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Abstract. We present an inexact spectral bundle method for solving convex qua-
dratic semidefinite optimization problems. This method is a first-order method, hence
requires much less computational cost each iteration than second-order approaches such
as interior-point methods. In each iteration of our method, we solve an eigenvalue
minimization problem inexactly, and solve a small convex quadratic semidefinite pro-
gramming as a subproblem. We give a proof of the global convergence of this method
using techniques from the analysis of the standard bundle method, and provide a global
error bound under a Slater type condition for the problem in question. Numerical exper-
iments with matrices of order up to 3000 are performed and the computational results
establish the effectiveness of this method.

1. Introduction

1.1. Overview. Let Sn denote the space of n×n symmetric matrices endowed with the
standard trace inner product ⟨X, Y ⟩ = tr(XY ) for X, Y ∈ Sn, and X ≽ 0 means that
X is positive semidefinite. The convex quadratic semidefinite programming (P) satisfies
the following

(P)
min ⟨X,Q(X)⟩/2 + ⟨C,X⟩ =: h(X)
s.t. A(X) = b

X ≽ 0,

where Q is a self-adjoint positive semidefinite linear operator acting on Sn, A is a linear
operator from Sn to Rm and b ∈ Rm, C ∈ Sn. Let A∗ be the adjoint of A. The Lagrange
dual is equivalent to the following problem, called dual convex quadratic semidefinite
programming (D),

(D)
min ⟨X,Q(X)⟩/2 + bTy =: g(X; y)
s.t. Z = Q(X) +A∗(y) + C

Z ≽ 0.

It is noted that (P) is a special case of the so-called convex quadratically constrained
quadratic semidefinite programs (CQCQSDPs) proposed by Sun and Zhang in [46], where
the constraints are quadratic and convex.

Under some mild assumptions, in Section 2, we show that (D) is equivalent to, denoted
by eigenvalue minimization problem (EigForm),

(Eigform) minX,y aλ1(−C −A∗(y)−Q(X)) + bTy + ⟨X,Q(X)⟩/2 =: f(X; y),

where λ1(−Z) is the largest eigenvalue of −Z = −C − A∗(y) − Q(X). Our proposed
method is aimed at solving this eigenvalue minimization problem.

The problem (P) has many practical applications in economics and engineering. It
captures several well-studied problems in the literature as special cases. An underlying
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example of (P) is the nearest correlation matrix problem, where given a data matrix
B ∈ Sn and a self-adjoint operator L on Sn, one wants to solve

min ∥L(X −B)∥2/2
s.t. Xii = 1, i = 1, . . . , n

X ≽ 0.

(1.1)

It arises from the finance [15] and machine learning [41]. Various methods have been
developed for solving the nearest correlation matrix problem. Very recent works include
[10, 40] and the references therein. The former presented a second-order algorithm—an
inexact smoothing Newton method—to solve it and demonstrated high efficiency of the
proposed method in numerical experiments. Incidentally, the second-order techniques
could be introduced to bundle methods, see, e.g., [38]. Such methods have high accuracy
but high computational cost. The latter used an augmented Lagrangian dual-based
approach which is quadratically convergent. Another example is the Euclidean distance
matrix completion problem (see, e.g., [3]). For more applications of the convex quadratic
semidefinite programming, we refer the readers to [49] and to the references therein.

The problem (P) can be solved by several existing methods. It can be reformulated
as either a standard semidefinite-quadratic-linear program (see [51]) by introducing a
few additional linear constraints and variables, or a semidefinite linear complementarity
problem (see [26]) via exploiting its KKT system. However, their computational cost
leaves a lot to be desired for large scale problems. Therefore it is indispensable to de-
sign algorithms specifically for large scale (P) which are amenable to take advantage of
the specific structure of the problem. To the best of our knowledge, there are so far
just a few such methods. A theoretical primal–dual potential reduction algorithm using
NT directions was obtained for solving (P) in [37]. The authors suggested to use the
conjugate gradient method to compute an approximate search direction. In [49], the
author proposed an inexact primal–dual path-following method with three classes of pre-
conditioners for the augmented equation via the preconditioned symmetric quasi-minimal
residual (PSQMR) iterative solver. It converges quickly under suitable nondegeneracy
assumptions. It is this algorithm that we are going to compare with. In addition, this
algorithm was adopted to obtain a positive semidefinite correlation matrix in [9] and its
polynomial iteration complexity was established in [29]. In her thesis [53], Zhao designed
a semismooth Newton-CG augmented Lagrangian method for large scale (P). It is noted
that all these methods are not first-order methods.

More recently, a modified alternating direction method for the more general case CQC-
QSDPs was proposed in [46]. It is a first-order method. Its main idea was to reformulate
CQCQSDPs as a variational inequality problem and then apply the alternating direction
method to the reformulated problem. The authors showed the global convergence and
provided numerical evidence to show the effectiveness of this method.

As mentioned in [46], first-order methods usually require much less computation per
iteration, and therefore might be suitable for relatively large problems. Meanwhile, this
type of methods is relatively easy to implement but at the cost of a poor convergence
rate, which will be illustrated by the performance results of our proposed algorithm on
the nearest correlation matrix problem.

In this paper, we propose another very different first-order method—the inexact spec-
tral bundle method— to solve (P) . Our proposed method has the advantage of being
simple and cheap in computation. At each iteration one only needs to compute a maxi-
mum eigenvalue and a small-sized (less than 30) subproblem, which is a convex quadratic
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semidefinite programming. A major difference between our method and the spectral bun-
dle method for the linear semidefinite programming [14] is that the maximum eigenvalue
problem is no longer sparse in the case where both the linear map A and the matrix
C are sparse. To avoid the high cost of computing the maximum eigenvalue, we use an
existing program eigifp [20] to compute it inexactly. Meanwhile, the subproblems can
be solved efficiently by an interior-point algorithm.

The spectral bundle method is a specialization of the proximal bundle method of Ki-
wiel [24] to the largest eigenvalue optimization problem, which is one of three popular
types of first-order bundle methods. We refer the readers to [47] for realizing the classi-
fication of bundle methods.

We do not review the state-of-the-art of bundle methods but are inclined to provide
some elementary references here. The work [32] is an excellent primer and [5, 18] are
complete treatment of the subject. Furthermore, the work [31] addressed a complete
development and history of bundle methods. Owing to the fact that interior-point al-
gorithms perform poorly with large scale problems because of their high demand for
storage and being time-consuming, there has been a recent, renewed interest in bun-
dle methods. There are very recent related works on this subject presenting in, for
instance, [2, 4, 21, 23, 25, 36, 45] and the references therein. We emphasize that a bundle
method has been employed to solve a quite general problem—the equilibrium problem
in [36], which covers a wide range, such as the optimization problem, the variational in-
equality problem, the Nash equilibrium problem in noncooperative games, the fixed point
problem, the nonlinear complementarity problem and the vector optimization problem.
At the same time, they are increasing used in many practical applications, for instance,
in economics, optimal control and engineering, see, for example, [6, 7, 42, 47] and the
references therein.

In this paper, we would like to make the following assumptions:
(A1) The problem (P) is strictly feasible.
(A2) There exists some ȳ ∈ Rm such that I = A∗(ȳ).
The assumption (A1) provides the sufficient condition for the strong duality to hold,

while (A2) is a bridge that will link (D) with (EigForm).
The essential structure of our proposed algorithm is that of Algorithm 4.1 in [14]. Our

proposed algorithm generates a sequence of trail points {(Xk; yk)}∞k=1 that contains a

subsequence of the so called stability centers {(X̂k; ŷk)}∞k=1, starting from (X0; y0) and
defined by

(1.2) (Xk+1; yk+1) = min
X,y

{
fŴk(X; y) + uk(∥X − X̂k∥2MX,k

+ ∥y − ŷk∥2My,k
)/2

}
,

where fŴk(X; y) is an approximation of f(X; y), see Section 3.1 for its definition, the
weight uk > 0 controls the effect of the proximity of the next iterate, MX,k : Sn → Sn

is a given self-adjoint positive definite linear operator such that ∥ · ∥2MX,k
= ⟨·,MX,k(·)⟩,

and My,k is a positive definite matrix. When (Xk+1; yk+1) is a good trial point in the
sense that it brings significant descent for f, we shall say that a serious step or descent
step is made. Otherwise, a null step occurs. As has been pointed out in [33], the
underlying structure of bundle methods is that of the approximate proximal point method
in Algorithm 4.4.1 in [33]. What is more, [43] demonstrated that bundle methods for
computing zeroes of general maximal monotone operators can be cast as a special case
in a certain class of hybrid proximal point algorithms, and proved the linear rate of
convergence for bundle methods. To be brief, bundle methods in the literature combine
the cutting plane method and Moreau-Yosida regularization technique, which guarantee
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them to possess both descent and stability properties. They are nonsmooth optimization
methods.

In this paper, our proposed method is a twofold generalization of the spectral bundle
method of [14]. First, it extends to the inexact setting. Our method can be viewed as
a dual approach in the sense that we will solve the equivalent form of the dual problem
under reasonable assumptions. We will see that in Section 2 (D) can be reformulated
as an eigenvalue optimization problem (Eigform). We show that a sequence of stability

centers {(X̂k; ŷk)}∞k=1 generated by our proposed algorithm either is unbound or converges
to an exact solution for the reformulated problem, if the eigenvalue tolerance is allowed
to approach to zero; while it converges to an approximate solution when the eigenvalue
tolerance is trend to a positive scalar. However, this is not the end of the story. Our
proposed method obtains a sequence of points as a byproduct, whose accumulation point
is an exact or approximate solution for (P) . Meanwhile, we obtain a global error bound
for (Eigform) under some mild conditions.

Second, we extend the domain of f to the Sn × Rm setting, while [14] just considered
the case when f defined on Rm. It is the matrix variable that makes a key difference to
choose (MX,k,My,k). Theoretically, we establish that our proposed algorithm converges
globally with the hypothesis that

(1.3) ∥X∥MX,k+1
≤ ∥X∥MX,k

and ∥y∥My,k+1
≤ ∥y∥My,k

for any X ∈ Sn, y ∈ Rm

at a descent step, while

(1.4) ∥X∥MX,k+1
≥ ∥X∥MX,k

and ∥y∥My,k+1
≥ ∥y∥My,k

for any X ∈ Sn, y ∈ Rm

at a null step. However, from the computational cost view, we expect that the choice
should make the subproblems more tractable. For instance, (MX,k,My,k) = (I, I) is
accepted in theory, since it possesses the properties (1.3) and (1.4). However, in general,
one may not solve the subproblems efficiently with this choice, regardless of how robust
the strategy is for modifying uk. The reason is that such choice results in computing the
inverse of the operator Q + ukI, whose computational cost may be the same as that of
solving the minimium eigenvalue problem (Eigform) for large-scale problems. In Section
4, we provide an efficient choice of (MX,k,My,k).

The paper is organized as follows. Some basic notation and terminology are pre-
sented in the rest of this section. The relation between the convex quadratic semidefinite
programming and the eigenvalue minimization problem is explored in Section 2. The
algorithm and its convergence analysis are provided in Section 3. Meanwhile, a global
error bound under mild assumptions is given in the same section. Numerical examples
for the nearest correlation matrix problem and some numerical comparison results are
stated in Section 4. The conclusion and some possible improvements are addressed in
Section 5.

1.2. Basic notation and terminology. At this point, we need to recall some notation.
Throughout this paper, n̄ = n(n + 1)/2. Given a subset T of an Euclidean space and a
scalar c, we denote by cT the set {ct|t ∈ T}. The notation B(x, γ) denotes the open ball
in an Euclidean space centered at x with radius γ.

For given x, y ∈ Rm, the inner product is ⟨x, y⟩ = xTy. The Euclidean norm is de-

fined by ∥x∥ =
√
xTx. Let ∥x∥M =

√
xTMx be a norm on Rm with M being a positive

definite matrix. We let e be a vector of all ones of appropriate dimension, and ei be a
vector of appropriate dimension with a 1 in the i-th coordinate and 0′s elsewhere. For a
finite-valued convex function f, we denote the subdifferential and the ϵ-subdifferential of
f at x ∈ Rm by ∂f(x) = {g ∈ Rm|f(y) ≥ f(x) + ⟨g, y − x⟩ for all y ∈ Rm} and ∂ϵf(x) =
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{g ∈ Rm|f(y) ≥ f(x) + ⟨g, y − x⟩ − ϵ for all y ∈ Rm} respectively. We define the dis-
tance from a point x to the set S in an Euclidean space as

d(x, S) =

{
infy∈S ∥x− y∥ if S is nonempty,
+∞ otherwise

where ∥ · ∥ denotes an appropriate norm.
Let Rm×n be the space of m× n matrices and Sn be the space of symmetric matrices

of order n. The notations Sn
+ and Sn

− refer to cone of positive semidefinite and cone
of negative semidefinite matrices, respectively. The matrix X − Y ∈ Sn being positive
semidefinite (resp. positive definite) denotes byX ≽ Y (resp. X ≻ Y ). We denote I by an
identity matrix of appropriate order. For a given X = (Xij)n×n ∈ Sn, its trace is denoted

by tr(X) =
∑n

i=1 Xii, and its Frobenius norm is ∥X∥ =
√

⟨X,X⟩. Its eigenvalues are
arranged in decreasing order, denoted by λ1(X) ≥ · · · ≥ λn(X). In this sense, we define
the eigenvalue map λ : Sn → Rn by λ(X) = (λ1(X), · · · , λn(X))T . For given X, Y ∈ Sn,
we denote the inner product by ⟨X, Y ⟩ = tr(XY ). The notation Diag(µ) is the diagonal
matrix with diagonal entries µ1, · · · , µn.

