explicit evident solution. However, to solve (9.10)
and (9.11), the values of λd and λdn at the optimal solution are required. For this
purpose, we use integral constraints and consider two different cases: (i) the integral
inequality constraint is inactive at the optimal solution, (ii) the integral inequality
constraint is active at the optimal solution. Since lagrangian M is strictly convex,
it admits only one stationary point. Thus, only one of the above cases happens in
practice. If case (i) happens at the optimal solution, the complementarity condition
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enforces that λdn = 0. Consequently, λd is equal to the unique root of the following
mono-variable nonlinear equation:

f1(λd) = bd −
∫
Dd

mid (wL, w − λd, wu) dΩ = 0 (9.12)

In the other case, the integral inequality constraint is active at the optimal solution,
i.e., we have

∫
Ddn

wA dΩ = bdn. In this case, the optimal value of λd is equal to

the unique root of the following mono-variable nonlinear equation:

f2(λd) = bd − bdn −
∫
Dd\Ddn

mid (wL, w − λd, wu) dΩ = 0 (9.13)

Having the optimal value of λd from (9.13), the optimal value of λdn is equal to the
unique root of the following equation:

f3(λdn) = bdn −
∫
Ddn

mid (wL, w − λd − λdn, wu) dΩ = 0 (9.14)

Therefore, the remaining job here is to suggest an efficient way to compute unique
roots of functions f1, f2 and f3. Following [30], the result of following proposition
is employed for this purpose.

Proposition 9.1. Functions f1(λd), f2(λd) and f3(λdn) are continuous piecewise
linear and monotonically non-increasing functions of their arguments.

Proof. We present the proof here only for function f1. The extension of proof for
the other cases is straightforward. Lets to define functions λLd and λUd , with at least
an L2(Dd) regularity, as follows:

λLd = w − wL, λUd = w − wU ,
where the above relations are to be understood pointwise. It is clear that λUd 6 λ

L
d

(wL = 0 and wU = 1 in Dd). Considering (9.10) and (9.11) we have (recall that in
this case λdn = 0):

wA(λd) =

 wU , if λ 6 λUd ,
w − λd, if λUd 6 λ 6 λ

L
d ,

wL, if λ > λLd .
(9.15)

where all algebra in (9.15) are to be understood pointwise. Considering (9.15),
wA(λd) is a continuous piecewise linear and monotonically non-increasing function
of λd. Since we have f1(λd) = bd−

∫
Dd
wA dΩ, f1(λd) is also a continuous piecewise

linear and monotonically non-increasing function of λd. �

Using proposition 9.1 we can find the unique roots of f1, f2 and f3 efficiently
using the bisection algorithm. The following corollary provides valuable information
to select the initial search interval of bisection algorithm. We state the corollary
only for function f1, but, the same results can be easily obtained for f2 and f3

which are ignored here to save the space.

Corollary 9.2. Consider functions λLd and λUd as defined in proposition 9.1. Let
ϑ ∈ R such that ϑ = max{ ‖λLd ‖∞ , ‖λUd ‖∞ }, then f1(−ϑ)f1(ϑ) 6 0, i.e., the
root of f1 happens within interval [−ϑ, ϑ ]. Moreover f1(λd) 6 0 for λd 6 −ϑ and
f1(λd) > 0 for λd > −ϑ.
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Proof. Since f1(λd) is a continuous piecewise linear and monotonically non-increasing
function of λd and it has a unique root, we should have f1(λd) 6 0 for λd 6 −ϑ
and f1(λd) > 0 for λd > −ϑ. Therefore, the root happens in [−ϑ, ϑ ]. �

It is easy to see that, starting from the initial interval [−ϑ, ϑ ], the number of bi-
section steps to find λd within tolerance % is at most equal to dlog2(2ϑ/%)e. This
means that, λd can be found by a few bi-section steps up to the machine precision4.
Therefore, the projection steps in the present study can be performed very efficiently
up to the machine precision. It is worth mentioning that, the computational cost
of one projection steps in this study is much more smaller than one percent of the
total computational cost in practice.

