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ABSTRACT. In this paper, we study deterministic dynamic lot-sizing problems with service level constraints
on the total number of periods in which backorders can occur over the finite planning horizon. We give
a natural mixed integer programming formulation for the single item problem (LS-SL-I) and study the
structure of its solution. We show that an optimal solution to this problem can be found in O(n?k) time,
where n is the planning horizon and k = O(n) is the maximum number of periods in which demand
can be backordered. Using the proposed shortest path algorithms, we develop alternative tight extended
formulations for LS-SL-I and one of its relaxations, which we refer to as uncapacitated lot sizing with
setups for stocks and backlogs. We show that this relaxation also appears as a substructure in a lot-sizing
problem which limits the total amount of a period’s demand met from a later period, across all periods. We
report computational results that compare the natural and extended formulations on multi-item service-level
constrained instances.
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1. INTRODUCTION

Suppliers are often expected to sign service level contracts with their customers to limit orders that are
not shipped on time. Late shipments can be extremely disruptive to downstream businesses and frequent
stock-outs can result in significant loss of customer goodwill. Suppliers often find it difficult to estimate such
intangible components of their backorder costs. Thus, constraints such as the Type-I service level, which
limit the proportion of time demand is backlogged, are increasingly used in practice [I0]. In this paper, we
study a deterministic uncapacitated lot-sizing problem with such a service level constraint, which we refer
to as lot sizing with Type-I service levels (LS-SL-I). The duration of the service contract (i.e., the planning
horizon) is n. The problem is to determine the lowest cost replenishment plan that meets the demand over
the horizon at a predetermined service level, 7, where 7 is defined as the proportion of time the demand is met
over the horizon (ready rate). In other words, letting x = [ (1 — 7)n ], the service level constraint stipulates
that backorders occur in no more than s out of the n periods. In addition, we consider a commonly used
alternative service measure referred to as the Type-II service, which ensures that the percentage of demand
met on time (fill rate) is above a predetermined threshold, . In contrast to Type-I service, Type-II service
levels limit the quantity, not the frequency, of stock-outs.

In a dynamic environment, especially with seasonality and fluctuating energy prices, demands and pro-
duction costs are time-varying. In such environments, even if the dynamic demands and costs are known with
certainty, it might be economical to backorder part of the demand in periods when the costs are deemed
too high. Similarly, in multi-item capacitated problems, the demand of a less profitable item (or a lower
priority customer) may be backordered so that the demand of another item or customer is fulfilled on time.
Traditionally, in deterministic inventory management models, such situations are dealt exclusively by the
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introduction of shortage penalties [I7, [18], which suffer from difficulties in their accurate estimation. While
service level constraints have been studied in stochastic inventory control theory (c.f. 10 [I]), most of these
models consider service levels within a replenishment cycle. In contrast, our models account for service levels
for entire planning horizon. To the best of our knowledge, there is no earlier work on incorporating service
level considerations to deterministic dynamic lot-sizing problems.

1.1. Related Literature. Wagner and Whitin [T5], in their seminal paper, identify the structure of solutions
and propose a dynamic programming algorithm for the uncapacitated lot-sizing problem without backlogging
(ULS). Their work sparked interest in the study of a variety of lot-sizing problems. We refer the reader to
[12] for an overview of mixed-integer programming approaches to lot-sizing problems.

Zangwill [17, 18] provides algorithms for the uncapacitated lot-sizing problem with backlogging (ULSB).
In particular, [I7] considers the case where the number of consecutive backlogs is limited. This problem can
be modeled and solved easily using the O(n?) dynamic program for ULSB. In contrast, in LS-SL-I, the total
number of backorders in the horizon (not necessarily consecutive) is limited. As a result, LS-SL-I ensures a
higher service level than the lot-sizing problem described in [17].

Eppen and Martin [4] derive strong extended formulations based on the shortest path formulation of
various lot-sizing problems. Krarup and Bilde [7] propose the so-called facility location reformulation for
ULS that solves the problem as a linear program. Pochet and Wolsey [II] propose linear programming
reformulations and strong valid inequalities for ULSB. However, these inequalities are insufficient to describe
the convex hull of solutions to the ULSB. More recently, Kii¢iikyavuz and Pochet [§] propose a class of valid
inequalities that subsume the inequalities of [I1] and give the convex hull of solutions to the ULSB. Finally,
van Vyve and Ortega [14] study an uncapacitated lot-sizing problem with no backlogs and fixed charges for
carrying stocks (ULSW). They propose alternative extended formulations and valid inequalities that give
the convex hull in the natural space. Traditionally, extended formulations have not been used directly in
the solution of mixed-integer programs due to their large size, however, Wolsey [I6] and Miller and Wolsey
[9] make the case for using extended formulations directly in solving some classes of multi-item lot-sizing
problems.