Let A∗ : Rm → Sn be the adjoint operator of the linear operator A : Sn → Rm

defined by, for all (X; y) ∈ Sn × Rm, ⟨X,A∗(y)⟩ = yTA(X). When A∗(y) =
∑m

i=1 yiAi

with given A1, A2, · · · , Am ∈ Sn, it holds A(X) = (⟨A1, X⟩, ⟨A2, X⟩, · · · , ⟨Am, X⟩)T . Let
I : Sn → Sn be the identity map. A linear operator Q : Sn → Sn is called self-adjoint
positive semidefinite if for allX, Y ∈ Sn, ⟨Q(X), Y ⟩ = ⟨X,Q(Y )⟩ and ⟨Q(X), X⟩ ≥ 0.We
define ∥Q∥ = max

{
∥Q(X)∥

∣∣∥X∥ ≤ 1
}
. The matrix representation of Q with respect to a

given canonical orthonormal basis of Sn is denoted by mat(Q). It is noted that ∥Q∥ is the

largest absolute values of all eigenvalues of mat(Q). We denote ∥X∥M =
√
⟨X,M(X)⟩

by a norm on Sn with M being a self-adjoint positive definite linear operator.

2. The Lagrange dual and eigenvalue optimization

In this section, we shall formulate the dual convex quadratic semidefinite programming
to an eigenvalue minimization problem with the help of (A2).

In (D), Z ≽ 0 is equivalent to 0 ≥ −λn(Z) = λ1(−Z). Thus after adding it into the
objective function by a Lagrange multiplier a ≥ 0, we have the form of (EigForm). The
assumption (A2) allows a reformulation of (D) as (EigForm), which will be explained in
the following proposition. The proof of this proposition shares the same argument in the
proof for Proposition 5.1.1 in [13]. Its proof is omitted here.

Proposition 2.1. If (A2) satisfies , let a = max{0, bT ȳ}, then (D) is equivalent to
(Eigform). Furthermore, if X is a feasible solution for (P), then tr(X) = a.

Here we give an example to illustrate the first part of the above result. we shall see
that the nearest correlation matrix problem has properties (A1) and (A2).

Example 2.1. Now we consider the nearest correlation matrix problem. The problem
(P) resulting from Problem (1.1) has Q = L2, C = −L2(B), b = e and A(X) =
(⟨A1, X⟩, · · · , ⟨An, X⟩)T , where Ai = eie

T
i , i = 1, · · · , n. Thus A∗(y) = Diag(y) for

any y ∈ Rn. Moreover Problem (1.1) satisfies (A1) and (A2). Indeed, I is strictly
feasible for Problem (1.1) and A∗(e) = I. By Proposition 2.1, the equivalent form of
(Eigform) resulting from Problem (1.1) is

(2.1) min
X,y

nλ1(L2(B)−Diag(y)− L2(X)) + eTy + ⟨X,L2(X)⟩/2,

which says that the assumptions (A1) and (A2) are reasonable in reality. �
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By virtue of Proposition 2.1, we see that, in the case that a = 0, (Eigform) is trivial:
for any y ∈ Rm, (0; y) is optimal if b = 0, otherwise it is unbounded. Therefore, the case
that a > 0 is a question of our interest. Henceforth, we suppose that a > 0.

We now are in a position to consider the subdifferential of f.
Applying a classical chain rule [18, Theorem XI.3.2.1], we obtain the expression of the

subdifferential of f at (X; y) ∈ Sn × Rm

∂f(X; y) =
{
(Q(X −W ); b−A(W ))

∣∣W ∈ a∂λ1(−C −A∗(y)−Q(X))
}
.(2.2)

Note that we here follow the MATLAB convention and use “;” for adjoining scalars,
vectors, or matrices in a column.

Alternatively, f(X, y) may be expressed in terms of composite functions. More pre-
cisely, let Φ : Sn × Rm → Sn be defined by

Φ(X; y) = a(−C −A∗(y)−Q(X)) + (⟨X,Q(X)⟩/2 + bTy)I,

and p : Rn → R be a locally Lipschitz mapping, by choosing p(x1, · · · , xn) = x1, we
obtain f(X; y) = (p ◦ λ ◦ Φ)(X; y), where the binary operation ◦ is the composition of
functions. Such reformulation of f(X; y) leads to an alternate description of ∂f(X; y).
We will see that such description contributes to the error bound analysis in Section 3.

Plainly, Φ is everywhere Fréchet-differentiable on Sn×Rm. For given (X; y) ∈ Sn×Rm,
let

JΦ(X; y) : Sn × Rm → Sn,

a linear mapping, denote the derivative of Φ at (X; y), and

JΦ(X; y)∗ : Sn → Sn × Rm

be the adjoint of JΦ(X; y).
Via the definition of Fréchet-differentiability, we have, for any (D; d) ∈ Sn × Rm,

JΦ(X; y)(D; d) = (bTd+ ⟨Q(D), X⟩)I − aA∗(d)− aQ(D),

hence, for any G ∈ Sn,

JΦ(X; y)∗(G) = (tr(G)Q(X)− aQ(G); tr(G)b− aA(G)).

Here is the alternate description of ∂f(X; y).

Theorem 2.1. For a given (X; y) ∈ Sn × Rm, it holds

∂f(X; y) ⊆
{
JΦ(X; y)∗(G)

∣∣∃ G ∈ ∂(p ◦ λ)(Φ(X; y)) and µ ∈ ∂p(λ(Φ(X; y))) s.t.

G = UTDiag(µ)U, with U orthogonal and

UT (Diag(λ(Φ(X; y))))U = Φ(X; y)
}
.

Proof. The proof is straightforward by chain rule (see e.g., [35, Corollary 6.3]) and [28,
Theroem 6]. �

The rest of this section is to review some characterizations of the maximum eigenvalue
of a symmetric matrix.

For any matrix A ∈ Sn, using Rayleigh’s variational formulation, we have

λ1(A) = max
v∈Rn,∥v∥=1

{
vTAv

}
= max

v∈Rn,∥v∥=1

{
⟨A, vvT ⟩

}
.

Motivated by the above second equality, we relax the set
{
v ∈ Rn

∣∣∥v∥ = 1
}
to the one

W =
{
W ≽ 0

∣∣tr(W ) = 1
}
, it is not difficult to see that

(2.3) λ1(A) = max
{
⟨A,W ⟩

∣∣W ∈ W
}
.
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Similarly, it holds aλ1(A) = max
{
⟨A,W ⟩

∣∣W ∈ aW
}
.

The next result characterizes a key property of ∂λ1(A), which plays a crucial role on
formulating an approximate of aW in a more tractable way, see (3.1).

Proposition 2.2. ∂λ1(A) =
{
PV P T

∣∣tr(V ) = 1, V ≽ 0
}
, where the columns of P form

an orthonormal basis of the eigenspace to the maximum eigenvalue of A.

Proof. This result was already established in the light of its geometrical descriptions
in [8, 38,39]. �

In many practical problems, exact eigenvalues and eigenvectors are unavailable, which
mostly results from truncating data for storage or finite-precision arithmetic. Therefore it
is more reasonable to consider the approximate subdifferential of the maximum eigenvalue
function for a symmetric matrix A, which is so called ϵ-subdifferential and visualized by
the following proposition.

Proposition 2.3. [17] For ϵ ≥ 0, it holds ∂ϵλ1(A) =
{
W ∈ W

∣∣⟨W,A⟩ ≥ λ1(A)− ϵ
}
.

Using again a chain rule [18, Theorem XI.3.2.1], we have

(2.4) ∂ϵf(X; y) =
{
(Q(X −W ); b−A(W ))

∣∣W ∈ a∂ϵλ1(−C −A∗(y)−Q(X))
}
.

For later use, we adopt the Ritz triplet introduced in [34]: (λap, vap, ϵ) ∈ R×Rn ×R is a
Ritz triplet for λ1(A) if

λap = vTapAvap, ∥vap∥ = 1, ϵ = ∥Avap − λapvap∥,(2.5)

|λi(A)− λap| ≥ |λ1(A)− λap| for i = 2, · · · , n.(2.6)

We will see that a Ritz triplet depicts a pair of approximation eigenvalue and eigenvector
for a symmetric matrix.

Proposition 2.4. If (λap, vap, ϵ) is a Ritz triplet for λ1(A), then

λap ≤ λ1 ≤ λap + ϵ and vapv
T
ap ∈ ∂ϵλ1(A).

Proof. Suppose that A has eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λn and corresponding orthonor-

mal eigenvectors z1, z2, · · · , zn, then vap has the expression vap =
n∑

i=1

dizi with
n∑

i=1

d2i = 1.

From (2.3) and the first two equalities in (2.5), we get λap ≤ λ1.
On the other hand,

ϵ =

∥∥∥∥ n∑
i=1

λidizi −
n∑

i=1

λapdizi

∥∥∥∥ =

√√√√ n∑
i=1

(λi − λap)2d2i ≥

√√√√ n∑
i=1

(λ1 − λap)2d2i = |λ1 − λap| = λ1 − λap.

where the inequality follows from (2.6). Therefore λap ≤ λ1 ≤ λap + ϵ.
By Proposition 2.3, it is easy to see that vapv

T
ap ∈ ∂ϵλ1(A). �

In what follows, corresponding to a Ritz triplet (λap, vap, ϵ) for λ1(−C−A∗(y)−Q(X)),
we define the inexact computation of f(X; y) by

fl(X; y) = aλap + bTy + ⟨X,Q(X)⟩/2 and fu(X; y) = fl(X; y) + aϵ.

Obviously, fl(X; y) ≤ f(X; y) ≤ fu(X; y) for any (X; y) ∈ Sn × Rm.
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3. The Algorithm and Error bound

In this section, we focus on presenting the inexact spectral bundle method for solving
(Eigform) in the inexact setting and providing its convergence and error-bound analysis.
Although the basic ideas of the proofs of convergence theorems are similar to those
presented in [14], their details are more involved due to the existence of quadratic term
in the objective function of the problem. Furthermore, we provide a global error bound
under mild assumptions. We introduce firstly the main ingredients of this method.

3.1. The approximation of f . Adopting the ideas from [14] and [38], we use

(3.1) Ŵk =
{
PkV P T

k + ξW k

∣∣tr(V ) + ξ = a, V ∈ Srk
+ , ξ ≥ 0

}
,

as an approximation of aW with Ŵk ⊆ aW , where W k ∈ W is the so call aggregate
subgradient, and Pk ∈ Rn×rk is an orthonormal matrix, rk ≥ 1. A special advantage of
this approximation is that it can keep the number rk of columns of Pk small. The idea
behind (3.1) is explained in [38].

For any given W ∈ aW , let the approximate partial linearization of f be

fW (X; y) = ⟨−C −A∗(y)−Q(X),W ⟩+ bTy + ⟨X,Q(X)⟩/2

= ⟨−C −A∗(y)−Q(X),W ⟩+ bTy + ⟨X̂k,Q(X̂k)⟩/2

+ ⟨X − X̂k,Q(X̂k)⟩+ ⟨X − X̂k,Q(X − X̂k)⟩/2

(3.2)

and define an approximation of f(X; y) as fŴk(X; y) = maxW∈Ŵk fW (X; y), which is
different from the cutting plane model of f

max
i=1,··· ,k

{
f̄i(X; y) := f(X i; yi) + ⟨Q(X i − pip

T
i ), X −X i⟩+ ⟨b−A(pip

T
i ), y − yi⟩

}
,

where pi is a normalized eigenvector to λ1(−C − A∗(yi) − Q(X i)) for i = 1, · · · , k. In
effect, by setting Ŵk = conv

{
pip

T
i

∣∣i = 1, · · · , k
}
, we have

fŴk(X; y) = max
i=1,··· ,k

{
f̄i(X; y) + ⟨X −X i,Q(X −X i)⟩/2

}
.

This difference is not likely to happen for the linear semidefinite programming.

Remark 3.1. fŴk(X; y) does minorize f(X; y) for any (X; y) ∈ Sn × Rm. �

In order to determine a new trial point (Xk+1; yk+1) from the current stability center

(X̂k; ŷk), we use the model stabilized by a quadratic penalty or regularization. For each
k, we define

(3.3) Lk(X, y,W ) = fW (X; y) + uk(∥X − X̂k∥2MX,k
+ ∥y − ŷk∥2My,k

)/2.

Recall that uk, MX,k and My,k have been mentioned in (1.2).
Now we can define a sequence of minimization subproblems minX,y ϕ

k(X; y) incorpo-
rating the so called Moreau-Yosida regularization, where

(3.4) ϕk(X; y) = max
W∈Ŵk

Lk(X, y,W ) = fŴk(X; y)+uk(∥X− X̂k∥2MX,k
+∥y− ŷk∥2My,k

)/2.

In order to figure out the properties of ϕk(X; y), we need the following two propositions.

Proposition 3.1. We can rewrite fŴk(X; y) as

amax
{
λ1[P

T
k (−C −A∗(y)−Q(X))Pk], ⟨−C −A∗(y)−Q(X),W k⟩

}
+ bTy + ⟨X,Q(X)⟩/2.
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Proof. For any fixed (X; y), thanks to the expression of fŴk(X; y), we see that it is equal

to the maximum over the extreme points of Ŵk.

Since aW k ∈ Ŵk and
{
PkUP T

k

∣∣tr(U) = a, U ∈ Srk
+

}
=: W0 ⊆ Ŵk, it holds conv({aW k}∪

W0) ⊆ Ŵk. Conversely, for any W = PkV P T
k + ξW k ∈ Ŵk with 0 < ξ < a, set

U = a
a−ξ

V , then tr(U) = a
a−ξ

tr(V ) = a. Thus conv({aW k} ∪ W0) = Ŵk. Therefore,

fŴk(X; y) = max
{
faWk

(X; y), fW0(X; y)
}
.

On the other hand,

fW0(X; y) = max
U∈

{
U∈Srk

+

∣∣tr(U)=a

}{⟨P T
k (−C −A∗(y)−Q(X))Pk, U⟩

}
+ bTy + ⟨X,Q(X)⟩/2

=aλ1[P
T
k (−C −A∗(y)−Q(X))Pk] + bTy + ⟨X,Q(X)⟩/2,

the proof is completed. �
For later use, for any k, we let Tk be Q + ukMX,k, which is a self-adjoint positive

definite linear operator acting on Sn.
The following proposition handles how to compute a trial point at each iteration of the

algorithm. In essence, we obtain (Xk+1; yk+1) via solving the minimization subproblem
minX,y ϕ

k(X; y).

