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ABSTRACT
We address an optimization problem in which two agents, each with a set of weighted items, compete in
order to minimize the total weight of their solution sets. The latter are built according to a sequential
game consisting in a ﬁxed number of rounds. In every round each agent submits one item that may be
included in its solution set. We study two natural rules to decide which item between the two will be
included and, for both rules, we deal with the problem from diﬀerent perspectives.
From a centralized point of view, we investigate (i) the structure and the number of eﬃcient (i.e.
Pareto optimal) solutions, (ii) the complexity of ﬁnding such solutions, (iii) the best-worst ratio, i.e.
the ratio between the eﬃcient solution with largest and smallest total weight, and (iv) existence of Nash
equilibria.
Moreover, we address the problem from a strategic point of view, that is ﬁnding the best moves for
one agent against the opponent, in two distinct scenarios. We consider preventive or minimax strategies,
optimizing the objective of the agent in the worst case, and best-response strategies, where the items
submitted by the opponent are known in advance in each round.
Keywords: Multi-agent optimization, Combinatorial game theory, Pareto optimality, Computational
complexity, Minimax strategies, Online algorithms.
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1

Introduction

In this paper we study a multi-agent problem motivated by certain organizational processes in clerical
personnel management. We focus on the following situation: There are two agents, each of them owning
one of two disjoint sets of weighted items. The agents have to select items from their set for putting
them in a joint solution set. This process proceeds in a ﬁxed number of rounds. In every round each of
the two agents selects exactly one of its items and submits the item for possible inclusion in the solution
set. A central decision mechanism chooses one of the items as “winner” of this round depending on the
rule in force. The winning item is permanently included in the solution set. We consider two versions
of the problem, depending on whether the losing item is permanently discarded or can be reused in the
succeeding rounds. Each agent wants to minimize its total solution value which is given by the total
weight of its items included in the solution set. We assume complete information, i.e. both agents know
all items’ weights.
This problem is motivated by the following application scenario. Each of two departments of a
company has its own qualiﬁed personnel to perform its relevant tasks. From time to time, the company
head management temporarily requires workers for a set of similar tasks to be executed. For each of these
tasks, the two departments are obliged to propose a candidate worker from their own personnel. The
company management chooses, for each task, the most suitable candidate between the two, according to
diﬀerent criteria. From the department point of view, it is beneﬁcial to minimize personnel loss (i.e. the
number of workers or their total worth in terms of their abilities, skills or relevance). In a ﬁrst scenario
(Rule 1), the management prefers the more skilled worker while in other cases—for instance, when tasks
do not require qualiﬁed personnel, or when internal costs proportional to skills are incurred and the
management wants to keep its costs low—the coopted worker is the less skilled one (Rule 2).

1.1

Related Literature

In the last decade multi-agent systems have received an increasing amount of attention in the optimization
literature. In these systems two or more autonomous decision makers (agents) want to pursue their own
objectives while sharing common resources. Clearly, whenever conﬂicts occur, the agents may want to
negotiate over a suitable subset of the feasible agreements where a better solution for one agent necessarily
results in a worse solution for the other. Papers dealing with multi-agent systems mainly focus on the
determination of these kind of solutions, i.e. non-dominated or Pareto-optimal solutions (see [4, 6, 11] for
examples of competing versions of facility location, assignment, and scheduling problems).
Another class of problems related to multi-agent systems and to our problem are those addressed in
the research ﬁeld of algorithmic game theory. A combinatorial game typically involves two agents, usually
called players, alternatingly playing in well-deﬁned moves with perfect information (i.e. all players know
all information about rules and data). In this context, it is interesting to deﬁne agents strategies, i.e.
how to best play the game against the opponent [5].
The problem we address in this paper can be regarded as a single-suit card game in which each of two
players chooses a card from its hand. In [14] the authors study a zero-sum game in which the cards are
submitted simultaneously, the highest value card wins, each card can be used only once, and the players
want to maximize the total value of the won cards. In [9, 16] the so called whistette game is addressed.
There is a totally ordered suit of 2n cards, distributed between the two players. The player who has the
lead plays ﬁrst on each trick. The player with the highest card wins a trick and obtains the lead. Players
want to maximize the number of won tricks.
Another problem strictly related to ours is addressed in [10], where the authors investigate optimal
strategies on how to choose a player (item) for the next match (round) in a game consisting of a sequence
of matches. Two types of games are considered, given a winning probability for every pair of competing
players. In the ﬁrst type, after each match, the loser is eliminated from the list of remaining players while
the winner remains in the list. In the second type, both players are eliminated after each match.
In addition, our problem can be viewed as a special knapsack game where two agents try to ﬁt their
items in a bounded common solution set in order to maximize their proﬁts. In our case, we have a unit
size for the items and a special mechanism to decide which items ﬁt, i.e. are accepted in the common
knapsack. Although the problem that we address in this work is relatively new, 0–1 knapsack problems
(KP) in a multi-decision environment have been considered in the literature for two decades: from gametheoretic to auction applications there is a variety of papers dealing with this classical combinatorial
optimization problem. Hereafter, we limit to report a few of them.
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A related problem in which diﬀerent players try to ﬁt their own items in a common knapsack is the
so called knapsack sharing problem studied by several authors (see for instance [7, 8]). A single objective
function that tries to balance the proﬁts among the players is considered in a centralized perspective.
Knapsack problems are also addressed in the context of auctions. For instance, in [1], an application for
selling advertisements on Internet search engines is considered. In particular, there are n agents wishing
to place an item in the knapsack and each agent gives a private valuation for having an item in the
knapsack, while each item has a publicly known size. In [15] a new model called the two-group knapsack
game is introduced. Moreover, in [3], a two-agent knapsack problem where one agent (the leader) controls
the capacity of a knapsack, and the other (follower) solves the resulting knapsack problem, is tackled by
dynamic programming techniques.
Finally, a diﬀerent version of the same problem we present in this paper, where agents want to
maximize the total weight of their winning solution sets, is addressed in [12, 13].

1.2

Problem Statement

Let A and B indicate the two agents. Each agent owns a set of n items, where item i of agent A (B)
has a nonnegative weight ai (bi ). Throughout this paper we assume the items to be sorted in decreasing
order of weights, i.e. a1 ≥ a2 ≥ . . . ≥ an resp. b1 ≥ b2 ≥ . . . ≥ bn . Sometimes we will identify items by
their weight. All information about the input list of items is public.
We consider a game performed over c rounds: In each round both of the two agents simultaneously
submit one of their items, say ai and bj . We consider the two most natural rules for deciding which of
the two submitted items wins and is added to the solution set.
Rule 1 (R1): if ai ≥ bj then A wins;
Rule 2 (R2): if ai ≤ bj then A wins1 .
This problem can be represented by a graph model. Each agent’s item is associated to a node of a
weighted complete bipartite graph G = (V A ∪ V B , E A ∪˙ E B ). An arc (i, j) belongs to E A or to E B
depending on the winner of a comparison of ai and bj , which of course depends on the applied selection
rule. Every pair of items (ai , bj ) submitted simultaneously in one round can be represented by an arc
(i, j) between the two corresponding nodes. Hence, any solution may be represented as
∑ a set M of c arcs
on G. The total weight of items in the solution for agent A is given by W A (M ) = ij∈M ∩E A wij and
∑
that of B by W B (M ) = ij∈M ∩E B wij .
Moreover, under both rules, we deal with two diﬀerent scenarios.
Single-use items: each losing item is discarded and cannot be submitted a second time;
Reusable items: each losing item can be reused for submission in the succeeding rounds.
Note that, in the ﬁrst scenario (single-use items), the solution M corresponds to a c-matching on the
above deﬁned bipartite graph.
In conclusion, we tackle four diﬀerent versions of the minimum cost competitive subset selection
problem (CSM ), which we denote as CSM (α, β), with α ∈ {R1, R2} depending on the rule in force and
β ∈ {single, reuse} depending on the treatment of the losing items.