10. Numerical method

For the purpose of the numerical solution, the spatial domain D is decomposed
into a uniform Cartesian grid with the grid spacing ∆x (a user-defined parameter).
The Cartesian grid generator CartGen [26] is used in this study to discretize com-
plex geometries. Although a Cartesian grid makes an stair-case approximation to
curved boundaries, our numerical experiments showed that such grids are adecu-
ate for the purpose of solidification analysis, for instance see: [33]. The temporal
domain is decomposed into a uniform grid with grid spacing ∆t that is determined
based on the stability criteria corresponding to fully the explicit solution of heat
equation. Except terms ∂θ

∂t and ∂η
∂t in the heat equations, all differential operators

are discretized by cell-centered finite volume method using second order central
schemes. The heat equations are integrated along the time axis using the first or-
der fully explicit method. It poses an upper bound on ∆t. Because our PDEs are
highly nonlinear and include spatio-temporal concentrated source terms, using large
time steps reduces the accuracy of computations. The main reason for the selec-
tion of fully explicit time integration method is due to the efficiency and ability to
capture details of solidification dynamics with a reasonable accuracy. The classical
trapezoidal integration method is employed to perform the temporal integrations.

Our main difficulty in using the explicit time integration method roots in the fact
that the number of time steps is very large in practice (typically order of 103-104).
This makes the computation of adjoint heat source and objective functional deriva-
tive challenge, because the complete temperature history should be available prior
to compute these quantities. This is a memory expensive procedure, considering
large scale problems. For instance to store just a double precision floating point
θ-field which include 106 grid points (100 × 100 × 100) for 104 time steps over 50
GB memory is needed. A common way to manage this problem is the recursive
windowing approach presented in [5]. However this method is very expensive when
the number of time steps is large. In the present study a very simple but efficient
method is used to cope this problem. We simply store θ-field on the hard-disk after
each time step and read it from the disk whenever it is required. According to our
experience the CPU cost of a read and write operation for one θ-field is smaller than
the cost of one forward-backward time-step. Therefore, the computational cost of
our algorithm will be doubled in the worst conditions. Note that the available
storage on the hard-disk is usually sufficient to manage our desired problems.

4The machine precision for the double precision arithmetic is usually of order of 10−16
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11. Numerical results

In this section we study the feasibility of the presented method using 15 numerical
examples. A personal computer with an AMD 2.4 GHz and 2.5 GB DDR2 RAM
is used as the computational resource. In all examples reported here the sand
mold casting of a carbon steel alloy is considered. Table 1 shows the physical
properties, initial and boundary conditions used in our solidification analysis. The
initial value of w-filed during solution of each sub-problem (LP ) is taken equal to
its corresponding Rd.

Table 1. Physical properties, initial and boundary conditions
used for the solidification simulation in this study. Units are in
SI, except for the temperature which is expressed in oC.

k ρ c L θ0 θl θs θ∞ h∞ gc

metal 33.5 7200 627 2.7 ×105 1594 1488 1440 - - 0.5
sand 0.7 1500 1130 - 20 - - 20 72 -

The optimization parameters corresponding to examples 1-15 are listed in table
2. For each example, the length unit is equal to the corresponding spatial grid-
size. We denote by Dtopd , Dlaterald , Dsided the limitation of design space Dd to top-

side, lateral-sides and only one lateral-side respectively. Moreover, Dfreed denotes
applying no limitation on position of Dd. Now lets to briefly describe the geometries
corresponding to examples 1-15 (see figures 5, 6 and 7)

1. Cubic box with edge length 30, Dtopd (Fig. 5.a).

2. Same as 1, but Dlaterald (Fig. 5.b).
3. Same as 2, but Dsided (Fig. 5.c).

4. 90× 20× 10 strip, Dtopd (Fig. 5.d).

