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Abstract. The classical augmented Lagrangian method (ALM) plays a fundamental role
in algorithmic development of constrained optimization. In this paper, we mainly show
that Nesterov’s influential acceleration techniques can be applied to accelerate ALM, thus
yielding an accelerated ALM whose iteration-complexity is O(1/k2) for linearly constrained
convex programming. As a by-product, we also show easily that the convergence rate of
the original ALM is O(1/k).
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1 Introduction

The classical augmented Lagrangian method (ALM), or well-known as the method of multipliers,
has been playing a fundamental role in the algorithmic development of constrained optimization
ever since its presence in [2] and [9]. The existing literature about ALM is too many to be listed,
and we only refer to [1, 8] for its comprehensive study.

In this paper, we restrict our discussion into the convex minimization with linear equation
constrains:

(P) min {f(x) | Ax = b, x ∈ X}, (1.1)

where f(x) : <n → < is a differentiable convex function, A ∈ <m×n and b ∈ <m and X is a
convex closed set in <n. Throughout we assume that the solution set of (1.1) denoted by X ∗ is
not empty.

Note that the Lagrange function of the problem (1.1) is

L(x, λ) = f(x)− λT (Ax− b), (1.2)

where λ ∈ <m is the Lagrange multiplier. Then, the dual problem of (1.1) is

(D)
maxx∈X ,λ∈<m L(x, λ)

s. t (x′ − x)T∇xL(x, λ) ≥ 0, ∀x′ ∈ X .
(1.3)

We denote the solution set of (1.3) by X ∗×Λ∗. As analyzed in [1], the ALM merges the penalty
idea with the primal-dual and Lagrangian philosophy, and each of its iteration consists of the task
of minimizing the augmented Lagrangian function of (1.1) and the task of updating the Lagrange
multiplier. More specifically, starting with λ0 ∈ <m, the k-th iteration of ALM for (1.1) is

{
xk+1 = Argmin {f(x)− (λk)T (Ax− b) + β

2 ‖Ax− b‖2
∣∣ x ∈ X},

λk+1 = λk − β(Axk+1 − b),
(1.4)
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where β > 0 is the penalty parameter for the violation of the linear constraints. We refer to
[10] for the relevance of ALM with the classical proximal point algorithm, which was originally
proposed in [4] and concretely developed in [11]. Note that among significant differences of ALM
from penalty methods is that the penalty parameter β can be fixed and it is not necessary to
be forced to infinity, see e.g. [8]. In this paper, we use a symmetric positive definite matrix Hk

to denote the penalty parameter, indicating the eligibility of adjusting values of this parameter
dynamically even though the specific strategy of this adjustment will not be addressed. More
specifically, let {Hk} be a given series of m×m symmetric positive definite matrices and it satisfy

Hk −Hk+1 ¹ 0, ∀ k > 0.

Then, the k-th iteration of ALM with matrix penalty parameter for (1.1) can be written as
{

xk+1 = Argmin {f(x)− (λk)T (Ax− b) + 1
2‖Ax− b‖2Hk

∣∣ x ∈ X},
λk+1 = λk −Hk(Axk+1 − b).

(1.5)

Inspirited by the attractive analysis of iteration-complexity for some gradient methods ini-
tiated mainly by Nesterov (see e.g. [5, 6, 7]), in this paper, we are interested in analyzing
the iteration-complexity of the ALM and discussing the possibility of accelerating ALM with
Nesterov’s acceleration schemes. More specifically, in Section 2 we shall first show that the
iteration-complexity of the ALM is O(1/k) in terms of the objective residual of the associated
Lagrange function of (1.1). Then, in Section 3, with the acceleration scheme in [6], we propose
an accelerated ALM whose iteration-complexity is O(1/k2). Finally, some conclusions are given
in Section 4.

2 The complexity of ALM

In this section, we mainly show that the iteration-complexity of the classical ALM is O(1/k)
in terms of the objective residual of the associated Lagrange function L(x, λ) defined in (1.2).
Before that, we need to justify the rationale of estimating the convergence rate of ALM in terms
of the objective residual of L(x, λ) and prove some properties of the sequence generated by ALM
which are critical for complexity analysis to be addressed later.