Proposition 3.2. The minimizer of ϕk(X; y) over Sn × Rm possesses the formulated
below property:

min
X,y

max
W∈Ŵk

Lk(X, y,W ) = Lk(Xk+1, yk+1,W k+1) = max
W∈Ŵk

min
X,y

Lk(X, y,W ),

where

(3.5) Xk+1 = X̂k + T −1
k (Q(W k+1 − X̂k)), yk+1 = ŷk +

1

uk

M−1
y,k(A(W k+1)− b),

uniquely, and W k+1 is an optimal solution of

(SQSDP)

min 1
2

∥∥Q(W − X̂k)
∥∥2

T −1
k

+ 1
2uk

∥∥b−A(W )
∥∥2

M−1
y,k

− bT ŷk

+⟨C +A∗(ŷk) +Q(X̂k),W ⟩ − 1
2
⟨X̂k,Q(X̂k)⟩

s.t. W = PkV P T
k + ξW k

tr(V ) + ξ = a
V ≽ 0, ξ ≥ 0.

Proof. By virtue of Proposition 3.1, fŴk(X; y) is equivalent to

min aλ+ bTy + 1
2
⟨X,Q(X)⟩

s.t. P T
k (−C −A∗(y)−Q(X))Pk ≼ λI

⟨−C −A∗(y)−Q(X),W k⟩ ≤ λ.

Thus, from (3.4), minX,y ϕ
k(X; y) can be reformulated as

min aλ+ bTy + 1
2
⟨X,Q(X)⟩+ uk

2
(∥X − X̂k∥2MX,k

+ ∥y − ŷk∥2My,k
)

s.t. λI + P T
k (A∗(y) +Q(X) + C)Pk ≽ 0

λ+ ⟨A∗(y) +Q(X) + C,W k⟩ ≥ 0.

We define the Langrangian of the above problem by

L(X, y, λ, V, ξ) =aλ+ bTy +
1

2
⟨X,Q(X)⟩+ uk

2
(∥X − X̂k∥2MX,k

+ ∥y − ŷk∥2My,k
)

− ⟨V, λI + P T
k (A∗(y) +Q(X) + C)Pk⟩ − ξ(λ+ ⟨A∗(y) +Q(X) + C,W k⟩)

9



By the Lagrange Duality theorem, a direct computation implies that

∂L

∂X
= Q(X)−Q(PkV P T

k + ξW k) + ukMX,k(X − X̂k) = 0,

∂L

∂y
= b−A(PkV P T

k + ξW k) + ukMy,k(y − ŷk) = 0,

∂L

∂λ
= a− ⟨V, I⟩ − ξ = 0.

Set W = PkV P T
k + ξW k, it follows

X =X̂k + T −1
k (Q(W − X̂k)) =: Xk

min(W ),(3.6)

y =ŷk +
1

uk

M−1
y,k(A(W )− b) =: ykmin(W ),(3.7)

Moreover, such (X; y) is unique since ϕk(X; y) is strictly convex. As for the solution
(V ∗, ξ∗) of the above linear systems, let W k+1 = PkV

∗P T
k + ξ∗W k, we get the correspond-

ing (Xk+1; yk+1) with the desired expressions.
On the other hand, together with (3.3), we obtain

min
X,y

Lk(X, y,W ) = Lk(Xk
min(W ), ykmin(W ),W ) = −1

2

∥∥Q(W − X̂k)
∥∥2

T −1
k

− 1

2uk

∥∥b−A(W )
∥∥2

M−1
y,k

+ bT ŷk − ⟨C +A∗(ŷk) +Q(X̂k),W ⟩+ 1

2
⟨X̂k,Q(X̂k)⟩.

By convex minimax duality, min
X,y

ϕk(X; y) = min
X,y

max
W∈Ŵk

Lk(X, y,W ) = max
W∈Ŵk

min
X,y

Lk(X, y,W ).

Switching the optimization direction in maxW∈Ŵk and the sign in minX,y L
k(X, y,W ), we

get (SQSDP) . The proof is completed. �
In the light of Proposition 3.2,

(Xk+1; yk+1) = argmin
X,y

{
fŴk(X; y) +

uk

2
(∥X − X̂k∥2MX,k

+ ∥y − ŷk∥2My,k
)
}
,

the necessary and sufficient optimality conditions for the strictly convex problem imply

0 ∈ ∂fŴk(Xk+1; yk+1) + uk(MX,k(X
k+1 − X̂k);My,k(y

k+1 − ŷk)) ⇔ ∃ (gkX ; g
k
y) ∈

∂fŴk(Xk+1; yk+1) s.t.

(3.8) (gkX ; g
k
y) + uk(MX,k(X

k+1 − X̂k);My,k(y
k+1 − ŷk)) = 0.

Comparing (3.8) with the expressions of (Xk+1; yk+1), we obtain

(3.9) (gkX ; g
k
y) = (Q(Xk+1 −W k+1); b−A(W k+1)) ∈ ∂fŴk(X

k+1; yk+1).

At this point, we need the linearization of fŴk for brevity. With the help of the above
subgradient, we define the linearization of fŴk at (Xk+1; yk+1) as

(3.10) f̄k
W(X; y) = fWk+1(Xk+1; yk+1) + ⟨gkX , X −Xk+1⟩+ ⟨gky , y − yk+1⟩.

In addition,

(3.11) (gkX ; g
k
y) ∈ ∂εkf(X̂

k; ŷk),

where

(3.12) 0 ≤ εk := f(X̂k; ŷk)− f̄k
W(X̂k; ŷk).

To see this, note that in view of (3.9) and Proposition 3.2, for any (X; y) ∈ Sn × Rm,

fŴk(X; y) ≥fŴk(X
k+1; yk+1) + ⟨gkX , X −Xk+1⟩+ ⟨gky , y − yk+1⟩ = f̄k

W(X; y),
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then εk ≥ fŴk(X̂k; ŷk)− f̄k
W(X̂k; ŷk) ≥ 0.

Hence

f(X̂k; ŷk) + ⟨X − X̂k,Q(Xk+1 −W k+1)⟩+ ⟨y − ŷk, b−A(W k+1)⟩ − εk

=fŴk(X
k+1; yk+1) + ⟨X −Xk+1,Q(Xk+1 −W k+1)⟩+ ⟨y − yk+1, b−A(W k+1)⟩

≤fŴk(X; y) ≤ f(X; y).

The approximate subgradient relation in (3.11) can certainly be employed to derive

an optimality estimate. If doing so, owing to (3.12), one needs to compute f(X̂k; ŷk)
exactly, which may be expensive. Thus we would like to provide a relaxation of εk in the
following corollary, which enables us to make an optimality estimate tractable.

Corollary 3.1. Suppose that (λk+1
ap , vk+1

ap , ϵk+1) and (λ̂k
ap, v̂

k
ap, ϵ̂

k) are Ritz triplets for

λ1(−C −A∗(yk+1)−Q(Xk+1)) and λ1(−C −A∗(ŷk)−Q(X̂k)), respectively, we have

(3.13) (gkX ; g
k
y) ∈ ∂ηkf(X

k+1; yk+1) and (gkX ; g
k
y) ∈ ∂τkf(X̂

k; ŷk)

where

ηk = a(λk+1
ap + ϵk+1)− ⟨W k+1,−C −A∗(yk+1)−Q(Xk+1)⟩,(3.14)

τ k = fl(X̂
k; ŷk) + aϵ̂k − f̄k

W(X̂k; ŷk).(3.15)

Proof. In view of (3.9) and the definition of the Ritz triplet for λ1(−C − A∗(yk+1) −
Q(Xk+1)), for any (X; y) ∈ Sn × Rm, it holds

f(X; y) ≥fŴk(X; y) ≥ fŴk(X
k+1; yk+1) + ⟨gkX , X −Xk+1⟩+ ⟨gky , y − yk+1⟩

≥f(Xk+1; yk+1) + ⟨gkX , X −Xk+1⟩+ ⟨gky , y − yk+1⟩
− (aλk+1

ap + aϵk+1 − ⟨W k+1,−C −A∗(yk+1)−Q(Xk+1)⟩).

Note that W k+1 ∈ aW , it follows

⟨W k+1,−C −A∗(yk+1)−Q(Xk+1)⟩ ≤ aλ1(−C −A∗(yk+1)−Q(Xk+1)),

whence ηk ≥ 0 and (gkX ; g
k
y) ∈ ∂ηkf(X

k+1; yk+1).

Putting together (3.12) and the definition of the Ritz triplet for λ1(−C − A∗(ŷk) −
Q(X̂k)), we obtain τ k ≥ εk ≥ 0, whence it satisfies (gkX ; g

k
y) ∈ ∂τkf(X̂

k; ŷk) by (3.11). �

Set

(3.16) dk = (dkX ; d
k
y) = (Xk+1 − X̂k; yk+1 − ŷk), lkd = ∥dkX∥2MX,k

+ ∥dky∥2My,k
.

In accordance with (3.8), we have, for i = 1, 2,

⟨gkX , X −X i⟩+ ⟨gky , y − yi⟩

=uk(⟨M1/2
X,k(X̂

k −Xk+1),M1/2
X,k(X −X i)⟩+ ⟨M1/2

y,k (ŷ
k − yk+1),M

1/2
y,k (y − yi)⟩)

≤ck(∥ukM1/2
X,k(d

k
X)∥2 + ∥ukM

1/2
y,k d

k
y∥2)1/2(∥X −X i∥2 + ∥y − yi∥2)1/2

=ckuk

√
lkd(∥X −X i∥2 + ∥y − yi∥2)1/2

where ck = max{∥M1/2
X,k∥, ∥M

1/2
y,k ∥} > 0, (X1; y1) = (X̂k; ŷk) and (X2; y2) = (Xk+1; yk+1).
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We now have the necessary ingredients for deriving the optimality estimate. The
approximate subgradients in (3.13) yield the optimality estimate

f(X̂k; ŷk) ≤ f(X; y) + ckuk

√
lkd(∥X − X̂k∥2 + ∥y − ŷk∥2)1/2 + τ k(3.17)

f(Xk+1; yk+1) ≤ f(X; y) + ckuk

√
lkd(∥X −Xk+1∥2 + ∥y − yk+1∥2)1/2 + ηk(3.18)

for all (X; y) ∈ Sn × Rm.

The inequalities (3.17) and (3.18) say that the point (X̂k; ŷk) or (Xk+1; yk+1) is optimal
if the optimality measure

νk = max

{
ckuk

√
lkd , min{ηk, τ k}

}
(3.19)

is zero, which will be established in the following proposition providing a stopping cri-
terion for our algorithm. Meanwhile, the coming result also tackles the case of a finite
number of iterations for our method.

Proposition 3.3. For W ∈ Ŵk, let Xk
min(W ) and ykmin(W ) be defined by (3.6) and (3.7)

respectively, it holds
(3.20)

Lk(X, y,W ) = Lk(Xk
min(W ), ykmin(W ),W )+

1

2
∥X−Xk

min(W )∥2Tk +
uk

2
∥y−ykmin(W )∥2My,k

.

Moreover, suppose that (Xk+1; yk+1) satisfies (3.5) and W k+1 is an optimal solution of
(SQSDP), then

(3.21) Lk(Xk+1, yk+1,W k+1) ≤ f(X̂k; ŷk),

and if νk = 0 then f(X̂k; ŷk) = fWk+1(Xk+1; yk+1) and (X̂k; ŷk) is optimal.

Proof. By (3.3), together with (3.6) and (3.7), it follows

Lk(X, y,W )− Lk(Xk
min(W ), ykmin(W ),W )

=⟨A(W )− b, ykmin(W )− y⟩+ ⟨Q(W − X̂k), Xk
min(W )−X⟩

+
1

2
(∥X∥2Tk − ∥Xk

min(W )∥2Tk − 2⟨X −Xk
min(W ), Tk(X̂

k)⟩)

+
uk

2
(∥y∥2My,k

− ∥ykmin(W )∥2My,k
− 2⟨y − ykmin(W ),My,k(ŷ

k)⟩)

=uk⟨ykmin(W ),My,k(y
k
min(W )− y)⟩+ ⟨Xk

min(W ), Tk(X
k
min(W )−X)⟩

+
1

2
(∥X∥2Tk − ∥Xk

min(W )∥2Tk − 2⟨X −Xk
min(W ), Tk(X̂

k)⟩)

+
uk

2
(∥y∥2My,k

− ∥ykmin(W )∥2My,k
− 2⟨y − ykmin(W ),My,k(ŷ

k)⟩)

=
1

2
∥X −Xk

min(W )∥2Tk +
uk

2
∥y − ykmin(W )∥2My,k

.

From Proposition 3.2, it yields

Lk(Xk+1, yk+1,W k+1) ≤ Lk(X̂k, ŷk,W k+1)

≤ max
W∈aW

⟨−C −A∗(ŷk)−Q(X̂k),W ⟩+ bT ŷk +
1

2
⟨X̂k,Q(X̂k)⟩ = f(X̂k; ŷk).

If νk = 0, then lkd = 0 and min{ηk, τ k} = 0.
12



Since both MX,k and My,k are invertible, we get Xk+1 = X̂k and yk+1 = ŷk. Further-
more, combing with (3.8), we have (gkX ; g

k
y) = (0; 0). Therefore, (Q(Xk+1 − W k+1); b −

A(W k+1)) ∈ ∂f(X̂k; ŷk) because at least one of ηk and τ k is equal to zero. If ηk = 0,
then aλ1(−C − A∗(yk+1) − Q(Xk+1)) ≤ ⟨W k+1,−C − A∗(yk+1) − Q(Xk+1)⟩. Conse-
quently, fWk+1(Xk+1; yk+1) = f(Xk+1; yk+1) = f(X̂k; ŷk). If τ k = 0, then f(X̂k; ŷk) ≤
fWk+1(Xk+1; yk+1), hence f(X̂k; ŷk) = fWk+1(Xk+1; yk+1).