1.2. Outline. First, we consider models for Type-I service in Section[2] In Section[2:1} we give a polynomial-
time algorithm for LS-SL-I, based on a shortest path representation of the problem, which yields a tight and
compact extended formulation for LS-SL-I. In Section [2:2] we develop alternative extended formulations for
a relaxation of LS-SL-I, which we refer to as uncapacitated lot sizing with stock and backorder fixed costs
(ULSBW). In Sectionwe present the results of our computational experiments on multi-item, capacitated,
Type-I service-level constrained instances that demonstrate the effectiveness of the proposed reformulation.
In Section [3] we consider formulations for lot sizing with Type-II constraints. Finally, in Section [] we discuss
open problems and an application of this model in a stochastic demand setting.

2. TYPE-I SERVICE LEVELS

Consider a multi-item lot-sizing problem with Type-I service level constraints (MI-LS-SL-I), where m
represents the number of items. Let d;; > 0 denote the known demand for item ¢ = 1,...,m in period
t=1,...,n and d;jp; := Z?:k d;j for k < t (djxy = 0 otherwise). Let f; and a;; denote the order and
stock fixed charge of item ¢ in period ¢, respectively. Let ¢;; and h;; denote the unit cost of ordering and
holding item ¢ in period ¢, respectively. Throughout the paper, we make the realistic assumption that all
costs are non-negative. Let z;, w;s, u;y be 1 if production, stock or backlog for item 4 takes place in period
t, respectively and 0 otherwise; and y;¢, S;¢, 73 be the amount of item ¢ produced, stocked and backlogged
in period t, respectively. Throughout, we let [k, j] denote the interval {k,k +1,...,5} for k < j ([k,5] =0
if k> j). Without loss of generality, we assume that the starting and ending stocks and backlogs are zero.
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Then MI-LS-SL-I is given by:

minz Z (fitmit + apwit + ciyir + hitsit) (1)
i=1 t=1

Sit—1 + Yir — Tijp—1 = dit + i — Tt i€[1,m],te[l,n] (2)
Yit < diinZit, i€ [1,m],t €[1,n] (3)
it < di(t+1)nWt, i€ [l,m],te[l,n] (4)
rit < dineut, i€ [1,m],t €[1,n] (5)
Zuit < Ky i€[1,m] (6)
t=1

80 = 7430 = Sin = Tin =0 i€ [l,m] (7)
Tty Uip, Wig € {0, 1}, 1€ [1l,m],t €[1,n] (8)
Yit, Sits Tit > 0, i€[l,m],te[l,n] (9)
(z,y,w,s,u,r) € X, (10)

where X’ represents additional restrictions, such as capacity constraints, that capture the interaction between
the multiple items. The objective (1)) is to minimize the total cost of production and stocks. Equations
are flow balance constraints. Constraints f are setup constraints for production, stocks and backlogs,
respectively. Inequality @ is the service level constraint for each item, which limits the number of stockouts
over the horizon. Note that if there exist measurable components for shortage fixed costs b; or unit backorder
costs g¢, they can easily be incorporated into the objective. However, we ignore such costs in this paper.

Observe that without additional restrictions given by X', the problem decomposes into single item lot-
sizing problem with a service level constraint, denoted by LS-SL-I. In this paper, we propose alternative
formulations for the LS-SL-I substructure given by f@ for m = 1. Therefore, in the rest of the discussion,
we drop the item index ¢ from all costs and variables. In Section [] we also show that LS-SL-I has a natural
extension to a stochastic lot-sizing problem with Type-I service level constraint.

To motivate our model with service levels and compare it with a model that assumes shortage penalties,
we give a small single-item example.

Ezample 1. To keep the example simple, we let n =5 and 7 = 0.5 (i.e.,, K = 2). An example with a more
realistic service level 7 can be constructed for a higher value of n. The problem data is given in Table

Include Table 1 about here

The company estimates their shortage costs as g = (15,15,15,14,18). Note that at each time period the
shortage cost is greater than the holding cost. Let the optimal solution of a model using the shortage
penalties instead of service levels be denoted by ULSB (uncapacitated lot sizing with backlogging). Also let
the optimal solution without the artificial shortage cost, but with service level constraints be denoted by
LS-SL-I. Then the optimal solutions are given in Table

Include Table 2 about here

Note that with ULSB, there are more time periods with a stock-out. In fact, determining the right penalties
to achieve a service level, 7, is a difficult inverse mixed-integer program.