According to (1.3), a pair (x, λ) ∈ X × <m is dual feasible if and only if

(x′ − x)T (∇f(x)−AT λ) ≥ 0, ∀x′ ∈ X . (2.1)

Note that the minimization task regarding xk+1 in the ALM scheme (1.5) is characterized by the
following variational inequality:

(x− xk+1)T
{∇f(xk+1)−AT λk + AT Hk(Axk+1 − b)

} ≥ 0, ∀x ∈ X .

Therefore, substituting the λk+1-related equation in (1.5) into the above variational inequality,
we have

(x− xk+1)T
{∇f(xk+1)−AT λk+1

} ≥ 0, ∀x ∈ X . (2.2)

In other words, the pair (xk+1, λk+1) generated by the k-th iteration of ALM is feasible to the
dual problem (1.3). On the other hand, a solution (x∗, λ∗) ∈ X ∗ × Λ∗ of (1.3) is also feasible.
We thus have that the sequence {L(x∗, λ∗) − L(xk+1, λk+1)} is non-negative. This explains the
rationale of estimating the convergence rate of ALM in terms of the objective residual of L(x, λ).

Now, we present some properties of the sequence generated by the ALM in the following
lemmas. Despite that their proofs are elementary, these lemmas are critical for deriving the main
results of iteration-complexity later.

Lemma 2.1. For given λk, let (xk+1, λk+1) be generated by the ALM (1.5). Then, for any
feasible solution (x, λ) of the dual problem (1.3), we have

L(xk+1, λk+1)− L(x, λ) ≥ ‖λk − λk+1‖2
H−1

k

+ (λ− λk)T H−1
k (λk − λk+1). (2.3)
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Proof. First, using the convexity of f we obtain

L(xk+1, λk+1)− L(x, λ)
= f(xk+1)− f(x) + λT (Ax− b)− (λk+1)T (Axk+1 − b)
≥ (xk+1 − x)T∇f(x) + λT (Ax− b)− (λk+1)T (Axk+1 − b). (2.4)

Since (x, λ) is a feasible solution of the dual problem and xk+1 ∈ X , set x′ = xk+1 in (2.1), we
obtain

(xk+1 − x)T∇f(x) ≥ (xk+1 − x)T AT λ = λT A(xk+1 − x).

Substituting the last inequality in the right-hand side of (2.4), we obtain

L(xk+1, λk+1)− L(x, λ) ≥ λT A(xk+1 − x) + λT (Ax− b)− (λk+1)T (Axk+1 − b)
= (λ− λk+1)T (Axk+1 − b) (using (1.5))
= (λ− λk+1)T H−1

k (λk − λk+1)

= ‖λk − λk+1‖2
H−1

k

+ (λ− λk)T H−1
k (λk − λk+1).

The assertion of this lemma is proved. ¤

Lemma 2.2. For given λk, let λk+1 be generated by the ALM (1.5). Then we have

‖λk+1 − λ∗‖2
H−1

k

≤ ‖λk − λ∗‖2
H−1

k

− ‖λk − λk+1‖2
H−1

k

−2
(
L(x∗, λ∗)− L(xk+1, λk+1)

)
, ∀ (x∗, λ∗) ∈ X ∗ × Λ∗. (2.5)

Proof. Since (x∗, λ∗) is dual feasible, by setting (x, λ) = (x∗, λ∗) in (2.3), we obtain

(λk − λ∗)T H−1
k (λk − λk+1) ≥ ‖λk − λk+1‖2

H−1
k

+
(
L(x∗, λ∗)− L(xk+1, λk+1)

)
.

Using the above inequality and by a manipulation, we obtain

‖λk+1 − λ∗‖2
H−1

k

= ‖(λk − λ∗)− (λk − λk+1)‖2
H−1

k

= ‖λk − λ∗‖2
H−1

k

− 2(λk − λ∗)T H−1
k (λk − λk+1) + ‖λk − λk+1‖2

H−1
k

≤ ‖λk − λ∗‖2
H−1

k

− ‖λk − λk+1‖2
H−1

k

− 2
(
L(x∗, λ∗)− L(xk+1, λk+1)

)
.