5. 100× 100× 10 planar, Dtopd (Fig. 5.e).

6. (100× 60× 10) \ (60× 20× 10) frame-like, Dtopd (Fig. 6.a).

7, 8. Ring with 120 (100) outer (inner) radius and 15 height, Dtopd (Fig. 6.b).

9. 2 cube(20× 20× 20) ∪ strip(40× 20× 10), Dtopd (Fig. 6.c).

10. 2 cube(20× 20× 20) ∪ strip(20× 20× 10), Dtopd (Fig. 6.d).

11. Three cylinders connected with a narrow bridge, Dtopd (Fig. 6.e).

12, 13, 14. Hammer casting, Dlaterald , Dtopd , Dtopd respectively (Fig. 7.a).

15. Tiller crankshaft casting, Dfreed . (Fig. 7.b).

Figures 8-13 show results of examples 1-15 in the present work. Results of each
case includes the final topology and its cross section. The iso-contour w = 0.5 is
considered as the final topology here. To evaluate the feasibility of final design
from a practical point of view, every design is examined using the reduced gravity
model (RGM) [16] to studt the formation of macro-shrinkage defects. It is worth
mentioning that this model is a well-accepted model in the foundry society and
famous commercial casting simulation codes like MAGMASOFT5 and FLOW-3D6

use this method to predict formation of macro-scale solidification defects. The result
of RGM simulation (in fact the shape of macro-shrinkage cavity(s)) is appended

5www.magmasoft.com
6www.flow3d.com

www.magmasoft.com
www.flow3d.com
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(a)

(b)

(c)

(d)

(e)

Figure 5. The initial setting for examples 1-5 (a-e) in this study.
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(a)

(b)

(c)

(d)

(e)

Figure 6. The initial setting for examples 6-10 (a-e) in this study.
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(a) (b)

Figure 7. The geometry steel hammer (a) and tiller crackshaft
(b) together with a human designed feeding system.

Table 2. The optimization parameters corresponding to examples
1-15 includes the gird-size (∆x) in cm, mold dimensions (lx×ly×lz)
in gird-size units, thickness of feeder-neck design space (ln) in gird-
size units and Rdn × 100.

# ∆x lx × ly × lz Lfn Rdn # ∆x lx × ly × lz Lfn Rdn

1 1.00 100×70×70 4 1.75 9 1.00 70×40×100 3 3.00
2 1.00 80×120×120 4 7.00 10 1.00 70×40×80 3 4.00
3 1.00 80×50×85 4 1.75 11 1.00 120×65×160 4 3.50
4 1.00 60×40×110 3 3.50 12 0.50 100×100×120 2 1.80
5 1.00 60×120×120 3 7.00 13 0.50 160×60×160 2 1.80
6 1.00 60×80×120 4 10.00 14 0.50 100×100×120 2 1.80
7 1.00 70×160×160 4 20.00 15 0.33 120×120×120 6 1.75
8 1.00 70×160×160 4 1.75 - - - - -

Table 3. The casting yield (in percent) and the total CPU time
(in hour) corresponding to examples 1-15 in this study.

# yield cpu # yield cpu # yield cpu

1 56 2.8 6 51 2.3 11 51 24
2 12 15 7 40 12 12 63 28
3 45 4.2 8 55 9.1 13 61 23
4 65 1.4 9 61 8.3 14 62 18
5 61 2.6 10 73 8.8 15 62 31

to result of each case. Moreover to study whether the directional solidification is
maintained, the contour plot of the local solidification time (ts) is shown on the
final topologies. The casting yield value7 and total CPU time for each case are
given in table 3.