1.3

Our Contribution

The problem we deal with in this paper is viewed from diﬀerent perspectives. First, in Section 2, we
consider it from a centralized point of view as a bicriteria optimization problem and study
• the structure of eﬃcient i.e. Pareto optimal solutions;
• bounds on the best-worst ratio, i.e., the ratio between the eﬃcient solutions with largest and smallest
total weight;
• the computational complexity of ﬁnding one and/or all Pareto optimal solutions.
1 To

get rid of ties, in this paper we assume that all items are diﬀerent from each other.
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These results are summarized in Table 1, where column “PO recogn.” refers to the complexity of the
problem of ﬁnding Pareto optimal solutions, column “# PO sol.” reports the bounds on the number of
eﬃcient solutions, and column “Best-Worst Ratio” provides upper bounds on those ratios. However, note
that the proof techniques are quite similar to those presented in [12] and [13], where the maximization
version of CSM is studied.
Problem type
CSM (R1, single)
CSM (R1, reuse)
CSM (R2, single)
CSM (R2, reuse)

PO recogn.
NP-hard
poly
poly
poly

# PO sol.
Ω(2c )
O(c)
O(c)
O(c)

Best-Worst Ratio
2
unbounded
unbounded
unbounded

Table 1: Results for the centralized scenario.

We then address the problem of devising strategies, that is algorithms that suggests to an agent
which item to submit at each round, in order to minimize the agent’s weight under diﬀerent information
scenarios.
In Section 3, we consider two diﬀerent “knowledge scenarios” for an agent, say B. In the ﬁrst one, the
strategy of agent A (the opponent) is completely unknown and we look for an algorithm guaranteeing
the minimum weight in the worst possible case for B. In game theory literature, this is often referred to
as a minimax strategy. We show that such a strategy always exists and it is also quite easy to ﬁnd it,
with the exception of the single-use case under Rule 2, for which a polynomial time algorithm based on
dynamic programming is developed.
In the second scenario, agent B knows in advance the item submitted by the opponent A in each
round before making its own move. We will try to answer the question how B should select its items
under such an advantageous asymmetry of information. In this particular context, the strategy adopted
by agent B is referred to as best-response strategy (see Section 4). In case of Rule 2, we are always able
to devise an optimal strategy for B, while, we show that under Rule 1 this is, in general, not possible.
Therefore, we provide algorithms achieving an a-priori worst-case guarantee on the quality of the solution
found. The results concerning best-response strategies are summarized in Table 2.
Problem type
CSM (R1, single)
CSM (R1, reuse)
CSM (R2, single)
CSM (R2, reuse)

LB
2
+∞
opt
opt

UB
4-apx
opt
opt

Table 2: Results on best-response strategies.

2

Eﬃcient solutions

In this section we investigate the solution structure in an oﬄine perspective, i.e. we consider the problem
from a centralized and static point of view and look for Pareto eﬃcient solutions.
Using the same terminology as in multicriteria optimization, a solution M is called Pareto eﬃcient or
simply eﬃcient or nondominated if there exist no solution M ′ such that W A (M ) ≥ W A (M ′ ), W B (M ) ≥
W B (M ′ ) and W A (M ) + W B (M ) > W A (M ′ ) + W B (M ′ ).
In order to better characterize the set of eﬃcient solutions in terms of the agents objectives, hereafter
we are interested in estimating the ratio between the global optimum, i.e. the best eﬃcient solution,
and the value of any eﬃcient solution. This concept is somehow connected to the notion of the price of
anarchy, studied in algorithmic game theory, which is usually deﬁned as the worst possible ratio between
the value of the global (social) optimum and the value of a solution derived by a selﬁsh optimization.
Here, we adopt a slightly diﬀerent notion, called best-worst ratio deﬁned as
}
{ A
W (M ) + W B (M )
,
max
M ∈E
W∗
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where E is the set of eﬃcient solutions and W ∗ is the global optimum value.
In the following, we show that this ratio can be arbitrarily high for all CSM problems but
CSM (R1, single).

2.1

Problem CSM (R1, single)

Theorem 1 Problem CSM (R1, single) may have an exponential number of eﬃcient solutions even when
c = n.
Proof. Consider the following instance for some ε > 0 and i = 2, . . . , c.
Agent A
a1
0
ai 2i−2

Agent B
b1
ε
bi ai + ε

Table 3: Instance of Theorem 1
For any set S ⊆ {2, . . . , c − 1} consider the solution M where an item ai loses and, at the same time,
bi wins if and only if i ∈ S. It is always possible to construct such an M : clearly, a1 always loses; then,
if i ∈ S, ai is matched to bi , else (i ̸∈ S) ai is matched to some bj , with j < i, j ̸∈ S.
Neglecting the ε values, the sum of the weights of the winning items W A (M )+W B (M ) is constant and
equals 2c−1 − 1. Therefore, for any possible choice of S, it is possible to obtain an eﬃcient solution since
the resulting values of W A (M ) are all diﬀerent. Thus, there are exponentially many eﬃcient solutions.

We now show that, in the single-use items case under Rule 1, the problem of deciding whether a
certain given objective for each agent can be achieved is N P-complete by reduction from Partition.
This implies that ﬁnding eﬃcient solutions under Rule 1 is in general an N P-hard task. To this purpose,
we consider the following decision problem.
Recognition CSM (R1, single):
Instance: positive integers ai and bi , i = 1, . . . , n; two positive values W A and W B .
Question: Is there a solution M of CSM (R2, single) such that W A (M ) ≤ W A and
W B (M ) ≤ W B ?
Theorem 2 Recognition CSM (R1, single) is N P-complete.
∑n
Proof. Consider an instance I of Partition with integer valued items {v1 , v2 , . . . , vn } and i=1 vi = V .
Assume v1 < v2 < . . . < vn .
For T > vn and ε < 1/(n + 1), build an instance I ′ of Recognition CSM (R1, single) as follows:
(I ′ )

a0 = ε, b0 = T,
ai = vi , bi = vi − ε, i = 1, . . . , n,
W A = V2 W B = V2 + T.

Let I be a YES-instance of Partition. Then it is easy to build a solution∑M of I ′ such that
W (M ) ≤ V /2 and W B (M ) ≤ V /2 + T . Let S ⊆ {1, 2, . . . , n} be such that
i∈S vi = V /2 and
S̄ = {0, 1, . . . , n} \ S. The required solution M is given as follows: Each item i of A with i ∈ S is matched
to the corresponding item i of B, while each item j of B with j ∈ S̄ is matched to
A

arg max{ah | h ∈ S, ah < bj }.
∑
∑
Clearly, the two agents total weights are: W A (M ) = i∈S ai = V /2 and W B (M ) = i∈S̄ bi ≤ V /2 + T .
Now, let I ′ be a YES-instance of Recognition CSM (R1, single) and M be a solution of I ′ such
that S̄ ⊆ {0, 1, 2, . . . , n} is the set of “winning” items of agent B. Note that 0 ∈ S̄, since item 0 of B
always wins. So,
∑
∑
W B (M ) =
bi =
ai − ε ≤ V /2 + T
i∈S̄