The assertion of this lemma is proved. ¤
The following theorem implies the global convergence of ALM (1.5).

Theorem 2.3. Let (xk+1, λk+1) be generated by the ALM (1.5). Then for any k ≥ 1, we have

L(xk+1, λk+1) ≥ L(xk, λk) + ‖λk − λk+1‖2
H−1

k

, (2.6)

and
‖λk+1 − λ∗‖2

H−1
k+1

≤ ‖λk − λ∗‖2H−1
k

− ‖λk − λk+1‖2H−1
k

. (2.7)

Moreover, if Hk ≡ H, we have

‖Axk+1 − b‖2H ≤ ‖Axk − b‖2H − ‖A(xk − xk+1)‖2H . (2.8)

Proof. The first assertion (2.6) of this theorem is derived immediately from (2.3). Since
L(xk+1, λk+1) ≤ L(x∗, λ∗), it follows from (2.5) that

‖λk+1 − λ∗‖2
H−1

k

≤ ‖λk − λ∗‖2H−1
k

− ‖λk − λk+1‖2H−1
k

.

Because H−1
k+1 ¹ H−1

k , the second assertion (2.7) follows from the last inequality directly.
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Now, we start to prove the third assertion (2.8). Setting x = xk in (2.2), we obtain

(xk − xk+1)T
(∇f(xk+1)−AT λk+1

) ≥ 0.

Similarly, we have
(xk+1 − xk)T

(∇f(xk)−AT λk
) ≥ 0.

Adding the above two inequalities and using the monotonicity of ∇f , we obtain

(xk − xk+1)T AT (λk − λk+1) ≥ 0.

By using λk+1 = λk −Hk(Axk+1 − b) (and the assumption Hk ≡ H), the last inequality that

(xk − xk+1)T AT H(Axk+1 − b) ≥ 0.

Using the above inequality in the identity

‖Axk − b‖2H = ‖Axk+1 − b‖2H + ‖A(xk − xk+1)‖2H + 2(Axk+1 − b)T HA(xk − xk+1),

we obtain
‖Axk − b‖2H ≥ ‖Axk+1 − b‖2H + ‖A(xk − xk+1)‖2H ,

and thus the third assertion (2.8) is proved. ¤

Remark 2.4. The inequality (2.7) essentially implies the global convergence of the ALM (1.5)
with dynamically-adjusted matrix penalty parameter. In fact, it follows from (2.7) that

k∑

l=0

‖λl − λl+1‖2H−1
l

≤ ‖λ0 − λ∗‖2H−1
0

,

which instantly implies that
lim

k→∞
‖λk − λk+1‖2H−1

k

= 0.

In the following we show that the sequence of function value {L(xk, λk)} converges to the
optimal value L(x∗, λ∗) at a rate of convergence that is no worse than O(1/k). Hence, the
iteration-complexity of the ALM (1.5) is shown to be O(1/k) in terms of the objective residual
of the Lagrange function L(x, λ).

Theorem 2.5. Let (xk, λk) be generated by the ALM (1.5). Then, for any k ≥ 1, we have

L(x∗, λ∗)− L(xk, λk) ≤
‖λ0 − λ∗‖2

H−1
0

2k
, ∀ (x∗, λ∗) ∈ X ∗ × Λ∗. (2.9)

Proof. Due to Hk+1 º Hk, it follows from Lemma 2.2 that, for all j ≥ 0, we have

2(L(xj+1, λj+1)− L(x∗, λ∗))
≥ ‖λj+1 − λ∗‖2

H−1
j+1

− ‖λj − λ∗‖2
H−1

j

+ ‖λj − λj+1‖2
H−1

j

, ∀ (x∗, λ∗) ∈ X ∗ × Λ∗.