2.1. Solution Algorithm. Throughout, we let X denote the set of solutions to a formulation F. For
example, X9=5L=1 denotes the set of solutions to the single-item problem defined by 7@ form = 1. Let
Q = clconv(XL5=5L=1) ‘wwhere clconv(X) denotes the closure of the convex hull of set X. Next we describe
the structure of the extreme point solutions of Q and show that they are a concatenation of regeneration
intervals (c.f. [I8]) of the form {i,j, k} with i < j < k, where the incoming stock and outgoing backorder in

period 4 and the outgoing stock and incoming backorder in period k are zero. The production in period j
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satisfies its own demand and the demand backlogged in periods ¢ through j — 1, and the demand in periods
j + 1 through k from stocks. Let N = [1,n].

Proposition 1. The extreme points of Q are of the following form: For
I={1=ti1,j1,ki,i2,j2, k2, ..., 01,1, ki :=n} C N

U = [ir, 1 — Uiz, j2 — 1 U Ulig, 51 — 1]

W =1lj1, k1 — U [j2, ke — 1] U--- U, by — 1]
where kg := 0 < i1 <7 <k <ty < Jo <ky <-or <1y <n <k andip:kp,l—i—l,yjp zdipkap:l,...,l,
yj = O7vj S N\{jlaj27"'ajl}; m] = 1,VJ S {j17j2a"'7jl} UII; where Il g N\{j17j2a"'7jl} and x] =0
for all other j, sjr; = 0 for j € N; u; = 1,Vj € U U Iy, where Iy C N\U and u; = 0 for all other j;
w; = 1,Yj € WU I3, where Is C N\W,w; =0 for all other j; and |I; UU| < k.

Proof. Note that Proposition |I| is equivalent to stating that in an extreme point solution s;_1y; = sy_17¢ =
sgry = ygre = 0 for all ¢ € [1,n]. The proof follows similarly to that of [I§]. We will only show that y;r; =0
for all ¢ € [1,n]. For contradiction, suppose that x = (z,y,w,s,u,r) is an extreme point of Q for which
ysre > 0 for some ¢ € [1,n]. Let j > ¢ be the first period after ¢ with y; > 0 (j exists as 7, > 0). Consider
the feasible solution x! = (z,y%, w, s,u,r!) obtained by letting y; = y; + ¢, yjl- =y;—cand r} =7, —e for
i € [t,j —1]; and x* = (2,9, w, s,u,r?) obtained by letting y7 = y; — &,y = y; + ¢ and r7 = r; + ¢ for
i € [t,j—1], for an infinitesimally small € > 0, where all other components of x! and x? are the same as those
of x. Note that x! and x2 are both feasible, and x = %xl + %XQ, which contradicts the assumption that x is
an extreme point. The proof of the statement that in all extreme points of O, we have s;_1y; = s¢_17: = 0
for all ¢t € [1,n] is similar. O

Using the structure of optimal solutions, we develop a polynomial-time algorithm to solve LS-SL-I. To
ease the exposition, we assume that d; > 0 for all ¢ € [1,n] throughout. Our results hold without this
assumption, with minor modifications.

Proposition 2. LS-SL-I can be solved in O(n?k) time.

Proof. Note that, by assumption, g = 0, h; > 0 for all ¢ € [1,n]. Therefore, there exists a bounded optimal
solution. We give a shortest path formulation of the problem as depicted in Figure |1| for n = 3,k = 2. Let
(o) := max{0, a}. In this shortest path network, there are three types of nodes for each time period i and
for each value of remaining backorders allowed j: (4, ); (¢, 7); and (¢, 7), for i € [1,n],j € [(k — i+ 1)1, &].
The source node is (1, k), representing that « backorder periods are allowed starting from time period 1.
In addition, there is a dummy (sink) node n + 1, which is a conglomeration of nodes (n + 1,j) for all
j € [0,k]. There exists a backlogging arc from (i,7) to (k',7 — k + 1) for all k € [i,n], and ¢ € [1,n],j €
[max{k — 4, (x — i+ 1)*}, k], which represents producing in period k to satisfy demands in periods [z, k — 1].
The cost on this arc is p(i, j, k', j —k+1i) = cpd;,—1). There exists a production arc from (i, j) to (i, j) for all
i€[l,n],j € [(k—i+1)", k] with cost p(¢/, j,i",j) = fi +cid;. A path visiting this arc represents production
in period i. Finally, there exists an inventory arc from (i”, j) to (k,j) fori € [1,n —1],5 € [(k —i + 1)T, K]
and k € [i + 1,n + 1]. Such an arc represents producing in period ¢ to satisfy demands in periods [i, k — 1].
The cost on this arc is p(i”, j, k,j) = cid(ir1)—1) + Zf:_f a; + Zf:_f hed(¢41y(k—1y for k > i+ 1. Finally,
for i € [1,n],7 € [(k — i+ 1)*, k], the cost is p(i’,j,i + 1,5) = 0. For example, in Figure [I, the path
(1,2) = (2/,1) = (2”,1) — (4,1) =: 4 represents a regeneration interval {1,2, 3}, where production occurs
in period 2 to satisfy demands in periods [1, 3].