i∈S̄
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and W A (M ) ≤ V /2. Note that, since each winning item i of A is matched to a losing item ∑
of B with
smaller weight, the total weight LB of the “losing” items of agent B is such that LB =
i∈S bi ≤
A
B
B
W
(M
)
≤
V
/2.
Since,
L
+
W
(M
)
=
V
+
T
−
(n
+
1)ε,
the
v
are
all
integers
and
ε
<
1/(n
+
1), then
i
∑
∑

i∈S vi =
i∈S̄\{0} vi = V /2.
We now give an upper bound for the ratio between the eﬃcient solutions with largest and smallest
total weight.
Theorem 3 The best-worst ratio of CSM (R1, single) is 2.
Proof. Let X = {an−c+1 , an−c+2 , . . . , an } ∪ {bn−c+1 , bn−c+2 , . . . , bn }. The global optimum value W ∗ is
the solution with minimum total weight. On the other hand, the value of the eﬃcient solution M̄ with
the worst global value can be bounded from above. In fact, in M̄ , the set X can be partitioned into
the two sets X V and X L of winning and losing items. Clearly |X V | = |X L | = c. Since, under Rule 1,
each winning item is matched to an item with smaller weight, then W (X V ) ≥ W (X L ). Therefore,
W A (M̄ ) + W B (M̄ ) = W (X V ) ≥ W (X)/2 ≥ W (X L ). This holds for any solution, therefore also the
global optimum satisﬁes this condition. Hence, W ∗ ≥ W (X)/2 and since W (X) ≥ W (X V ), we have
W ∗ ≥ W (X V ). The statement follows.


2.2

Problem CSM (R1, reuse)

Theorem 4 Problem CSM (R1, reuse) has at most c + 1 eﬃcient solutions. These can be computed in
polynomial time.
Proof. Suppose that a feasible solution exists such that agent A wins k rounds and therefore B wins the
remaining c − k rounds, for some k ∈ {0, 1, . . . c}. It is not hard to see that such solution exists if there
are at least k items of A greater than bn and c − k items of B greater than an . If this condition holds,
we can construct an eﬃcient solution as follows. W.l.o.g. we assume an > bn (otherwise we can exchange
the roles of A and B). Let
ai∗ = min {ai : ai > bn }.
i=1...n

In the ﬁrst k rounds, bn is matched to ai∗ , ai∗ +1 , . . . ai∗ +k−1 , while in the succeeding c − k rounds an
is matched to bn , bn−1 , . . . bn−c−k+1 .

Regarding the best-worst ratio, the following result holds.
Theorem 5 The best-worst ratio of CSM (R1, reuse) can be arbitrarily high.
Proof. Consider the following instance with c = n = 2.
agent A agent B
a1 2 b1 T
a2 ε b2
1
Clearly, the global optimum value W ∗ = 3, while, there is an eﬃcient solution M̄ of value T + 2. The
best-worst ratio can therefore be arbitrarily high for increasing values of T .


2.3

Problem CSM (R2, single)

Theorem 6 Problem CSM (R2, single) has at most c + 1 eﬃcient solutions. These can be computed in
polynomial time.
Proof. Consider a solution M in which agent A wins k rounds, if it exists. For M to be PO, then A wins
with the smallest k items, an , an−1 , . . . an−k+1 and B wins the remaining c − k rounds with the smallest
items bn , bn−1 , . . . bn−c+k+1 .
Then, if M exists for k ≥ 0, the structure of the resulting solution is such that item an−k+i is matched
to bi for i = 1, . . . , k (if k > 0), and if k < c, ai is matched to bn−c+k+i for i = 1, . . . , c − k. See Table 4
for an illustration when n = c = 7 and k = 3.
Computing the solution values for all c + 1 eﬃcient solutions can be done in linear time by one scan
through the list of items after sorting the items. Giving also the corresponding pairs of items explicitly
as output would require O(n2 ) time.

Regarding the best-worst ratio, the following result holds.
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Agent A
Agent B

a7
b1

a6
b2

a5
b3

a1
b7

a2
b6

a3
b5

a4
b4

Table 4: Structure of a PO solution for n = c = 7 and k = 3.

Theorem 7 The best-worst ratio of CSM (R2, single) can be arbitrarily high.
Proof. Consider the instance with n = c = 2 illustrated in Table 5.
Agent A
a1
T
a2
2

Agent B
b1 T + 1
b2
1

Table 5: Instance proving Theorem 7
Consider the two PO solutions obtained when A submits ⟨a1 ,a2 ⟩ and B answers by submitting either
⟨b1 ,b2 ⟩ or ⟨b2 ,b1 ⟩. The following values are obtained: W 1 = T + 1 and W 2 = 3, where W 2 = W ∗ .
1
T +1
Hence, the Best-Worst Ratio is at least W
that becomes unbounded for increasing values of
W2 = 3
T.


2.4

Problem CSM (R2, reuse)

Arguments similar to those of Theorems 4 and 6 can be used to prove the following result for problem
CSM (R2, reuse).
Theorem 8 Problem CSM (R2, reuse) has at most c + 1 eﬃcient solutions. These can be computed in
polynomial time.
Similarly, as in the previous sections, the following result holds.
Theorem 9 The best-worst ratio of CSM (R2, reuse) can be arbitrarily high.
Proof. Consider the following instance with n = c = 2.
agent A agent B
a1 T + ε b1 T
a2 1 + ε b2
1
Clearly, the global optimum value W ∗ = 2 + ε, while, there is an eﬃcient solution M̄ of value T + 1. The
best-worst ratio can therefore be arbitrarily high for increasing values of T .


3

Minimax Strategies of Agents

In this section, we want to develop a strategy for B, in all four scenarios, such that its total gain is as small
as possible under the worst possible strategy of A. More formally, let SA (SB ) be the set of strategies for
agent A (B). For every pair of strategies SA ∈ SA , SB ∈ SB , M (SA , SB ) denotes the resulting solution.
Then, a minimax strategy M M SB ∈ SB of agent B is deﬁned as follows:
(
)
max W B (M (SA , SB ))
M M SB := arg min
SB ∈SB

SA ∈SA

The deﬁnition of M M SA is analogous.
Since A is not interested in its own solution but only in worsening the solution of B as much as
possible, depending on the considered scenario, we can immediately establish some useful properties.
In the single-use case, the order in which B submits its items is irrelevant. This can be easily seen
observing that A can pick the worst possible answer for any c-tuple of items submitted by agent B, and
execute this answer according to the ordering of B. Such an answer could be computed e.g. by solving
8

a maximum weight matching problem. Therefore, when c = n, since B cannot decide anything in this
case, the question of ﬁnding a minimax strategy is irrelevant.
On these grounds, it is easy to observe that, under Rule 1, if n > c, the minimax strategy of B for
CSM (R1, single) consists of choosing its c smallest items, i.e. S(B) = {bn , . . . , bn−c+1 }. Under Rule 2,
the selection of S(B) is more involved and can be done by the algorithm described in Section 3.1.
For the reusable case, the problem becomes trivial under both rules: under Rule 1, i.e.
CSM (R1, reuse), if bn < an , B may always lose by submitting bn in each round. Otherwise, A is
always able to lose by submitting an and B must win with its c smallest items. Similarly, under Rule
2, i.e. CSM (R2, reuse), if b1 > a1 , B may always lose by submitting b1 in each round. Otherwise, A is
always able to lose and B must win with its c smallest items.
Hereafter, we describe a minimax strategy for CSM (R2, single), based on dynamic programming.