According to (3.6) and (3.7), Q(W k+1 − Xk+1) = 0 and b − A(W k+1) = 0. Then

0 ∈ ∂f(Xk+1; yk+1) = ∂f(X̂k; ŷk). Hence (X̂k; ŷk) is optimal. �

3.2. Updating Ŵk. The updating rule for Ŵk is identical to the one presented in [14],
we review formulas that are necessary for the purpose of this paper.

Let (V ∗, ξ∗) denote the optimal solution for (SQSDP) that gives rise to W k+1, and
RΛRT denote an eigenvalue decomposition of V ∗ withRRT = I and Λ = Diag(λ1, · · · , λrk),
λ1 ≥ · · · ≥ λrk . We break up R into two parts, R = [R1, R2], R1 containing the eigenvec-
tors to the “large” eigenvalues of V ∗. Correspondingly, we partition Λ into two smaller
diagonal matrices Λ1 and Λ2.

Via the scheme of the proximal bundle method, at each iteration k, let vk+1
ap be a nor-

malized approximate eigenvector corresponding to the approximate maximum eigenvalue
of −C − A∗(yk+1) − Q(Xk+1), we should add new ϵ-subgradient information W k+1

ap =

avk+1
ap (vk+1

ap )T ∈ aW to Ŵk by adding the new vk+1
ap as orthonormalized column to P for

increasing the number of columns. In order to update Ŵk, we can update Pk and W k by

Pk+1 =orth[PkR1, v
k+1
ap ],(3.22)

W k+1 =
(PkR2)Λ2(PkR2)

T + ξ∗W k

tr(Λ2) + ξ∗
.(3.23)

We will see from the convergence analysis that

(3.24) W k+1, W k+1
ap ∈ Ŵk+1

is all that is needed to guarantee convergence. The following proposition (see [14]) shows
that update formulas (3.22) and (3.23) have the desired properties.

Proposition 3.4. For W k+1
ap = avk+1

ap (vk+1
ap )T , update formulas (3.22) and (3.23) ensure

that Pk+1 is orthnormal, W k+1 ∈ W , and (3.24) is satisfied for Ŵk+1 of the form (3.1).

3.3. Updating weight uk. The choice of weight uk is somewhat of an art, which impacts
significantly both global convergence in theory and efficiency in practice, for instance, as
indicated in [16], a suitable adjustment of uk shall guide fŴk to the area where it is
a reliable approximation of f . There are several wise update rules published in the
literature; see, for instance, [5, 24, 44]. The idea of the updating rule here is the same as
that in [24], we outline the main results here.

First we detect whether uk is too large.

Let d = (dX ; dy) = (X − X̂k; y − ŷk), it will be convenient to have an alternate
description of fW (X; y), which is in terms of d. With the help of (3.2), it yields

fW (X; y) = fW (X̂k; ŷk) + ⟨b−A(W ), dy⟩+ ⟨Q(X̂k −W ), dX⟩+ ⟨dX ,Q(dX)⟩/2 =: fdr
W ((X̂k; ŷk), d).

Correspondingly, fdr
Ŵk

((X̂k; ŷk), d) = max
W∈Ŵk

fdr
W ((X̂k; ŷk), d), thus fdr

Ŵk
((X̂k; ŷk), 0) = fŴk(X̂k; ŷk) ≤

f(X̂k; ŷk). By virtue of the convexity of fdr
Ŵk

((X̂k; ŷk), d) with reference to d and fl(X̂
k; ŷk) ≤
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f(X̂k; ŷk), it comes up for κ ∈ [0, 1]

fdr
Ŵk((X̂

k; ŷk), κdk) ≤(1− κ)fdr
Ŵk((X̂

k; ŷk), 0) + κfdr
Ŵk((X̂

k; ŷk), dk) ≤ f(X̂k; ŷk)− κϑk,

with

(3.25) ϑk = fl(X̂
k; ŷk)− fWk+1(Xk+1; yk+1).

Therefore ϑk estimates the descent obtained from our model and will subsequently serve

as predicted descent of f . We emphasis that ϑk may be nonpositive and fl(X̂
k; ŷk) −

fu(X
k+1; yk+1) ≥ κϑk can guarantee ϑk > 0 for κ ∈ (0, 1).

We now are in a position to derive the reduction of uk.
It may be reduced if fŴk is close to fu at (Xk+1; yk+1), which is measured by

(3.26) fl(X̂
k; ŷk)− fu(X

k+1; yk+1) ≥ mRϑ
k

with mR ∈ (0.5, 1). Set

(3.27) uk+1
int = 2uk(1− [fl(X̂

k; ŷk)− fu(X
k+1; yk+1)]/ϑk),

then uk+1
int /u

k ≤ 2(1−mR) < 1 if (3.26) satisfies. In this setting, we set

(3.28) uk+1 = max
{
uk+1
int , u

k/10, umin

}
,

where umin is a small positive constant.
Now, we investigate the case when uk seems to be small.
By (3.15), we obtain

(3.29) ϑk = τ k − aϵ̂k + ukl
k
d .

We define the error of new approximation by

(3.30) ekv = fu(X̂
k; ŷk)− fWk+1

ap
(X̂k; ŷk)

and the variation

(var)k = f(X̂k; ŷk)−min
{
f(X; y)

∣∣(X; y) ∈ BM(X̂k; ŷk, lkd)
}
,

where BM(X̂k; ŷk, lkd) =
{
(X; y) ∈ Sn × Rm

∣∣∥X − X̂k∥2MX,k
+ ∥y − ŷk∥2My,k

≤ lkd

}
.

Thus, by virtue of W k+1 ∈ Ŵk, we obtain

0 ≤(var)k ≤ f(X̂k; ŷk)−min
{
fŴk(X; y)

∣∣(X; y) ∈ BM(X̂k; ŷk, lkd)
}

≤f(X̂k; ŷk)−min
{
fWk+1(X; y)

∣∣(X; y) ∈ BM(X̂k; ŷk, lkd)
}

≤fl(X̂
k; ŷk)− fWk+1(Xk+1; yk+1) + aϵ̂k = ϑk + aϵ̂k.

One may use the test

(3.31) ekv > ϑk + aϵ̂k

to decide that uk should be increased.
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3.4. The inexact spectral bundle algorithm. In this subsection, we present the inex-
act spectral bundle method for the eigenvalue optimization problem (Eigform), combining
ideas from the algorithms in [24], [34] and [14].

In what follows, the expression [λap, vap, ϵ] = eigest(X, y, δ) is the routine that produces
a Ritz triplet (λap, vap, ϵ) for λ1(−C −A∗(y)−Q(X)) such that aϵ ≤ δ.

Algorithm 3.1. Input: An initial point (X0; y0) ∈ Sn ×Rm, an ε ≥ 0 for termination,
an improvement parameter mL ∈ (0, 0.5), an initial subdifferential tolerance δ0, an initial
weight u0 > ∥Q∥, a minimal weight umin > ∥Q∥, set the variation estimate θ0v = ∞.

1.(Initialization) k = 0, X̂0 = X0, ŷ0 = y0, s = 0. Call [λ̂0
ap, v̂

0
ap, ϵ̂

0] = eigest(X̂0, ŷ0, δ0).

Compute (g0X ; g
0
y), Ŵ0 and fl(X̂

0; ŷ0).

2.(Trial point finding) Solve (SQSDP) to get W k+1, compute (Xk+1; yk+1) and lkd
from (3.5) and (3.16), respectively.

3.(Evaluation) Call [λk+1
ap , vk+1

ap , ϵk+1] = eigest(Xk+1, yk+1, δk). Compute ηk, τ k and

νk from (3.14), (3.15) and (3.19) respectively. Set W k+1
ap = avk+1

ap (vk+1
ap )T .

4.(Stopping criterion) If νk ≤ ε, then stop.

5.(Descent step) If fl(X̂
k; ŷk) − fu(X

k+1; yk+1) ≥ mLϑ
k, then set (X̂k+1; ŷk+1) =

(Xk+1; yk+1), λ̂k+1
ap = λk+1

ap , ϵ̂k+1 = ϵk+1, and v̂k+1
ap = vk+1

ap , select uk+1 ∈ [umin, uk](e.g. by
(3.28)) and set

(3.32) θk+1
v = max

{
θkv , 0.5(ϑ

k + aϵ̂k)
}
,

set δk+1 ≤ δk to ensure convergence, set s = s + 1, choose the operator MX,k+1 and the
matrix My,k+1 such that (1.3) holds and continue with step 7. Otherwise continue with
step 6.

6.(Null step) Set (X̂k+1; ŷk+1) = (X̂k; ŷk). If aϵ̂k > 10δk then call [λ̂k+1
ap , v̂k+1

ap , ϵ̂k+1] =

eigest(X̂k, ŷk, δk), else set λ̂k+1
ap = λ̂k

ap, ϵ̂
k+1 = ϵ̂k, and v̂k+1

ap = v̂kap. Set

(3.33) θk+1
v = min

{
θkv , ϑ

k + aϵ̂k
}

and either set uk+1 = uk or choose uk+1 ∈ [uk, 10uk](e.g. u
k+1 = min

{
uk+1
int , 10u

k
}
) if

(3.34) ekv > θk+1
v

Set δk+1 ≤ δk to ensure convergence. Choose the operator MX,k+1 and the matrix My,k+1

such that (1.4) satisfies.

7.(Updating Ŵk) Choose a Ŵk+1 ⊃
{
W k+1,W k+1

ap

}
of the form (3.1).

8. k:=k+1 and goto step 2.

Remark 3.2. (1). Set P0 = v̂0ap, W 0 = av̂0ap(v̂
0
ap)

T , then compute Ŵ0 by the form (3.1).

(2). We can choose Ŵk+1 as follows. Decompose V ∗ into V ∗ = R1Λ1R
T
1 + R2Λ2R

T
2

with rank(R1) ≤ r−1. Compute W k+1 and Pk+1 by using (3.23) and (3.22), respectively,
where an upper bound r ≥ 1 on the number of columns of P.

(3). It has been pointed out in [5, Sect.10] that a sequence of null steps between two
consecutive stability centers is just for the sake of the improvement of the model but
possessing no new reliable information, the operator MX,k and the matrix My,k are only
updated when a descent step comes up. This updating rule of the metric originates
from [27], and it is employed in [23]. At the same time, to the best of our knowledge,
most of the literature about bundle methods exploit the special matrix My,k = I and
exclude the matrix variable X, for instance, see [2, 4, 13, 14, 16, 24, 34, 44]. However, in
order to ensure convergence, we should use variable metric at both descent steps and null
steps in Algorithm 3.1.
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(4). Henceforth, we presume that {∥MX,k∥, ∥My,k∥} is bounded and any accumulation
point of {MX,k} is still a self-adjoint positive definite linear operator, and any accu-
mulation point of {My,k} remains positive. As a consequence, {ck} is bounded. More
precisely, we take the following assumption:

(A3) If Algorithm 3.1 executes an infinite number of null steps or an infinite number
of descent steps, then {MX,k} converges a self-adjoint positive definite linear operator
and {My,k} converges to a positive definite matrix. �
3.5. Convergence analysis. In this subsection, we will prove the convergence of Algo-
rithm 3.1 for ε = 0. If Algorithm 3.1 terminates after a finite number K of iterations, then

by Proposition 3.3, (X̂K ; ŷK) is optimal. Thus the case of interest is that Algorithm 3.1
does not stop. In showing that the convergence of the algorithm in this setting, we will
employ several propositions. Note that the essential ideas of their proofs are very similar
to those presented in [14], so their proofs are given in Appendix A, but the approach will
be used in this section. First we consider the case when only null steps occur after some
iteration N.

Proposition 3.5. Assume that, starting with iteration N , the implementation of Algo-

rithm 3.1 is without the descent test, i.e. X̂ = X̂N = X̂N+1 = · · · , ŷ = ŷN = ŷN+1 = · · · .
For any k > N , set

Xk = XN
min(W

k) = X̂ + T −1
k−1(Q(W k − X̂)),(3.35)

yk = yNmin(W
k) = ŷ +

1

uk−1

M−1
y,k−1(A(W k)− b).(3.36)

Suppose that (A3) holds and δk → 0, then (Xk; yk) → (X̂; ŷ) ∈ argminX,y f(X; y) and
νk → 0 as k → ∞.

The preceding result is with respect to convergence of Algorithm 3.1 when the number
s of descent steps is bounded. It remains to analyze the case of a unbounded s. Over the
course of implementing the algorithm, it may happen that null steps appear between two
consecutive descent steps. At this point, we would like to investigate an infinite number
of descent steps, for the sake of convenience, we can discard all null steps. In other words,

we may focus on the situation (X̂k; ŷk) = (Xk; yk). Thus we assign the remaining iterates
and the corresponding W k with a new index h, and assume that, for any h,

Xh+1 = Xh
min(W

h+1) = Xh + T −1
h (Q(W h+1 −Xh)),(3.37)

yh+1 = yhmin(W
h+1) = yh +

1

uh

M−1
y,h(A(W h+1)− b),(3.38)

fl(X
h; yh)−fu(X

h+1; yh+1) ≥ mL(fl(X
h; yh)− fWh+1(Xh+1; yh+1)).(3.39)

Moreover, if no null steps occur, then

fl(X
h; yh)−mL(fl(X

h; yh)− fWh+1(Xh+1; yh+1)) ≥ fu(X
h+1; yh+1) ≥ f(Xh+1; yh+1)

≥ fWh+1(Xh+1; yh+1),

whence fl(X
h; yh)−fu(X

h+1; yh+1) ≥ mL(fl(X
h; yh)−fWh+1(Xh+1; yh+1)) ≥ 0. Therefore,

(3.40) f(Xh; yh)− f(Xh+1; yh+1) ≥ fl(X
h; yh)− fu(X

h+1; yh+1) ≥ 0.