Using the fact that L(xj+1, λj+1) − L(x∗, λ∗) ≤ 0 and summing the above inequality over j =
0, . . . , k − 1, we obtain

2
(k−1∑

j=0

L(xj+1, λj+1)− kL(x∗, λ∗)
)

≥ ‖λk − λ∗‖2
H−1

k

− ‖λ0 − λ∗‖2
H−1

0
+

k−1∑

j=1

‖λj − λj+1‖2
H−1

j

. (2.10)

By using Lemma 2.1 for k = j (j ≥ 1) and (x, λ) = (xj , λj), we get

L(xj+1, λj+1)− L(xj , λj) ≥ ‖λj − λj+1‖2
H−1

j

.
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Multiplying the last inequality by 2j and summing over j = 0, . . . , k − 1, it follows that

2
k−1∑

j=1

(
(j + 1)L(xj+1, λj+1)− jL(xj , λj)− L(xj+1, λj+1)

)
≥

k−1∑

j=1

2j‖λj − λj+1‖2
H−1

j

,

which can be simplified into

2
(
kL(xk, λk)−

k−1∑

j=0

L(xj+1, λj+1)
)
≥

k−1∑

j=0

2j‖λj − λj+1‖2
H−1

j

. (2.11)

Adding (2.10) and (2.11), we get

2k
(
L(xk, λk)− L(x∗, λ∗)

) ≥ ‖λk − λ∗‖2
H−1

k

− ‖λ0 − λ∗‖2
H−1

0
+

k−1∑

j=0

(2j + 1)‖λj − λj+1‖2
H−1

j

,

and hence it follows that

L(x∗, λ∗)− L(xk, λk) ≤
‖λ0 − λ∗‖2

H−1
0

2k
.

The proof is complete. ¤

3 An accelerated ALM

In this section, we show that the classical ALM (1.5) can be accelerated by some influential
acceleration techniques initialized by Nesterov in [6]. As a result, an accelerated ALM with the
convergence rate O(1/k2) for solving (1.3) is proposed.

For the convenience of presenting the accelerated ALM, from now on we use (x̃k, λ̃k), rather
than (xk+1, λk+1), to denote the iterate generated by the ALM scheme (1.5). Namely, with the
given λk, the new iterate generated by ALM for (1.1) is (x̃k, λ̃k):

{
x̃k = Argmin {f(x)− (λk)T (Ax− b) + 1

2‖Ax− b‖2Hk

∣∣ x ∈ X},
λ̃k = λk −Hk(Ax̃k − b).

(3.1)

Accordingly, Lemmas 2.1 and 2.2 can be rewritten into the following lemmas.

Lemma 3.1. For given λk, let (x̃k, λ̃k) be generated by the ALM (3.1). Then, for any feasible
solution (x, λ) of the dual problem (1.3), we have

L(x̃k, λ̃k)− L(x, λ) ≥ ‖λk − λ̃k‖2
H−1

k

+ (λ− λk)T H−1
k (λk − λ̃k). (3.2)

Lemma 3.2. For given λk, let (x̃k, λ̃k) be generated by the ALM (3.1). Then we have

‖λ̃k − λ∗‖2
H−1

k

≤ ‖λk − λ∗‖2
H−1

k

− ‖λk − λ̃k‖2
H−1

k

−2
(
L(x∗, λ∗)− L(x̃k, λ̃k)

)
, ∀ (x∗, λ∗) ∈ X ∗ × Λ∗. (3.3)

Then, the accelerated ALM for (1.1) is as follows.

An accelerated augmented Lagrangian method (AALM)
Step 0. Take λ̃0 ∈ <m. Set λ1 = λ̃0 and t1 = 1.
Step k. Let (x̃k, λ̃k) be generated by the original ALM (3.1).
Set

tk+1 =
1 +

√
1 + 4t2k
2

, (3.4a)

and
λk+1 = λ̃k +

( tk − 1
tk+1

)
(λ̃k − λ̃k−1) +

( tk
tk+1

)
(λ̃k − λk). (3.4b)
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We first propose some lemmas before the main result.