3.1

A Minimax Algorithm for CSM (R2, single)

Due to the above considerations, we assume n > c for the remainder of this section. It is also obvious
that A will always submit its c largest items to hurt B as much as possible.
Given a certain list of c submissions of B we can completely describe the outcome of the game also
without an explicit matching computation. A will consider its items in decreasing order and try to lose.
Therefore, A determines for each item the largest winning item of B which was not assigned in the
matching before. Consider, for illustration, a1 : All items bi > a1 will lose anyway against A. So A should
submit a rather small item to win against these sure losers and not waste its largest items for winning.
Instead, A will attempt to match its largest item a1 with a winning item of B. In order to keep the
chances for losing alive for its smaller items, A should pick the largest possible winner of B. This is
explained in detail in the following Algorithm 1.
Algorithm 1 Malicious strategy for agent A under Rule 2.
1: i ← 1
{counter for items of A}
2: j ← 1
{counter for items of B}
3: while j ≤ c do
4:
while bj > ai and j ≤ c do
5:
j ← j + 1 {ﬁnd the largest available winning item of B}
6:
end while
7:
if j ≤ c then
8:
match ai with bj {in this case ai ≥ bj and A loses}
9:
i←i+1
10:
j ←j+1
11:
end if
12: end while
13: match items ai , . . . , ac in an arbitrary way with unmatched items of B. {Any remaining items of A
win against B in any case.}
Based on the structure resulting from the malicious strategy of A described in Algorithm 1 we now
develop an optimal strategy for B.
For notational conveniences we deﬁne the set of items of B with a weight between two items of A as
Si := {bj | ai−1 > bj ≥ ai } for i = 2, . . . , c, S1 := {bj | bj ≥ a1 } and Sc+1 := {bj | ac > bj }. Note that
several sets Si may be empty.
B can decide on the submission of items from some set Si+1 as follows: Items submitted from previous
sets S1 , . . . , Si either win or lose. In the former case they contribute to the total weight won by B, but
their exact values are irrelevant at this later stage. In the latter case the weight of a losing item is again
irrelevant. All together only the total weight won so far and the number of submitted items have to
be taken into account to decide on the submissions from Si+1 . In addition, we also have to know what
happened to those items of A with a possibility to force B to win with items in Si+1 , i.e. the items
a1 , . . . , ai . In this case, their individual weight is again irrelevant, since they are all larger than items
in Si+1 . The only interesting fact is how many of them were assigned in Algorithm 1 to be matched in
one round against items already submitted by B from S1 , . . . , Si . Or the other way round, how many of
them are still unmatched and would lose against any submission from Si+1 by B.
9

Based on this informal description we will consider all relevant strategies of B in a dynamic programming procedure. We will go through the items of A in decreasing order of weights and update the entries
of the following dynamic programming table d for every set Si+1 of B.
d(i, j, k) contains the total weight won by B after considering all items with weight at least
ai , if B submits j items of weight at least ai+1 and wins with k of them.
Table d is deﬁned for i = 1, . . . , c + 1, j = 0, 1, . . . , c and k = 0, 1, . . . , c. Any state d(i, j, k) that is
not reachable will be assigned a weight ∞. From A’s perspective an entry d(i, j, k) indicates that k items
a1 , . . . , ak were matched to lose against items submitted by B while the remaining i−k items ak+1 , . . . , ai
remain available to lose against future submissions of B with weight less than ai .
Note that A will follow strictly the procedure outlined above and does not have any strategic decisions
left. This means that through its submissions, B also decides on k. In Algorithm 2 we compute the entries
Algorithm 2 Minimax strategy for agent B under Rule 2.
1: d(i, j, k) ← ∞ for i = 1, . . . , c + 1, j = 0, 1, . . . , c, k = 0, 1, . . . , c.
2: d(1, min{|S1 |, c}, 0) ← 0
3: for i = 1, . . . , c do
4:
n′ ← |Si+1 |
5:
Denote the items of set Si+1 as {b′1 , . . . , b′n′ } in decreasing order.
6:
for j = 0, 1, . . . , i do
7:
j ′ ← min{j, n′ }
8:
for k = 0, 1, . . . , j do
9:
d(i + 1, j, k) ← min{d(i, j, k),
min ′ {
min
{b′n′ −s+1 + . . . + b′n′ −s+r + d(i, j − s, k − r)}}}
s=1,...,j

10:
11:
12:

r=0,1,...,min{s,k}

end for
end for
end for

of d in increasing order of i and process one set Si+1 in each iteration. We initialize the table by ∞ except
for d(1, min{|S1 |, c}, 0) which corresponds to the set S1 (line 2). Clearly, B will submit all its items with
weight larger than a1 and lose them.
To update the table in line 9 we compute d(i + 1, j, k) and consider in each iteration how many items
s of Si agent B might submit and how many items r out of these s would win against A thus contributing
to the total weight won by B. Clearly, B will always choose the smallest s items b′n′ −s+1 + . . . + b′n′ of
Si but cannot avoid to win with the largest r of these. The remaining j − s submitted items with k − r
winners among them are taken from the previously considered items recorded in entries d(i, j − s, k − r).
Since entries are only evaluated for k ≤ i we can be sure to have enough items of A available for losing
against these k winners of B.
The optimal strategy follows by backtracking through the sequence of operations yielding the lowest
total weight for c submitted items of B, i.e. mink=0,...,c d(c + 1, c, k).
In conclusion the following theorem holds.
Theorem 10 Algorithm 2 is a minimax strategy for CSM (R2, single).

4

Best-Response Strategies of Agents

We now consider the scenario where B only knows the submission of A in the current round and has to
react immediately before both agents move on to the next round. Again we assume that n > c, since
otherwise B could compute an optimal matching for all submissions of A beforehand. Note that we do
not assume that A follows a rational strategy but may submit any available item.
In the following sections we show that for problems CSM (R1, single) and CSM (R1, reuse) there is
no optimal strategy for B. Indeed we can show for problem CSM (R1, single) that no strategy of B can
have a competitive ratio [2] compared to the best oﬀ-line strategy better than 2, for large c. For small c our
bound is slightly below 2 starting at the golden ratio for c = 2. However, for problem CSM (R1, reuse),
such a competitive ratio is unbounded. Moreover, we show that, under Rule 2, it is possible to devise
algorithms yielding an optimal oﬀ-line solution for Problem CSM (R2, single)and CSM (R2, reuse).
10

4.1

Best-Response for CSM (R1, single)

The following lower bound holds for any best-response algorithm for CSM (R1, single).
Theorem 11 For problem CSM (R1, single) with arbitrary c, no on-line strategy of agent B against an
arbitrary strategy of agent A can have a competitive ratio smaller than 2.
Proof. Consider the following instance of CSM (R1, single) with two parameters q and T . For convenience, items are listed in increasing order of weights, i.e. in decreasing order of indices. We list only the
smallest c items of both agents. All n − c remaining items of both agents have weight T . An arbitrary
small constant ε > 0 is only used to avoid draws.
item nr. n
n − 1 n − 2 n − 3 ... n − k + 1 n − k ... n − c + 1
agent A 1 − ε q − ε q 2 − ε q 3 − ε . . . q k−1 − ε q k − ε . . . q c−1 − ε
agent B 1
q
q2
q3
. . . q k−1
qk
. . . q c−1
A submits the smallest item an = 1 − ε in the ﬁrst round and thus forces B to win in any case. We can
distinguish three main cases for a reaction by B:
Case 1. B tries to win with the smallest possible item, i.e. item bn = 1 in the ﬁrst round. Then A
continues to submit an−1 in the second round which gives the same situation as before. In Case 1.
we consider the strategy where B sticks to the submission of the smallest possible winning item
bn−j+1 in the j-th round up to the ﬁnal round c, where B submits bn−c+1 = q c−1 thus winning all
rounds.
∑c−1
c
−1
All together in Case 1. B wins W1B = i=0 q i = qq−1
. An optimal strategy of B against this
sequence of submissions by A would submit bn−c+1 = q c−1 = OP T1B in the ﬁrst round and manage
to lose all remaining rounds.
Case 2. B starts by submitting bn and continues as in Case 1. but in some iteration k, k ∈ {2, . . . , c−1},
B deviates from the previous strategy by submitting some item larger than bn−k+1 , i.e. with weight
at least q k . Note that k ≤ c − 1 since B will not submit a larger item in round c where only items
with weight T remain. But then A immediately changes its strategy and continues to submit only
items with weight T allowing B to lose all remaining rounds. Now we have
W2B ≥