Owing to (3.40), the sequence {f(Xh; yh)}∞h=1 is nonincreasing, hence f(X
h; yh) ↓ inf f

as h → ∞. For the case of interest, we make the following assumption

(3.41) ∃ (X̃; ỹ) ∈ Sn × Rm, s.t. f(Xh; yh) ≥ f(X̃; ỹ) ∀ h.
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Proposition 3.6. Assume that both (3.41) and (A3) satisfy, then (Xh; yh) converges to
a minimizer of f(X; y) and limh→∞ νh = 0.

We summarize the above discussion in the following theorem.

Theorem 3.1. Let {(X̂k; ŷk)} be the sequence of points generated by Algorithm 3.1. Sup-

pose that (A3) satisfies and limk→∞ δk = 0, then either (X̂k; ŷk) → (X̄; ȳ) ∈ argminX,y f(X; y)

or there is no minimizer and ∥(X̂k; ŷk)∥ → ∞ as k → ∞. In both cases, f(X̂k; ŷk) ↓
inf f(X; y) as k → ∞.

Proof. The proof is straightforward by Proposition 3.5 and Proposition 3.6. �

3.6. Approximate solutions and error bound. In most cases, it may be tremen-
dously expensive to pursue an exact optimal solution. It should also be realized that
many mathematical programs do not have an exact optimal solution. Meanwhile, most
numerical methods attempting to solve global optimization only yield approximate opti-
mal solutions. Therefore, it is sensible meaning to resort approximate solutions.

At this point, we need to recall definitions of approximate solutions.

Definition 3.1. [16] Let ϵ, ϵs > 0. The point (X∗; y∗) ∈ Sn × Rm is called an ϵ-ϵs-
optimal solution of (EigForm) if

f(X∗; y∗) ≤ f(X; y) + ϵ(∥X −X∗∥2 + ∥y − y∗∥2)1/2 + (ϵ+ ϵs),∀ (X; y) ∈ Sn × Rm.

Hence, ϵ = 0 implies ϵs-optimality of (X∗; y∗) in the sense of [30], while ϵs = 0 yields
ϵ-optimality of (X∗; y∗) in the sense of [44]. Henceforth we call them ϵF1

s -optimal
solution and ϵF2-optimal solution, respectively. Plainly, by virtue of (3.17) and (3.18),

if ϑk ≤ ϵ, then either (X̂k; ŷk) or (Xk+1; yk+1) is an ϵF2-optimal solution. We would like
to find an ϵF1-optimal solution in the following.

From the convergence analysis of Algorithm 3.1, we see that the rule of choosing δk

should ensure that δk ↓ 0 in the case of a bounded s, which counts descent steps. However,
we could wish that δk ↓ δ > 0, which is easy to be controlled in practice. To this end, we
take the following assumptions, which are tractable in practice.

(A4) aλk
ap ≥ ⟨W k,−C −A∗(yk)−Q(Xk)⟩ for all k;

(A5) In the context of Proposition 3.5 and δk ↓ δ > 0,

(3.42) aλ̂k
ap −

2δ

1−mL

≥ ⟨W k,−C −A∗(ŷ)−Q(X̂)⟩, ∀k > N.

Note that, (3.42) yields

(3.43) f(X̂; ŷ)− 2δ

1−mL

≥ fWk(X̂; ŷ), ∀k > N.

By Proposition 3.3, for k > N,

f(X̂; ŷ) ≥ fWk(X̂; ŷ) = Lk−1(X̂, ŷ,W k)

= Lk−1(Xk, yk,W k) +
uk−1

2
(∥X̂ −Xk∥2MX,k−1

+ ∥ŷ − yk∥2My,k−1
) ≥ fWk(Xk; yk),

hence, if f(X̂; ŷ) = fWk(Xk; yk), then (X̂; ŷ) is optimal. Hence the case of interest is that

f(X̂; ŷ) > fWk(Xk; yk), which may follow from (3.43). Thus (A5) is possible.
The next theorem gives the counterpart in Proposition 3.5.
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Proposition 3.7. In the context of Proposition 3.5, suppose that both (A4) and (A5)
hold, and at step 5 of Algorithm 3.1 we choose uk+1 ∈ [uk, umax] at null steps, where

umax > 0 is fixed. Then (Xk; yk) → (X̂; ŷ) as k → ∞, which is ( 2δ
1−mL

)F1-optimal

solution of (Eigform), and limk→∞νk ≤ 2δ.

Proof. By the proof of Proposition 3.5, we see that

(3.44) limk→∞(fl(X
k; yk)− fWk(Xk; yk)) ≤ limk→∞(f(Xk; yk)− fWk(Xk; yk)) ≤ δ.

On the one hand, if no descent steps occur, then

fl(X̂
k−1; ŷk−1)− fu(X

k; yk) < mL(fl(X̂
k−1; ŷk−1)− fWk(Xk; yk))

≤ mL(fl(X̂
k−1; ŷk−1) + aϵ̂k−1 − fWk(Xk; yk)).

The above inequalities can be rewritten as

fl(X
k; yk)+aϵk +aϵ̂k−1− fWk(Xk; yk) ≥ (1−mL)(fl(X̂

k−1; ŷk−1)+aϵ̂k−1− fWk(Xk; yk)).

Moreover, (3.43) and the inequalities followed yield f(X̂; ŷ)− 2δ
1−mL

≥ fWk(Xk; yk), ∀k >
N.

For k > N, (A4) implies that fl(X
k; yk) ≥ fWk(Xk; yk).

On the other hand, by step 6,

(3.45) aϵ̂k ≤ min{δk−1, 10δk}.

Hence, for k > N, fl(X
k; yk) + δk−1 + δk−2 − fWk(Xk; yk) ≥ fl(X

k; yk) + aϵk + aϵ̂k−1 −
fWk(Xk; yk) ≥ 2δ, then (1−mL)(f(X̂; ŷ)− fWk(Xk; yk)) → 2δ as k → ∞.

Using (3.43), we obtain f(X̂; ŷ) = max
W∈aW

fW (X̂; ŷ) ≥ fWk(X̂; ŷ) + 2δ
1−mL

. Applying the

same argument used in the end of the proof of Proposition 3.5, we obtain

lim
k→∞

(gk−1
X ; gk−1

y ) = (0; 0)(3.46)

(Xk; yk) → (X̂; ŷ) as k → ∞;

f(X; y) ≥ f(X̂; ŷ)− 2δ

1−mL

for any (X; y) ∈ Sn × Rm.

Since ηk = fl(X
k; yk)− fWk(Xk; yk) + aϵk, together with (3.44) and (3.45), then

(3.47) limk→∞ηk ≤ 2δ.

Therefore, putting together (3.47) and (3.46), we obtain limk→∞νk ≤ 2δ. �
In short, the next result sharpens the convergence behavior of the Algorithm 3.1 under

the inexact setting.

Theorem 3.2. Suppose that (A3), (A4) and (A5) hold, and at step 5 of Algorithm 3.1

we choose uk+1 ∈ [uk, umax] at null steps, where umax > 0 is fixed. Let {(X̂k; ŷk)} be the
sequence of points generated by Algorithm 3.1. There are three possible cases :

1.If the algorithm terminates after a finite number K of iterations, (X̂K ; ŷK) is optimal.

2. If the algorithm does not terminates and s → ∞, then either (X̂k; ŷk) → (X̄; ȳ) ∈
argminX,y f(X; y) or there is no minimizer and ∥(X̂k; ŷk)∥ → ∞ as k → ∞.

3. If the algorithm does not terminates but s is bounded, then (X̂k; ŷk) → (X̂; ŷ), which
is ( 2δ

1−mL
)F1-optimal solution of (Eigform).

Proof. The proof is straightforward by Theorem 3.1 and Proposition 3.7. �
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So far, we have investigated the algorithm and its convergence analysis for (EigForm).
It is natural to ask whether the same algorithm can be applied to handle (P). Thanks
to Proposition 2.1, we can relate the accumulation points of {W k} to the optimal or
approximate solutions of (P).

Theorem 3.3. Let OP = argmin{⟨X,Q(X)⟩/2 + ⟨C,X⟩
∣∣A(X) = b,X ≽ 0}. Assume

that argminX,y f(X; y) ̸= ∅, (A1), (A2) and (A3) satisfy, then we have
(i) if k is finite with k = K on termination, then WK+1 ∈ OP ,
(ii) if there is an infinite number of iterations and no descent steps occur after iteration

N , then each accumulation point of {W k} is a ( 2δ
1−mL

)F1-optimal solution of (P) in the
context of Proposition 3.7.

(iii) if there is an infinite number of descent steps, then all accumulation points of
{W h} giving rise to descent steps lie in OP .

Proof. Set p := min
{
h(X)

∣∣A(X) = b,X ≽ 0
}
,−d := min

{
g(X; y)

∣∣Q(X) +A∗(y) + C ≽ 0
}
,

then the assumption (A1), argminX,y f(X; y) ̸= ∅ and Proposition 2.1 imply p = d.

Let {(X̂k; ŷk)} be a sequence of points generated by Algorithm 3.1.
(i) If k is finite with k = K on termination, by Proposition 3.3, it holds (XK+1; yK+1) =

(X̂K ; ŷK) and (XK+1; yK+1) is optimal, thus

(3.48) Q(XK+1 −WK+1) = 0 and b−A(WK+1) = 0.

Note that WK+1 ∈ aW , hence it is feasible for (P).
On the other hand, due to (3.48) , Proposition 3.3 and Proposition 2.1, we have

− h(WK+1) = −1

2
⟨WK+1,Q(WK+1)⟩ − ⟨C,WK+1⟩ = −1

2
⟨WK+1,Q(XK+1)⟩ − ⟨C,WK+1⟩

= ⟨−C −A∗(yK+1)−Q(XK+1),WK+1⟩+ bTyK+1 +
1

2
⟨XK+1,Q(XK+1)⟩

= f(X̂K ; ŷK) = g(X̂K ; ŷK) = −d,

whence WK+1 ∈ OP .
(ii) Since W k+1 ∈ Ŵk ⊆ aW and aW is compact, {W k} has accumulation points and

they are contained in aW .
Assume that a subsequence {W kj} converges W∗ ∈ aW . By the proof of Proposi-

tion 3.7, Xkj → X̂N , ykj → ŷN and fWkj (X
kj ; ykj) → f(X̂N ; ŷN)− 2δ

1−mL
, b−A(W kj) →

0, Q(X̂N −W kj) → 0, whence

(3.49) Q(X̂N −W∗) = 0, b−A(W∗) = 0.

Therefore, we have

fWkj (X
kj ; ykj) = ⟨−C,W kj⟩+ ⟨b−A(W kj), ykj⟩+ ⟨Xkj ,Q(X̂N −W kj)⟩ − 1

2
⟨X̂N ,Q(X̂N)⟩

+
1

2
⟨Xkj − X̂N ,Q(Xkj − X̂N)⟩ → ⟨−C,W∗⟩ −

1

2
⟨X̂N ,Q(X̂N)⟩

= ⟨−C,W∗⟩ −
1

2
⟨W∗,Q(W∗)⟩ = −h(W∗) = f(X̂N ; ŷN)− 2δ

1−mL

,

then −h(W∗) +
2δ

1−mL
= f(X̂N ; ŷN) ≥ −d = −p ≥ −h(X) for any feasible solution X for

(P), the first inequality results from Proposition 2.1. Together with (3.49), the desired
result holds.

(iii) Since argminX,y f(X; y) ̸= ∅, (3.41) satisfies. By Proposition 3.6, following the
same approach we have done in the proof of (ii), we get the desired result. �
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In practice, the algorithm will cease at some iteration k due to the given stopping

criteria. Hence we could wish the current stability center (X̂k; ŷk) to be an δF1-optimal
solution. To this end, we now highlight its sufficient conditions, in which cases the current

stability center (X̂k; ŷk) is already δF1-optimal. The following result is analogous to that
in [25, LEMMA 2.3].

Proposition 3.8. i) If fl(X̂
k; ŷk) ≤ inf fŴk and δk ↓ δ > 0, then f(X̂k; ŷk) ≤ inf f + δ.

ii) Suppose that (A4) holds, then νk = 0 implies fl(X̂
k; ŷk) ≤ min fŴk = fŴk(X̂k; ŷk).

Proof. i) In view of fŴk(X; y) ≤ f(X; y) for all (X; y) ∈ Sn×Rm, it holds inf fŴk ≤ inf f.

On the other hand, f(X̂k; ŷk)− aϵ̂k ≤ fl(X̂
k; ŷk). Therefore fl(X̂

k; ŷk) ≤ inf fŴk yields

f(X̂k; ŷk) ≤ inf f + aϵ̂k ≤ inf f + δ.

ii) By (A4), ηk > 0. Thus νk = 0 results in (Xk+1; yk+1) = (X̂k; ŷk) and τ k ≤ 0.

Consequently, (gkX ; y
k
y) = (0; 0) and fl(X̂

k; ŷk) = f̄k
W(X̂k; ŷk) + (τ k − aϵ̂k) ≤ f̄k

W(X̂k; ŷk).

Due to (3.9), min fŴk = fŴk(Xk+1; yk+1) = fŴk(X̂k; ŷk) since (gkX ; y
k
y) = (0; 0).

On the other hand, (3.10) implies fŴk(Xk+1; yk+1) = f̄k
W(Xk+1; yk+1). Therefore, the

desired result holds. �

Remark 3.3. (A4) is always true in our numerical experiments in Section 4. �

We close this section with a global error bound for (EigForm), followed by an interpre-
tation that the optimality measure (3.19) makes sense in practice.

Henceforth, we assume that f∗ = infX;y f(X; y) > −∞.
At this point, we need to recall two existing results which play a key role in our

conclusions. We only quote the results in our context.