According to results the directional solidification is established in all cases and
final designs are sound under both the Niyama criterion and RGM. The design

7The casting yield is defined as the ration of casting weight (without feeding system) and total
weight of consumed metal.
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(a)

(b)

(c)

Figure 8. Examples 1-3 (a-c): the final topology (left) and
results of RGM (right) together with contours ts(s).
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(a)

(b)

(c)

Figure 9. Examples 4-6 (a-c): the final topology (left) and
results of RGM (right) together with contours ts(s).
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(a)

(b)

(c)

Figure 10. Examples 7-9 (a-c): the final topology (left) and
results of RGM (right) together with contours ts(s).
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(a)

(b)

Figure 11. Examples 10-11 (a-b): the final topology (left) and
results of RGM (right) together with contours ts(s).

of riser and riser-neck are reasonable and manufacturable (ignoring the molding
constraints that is not considered in the present work). The CPU times reported
in table 3 shows surprising efficiency of the presented automatic design approach,
makes it a reasonable tool to solve large scale real-world problems. Furthermore,
results imply that the final designs are conservative with respect to RGM. We
believe that this observation is due the fact that the effect of gravity (it aids defects
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(a)

(b)

(c)

Figure 12. Examples 12-14 (a-c): the final topology (left) and
results of RGM (right) together with contours ts(s).

to migrate toward upper regions) is not considered in Niyama criterion. To improve
the casting yield, a simple treatment is to reduce the critical value of Niyama
criterion and repeat the analysis. Moreover, final topologies are sufficiently sharp
showing success of the SIMP penalization in the present study.

Regarding to examples 2 and 3, we observe that both results are sound. However,
the casting yield is considerably higher in example 3. This observation illustrates
the dependency of solution to the initial setting (more precisely the definition ofDd).
This observation roots in the non-convexity of underlaying optimization problem.



36 R. TAVAKOLI

Figure 13. Examples 15: the final topology (left) and results of
RGM (right) together with contours ts(s).

Figure 14. Formation of a big virtual riser by combination of
the casting bridge and stretched riser.

(a) (b) (c)

Figure 15. Tiller crankshaft casting: (a) experimental result
for traditional riser design, (b) experimental result for revised tra-
ditional design and (c) its corresponding defect analysis by RGM.
The experimental results are adapted from the case study web page
of SUTCAST code www.sutcast.com at July 2008.

Thus, a systematic change of Dd by user is suggested to explore alternative optimal
solutions.

Comparing results of examples 7 and 8 show that selection of Rdn is an impor-
tant factor to achieve reasonable results. Results of example 7 show that without

www.sutcast.com
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volume faction limitation on the feeder-neck design domain, we will have the ac-
cumulation of materials near the casting surfaces which not only decreases the
manufacturability of the final design but also decreases the casing yield.

Comparing results of the examples 9 and 10 shows that when we have two heavy
sections connected by a narrow bridge, we will have multiple riser on top of heavy
sections. Moreover, as the length of bridge is decreased, the riders approach to
each other. However, the length of bridge is sufficiently small we will have only
a riser concentrated on top of the connecting bridge which results in significant
improvement of the casting yield. This result suggests a general design rule as
follows:

Rule 11.1. When we have two heavy sections connected by a narrow bridge with
sufficiently small length, it is possible to design a small stretched riser concentrated
on the bridge (cf. figure 14). In this manner the bridge together with the riser make
a big virtual riser which provides the directional solidification. Using this strategy,
we gain a significant improvement in the casting yield (see figure 14).

The results of example 3 and 12 suggest a new riser design rule, can be stated
as follows:

Rule 11.2. Regarding to the design of (cylindrical-like) side-risers, it is preferable
that the external boundaries of the riser in the vicinity of the casting be parallel
to the casting surfaces (cf. figures 8.c and 12.a). It is clear that this simple rule
improve the heat efficiency of the riser.