k−2
∑

qi + qk =

i=0

q k−1 − 1
+ qk .
q−1

For such a strategy of A an optimal answer of B would be to submit bn−k+1 = q k−1 in the ﬁrst
round and lose all other rounds which yields OP T2B = q k−1 .
Case 3. As a special case of Case 2. B might also submit an item larger than bn already in the ﬁrst
round, i.e. an item with weight at least q. Then A would continue by submitting only items with
weight T . Thus, B loses all remaining rounds attaining W3B ≥ q, while an optimal strategy would
be OP T3B = bn = 1.
Putting the three cases together we get the following lower bound on the competitive ratio:
{
}
}
{ c
WiB
q k+1 − q k + q k−1 − 1
q −1
max min
,
,
q
=
max
min
q i=1,2,3 OP T B
q
q c − q c−1
q k − q k−1
i
The ﬁrst expression is monotonically decreasing in q (tending to 1) while the third expression is
trivially increasing. The intersection point of these two cases approaches q = 2 from below for c tending
to inﬁnity. Hence, the best lower bound we can get from this construction is 2 attained for q = 2. A
straightforward calculation shows that for q = 2 the second expression of the minimum resulting from
Case 2 is always larger than the ﬁrst which completes the proof.

For small c the lower bound is slightly below 2 with a starting point given by the following corollary.
Corollary 12 For problem CSM (R1, single) with c = 2, no on-line strategy of√ agent B against an
arbitrary strategy of agent A can have a competitive ratio smaller than ϕ = 12 (1 + 5), the golden ratio.
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Algorithm 3 Strategy for agent B responding to the submissions of agent A for Problem
CSM (R1, single).
Geometric Greedy Response 1
1: partition items of B into intervals Ik = [bn · 2k−1 , bn · 2k ) for k = 1, 2, . . ..
2: RB ← {b1 , b2 , ..., bn } {available items for B}
3: bmin ← min{bi : bi ∈ RB }
4: repeat
5:
let a′ be the item submitted by agent A
6:
if bmin ≤ a′ then
7:
B submits bmax ← max{bi ∈ RB | bi ≤ a′ } and loses
8:
remove bmax from RB and update bmin
9:
else
10:
let bmin ∈ Ij for some j ∈ 1, 2, . . ..
11:
bjmax ← max{bi ∈ RB ∩ Ij }
12:
B submits bjmax and wins
13:
remove bjmax from RB and update bmin
14:
end if
15: until all c rounds are ﬁnished
Proof. Considering the proof of Theorem 11 for c = 2 we can see that Case 2. does not apply. Evaluating
the intersection of Cases 1. and 3. for c = 2 yields the result.

In the following we will assume w.l.o.g. that agent B always submits its c smallest items. Clearly, any
deviation from this assumption can only worsen the outcome of B.
Theorem 13 Algorithm Geometric Greedy Response 1 has a tight competitive ratio of 4 for Problem CSM (R1, single).
Proof. In the proof we will compare the items submitted by B according to Algorithm Geometric
Greedy Response 1 with the submissions of an optimal oﬀ-line response strategy Opt. Recall that
both strategies will submit the identical set of the c smallest items but possibly in a diﬀerent ordering.
To reduce ambiguity of the optimal strategy we will introduce the following statement (A1):
(A1) There is an optimal strategy Opt such that whenever it is possible for Opt to lose a round, it
will do so by using the largest possible losing item.
Note that this property can be shown by a simple exchange argument.
We will consider a strategy Opt fulﬁlling (A1). Furthermore, we will exclude all rounds from further
consideration where B and Opt submit the same item. For ease of notation we will assume bn = 1.
Denote by I(bi ) the interval containing some item bi .
In a generic round A submits a′ , Opt submits some item bi and B submits bj ̸= bi . We will denote
this outcome by an ordered pair (i, j). A label ℓ(i, j) taken from {⊕, ⊖, 0} will represent the outcome of
this round regarding the total weights OP T B resp. W B collected so far:
ℓ(i, j) = ⊕ represents an increase of W B by bj , while OP T B remains unchanged or receives an
unspeciﬁed, smaller increase. ℓ(i, j) = ⊖ denotes the case that OP T B gains bi > bj while W B is
increased by only bj in this round. If B receives an increase at most twice as large as the increase of Opt
(or none at all) we will set ℓ(i, j) = 0.
Note that the labels are not used to calculate the actual values of OP T B and W B but only to bound
the competitive ratio. Clearly, to show a bound ≥ 2 only labels ⊕ and ⊖ will be relevant.
We generate pairs and their labels in each round according to the following cases:
Case 1. bi < bj :
Case 1.1. a′ < bi , Opt and B win :
We generate a new pair (i, j). If bj ∈ I(bi ) we set ℓ(i, j) = 0, otherwise ℓ(i, j) = ⊕.
Case 1.2. a′ > bi , Opt loses :
If bj < a′ then B loses and we add a new pair (i, j) with ℓ(i, j) = 0.
If bj > a′ then B wins. We generate a new pair (i, j) with ℓ(i, j) = ⊕.
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Case 2. bi > bj :
Generate a new pair (i, j). If a′ < bi then Opt wins and we set ℓ(i, j) = ⊖. Otherwise, Opt and
B lose and we set ℓ(i, j) = 0.
The ordered pairs can always be concatenated into chains in a natural way, i.e. after (i, j), Opt might
use bj in some later round where B submits bk which results in two consecutive pairs (i, j),(j, k) being
part of a chain. Since both strategies use the same set of items, each chain will ﬁnally form a cycle. In
this way, the outcome of all rounds can be represented by a collection of cycles.
In the following we will show that for the rounds in each cycle we always have W B ≤ 4 · OP T B which
concludes the proof.
Every cycle can be partitioned into increasing and decreasing subchains. More formally, we say
that ordered pairs (i1 , i2 ), (i2 , i3 ), . . . , (ik , ik+1 ) form a decreasing (increasing) subchain if biℓ > biℓ+1
(biℓ < biℓ+1 ) for ℓ = 1, . . . , k. It follows from their deﬁnition that labels ⊕ (labels ⊖) only occur for pairs
in increasing (decreasing) subchains.
First, we will show several structural properties.
(i) If bi > bj and ℓ(i, j) = 0 then I(bi ) = I(bj ).
Assume otherwise that I(bi ) ̸= I(bj ):
Recall from Case 2 above that both Opt and B lost this round. Opt lost with item bi . By deﬁnition
of the algorithm, B would rather submit bi than bj as a losing item. Hence, the submission of bj means
that bi was not available anymore to B but was already used in some previous round and there exists
some pair (k, i) from that round. If B had won that previous round, then by deﬁnition of the algorithm
it would rather have won with bj (from a smaller interval) which was still available for B in that round.
Hence, B must have lost that round with bi . However, in that round bi was still available for Opt as a
possibility to lose. By (A1) also Opt lost that round with bk > bi and we have ℓ(k, i) = 0.
Hence, we have the same situation for (k, i) as we had in the beginning for (i, j), and we can repeat
the argument to show the existence of another pair (k ′ , k). Again, for winning B would have had the
better possibility to submit bj and hence B must have lost with bk . Therefore, also Opt must have lost
with bk′ > bk . This argument can be iterated yielding pairs of increasing weight until we ﬁnally run out
of items. This yields a contradiction.
(ii) Each increasing subchain can have at most one pair with label ⊕ in each interval.
Assume otherwise: Consider the round were the ﬁrst pair (i, j) with ℓ(i, j) = ⊕ was generated with
bi ∈ I(bj ), i.e. B won with bj and Opt lost with bi . By deﬁnition of the algorithm all items br ∈ I(bj )
with br > bj were submitted by B before, otherwise the largest item of these would have been chosen
by B for winning in this round. Also all items with weight ≤ bi must have been submitted before, since
otherwise B could have used them for losing. Hence, there are only items br ∈ I(bj ) left with bi < br < bj .
But these can not be part of an increasing subchain containing (i, j).
(iii) If two increasing subchains are concatenated by a decreasing subchain consisting only of pairs with
label 0, at most one of the two increasing subchains can have a label ⊕ in each interval.
Let (i, j) be the ﬁrst pair with ℓ(i, j) = ⊕ generated in a certain interval. As shown above only items
br ∈ I(bj ) with bi < br < bj remain available for submission by B. If a second pair (s, r) with ℓ(s, r) = ⊕
is generated in a later round as part of a second increasing subchain, then no decreasing subchain can
concatenate the two increasing subchains:
Assume otherwise: Then there must exist two pairs (u, v) and (x, y) in the decreasing subchain both
with label 0, i.e. all four items are lost, such that bv ≤ bs < bu < by < br < bx , possibly bv = bs . (The
simpler case where bu > br and (x, y) does not appear, follows by a similar argument.) Since B always
loses with the largest available item, (x, y) must have been generated before (u, v). (This argument can
be applied iteratively over all pairs possibly existing between (x, y) and (u, v) in the decreasing subchain.)
If (x, y) was generated before (s, r) then B could have used br instead of by for losing with a larger item.
If (s, r) was generated before (u, v) then B could have used bv for losing that round. Thus the order of
generation of these three pairs yields a contradiction.