Theorem 3.4. [52, Theorem 2.2] Suppose that, for some (X0; y0) ∈ Sn × Rm, 0 <
ζ ≤ +∞, and 0 < µ < +∞, and 0 < γ ≤ ζ/(2µ), the set T = B((X0; y0), γ/2) ∩
{(X; y) ∈ Sn × Rm

∣∣f(X; y) − f∗ < γ} is nonempty and for all (gX ; gy) ∈ ∂f(X; y) and

each (X; y) ∈ T1, where T1 = B((X0; y0), γ/2)∩{(X; y) ∈ Sn×Rm
∣∣0 < f(X; y)−f∗ < γ},

it holds ∥(gX ; gy)∥ ≥ µ−1, then O∗ := argminX,y f(X; y) is nonempty and

d((X; y),O∗) ≤ µ(f(X; y)− f∗) for all (X; y) ∈ T.

Moreover, if (X0; y0) ∈ O∗, then the condition 0 < γ ≤ ζ/(2µ) can be replaced with
0 < γ ≤ +∞.

Proposition 3.9. [22, Lemma 3] Let p : Rn → R be a locally Lipschitz mapping. Suppose
that:

(i) there exist σ > 0 and W ∈ Sn such that

(3.50) σI −W ∈ Sn
−,

(ii) λ1(σI −W )
∑

µi≥0 µi + λn(σI −W )
∑

µi≤0 µi ≤ 0, for any µ ∈ ∂p(λ(X)).

Hence for each A ∈ ∂(p ◦ λ)(X), there is µ ∈ ∂p(λ(X)) such that ⟨A,W ⟩ ≥ σ
∑n

ı=1 µi.

It is known that (3.50) is a Slater type condition. When applied to JΦ(X; y)(D; d),
it amounts to that there is some (D; d) ∈ Sn × Rm such that JΦ(X; y)(D; d) is positive
definite for all (X; y) ∈ Sn×Rm. A global error bound for the special case when Φ(X; y) =
−C − A∗(y) under this type condition is given in [22, Corollary 2]. Using the similar
arguments, we can derive the following global error bound for (Eigform).
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Theorem 3.5. Suppose that (A1) and (A2) satisfy. For any finite N > 0, let {(Xk; yk)}Nk=1

be a finite sequence of points generated by Algorithm 3.1. Further, suppose that there exist
σ > 0 and (D; d) ∈ Sn × Rm such that

(3.51) σI − JΦ(Xk; yk)(D; d) ∈ Sn
− for any k = 1, · · · , N.

Thus O∗ is nonempty and

(3.52) d((Xk; yk),O∗) ≤
√
∥D∥2 + ∥d∥2

σ
(f(Xk; yk)− f∗) for any k = 1, · · · , N.

Proof. After going through the proof of Proposition 2.1, we see that

OD := argmin
{
g(X; y)

∣∣ Q(X) +A∗(y) + C ≽ 0
}
,

O∗ =
{
(X∗; y∗) + t(0; ȳ)

∣∣ (X∗; y∗) ∈ OD, t ∈ R
}
.

Plainly, (A1) and f∗ > −∞ imply that OD is nonempty, whence O∗ is also nonempty
with the aid of (A2). Then one can choose the desired point in Theorem 3.4 such that
(X0; y0) ∈ O∗, hence it may be γ = ∞ by Theorem 3.4 so that {(Xk; yk)}Nk=1 ⊆ T.

By setting p(x1, · · · , xn) = x1 − f∗, we have f(X, y) − f∗ = (p ◦ λ ◦ Φ)(X; y). It is
easy to see that ∂p(λ(Φ(X; y))) = {e1} for all (X; y) ∈ Sn × Rm. On the other hand,
for any (gXk ; gyk) ∈ ∂f(Xk; yk), k = 1, · · · , N, via Theorem 2.1, there is Gk ∈ ∂(p ◦
λ)(Φ(Xk; yk)) such that (gXk ; gyk) = JΦ(Xk; yk)∗(Gk). Using (3.51), by Proposition 3.9,
we have ⟨(gXk ; gyk), (D; d)⟩ = ⟨JΦ(Xk; yk)∗(Gk), (D; d)⟩ = ⟨Gk, JΦ(Xk; yk)(D; d)⟩ ≥ σ,
hence ∥(gXk ; gyk)∥ ≥ σ

∥(D;d)∥ and the proof is completed. �

We now return to the construction of the optimality measure νk. Suppose that the
conditions in Theorem 3.5 hold and at iteration k + 1 it satisfies νk+1 ≤ ε. Putting

together (3.17) and (3.18), via Theorem 3.5 and the fact that {(X̂k; ŷk)} is a subsequence
of {(Xk; yk)}, we obtain that one of the following inequalities is satisfied

d((X̂k; ŷk),O∗) ≤
ε

σ√
∥D∥2+∥d∥2

− ε
(3.53)

d((Xk+1; yk+1),O∗) ≤
ε

σ√
∥D∥2+∥d∥2

− ε
.(3.54)

The following example says that finding the proposed σ and (D; d) in the above theorem
is a possible task.

Example 3.1. We continue Example 2.1. We show that Problem (2.1) satisfies condition
(3.51) for the special case where Q has the property that there is some scalar ρ with
ρ < ∥Q∥ such that tr(Q(X)) = ρtr(X), for instance Q(X) = H ◦ X with all diagonal
entries being the same and Q(X) = UXUT with U being an orthogonal matrix. In
practice, Algorithm 3.1 will terminate at iteration N ≥ 1 with νN ≤ ε. Therefore, the
sequence of points {(Xk; yk)}Nk=1 generated by Algorithm 3.1 has one of the properties
(3.53) and (3.54).

Proof. Using the same MX,k and uk as them in Section 4, together with (3.6), we have

umin, uk−1 > ∥Q∥ > ρ and Xk = X̂k−1 +
1

uk−1

Q(W k − X̂k−1) for all k = 1, 2, · · · , N.

In the context of Problem (1.1), we get tr(W k) = n. Choose X̂0 = 0 so that tr(X̂0) < n
then

tr(Xk) =
ρ

uk−1

tr(W k) + (1− ρ

uk−1

)tr(X̂k−1) < n for all k = 1, 2, · · · , N
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since X̂k is one of X0, · · · , Xk. By setting c = max{tr(X̂0), · · · , tr(X̂N−1)} < n, we have

tr(Xk)− n =
ρ

uk−1

tr(W k) + (1− ρ

uk−1

)tr(X̂k−1)− n

≤ nρ

uk−1

+ (1− ρ

uk−1

)c− n ≤ (n− c)(
ρ

umin

− 1) < 0

for all k = 1, · · · , N.
On the other hand, it holds σI − JΦ(Xk; yk)(D; d) = (σ − eTd − ⟨Xk,Q(D)⟩)I +

n(A∗(d) + Q(D)). Therefore, we can choose (Q(D); d) = (tI; 0) with t < 0 such that
0 < σ ≤ t(n− c)( ρ

umin
− 1), then

σI − JΦ(Xk; yk)(D; d) =σI + t(n− tr(Xk))I ≼ 0 for all k = 1, · · · , N,

σ√
∥D∥2 + ∥d∥2

≤n− c√
n

(1− ρ

umin

)∥Q∥,

where the second inequality comes from ∥Q(D)∥ ≤ ∥Q∥∥D∥. The proof is completed. �

3.7. Updating eigenvalue tolerance δk. Only if the convergence behavior of Algo-
rithm 3.1 is taken into account, we see that one can choose {δk} as any arbitrary con-
vergent decreasing sequence. However, the shortcoming of the sequence, which decreases
too quickly, is pointed out in [34]. It says that such choice would result in wasted work
computing precise eigenvalues. To avoid this pitfall, we would like to present a choice
rule based on the following result.

Theorem 3.6. Suppose that δk ↓ δ > 0 as k → ∞ in the context of Proposition 3.5, then

limk→∞ukl
k
d ≤ 3−mL

1−mL

δ,(3.55)

limk→∞ηk ≤ 2δ.

Proof. The second inequality is exactly (3.47).

By the assumption, for k > N, it holds fl(X̂
k; ŷk)− fu(X

k+1; yk+1) < mLϑ
k, whence

fl(X̂
k; ŷk)− fWk+1(Xk+1; yk+1) <

1

1−mL

(fu(X
k+1; yk+1)− fWk+1(Xk+1; yk+1))

=
1

1−mL

ηk.

(3.56)

Furthermore, in the light of (3.15), we have ukl
k
d = aϵ̂k+fl(X̂

k; ŷk)−fWk+1(Xk+1; yk+1)−
τ k. Therefore, putting together (3.45), (3.56) and (3.47), we get ukl

k
d ≤ δk−1 + 1

1−mL
ηk,

whence (3.55) satisfies. �

The above result guides us to decrease δk when ukl
k
d or ηk is close to its theoretical

limit [34], say within 5%. We give the following rule, which is analogous to the one
proposed in [34].

At step 5, set δk+1 = min{10−3|λ̂k+1
ap |, δk}.

At step 6, set δk+1 =

{
1−mL

6−2mL

ukl
k
d

1.05
if ukl

k
d < 1.05(3−mL)

1−mL
δk,

δk otherwise.
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4. Numerical experiments

For the sake of validating our approach, we shall now report on computational experi-
ments of our proposed method. We write a MATLAB implementation of Algorithm 3.1,
and evaluate its performance on a battery of test problems that we consider below. All
the executions are carried out using MATLAB version 7.6 on a 2.10GHz Core 2 laptop
computer with 2GB of RAM.

In the numerical experiments, our test problems are similar to those in [49, 50]. They
are arising from the nearest correlation matrix problem.

E1: Q(X) = HXH withH ≻ 0 generated randomly as follows: [Q, R]=qr(randn(n));

beta=10∧(-4/(n-1)); H=Q∗diag(beta.∧[0:n-1])∗ Q′. The matrix C is gen-
erated as follows: T=[ones(n/2), zeros(n/2); zeros(n/2), eye(n/2) ];

-B=-T-1e4∗diag(2∗ rand(n,1)-ones(n,1)); C=H∗B∗H.
E2: Q(X) = H ◦X. The matrix H is generated randomly as follows: tmp=rand(n);
H=0.5∗(tmp+tmp′)/100. We generate the matrix C as follows: x=10.∧[-4:4/(n-1):0];
B=gallery(‘randcorr‘, n∗ x/sum(x)); tmp=rand(n); tmp=(tmp+tmp′)/2;

E=1/norm(tmp,‘fro‘)∗tmp; G=B+1e-4∗E; C=-H.∗G.
We use two algorithms to solve each test problem, namely,

S1: An iterative solver -Algorithm IP-QSDP [49] that uses PSQMR with con-
strained preconditioning.

S2: Algorithm 3.1.

In our implementation, we choose the following metric which possesses the desired prop-
erties, namely, (1.3), (1.4) and (A3): (MX,k,My,k) = (I − 1

uk
Q, I) where uk > ∥Q∥ for

k = 0, 1, · · · . Such choice results in Tk = ukI and ck = 1.
Note that for any X ∈ Sn, ⟨X,MX,k(X)⟩ − ⟨X,X⟩ = −⟨Q(X), X⟩/uk ≤ 0, whence

∥X∥MX,k
≤ ∥X∥ for any X ∈ Sn and k ≥ 0. By virtue of this property, we can get much

tighter bound of (var)k.

We reformulate the variation as (var)k = f(X̂k; ŷk)−min
{
f(X; y)

∣∣(X; y) ∈ BM(X̂k; ŷk, 1)
}
.

Using Corollary 3.1 and (3.8), we obtain

f(X̂k; ŷk)− (var)k = min
{
f(X; y)

∣∣(X; y) ∈ BM(X̂k; ŷk, 1)
}

≥min
{
f(X̂k; ŷk) + ⟨gkX , X − X̂k⟩+ ⟨gky , y − ŷk⟩ − τ k

∣∣(X; y) ∈ BM(X̂k; ŷk, 1)
}

≥f(X̂k; ŷk)− (uk(∥MX,k(d
k
X)∥+ ∥dky∥) + τ k),

whence 0 ≤ (var)k ≤ uk(∥MX,k(d
k
X)∥+ ∥dky∥) + τ k.

Hence we replace (3.31) with

ekv >

{
max{uk(∥MX,k(d

k
X)∥+ ∥dky∥) + τ k, 10(ϑk + aϵ̂k)} if lkd ≤ 1,

min{uk(∥MX,k(d
k
X)∥+ ∥dky∥) + τ k, ϑk + aϵ̂k} if lkd > 1.

Accordingly, we replace (3.32), (3.33) and (3.34) with

θk+1
v =

{
max{θkv , 2(ϑk + aϵ̂k)} if lkd ≤ 1,
max{θkv , ϑk + aϵ̂k} if lkd > 1,

θk+1
v =

{
min{θkv , uk(∥MX,k(d

k
X)∥+ ∥dky∥) + τ k} if lkd ≤ 1,

min{θkv , ϑk + aϵ̂k, uk(∥MX,k(d
k
X)∥+ ∥dky∥) + τ k} if lkd > 1,

ekv >

{
max{θk+1

v , 10(ϑk + aϵ̂k)} if lkd ≤ 1,
min{θk+1

v , ϑk + aϵ̂k} if lkd > 1,
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respectively. Note that the above replacements do not affect the convergence of the
proposed algorithm.

For time saving, the stopping criterion in Algorithm 3.1 is replaced by

(4.1) ν̃k = max{lkd ,min{ηk, τ k}} ≤ ε.

Thus (3.53) and (3.54) are reduced to

d((X̂k; ŷk),O∗) ≤
ε

σ√
∥D∥2+∥d∥2

− umax

√
ε
and d((Xk+1; yk+1),O∗) ≤

ε
σ√

∥D∥2+∥d∥2
− umax

√
ε
,

respectively, which indicate that (4.1) is reasonable.
The dominant process in Algorithm 3.1 is the eigenvalue estimation. Considering that

eigenvalue problems in question are not necessarily sparse, we adopt the existing program
eigifp [20] to solve them, whose underlying algorithm is an inverse free preconditioned
Krylov subspace projection method [11].