Lemma 3.3. The sequence {tk} generated by (3.4a) with t1 = 1 satisfies

tk ≥ (k + 1)/2, ∀ k ≥ 1. (3.5)

Proof. Elementary by induction. ¤
For the coming analysis, we use the notations

vk := L(x∗, λ∗)− L(x̃k, λ̃k) and uk := tk(2λ̃k − λk − λ̃k−1) + λ̃k−1 − λ∗. (3.6)

Lemma 3.4. The sequences {λk} and {λ̃k} generated by the proposed AALM satisfy

4t2kvk − 4t2k+1vk+1 ≥ ‖uk+1‖2
H−1

k+1
− ‖uk‖2

H−1
k+1

, ∀k ≥ 1, (3.7)

where vk and uk are defined in (3.6).

Proof. By using Lemma 3.1 for k + 1, setting (x, λ) = (x̃k, λk) and (x, λ) = (x∗, λ∗), we get

L(x̃k+1, λ̃k+1)− L(x̃k, λ̃k) ≥ ‖λk+1 − λ̃k+1‖2
H−1

k+1
+ (λ̃k − λk+1)T H−1

k+1(λ
k+1 − λ̃k+1),

and

L(x̃k+1, λ̃k+1)− L(x∗, λ∗) ≥ ‖λk+1 − λ̃k+1‖2
H−1

k+1
+ (λ∗ − λk+1)T H−1

k+1(λ
k+1 − λ̃k+1),

respectively. Using the definition of vk, the last two inequalities can be written as

vk − vk+1 ≥ ‖λk+1 − λ̃k+1‖2
H−1

k+1
+ (λ̃k − λk+1)T H−1

k+1(λ
k+1 − λ̃k+1), (3.8)

and
− vk+1 ≥ ‖λk+1 − λ̃k+1‖2

H−1
k+1

+ (λ∗ − λk+1)T H−1
k+1(λ

k+1 − λ̃k+1). (3.9)

To get a relation between vk and vk+1, we multiply (3.8) by (tk+1 − 1) and add it to (3.9):

(tk+1 − 1)vk − tk+1vk+1

≥ tk+1‖λ̃k+1 − λk+1‖2
H−1

k+1
+ (λ̃k+1 − λk+1)T H−1

k+1

(
tk+1λ

k+1 − (tk+1 − 1)λ̃k − λ∗
)
.

Multiplying the last inequality by tk+1 and using

t2k = t2k+1 − tk+1

(
and thus tk+1 = (1 +

√
1 + 4t2k )/2 as in (3.4a)

)
,

which yields

t2kvk − t2k+1vk+1

≥ ‖tk+1(λ̃k+1 − λk+1)‖2
H−1

k+1
+ tk+1(λ̃k+1 − λk+1)T H−1

k+1

(
tk+1λ

k+1 − (tk+1 − 1)λ̃k − λ∗
)

=
(
tk+1(λ̃k+1 − λk+1)

)T
H−1

k+1

(
tk+1λ̃

k+1 − (tk+1 − 1)λ̃k − λ∗
)
. (3.10)

Use the identity

(b− a)T H−1
k+1(b− c) =

1
4
‖(2b− a)− c‖2

H−1
k+1

− 1
4
‖a− c‖2

H−1
k+1

(since xT y = 1
4‖x + y‖2 − 1

4‖x− y‖2) to the right-hand side of (3.10) with

a := tk+1λ
k+1, b := tk+1λ̃

k+1, c := (tk+1 − 1)λ̃k + λ∗,

we get

t2kvk − t2k+1vk+1 ≥ 1
4
‖tk+1(2λ̃k+1 − λk+1 − λ̃k) + λ̃k − λ∗‖2

H−1
k+1

−1
4
‖tk+1(λk+1 − λ̃k) + λ̃k − λ∗‖2

H−1
k+1

.

6



Using the notation of uk := tk(2λ̃k − λk − λ̃k−1) + λ̃k−1 − λ∗ (see (3.6)), the last inequality can
be written as

4t2kvk − 4t2k+1vk+1 ≥ ‖uk+1‖2
H−1

k+1
− ‖tk+1(λk+1 − λ̃k) + λ̃k − λ∗‖2

H−1
k+1

. (3.11)

In order to write the inequality (3.11) in the form (3.7), we need only to set

tk+1(λk+1 − λ̃k) + λ̃k − λ∗ = tk(2λ̃k − λk − λ̃k−1) + λ̃k−1 − λ∗.