13

Each increasing subchain contains at most one pair with label ⊕ in some interval Ik by (ii). It either
continues into the next interval Ik+1 or it ends in Ik . In the latter case it can either be followed by a
decreasing subchain reaching into some smaller interval, or it is followed by a series of decreasing and
increasing subchains in Ik . By (iii) these subchains can not include another pair with label ⊕ in Ik .
Recall from Case 2 and (i) that interval borders can only be crossed (crossing an interval border
means that a pair in a subchain consists of two items belonging to neighboring intervals) in a decreasing
subchain by pairs with label ⊖. We will sum up the contribution of these pairs for a decreasing subchain
starting in interval Is and ending in interval It with s > t. There is at least one pair with label ⊖ starting
in Is and contributing at least 2s−1 to the weight of Opt. In each intermediate interval I ′ between Is
and It a pair with label ⊖ may end and a new pair start. The contribution to W B of the pair ending
in I ′ is at most twice as large as the contribution to OP T B by the starting pair. Hence, these can be
omitted in bounding the competitive ratio by 4. Finally, W B may gain at most 2t in the last interval.
Because of the cycle property, for each upper interval bound 2k of Ik for k = t, . . . , s − 1 that is
crossed by the decreasing subchain, there must be a pair crossing the same interval bound in an increasing
subchain. In the worst case, there is a pair with a label ⊕ for each such interval crossing, contributing
a weight of at most 2k . The ﬁnal pair of the increasing subchain reaching into Is may yield a weight of
2s . Bounding the competitive ratio of the rounds belonging to one decreasing subchain and the induced
increasing subchains yields:
∑s
2t + i=t 2i
2t + 2s+1 − 2t
=
=4
(1)
2s−1
2s−1
Again because of the cycle property, there can be no increasing subchain crossing an interval bound
without a complementing decreasing subchain. Hence, the above construction includes all pairs with
label ⊕ for all increasing subchains crossing interval bounds.
If a decreasing subchain does not cross any interval bounds it may also be part of a cycle containing
only items from the same interval.
If at least one pair of the decreasing subchain is labeled ⊖ (which can be seen as the above case with
s = t) it is easy to see that in the worst case both Opt and B win an item with weight (roughly) 2s−1
for the pair labeled ⊖. The single pair of the cycle (recall (ii) and (iii)) labeled ⊕ contributes at most 2s
yielding a ratio of 2 for this special case.
If all pairs of the decreasing subchain are labeled 0, then B and Opt use the items contained in this
cycle in the same rounds. If it is possible to lose, both will lose with the largest possible item. If it is
unavoidable to win, then B will win with the largest possible item in the interval thus keeping the best
possible chances to lose further rounds. In this way, B maximizes the number of lost rounds. Hence,
Opt will win at least as often as B, while B may win with items at most twice as large as the winning
submissions of Opt.
To show that the bound of 4 is tight consider the following instance of CSM (R1, single) with c = k+2.
For convenience, items are listed again in increasing order of weights, i.e. in decreasing order of indices.
We list only the smallest c items of both agents. All n − c remaining items of both agents have weight
T . An arbitrary small constant ε > 0 is for technical reasons.
item nr. n
n − 1 n − 2 n − 3 ... n − k + 1 n − k n − k − 1
agent A 1
2
4
8
. . . 2k−1
2k
2k+2
k
k
agent B 2 − ε 4 − ε 8 − ε 16 − ε . . . 2 − ε
2 + ε 2k+1 − ε
In each interval Iℓ for ℓ = 1, . . . , k there is an item of A at the lower interval end and an item of B at the
upper interval end. Ik+1 is diﬀerent containing two items of B and one of A, while Ik+2 contains only an
item of A.
A submits its items in strictly increasing order of weights starting with bn = 1. Opt reacts by
submitting item bn−k with weight 2k + ε and wins. In all remaining rounds ℓ, Opt can lose by submitting
its smallest remaining item with 2ℓ − ε < 2ℓ . Also the ﬁnal round is lost with 2k+1 − ε and we have
OP T B = 2k + ε.
Algorithm Geometric Greedy Response 1 wins the ﬁrst round with the largest item in I1 , i.e.
bn = 2 − ε. It continues to win every round ℓ until round k + 1 where the largest item in Ik+1 has weight
2k+1 − ε. The ﬁnal round is lost with 2k + ε. This yields quite similar to (1)
WB =

k
∑

(2i − ε) + 2k+1 − ε = 2k+2 − 1 − (k + 1)ε.

i=1
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For ε tending to 0 the ratio W B /OP T B tends to 4 as k (and c) tend to inﬁnity.