In Step 2 of Algorithm 3.1, we need to compute the subproblem (SQSDP). With the
help of the symmetrized Kronecker product [1], using the analogous technique as that
presented in [14], we can cast (SQSDP) as a quadratic semidefinite programming with
small size. We solve the quadratic semidefinite programming by a feasible primal–dual
interior– point method, whose essential structure is that of Mehrotra-type predictor-
corrector primal-dual path-following algorithm in [50]. The method used here differs in
that we should guarantee the feasibility at each iteration. In addition, the Nesterov-Todd
symmetrization scheme [48] is employed.

The initial iterate for Algorithm 3.1 is given byX0 = 0, y0 = 0. The value of parameters
present in the algorithm are listed as follows:

(the upper bound of the number of columns of all Pks) ≤ 30,

mL = 0.1,mR = 0.55, δ0 = 10−6, θ0υ = 1015,

umin =

{
∥Q∥+ 0.01 if ∥Q∥ > 1,
1.01∥Q∥ otherwise.

, u0 = max

{
umin,

√
∥A(W 0)− b∥2 + ∥Q(W 0)∥2

}
,

where W 0 = av̂0ap(v̂
0
ap)

T . The stopping criterion is based on (4.1) with

ε =

 10−4 test problems in E1,
10−3 test problems in E2 and n ≤ 1600,
3 · 10−3 test problems in E2 and n = 2000,

in the implementation.
The performance results are given in the following Table 1, where we compare the

proposed inexact spectral bundle method S2 to Toh’s method S1. The columns corre-
sponding to “iter” give the total number of iterations. The column corresponding to
“value(p)” stands for the minimum value of the objective function in Problem (1.1) com-
puted by S1, while the column corresponding to “value(d)” signifies the opposite number
of the minimum value of the objective function in Problem (2.1) solved by S2. Note
that both of the two quantities discard the constant ⟨B,L2(B)⟩/2. The columns corre-
sponding to “ϕ” and “ν” present the accuracy measure defined by (46) in [49] and (4.1),
respectively. The column “SS” gives the number of serious steps, whereas the columns
“NgX” and “Ngy” refer to the norms of Q(X −W ) and b − A(W ), respectively, which
give rise to the approximate subgradient resulting from the optimal solution of the last
quadratic semidefinite subproblem. We calculate elapsed time in seconds. Those entries
being “err” mean that the algorithm terminates with out-of-memory errors.

Table 1 provides some information that we sum up below.
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Table 1. Performance of Algorithm S1 and S2 on the problems sets E1 and E2

S1 S2

n iter time(s) value(p) ϕ iter SS time(s) value(d) NgX Ngy ν
E1 200 17 40.2 -21.647 3.16e-7 72 25 77 -21.919 0.00599 0.0285 6.84e-5

400 21 338.4 -48.745 1.88e-7 64 24 179.3 -49.681 0.0116 0.0975 9.70e-5
800 12 661.4 -97.598 9.48e-1 62 23 605.7 -109.13 0.0226 0.137 9.69e-5
1600 13 4638.8 -191.60 6.87e-1 82 31 4368.7 -214.21 0.0377 0.194 9.75e-5
2000 err err err err 102 36 10532.2 -340.26 0.0505 0.0849 7.81e-5
3000 err err err err 130 47 39733.5 -477.73 0.0684 0.072 5.26e-5

E2 200 14 17.9 -2.3209 6.51e-7 238 37 624.6 -3.3959 0.388 0.474 8.53e-4
400 14 109 -4.6572 7.40e-7 126 55 1119.6 -10.065 0.614 0.918 9.90e-4
800 15 580.7 -9.2369 1.90e-7 119 27 1974.5 -27.284 1.09 1.75 8.53e-4
1600 11 1539.5 -18.441 1.71e-4 88 28 5505.2 -62.884 1.87 1.28 9.93e-4
2000 err err err err 164 25 14122 -82.826 2.16 2.17 2.95e-3

(1) The number of serious steps required by our proposed Algorithm S2 changes slowly
but steadily with the problem dimension n. In all the test problems, the number
of such iterations is less than 60.

(2) As a whole, Algorithm S2 outperforms Algorithm S1 on the problem set E1. We
see that our method can find reasonably accurate solution in E1-400 in about
half the time required by Algorithm S1. In addition, Algorithm S1 stops since it
hits the maximum of interior-point iterations allowed or the gap is too large based
on its criterion in E1-800 and E1-1600, while we can achieve (10−4)F2-optimal
solutions by Algorithm S2 on the same problems. On the other hand, these results
are also comparative with those in [46]. Indeed in the terms of CPU time, our
proposed algorithm is faster than S1 and slower than the proposed method in [46].
We explain the case when n ≥ 2000 in the next item.

(3) Algorithm S1 is not able to solve the test problems in E1-2000, E1-3000 and
E2-2000 since interior-point methods are not applicable because of memory re-
quirements, while Algorithm S2 performs well on these problems. This demon-
strates that it is hopeful for bundle methods to solve large-scale problems with
the size of the matrix variables more than 2000. However, it also displays that
there is little hope for bundle methods to end up within reasonable time.

(4) Algorithm S1 outperforms Algorithm S2 on the problem set E2 with n ≤ 1600.
It should be clear from the examples of Table 1 that Algorithm S2 spends much
more time but obtains less accurate solutions than Algorithm S1. Furthermore,
the rather large norm of the subgradient of the last three problems shows that the
values cannot be expected to be “good” approximate of the objective function,
which also is illustrated by comparing the column corresponding to “value(d)”
with the one corresponding to “value(p)” with respect to E2. We will improve the
performance of our algorithm in the case when Q(X) = H ◦X in the future.

(5) From the column corresponding to “time(s)” with respect to S2, we see that the
computational time of E1 is much less than that of E2. This arises from the
fact that Q(X) = HXH with H ≻ 0 can be viewed as a special case of Q(X) =
H◦X. Indeed, using the same technique as its used in linear semidefinite programs
[13, Proposition 2.1.3], we can transform E1 into E2 by scaling the variables and
operators. Recalling that, in E1, H = QDiag(β)QT with β=beta.∧[0:n-1], we
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scale (X, y, Z,W,C,A,Q) to (X̃, y, Z̃, W̃ , C̃, Ã, Q̃) as follows:

X̃ = QTXQ, Z̃ = QTZQ, W̃ = QTWQ, C̃ = QTCQ,

Ã(̃·) = (⟨QTA1Q, ·̃⟩, · · · , ⟨QTAmQ, ·̃⟩)T , Q̃(̃·) = QTHQ(̃·)QTHQ,

then it holds ⟨C,X⟩ = ⟨C̃, X̃⟩,A(X) = Ã(X̃), ⟨X,Q(X)⟩ = ⟨X̃, Q̃(X̃)⟩. Hence,
such transformation will get the same convex quadratic semidefinite programming

in terms of (X̃, y, Z̃) and Q̃(X̃) = H̃ ◦ X̃, where H̃ = ββT .

5. Conclusion

We have proposed an inexact spectral bundle method for solving linearly constrained
convex quadratic semidefinite programming. Convergence analysis of the proposed al-
gorithm has been discussed. In the context of inexact computation, it suffices to esti-
mate f(X; y) and its subgradients sequentially with a specified sequence of tolerance δk.
The proposed algorithm finds two sequences {(Xk; yk)} and {W k} simultaneously, whose
limit points are ( 2δ

1−mL
)F1-optimal solutions for (EigForm) and (P) respectively, when

δk ↓ δ > 0. In addition, a global error bound is given under a Slater type condition, which
also demonstrates the practicality of the stopping rule in our proposed method.

The proposed method does require first-order information and it is easy to implement.
Numerical experiments on a set of the nearest correlation matrix problem with matrices
of order up to 3000 show our method is efficient. However, it should be clear from our
numerical results that, in terms of CPU time, the performance of our method on E2

is much slower than its performance on E1. This may be due to the high density of
the problem data. Therefore, one important future work is to overcome this drawback,
possibly by using a parallel implementation, see, e.g. [19]. On the other hand, it is
of interest to ask whether our proposed method can be extended to solve the convex
quadratic symmetric cone programming.
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Appendix A. Proofs of Proposition 3.5 and 3.6

Proof of Proposition 3.5:

Proof. The proof hinges on the following two observations:

∆k := f(Xk; yk)− fWk(Xk; yk) → 0,(A.1)

b−A(W k) → 0 and Q(Xk −W k) → 0(A.2)

as k → ∞, we will show them later.
First we prove that the sequence {Lk−1(Xk, yk,W k)}∞k=N is nondecreasing.
For any k ≥ N, it is easy to see that

Lk(X, y,W ) = fW (X; y) +
uk

2
(∥X − X̂∥2MX,k

+ ∥y − ŷ∥2My,k
).

By Proposition 3.2,

(A.3) W k+1 = arg max
W∈Ŵk

Lk(Xk+1, yk+1,W ) = arg max
W∈Ŵk

fW (Xk+1; yk+1).

If there is no descent step from iteration N , by step 5, uk+1 ≥ uk for any k ≥ N.
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Using (3.20), (1.4) and uk ≥ uk−1, we have

Lk(Xk+1, yk+1,W k)

=Lk(XN
min(W

k), yNmin(W
k),W k) +

1

2
∥Xk+1 −XN

min(W
k)∥2Tk +

uk

2
∥yk+1 − yNmin(W

k)∥2My,k

≥Lk(Xk, yk,W k) +
uk

2
(∥Xk+1 −Xk∥2MX,k

+ ∥yk+1 − yk∥2My,k
)

≥Lk−1(Xk, yk,W k) +
umin

2
(∥Xk+1 −Xk∥2MX,k

+ ∥yk+1 − yk∥2My,k
) ≥ Lk−1(Xk, yk,W k).

Thus for any k ≥ N,

(A.4) Lk−1(Xk, yk,W k) ≤ Lk(Xk+1, yk+1,W k) ≤ Lk(Xk+1, yk+1,W k+1) ≤ f(X̂; ŷ),

where the middle inequality follows from (A.3) and W k ∈ Ŵk by step 7, and the last
inequality follows from (3.21). Therefore, there exists some f∗ ∈ R such that

(A.5) Lk−1(Xk, yk,W k) ↑ f∗ ≤ f(X̂; ŷ) as k → ∞,

whence f∗ ≤ f∗ + lim
k→∞

umin

2
(∥Xk+1 −Xk∥2MX,k

+ ∥yk+1 − yk∥2My,k
) ≤ f∗. Therefore

∥Xk+1 −Xk∥MX,k
→ 0 and ∥yk+1 − yk∥My,k

→ 0 as k → ∞,

whence

(A.6) ∥Xk+1 −Xk∥ → 0 and ∥yk+1 − yk∥ → 0 as k → ∞.

On the one hand, set (gk−1
X ap; g

k−1
y ap) = (Q(Xk −W k

ap); b−A(W k
ap)), then, by step 3, Propo-

sition 2.4 and (2.4), we have (gk−1
X ap; g

k−1
y ap) ∈ ∂ϵkf(X

k; yk).
Define a linear function on Sn × Rm by

lk(X; y) = fl(X
k; yk) + ⟨gk−1

X ap, X −Xk⟩+ ⟨gk−1
y ap, y − yk⟩,

since W k
ap ∈ Ŵk and (3.2), we have

lk(X; y) =⟨−C −A∗(y)−Q(X),W k
ap⟩+ bTy +

1

2
⟨Xk,Q(Xk)⟩+ ⟨Q(Xk), X −Xk⟩

≤⟨−C −A∗(y)−Q(X),W k
ap⟩+ bTy +

1

2
⟨X,Q(X)⟩ ≤ fŴk(X; y).

Therefore, using the expressions of Lk(X, y,W ) and lk(X, y), it implies

0 ≤∆k ≤ fu(X
k; yk)− fWk(Xk; yk) = lk(Xk; yk) + aϵk − fWk(Xk; yk)

≤lk(Xk+1; yk+1)− fWk(Xk; yk)− ⟨gk−1
X ap, X

k+1 −Xk⟩ − ⟨gk−1
y ap, y

k+1 − yk⟩+ aϵk

≤fWk+1(Xk+1; yk+1)− fWk(Xk; yk)− ⟨gk−1
X ap, X

k+1 −Xk⟩ − ⟨gk−1
y ap, y

k+1 − yk⟩+ δk−1

≤Lk(Xk+1, yk+1,W k+1)− Lk−1(Xk, yk,W k)− uk

2
(∥Xk+1 − X̂∥2MX,k

+ ∥yk+1 − ŷ∥2My,k
)

+
uk−1

2
(∥Xk − X̂∥2MX,k−1

+ ∥yk − ŷ∥2My,k−1
) + ∥b−A(W k

ap)∥∥yk − yk+1∥

+ ∥Xk+1 −Xk∥∥Q(W k
ap −Xk)∥+ δk−1.

Since W k,W k
ap ∈ aW for any k ≥ N, {∥Xk∥}, {∥yk∥}, {∥W k∥} and {∥W k

ap∥}are bounded.
In what follows, we show that both (A.1) and (A.2) are valid.
Case 1. uk ↑ ∞ as k → ∞.
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By (3.35) and (3.36), we get

Xk − X̂ =
M−1

X,k−1(Q(W k −Xk))

uk−1

→ 0, yk − ŷ =
M−1

y,k−1(A(W k)− b)

uk−1

→ 0(A.7)

as k → ∞ since both {∥W k∥} and {∥Xk∥} are bounded. Moreover,

uk−1

2
(∥Xk − X̂∥2MX,k−1

+ ∥yk − ŷ∥2My,k−1
)− uk

2
(∥Xk+1 − X̂∥2MX,k

+ ∥yk+1 − ŷ∥2My,k
)

≤ 1

2uk−1

(∥Q(W k −Xk)∥2M−1
X,k−1

+ ∥A(W k)− b∥2
M−1

y,k−1
),

thus

∆k ≤Lk(Xk+1, yk+1,W k+1)− Lk−1(Xk, yk,W k) +
1

2uk−1

(∥Q(W k −Xk)∥2M−1
X,k−1

+ ∥A(W k)− b∥2
M−1

y,k−1
) + ∥b−A(W k

ap)∥∥yk − yk+1∥+ ∥Xk+1 −Xk∥∥Q(W k
ap −Xk)∥+ δk−1,

Therefore, together with (A.5), (A.6) and δk → 0, it yields lim
k→∞

ηk−1 = 0 and lim
k→∞

∆k = 0.