From the last equality we obtain

λk+1 = λ̃k +
( tk − 1

tk+1

)
(λ̃k − λ̃k−1) +

( tk
tk+1

)
(λ̃k − λk).

This is just the form (3.4b) in the accelerated multi-step version of the ALM and the lemma is
proved. ¤

Corollary 3.5. Let vk and uk be defined in (3.6). Then, we have

4t2kvk ≤ 4t21v1 + ‖u1‖2
H−1

1
, ∀ k ≥ 1. (3.12)

Proof. Again, because H−1
k+1 ¹ H−1

k , from (3.7) we obtain

4t2kvk − 4t2k+1vk+1 ≥ ‖uk+1‖2
H−1

k+1
− ‖uk‖2

H−1
k

.

Since {vk} is a non-negative sequence, the last inequality implies (3.12) immediately. ¤
Now, we are ready to show the fact that the iteration-complexity of the proposed AALM is

O(1/k2).

Theorem 3.6. Let {λ̃k} and {λk} be generated by the proposed AALM. Then, for any k ≥ 1,
we have

L(x∗, λ∗)− L(x̃k, λ̃k) ≤
‖λ1 − λ∗‖2

H−1
1

(k + 1)2
, ∀ (x∗, λ∗) ∈ X ∗ × Λ∗. (3.13)

Proof. Using the definition of vk in (3.6), it follows from (3.12) that

L(x∗, λ∗)− L(x̃k, λ̃k) = vk ≤
4t21v1 + ‖u1‖2

H−1
1

4t2k
.

Combining with the fact tk ≥ (k + 1)/2 (see (3.5)), it yields

L(x∗, λ∗)− L(x̃k, λ̃k) ≤
4t21v1 + ‖u1‖2

H−1
1

(k + 1)2
. (3.14)

Since t1 = 1, and using the definition of uk given in (3.6), we have

4t21v1 = 4v1 = 4
(
L(x∗, λ∗)− L(x̃1, λ̃1)

)
, ‖u1‖2

H−1
1

= ‖2λ̃1 − λ1 − λ∗‖2
H−1

1
. (3.15)

By using (3.3), we have

4(L(x∗, λ∗)− L(x̃1, λ̃1)) ≤ 2‖λ1 − λ∗‖2
H−1

1
− 2‖λ̃1 − λ∗‖2

H−1
1
− 2‖λ̃1 − λ1‖2

H−1
1

. (3.16)

Use the identity

2‖a− c‖2 − 2‖b− c‖2 − 2‖b− a‖2 = ‖a− c‖2 − ‖(b− a) + (b− c)‖2

to the right-hand side of (3.16) with

a := λ1, b := λ̃1, c := λ∗,
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we get
4(L(x∗, λ∗)− L(x̃1, λ̃1)) ≤ ‖λ1 − λ∗‖2

H−1
1
− ‖2λ̃1 − λ1 − λ∗‖2

H−1
1

. (3.17)

Consequently, it follows from (3.15) and (3.17) that

4t21v1 + ‖u1‖2
H−1

1
≤ ‖λ1 − λ∗‖2

H−1
1

.

Substituting it in (3.14), the assertion is proved. ¤
According to Theorem 3.6, for obtaining an ε-optimal solution of (1.3) (denoted by (x̃, λ̃))

in the sense that L(x∗, λ∗) − L(x̃, λ̃) ≤ ε, the number of iterations required by the proposed
accelerated ALM is at most dC/

√
ε− 1e where C = ‖λ1 − λ∗‖2

H−1
1

.

4 Conclusions

In this paper, we first show that the iteration-complexity of the classical augmented Lagrangian
method (ALM) is O(1/k) for solving linearly constrained convex programming. Then, we show
that the ALM can be accelerated by applying Nesterov’s acceleration techniques, and the iteration-
complexity of the yielded accelerated ALM is O(1/k2). In the future, we will investigate (a) the
complexity of inexact ALM where the subproblems are solved approximately subject to certain
criteria, as [3]; (b) the complexity of some ALM-based methods, e.g. the well-known alternating
direction method for solving separable convex programming with linear constraints.
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