4.2



Best-Response for CSM (R1, reuse)

We can show that any best-response algorithm for CSM (R1, reuse) may perform as bad as possible
compared to an optimal strategy.
Theorem 14 For problem CSM (R1, reuse) with c ≥ 3, no on-line strategy of agent B against an
arbitrary strategy of agent A can have a bounded competitive ratio.
Proof. Consider the following instance of CSM (R1, reuse) with a parameter T . For convenience, items
are listed in increasing order of weights, i.e. in decreasing order of indices. An arbitrary small constant
ε > 0 is only used to avoid draws2 .
item nr.
n
n − 1 n − 2, . . . , n − c + 1 n − c, . . . , 1
agent A 1 − ε T − ε
T −ε
T2 − ε
2
agent B
1
T
T
T2
A submits the smallest item an in the ﬁrst round and thus forces B to win in any case. Since B has only
items of three diﬀerent weights, there are three main cases to consider for B:
Case 1. At the ﬁrst round B responds by playing bn . Now A submits bn−1 in the second round. In
Case 1.1 B submits bn−1 and wins T . A continues to submit all remaining c − 2 items with weight
T − ε. B cannot avoid to win all these rounds each with an item of weight T 2 yielding a total gain
of W1B = (c − 2)T 2 + T + 1.
An optimal answer of B against this strategy of A submits bn−1 in the ﬁrst round and loses all
subsequent rounds with item bn . Thus we have OP T1B = T .
Case 1.2, where B submits an item of weight T 2 in the second round, works in a completely
analogous way and yields either the same total weight or even worse (c − 1)T 2 + 1.
Case 2. At the ﬁrst round B responds by playing bn−1 . In this case A continues to submit all c − 1
items with weight T 2 . B can lose all these rounds e.g. with item bn yielding W2B = T .
An optimal strategy would submit bn in the ﬁrst round and bn−1 in all subsequent rounds which
gives OP T2B = 1.
Case 3. At the ﬁrst round B responds by playing an item with weight T 2 . This case can be handled in
the same way as Case 2.
In all cases we get a competitive ratio of at least T for c ≥ 3 which concludes the proof.



For the special case c = 2 the same weaker lower bound holds as for CSM (R1, single)(see Corollary 12).
Theorem 15 For problem CSM (R1, reuse) with c = 2, no on-line strategy of√agent B against an
arbitrary strategy of agent A can have a competitive ratio smaller than ϕ = 12 (1 + 5), the golden ratio.
Proof. Consider the following instance of CSM (R1, reuse) with c = 2 and n = 3, where k > 1 is a
suitable parameter.
item nr.
1
2
3
agent A
2k
k−ε
1−ε
agent B
k
k
1
A submits the smallest item a3 = 1 − ε in the ﬁrst round and thus forces B to win in any case. Since B
has only items of two diﬀerent weights, there are only two cases to consider for B:
Case 1. At the ﬁrst round B responds by playing b3 = 1. Then A submits a2 = k − ε and B cannot
avoid to win with an item of weight k yielding a total gain of W1B = k + 1.
An optimal answer of B against this strategy of A submits an item of weight k in the ﬁrst round
and loses the other round with b3 . Thus we have OP T1B = k.
2 We assume in this paper that all weights are diﬀerent. To simplify the proof, we use b
n−2 = . . . = b1 and an−1 = . . . =
an−c+1 in this example, but diﬀerent ε values would work just as well.
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Case 2. At the ﬁrst round B responds by playing b2 = k. In this case A submits a1 = 2k in the second
round that B can lose.
An optimal strategy would submit b3 in the ﬁrst round and b2 in all subsequent rounds which gives
OP T2B = 1.
Altogether we get a lower bound for the worst-case competitive ratio of
{
}
k+1 k
LB = min
,
k
1

(2)

The maximum of this lower bound is attained if both expressions of the minimum are equal. An
elementary calculation yields the solution of this equation as the golden ratio
k=

√
1
· (1 + 5 ) .
2

(3)


Observe that, when c = 2, it is possible to design a trivial best-response algorithm attaining a
competitive ratio equal to the golden ratio, by using the arguments in the above proof.

4.3

Best-Response for CSM (R2, reuse)

In this section we provide an optimal best-response algorithm for problem CSM (R2, single). Before
describing the algorithm, simple exchange arguments prove the following lemma.
Lemma 16 For problem CSM (R2, single), there is an optimal best-response algorithm for agent B such
that
• when B is forced to win, it uses the smallest available item;
• whenever possible, B loses (i.e. there is no convenience to win a round).
So, for problem CSM (R2, single), the main issue for a best-response algorithm is to decide which item
should be used to lose at each round. In fact, submitting a large item may reduce the chances of losing
against large items of A in the future. On the other hand, small items can be useful when B is forced to
win in a succeeding round.
Therefore, the proposed Algorithm 4 takes into account the above issues, determining at each round
the best losing item. In particular, when B may lose, the procedure Best loser (Algorithm 5) returns
the losing item for agent B as the largest available item b̃ such that:
• B loses the round;
• the number of potential losing items of B larger than b̃ is maximized.
Let us brieﬂy describe Algorithm 4 through a simple example.
Example 17 Consider the instance depicted in Figure 1 in which, at a certain round (current round) the
items of A are {19, 15, 12, 10, 5, 4} and those of B are {16, 13, 9, 3, 2, 1}. Assume A submits item a′ = 5.
Then, B must choose, among the items greater than a′ , the one to submit to lose the round. According to
B!
B

16

13

A

19

15

b̃ = b! = 9

3

2

1

12

10

a! = 5

4

!

A

Figure 1: Best loser returns b̃ = b′
procedure Best loser, B decides to submit the item of value 9, since the two larger items of values 16
and 13 can be used to lose against A’s items of value 15 and 12 in succeeding rounds. (Note that in this
case the procedure Best loser terminates because, in the repeat-loop, the variable found becomes true.)
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Algorithm 4 Best-response algorithm for agent B under Rule 2.
Best-Response Rule 2
1: RA ← {a1 , . . . , an } {set of remaining items for A}
2: RB ← {b1 , . . . , bn } {set of remaining items for B}
3: repeat
4:
let a′ be the item submitted by agent A
5:
bmin ← min{bi | bi ∈ RB }
6:
bmax ← max{bi | bi ∈ RB }
7:
if bmax > a′ then
8:
b̃ ← Best loser(a′ , RA , RB )
9:
B submits b̃ and loses
10:
else
11:
B submits bmin and wins
12:
end if
13:
update RA and RB
14: until all c rounds are ﬁnished
Algorithm 5 Procedure Best loser returns the item that should be used to lose
Best loser(a′ , RA , RB )
1: B ′ ← {bi ∈ RB | bi > a′ }
2: A′ ← A> = {ai ∈ RA | ai > a′ }
3: found ← false
4: while (found = false) and (B ′ ̸= ∅) do
5:
bi ← max{bj ∈ B ′ }
6:
if ∃aj ∈ A′ : aj < bi then
7:
ak ← max{aj ∈ A′ | aj < bi } {Potentially matching ak with bi .}
8:
A′ ← A′ \ {ak }
9:
B ′ ← B ′ \ {bi }
10:
else
11:
found ← true
12:
end if
13: end while
14: return bi