Next, we will show that ekv → 0 as k → ∞.
For any k > N , on the one hand,

ek−1
v =fu(X̂

k−1; ŷk−1)− fWk
ap
(X̂k−1; ŷk−1)

≥aλ1(−C −A∗(ŷ)−Q(X̂))− ⟨−C −A∗(ŷ)−Q(X̂),W k
ap⟩ ≥ 0.

We recall that aϵ̂k ≤ min{δk−1, 10δk}, hence ϵ̂k → 0 if δk → 0.
On the other hand, it is known that λ1(·) is locally Lipschitz continuous, then by step

4, combining with (A.7) and δk → 0, we have

ek−1
v ≤aλ1(−C −A∗(ŷ)−Q(X̂))− ⟨−C −A∗(ŷ)−Q(X̂),W k

ap⟩+ aϵ̂k−1

≤aλ1(−C −A∗(ŷ)−Q(X̂))− aλ1(−C −A∗(yk)−Q(Xk)) + aϵk + aϵ̂k−1

− ⟨yk − ŷk,A(W k
ap)⟩ − ⟨Q(Xk − X̂),W k

ap⟩

≤a((L∥AT ∥+ ∥A(W k
ap)∥)∥yk − ŷ∥+ (L∥Q∥+ ∥Q(A(W k

ap))∥)∥Xk − X̂∥+ ϵk + ϵ̂k−1)

→0 as k → ∞,

where L is the Lipschitz constant.
By step 6, the above expression yields to θkv → 0, therefore ϑk−1 + aϵ̂k−1 → 0,

and then by (3.29), it holds uk−1l
k−1
d + τ k−1 → 0 as k → ∞, whence b − A(W k) =

−uk−1My,k−1(d
k−1
y ) → 0 and Q(Xk −W k) = −uk−1MX,k−1(d

k−1
X ) → 0 as k → ∞, from

(A.7) and (3.8).
Case 2. uk ↑ ū ∈ (0,∞) as k → ∞.
First we prove that ∆k → 0 as k → ∞.
Since uk−1 ≤ uk ≤ ū for any k ≥ N, with the help of (1.4),

∆k ≤Lk(Xk+1, yk+1,W k+1)− Lk−1(Xk, yk,W k) + uk⟨Xk −Xk+1,MX,k(X
k − X̂)⟩

+ uk⟨yk − yk+1,My,k(y
k − ŷ)⟩ − uk

2
∥Xk −Xk+1∥2MX,k

− uk

2
∥yk − yk+1∥2My,k

+ ∥b−A(W k
ap)∥∥yk − yk+1∥+ ∥Xk+1 −Xk∥∥Q(W k

ap −Xk)∥+ δk−1

≤Lk(Xk+1, yk+1,W k+1)− Lk−1(Xk, yk,W k) + (ū∥My,k(y
k − ŷ)∥+ ∥b−A(W k

ap)∥)∥yk − yk+1∥

+ (ū∥MX,k(X
k − X̂)∥+ ∥Q(W k

ap −Xk)∥)∥Xk+1 −Xk∥+ δk−1.
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Therefore, together with (A.5), (A.6), limk→∞ δk = 0 and the boundness of {∥Xk∥},
{∥yk∥} and {∥W k

ap∥}, it follows ∆k → 0 as k → ∞.
In the following, we prove that, in both cases, it holds

(A.8) fWk(Xk; yk) → f(X̂; ŷ) as k → ∞.

If no descent steps occur, then fl(X̂
k−1; ŷk−1) − fu(X

k; yk) < mL(fl(X̂
k−1; ŷk−1) −

fWk(Xk; yk)), thus for k > N, it follows

fu(X
k; yk)− fWk(Xk; yk) >(1−mL)(fl(X̂

k−1; ŷk−1)− fWk(Xk; yk))

≥− aϵ̂k−1(1−mL) ≥ −δk−2(1−mL).

whence (A.8) holds.
On the other hand, W k ∈ aW , by (3.20), we obtain, if uk ↑ ū ∈ (0,∞) as k → ∞,

f(X̂; ŷ) = max
W∈aW

fW (X̂; ŷ) ≥ fWk(X̂; ŷ) +
uk−1

2
(∥X̂ − X̂∥2MX,k−1

+ ∥ŷ − ŷ∥2My,k−1
)

=Lk−1(X̂, ŷ,W k) = Lk−1(Xk, yk,W k) +
1

2
∥X̂ −Xk∥2Tk−1

+
uk−1

2
∥ŷ − yk∥2My,k−1

≥fWk(Xk; yk) + ū∥X̂ −Xk∥2MX,k−1
+ ū∥ŷ − yk∥2My,k−1

,

namely, ū∥X̂ − Xk∥2MX,k−1
+ ū∥ŷ − yk∥2My,k−1

≤ f(X̂; ŷ) − fWk(Xk; yk), whence Xk →
X̂ and yk → ŷ as k → ∞ by (A.8). Therefore,

b−A(W k) = uk−1My,k−1(ŷ − yk) → 0, Q(Xk −W k) = uk−1MX,k−1(X̂ −Xk) → 0

as k → ∞.
Hence, in both cases, together with (Q(Xk − W k); b − A(W k)) ∈ ∂fŴk−1(Xk; yk) by

(3.9), we imply that, for any (X; y) ∈ Sn × Rm,

f(X; y) ≥ fŴk−1(X; y) ≥ fWk(Xk; yk) + ⟨Q(Xk −W k), X −Xk⟩+ ⟨b−A(W k), y − yk⟩ → f(X̂; ŷ)

as k → ∞ by (A.8) and (A.2), whence (X̂; ŷ) ∈ argmin
X,y

f(X; y). Moreover, combining

with the boundness of ck, we obtain

ck−1uk−1

√
lk−1
d = ck−1(∥M−1/2

X,k−1(g
k−1
X )∥2 + ∥M−1/2

y,k−1g
k−1
y ∥2)1/2 → 0 as k → ∞.

Moreover, 0 ≤ min{ηk−1, τ k−1} ≤ ηk−1 → 0 as k → ∞, hence lim
k→∞

νk−1 = 0. �

Proof of Proposition 3.6:

Proof. By the assumption, for any h, f(Xh; yh) ≥ f(X̃; ỹ). Thus, the inexact computation
of f(X; y) yields

fl(X
h; yh) ≥ ⟨−C −A∗(ỹ)−Q(X̃),W h+1⟩+ bT ỹ +

1

2
⟨X̃,Q(X̃)⟩ − aϵh

=fWh+1(Xh+1; yh+1) + ⟨b−A(W h+1), ỹ − yh+1⟩+ ⟨Q(Xh+1 − X̃),W h+1 − X̃⟩

− 1

2
⟨Xh+1 − X̃,Q(Xh+1 − X̃)⟩ − aϵh

By virtue of (3.37) and (3.38), we get

Q(Xh+1 −W h+1) = uhMX,h(X
h −Xh+1), b−A(W h+1) = uhMy,h(y

h − yh+1).

In what follows, we prove that {(Xh; yh)}∞h=1 is bounded.
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We define the weighted distance between (Xh+1; yh+1) and (X̃; ỹ) as

dh+1
w = uh(∥X̃ −Xh+1∥2MX,h

+ ∥ỹ − yh+1∥2My,h
).

By step 5, for the descent steps, it follows uh−1 ≥ uh ≥ umin for any h, combining with
(1.3), we have

dh+1
w ≤uh(∥X̃ −Xh∥2MX,h

+ 2(⟨Q(Xh+1 −W h+1), X̃ −Xh+1⟩+ ⟨ỹ − yh+1, b−A(W h+1)⟩)

≤dhw + 2(⟨Q(Xh+1 −W h+1), X̃ −Xh+1⟩+ ⟨ỹ − yh+1, b−A(W h+1)⟩).

Moreover, it holds

⟨Q(Xh+1 −W h+1), X̃ −Xh+1⟩ − ⟨Q(Xh+1 − X̃),W h+1 − X̃⟩+
1

2
⟨Xh+1 − X̃,Q(Xh+1 − X̃)⟩ = −1

2
⟨Xh+1 − X̃,Q(Xh+1 − X̃)⟩ ≤ 0.

Therefore, we obtain dh+1
w ≤ dhw + 2(fl(X

h; yh)− fWh+1(Xh+1; yh+1) + aϵh).
By virtue of (3.40), both {fl(Xh; yh)}∞h=1 and {fu(Xh; yh)}∞h=1 are nonincreasing.
Hence, for any fixed H ≥ 1 and any h > H, we get

dh+1
w ≤ dHw + 2

∞∑
i=0

(fl(X
i; yi) + aϵi − fW i+1(X i+1; yi+1)),(A.9)

since fu(X
h; yh)− fWh+1(Xh+1; yh+1) ≥ fu(X

h+1; yh+1)− fWh+1(Xh+1; yh+1) ≥ 0.
Meanwhile,

∞∑
h=0

(fl(X
h; yh)− fl(X

h+1; yh+1)− aϵh+1) ≤
∞∑
h=0

(f(Xh; yh)− f(Xh+1; yh+1))

= lim
n→∞

(f(X0; y0)− f(Xn+1; yn+1)) ≤ f(X0; y0)− f(X̃; ỹ),

then
∞∑
h=0

(fl(X
h; yh)− fl(X

h+1; yh+1)− aϵh+1) =: M < ∞.

In addition, using (3.39), it holds

mL

∞∑
h=0

(fl(X
h; yh)− fWh+1(Xh+1; yh+1)) ≤

∞∑
h=0

(fl(X
h; yh)− fu(X

h+1; yh+1))

≤ f(X0; y0)− f(X̃; ỹ).

(A.10)

In the following, we shall prove that

(A.11) mL

∞∑
h=0

(fl(X
h; yh) + aϵh − fWh+1(Xh+1; yh+1)) =: M1 < ∞.

According to (A.10), it suffices to prove that a
∑∞

h=0 ϵ
h converges.

Note that

M =
∞∑
h=0

(fl(X
h; yh)− fu(X

h+1; yh+1)) = lim
n→∞

(fl(X
0; y0)− (fl(X

n+1; yn+1) + a

n∑
h=0

ϵh+1)),

thus limn→∞((fl(X
n+1; yn+1) + a

∑n
h=0 ϵ

h+1)) = fl(X
0; y0)−M.

By the assumption, 0 ≤ aϵh+1 ≤ δh and {δh} converges, we conclude that {aϵh} is
bounded, say 0 ≤ aϵh ≤ c < ∞ for all h.
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Hence, together with (3.40) and (3.41), we have fl(X
0; y0) ≥ fl(X

1; y1) ≥ · · · ≥
f(X̃; ỹ)− c, whence limh→∞ fl(X

h+1; yh+1) exists, so does a
∑∞

h=0 ϵ
h, which in turn yields

limh→∞ ϵh = 0.
Therefore (A.9) and (A.11) imply that, for any h > H, dh+1

w ≤ dHw + 2M1

mL
, whence

both {Xh} and {yh} are bounded, and then {(Xh; yh)} has an accumulation point, say
(X⋆; y⋆), i.e.,

∃ {Xhj} and {yhj}, s.t. Xhj → X⋆, yhj → y⋆ and f(Xhj ; yhj) → f(X⋆; y⋆) as j → ∞.

Since f(X0; y0) ≥ f(X1; y1) ≥ · · · ≥ f(Xh; yh) ≥ · · · ≥ f(X̃; ỹ), we get

f(Xh; yh) ↓ inf f(Xh; yh) as h → ∞.

Thus f(X⋆; y⋆) = inf f(Xh; yh), whence f(Xh; yh) ≥ f(X⋆; y⋆) for any h.
By the same argument as the above, we have, for any h > H,

uh(∥X⋆ −Xh+1∥2MX,h
+ ∥y⋆ − yh+1∥2My,h

)

≤uH−1(∥X⋆ −XH∥2MX,H−1
+ ∥y⋆ − yH∥2My,H−1

) + 2
∞∑

i=H

(fl(X
i; yi) + aϵi − f i

W i+1(X i+1; yi+1)).

Therefore, for any arbitrary ε > 0, one can choose large enough Ĥ, such that for any

h > Ĥ, uh(∥X⋆ − Xh+1∥2MX,h
+ ∥y⋆ − yh+1∥2My,h

) < ε, whence lim
h→∞

(Xh; yh) = (X⋆; y⋆).

Consequently, Q(Xh+1 − W h+1) = uhMX,h(X
h − Xh+1) → 0 and b − A(W k+1) =

uhMy,h(y
h − yh+1) → 0 as h → ∞, and then

(A.12) lim
h→∞

chuh

√
lhd = 0.

On the other hand, (A.11) results in

(A.13) fl(X
h; yh) + aϵh − fWh+1(Xh+1; yh+1) → 0 as h → ∞.

Note that 0 ≤ f(Xh; yh) − fWh+1(Xh+1; yh+1) ≤ fl(X
h; yh) + aϵh − fWh+1(Xh+1; yh+1),

hence f(Xh; yh) − fWh+1(Xh+1; yh+1) → 0 as h → ∞, and then fWh+1(Xh+1; yh+1) →
f(X⋆; y⋆) as h → ∞. Now the proof of the statement that (X⋆; y⋆) is a minimizer of
f(X; y) is similar to what we have done for proving the the end of Proposition 3.5.

We now show that limh→∞ νh = 0. Since

fu(X
h; yh)− fWh+1(Xh+1; yh+1) ≥ fu(X

h+1; yh+1)− fWh+1(Xh+1; yh+1) = ηh+1 ≥ 0,

putting together with (A.13), implies limh→∞ ηh = 0 hence limh→∞ νh = 0 by (A.12). �
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