The main reason for selection of example 15 in the present work was the com-
plexity of designing an appropriate feeding system for this casting. This example
is adapted from the case study web page of the commercial casting simulation code
SUTCAST8. Although at the first glance, the design of feeding system for this part
seems to be straightforward, is it a very challenging task in practice. This is mainly
due to this fact that using the traditional design rules; which commonly suggest to
use a side-riser connected to the casting axis with a right angle; always fails to pro-
duce a sound casting. The right way suggested by expert designers in SUTCAST
design center is to use a side-riser connected to the casting axis by a non-right-angle
riser-neck (cf. figure 7.b and 15). Figure 15 part a, b and c respectively, show the
experimental results corresponding to traditional design (failed), the experimental
results corresponding to revised design (succeed) and RGM results for the revised
design. The results of example 15 in this study show the success presented approach
for such a challenging test case. In particular, the casting yield corresponding to
our final design is about 62% while that of human designed one is about 52%. Of
course, including the molding constraints to our model may decrease our casting
yield.

Another general and evident rule suggested by our results can be expressed as
follows:

Rule 11.3. The external surfaces of risers at the cast-mold interfaces should be
preferably spherical-like to achieve the better heat efficiency.

The topological symmetry inheritance is another important observation implied
by our results. More precisely, we observe that the symmetric elements available

8www.sutcast.com.

www.sutcast.com
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in the initial setting of the optimal design problem is available in the final solution
too. This observation suggest the following important conjecture:

Conjecture 11.4. (topological symmetry inheritance) Consider the following topol-
ogy optimization problem defined on the spatial domain D ∈ Rd (d = 1, 2, 3):

(TP) := arg min
w∈Xw

J(w, u, u̇,∇u) s.t. : F(w, u, u̇,∇u,∇2u) = 0

where w denotes the control variable, Xw denotes the control space, J denotes the
(sufficiently smooth) objective functional, the operator F denotes a well-defined
second order partial differential equation in which the coefficients and source terms
are polynomial functions of w and u. Assume problem (TP) admits at least an op-
timal solution. Lets to denote by Sd, Sx, Sw0 the set of spatial symmetry elements
corresponding to spatial domain D, control space Xw and the initial distribution of
w-field. Moreover assume Su denotes the set of spatial symmetry elements corre-
sponding to the solution of F for w-field equal to the initial w distribution (w = w0).
It is easy to see that when w0 is uniform, then Su is determined by available spatial
symmetry elements in the source terms, initial and boundary conditions correspond-
ing to F. Assume w∗ denotes an optimal solution to (TP) resulted from a globally
convergent first order gradient descent method. Moreover assume the set of spa-
tial symmetry elements corresponding to w∗ is denoted by Sw∗ , then the following
identity holds,

Ss ⊆ Sw∗

where,

Ss := Sd ∩ Sx ∩ Sw0
∩ Su.

Remark 11.5. According to conjecture 11.4, to find alternative optimal solutions
(toward finding the global solution), a reasonable strategy is to change the initial
setting in a way that that Ss is also altered (compare examples 2 and 3)

12. Summary

The optimal design of feeding system in the shape casting process is mathemati-
cally formulated as a constrained minimum weight topology optimization problem.
The presented model includes infinite number of control parameters and nonlinear
state-dependent space-time local constraints. The regularization and relaxation of
the original problem is presented. Exploiting the specific structure of the opti-
mization problem, a highly efficient solution strategy is presented, which makes it
possible to solve large-scale realistic problems. The efficiency and success of the
presented approach is shown by solving 15 different test cases. We believe that
including the molding constraints to the presented method, makes a complete solu-
tion to the automatic optimal riser design problem in the shape casting process. An
important property of the underlaying topology optimization problem in this study
is related to its non-trivial structure in the sense that the design space does not
match to the objective space. In fact, in this way one can change the distribution of
material within a domain to pose control on a different domain. This opens room
to extend the utility of the topology optimization approach to solve new classes of
engineering problems. Moreover, parts of the presented method can be equivalently
applied to other kinds of topology optimization problems.
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