If item a4 = 8 (instead of a4 = 10), the procedure Best loser would have “matched” all the items
of B ′ to smaller items of A′ (thus terminating with B ′ = ∅).
In both cases the procedure Best loser returns b̃ = b3 = 9.
A diﬀerent situation for agent B is depicted in Figure 2 in which, at the current round the items of
A have values {19, 15, 14, 7, 5} and those of B {16, 13, 9, 4, 3}. If A submits item a′ = 7, B responds
with item b2 = 13, since only one larger item (b1 = 16) can be used to lose against larger items of A in
succeeding rounds.
We may now prove the main result of this section.
Theorem 18 Algorithm Best-Response Rule 2 yields the optimal oﬀ-line solution of Problem
CSM (R2, single).
Proof. Hereafter, we prove that Algorithm 4 produces an oﬀ-line optimal solution for Agent B by
showing that, at each round, B responds in an optimal way to the submission of A.
As already observed, when B is forced to win, the choice of Algorithm 4 consisting in the smallest
available item is optimal. We therefore focus our analysis on the rounds in which B can lose.
Let a′ be the item submitted by A in the current round. With respect to the sets of available
items RA and RB in the current round, let b′ = min{bi ∈ RB | bi > a′ }, B > = {bi ∈ RB | bi > b′ },
B < = {bi ∈ RB | bi < b′ }, A> = {ai ∈ RA | ai > a′ }, and A< = {ai ∈ RA | ai < a′ }.
Depending on the output of Procedure Best loser in the current round, we may distinguish two
cases, namely, b̃ > b′ (Case 1) and b̃ = b′ (Case 2).
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Figure 2: Best loser returns b̃ > b′
Case 1. When b̃ > b′ , we consider two subcases depending on whether b̃ coincides with bmax or not.
If b̃ = bmax , then all the items in A> are larger than those in B > . Observe that, there is no
convenience in keeping item bmax for losing or winning in one of the succeeding rounds. In fact,
it can be used for losing only when agent A submits items in A< (and in this case any item not
smaller than b′ can be used for losing and it does not matter which of them we submit now). On
the other hand, if in the succeeding rounds, agent A submits items in A> , then B will be forced to
win (therefore bmax is the worst choice).
If b′ < b̃ < bmax , then the items of B > strictly greater than b̃ can be used in the succeeding rounds
to lose with the items of A> . Note that, as in the previous case, there is no convenience in keeping
item b̃ for losing or winning in one of the succeeding rounds. In fact, if agent A submits items in
A< , any item between b′ and b̃ is still available to lose (and, again, it does not matter which of
them we submit now). On the other hand, if agent A submits items in A> and agent B can lose,
then B might as well use one of the items of B > greater than b̃. If agent A submits items in A>
and agent B must win, it is convenient to keep a smaller item to win, for instance b′ .
Case 2. If b̃ = b′ , there exists a matching between all the items of B > and items of A> such that all
the items of B > lose, so every item of B > may be useful to lose against the items of A> in the
succeeding rounds.
Since agent B according to Algorithm 4 plays item b′ , we must show that this choice is optimal,
that is, there is no convenience in keeping b′ for using it in a successive round, say the i-th round.
Therefore, suppose that an optimal oﬀ-line algorithm for B (Opt, in the following) keeps b′ for
losing (Case 2.a) or winning (Case 2.b) in round i. We show that in Case 2.a, Opt cannot obtain
a better solution than Algorithm 4, while Case 2.b may never occur.
In Case 2.a, let us assume that during round i, A submits an item ā < b′ , and B is forced to win
(since b′ and all items of B > have been used to lose, they are not available anymore). Since Opt
kept b′ for losing in round i, then it must win at least one extra round (with respect to Algorithm 4)
before i. In conclusion, the number of winning rounds of B is not greater than in Opt and therefore
losing with b′ against a′ is optimal (since B always wins with the smallest available item).
In Case 2.b, at round i, agent B according to Algorithm 4 wins with b̄ against ā and ā > b̄ > b′
(otherwise, if b̄ < b′ the choice of B in the current round is obviously optimal). Moreover, since
b′ > a′ one has that ā ∈ A> . In addition, we have that b̄ is the smallest item available in round i
(Line 11 of Algorithm 4). Let α = |A> | − |B > |. Since b̃ = b′ , we have that α ≥ 0. Note that α
items of A> cannot be matched with larger items of B > (see Figure 3).
At round i all items of B < have been previously submitted and therefore matched to items of A:
Let γ indicate the number of items in B < that lost and β the number of remaining items in B <
that won between the current and the i-th rounds. Therefore:
|B < | = γ + β

(4)

Note that these γ items lost against items in A< , while the other β items won against items in
A> . (In fact, by contradiction, if an item of B < is forced to win against an item of A< in a round
preceding the i-th, then B cannot lose against it and hence B > = ∅. However, this contradicts the
fact that at round i, B has at least one item available in B > , namely b̄.)
During the rounds preceding i, the submitted items of B > were all used to lose (note that these
items could not be used to win). Let δ indicate the number of items in B > that lost against items
in A> and ξ those that lost against items in A< between the current and the i-th rounds.
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Figure 3: Illustration of Case 2.b with β > α

If α = 0, i.e. |A> | = |B > |, for each item in A> there is a corresponding item in B > that can be
used to lose. Therefore, b′ cannot be used to win in round i (i.e. α = 0, is not consistent with Case
2.b).
If α is strictly positive, i.e. |A> | > |B > |, we distinguish three possible cases depending on the value
of α with respect to that of β.
First, let β = α. Observe that |A> | = |B > | + α and |A> | + |A< | = |B > | + |B < | = n − 1 which
implies that |B < | = |A< | + α. Hence, recalling equation (4), we have γ = |A< |. Therefore, all losing
items of B < lose against all items of A< . Moreover, agent B wins against exactly α items of A> .
As a consequence, all remaining available items of B > may lose against all remaining items of A> ,
and therefore b′ cannot be used to win in round i (i.e. β = α is not consistent with Case 2.b).
Secondly, let β > α. Clearly, between the current and the i-th round, B wins against some items of
A> which the procedure Best loser, in the current round, matches to items of B > . This is due
to the fact that B must have used some of these “matched” items in rounds preceeding the i-th
necessarily for losing against items in A< and therefore ξ > 0. In fact, these ξ items in B > could
not have been used:
• to lose against items in A> , nor
• to win since, from the above considerations (equation (4) and the fact that the submitted
items of B > were all used to lose), the number of winning items of B between current and i-th
round is equal to β. Now, at round i, all items of B < have been previously submitted and in
particular, β items of B have already won and, as a consequence, all the other items (and the
ξ in particular) are losing.
This implies, together with the deﬁnition of ξ, that ξ = β − α and therefore |A< | = ξ + γ (see
Figure 3). Similarly as in the previous case, all remaining available items of B > may lose against
all remaining items of A. Therefore b′ cannot be used to win in round i (i.e. β > α is not consistent
with Case 2.b).
Thirdly, let β < α. This implies that γ > |A< |. However, this cannot occur since no item in B <
can lose against items larger than a′ . Again, this is not consistent with Case 2.b.
From the above case analysis we can conclude that Algorithm 4 behaves optimally in each round. 

4.4

Best-Response for CSM (R2, reuse)

Designing a best-response algorithm for problem CSM (R2, reuse) is trivial. Diﬀerently from the singleuse case where the main issue concerns which item to lose with, here losing items can be reused making
the decision much easier.
Hence, a trivial optimal algorithm can be summarized as follows:
In a generic round, A plays a′ . Let bmax (bmin ) be largest (smallest) available B item. If bmax > a′ ,
B loses with any losing available item (e.g., bmax ); otherwise B wins with bmin .
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Conclusions

In this paper we addressed a multi-agent optimization problem where two agents compete to add items
in a solution set. We consider four diﬀerent versions of the problem and, for all versions, we give results
concerning eﬃcient solutions and the deﬁnition of strategies for optimizing the objective of a single agent
against the other.
This work puts several directions forward for future research. Of course, whether the competitive
ratio of best-response strategies for problem CSM (R1, single) (Section 4.1) could be improved is still an
interesting question.
In addition, investigating new rules for deciding which of the two submitted items wins (e.g., the larger
item wins, unless it is more than twice as large as the smaller item), or studying strategies under diﬀerent
knowledge scenarios (e.g., each agents, in alternating rounds, knows in advance the item submitted by
the opponent before making its own move) are indeed challenging open issues.
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