Include Figure 1 about here

There are O(nk) nodes in this network, where x is O(n). There are O(n) outgoing arcs per node. As
the resulting shortest path network is a directed acyclic graph, an optimal solution can be found in O(n’k)
time.
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Finally, note that with appropriate preprocessing, all arc costs can be calculated in O(n%k) time in
total. In the preprocessing stage, with one forward pass, we calculate di;, a1, hq; for all j € [1,n], where
Qg = i ;o for @ < j (a5 = 01if i > j). As a result, any a;; = oy — a1(;—1) can be retrieved in unit
time. Then, the terms h'(i, k) := Zf;l h¢d(¢41yr can be calculated for all k& > i in O(n?) time. To see this,
note that for a given 4, starting from k =i + 1, we have h/(i, k) = h;dy and h'(i,k + 1) = b/ (i, k) + hipdri1
for k> i+ 1. O

Note that the assumption that d; > 0 for all ¢ € [1,n] can be relaxed with appropriate modifications.
Suppose that there exists t* € [i, k], where k € [i,n], and ¢ € [1,n], such that d; = 0 for all ¢ € [i,¢*]. Then
the cost of the backlogging arc from (i, j) to (k',j —k+1), for j € [max{k —i, (k —i+1)"}, k], is updated as
p(i, 5, k', j —k+1) = crpdig—1) + Zf:_il(at)_. A similar update should be made for the costs of the inventory
arcs if there exists zero demand in some periods. Next, we give an O(n?k) extended formulation for the case
with positive demands.

Let ¢;;r = 1, for i € [1,n],j € [0,x] and k € [i,n] such that j — k4 ¢ > 0, if the shortest path visits the
arc from (4,7) to (k',j — k +14), and 0 otherwise. Let z;; = 1 if the shortest path visits the arc from (7', j)

o (¢",7) for all i € [1,n],j € [0, k|, and 0 otherwise. Finally, let p;jr, = 1 if the shortest path visits the arc
from (i", j) to (k,j) for i € [1,n],5 € [0,&],k € [i + 1,n + 1]. Consider the feasible set, X°F~5L  given by
the following extended formulation (SP-SL):

minz (fras + arwy + ey + hese)

t=1
K+1
Zd}lnj =1 (11)
j=1
i—1 min(j+4,n)
S pkii— Y. tip=0, i€[2n],j€[0,x] (12)
k=1 k=i
— Y Ykeksnitz;=0, i€ [ln]jeE 0] (13)
kel,i]:j—k+i<k
n+1
— Zij + Z Pijk = Oa i€ [17n]7j € [Ovﬂ] (14)
k=i+1
ZZPij(nH) =1 (15)
i=1 j=0
K n+1
Zdtztj + Z Z dig1 1Ptk + Z Z di s—1%ijt, te[l,n] (16)
J=0 k=t+2 i=1 j=t—1
K n+1

ZZ Z dit1,k—1Pijks tell,n—1] (17)

i=1 j=0 k=t+2

n t K
Ty = Z Z Z diﬂg’(ﬂijk, te [l,n — 1] (18)

k=t+1i=1 j=k—i

Ty > Zztj, te€[l,n] (19)
=0
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=D S> tigk te[ln—1] (21)

pijk =0, 1€ ([l,k,je0,k—d,kei+1,n+1] (22)
zi; =0, i€l[l,k]l,j €0,k —1i (23)
Y1k =0, ke2,n],je0,k—1]:k—75<1 (24)
Sp =7, =0

y,r,s 20,

0<z,w,u,pp,z<1.
Theorem 3. The extended formulation SP-SL provides a solution to LS-SL-I, when d; > 0 for allt € [1,n].

Proof. The proof follows from [4]. The extended formulation includes the flow balance equations 7
for the shortest path problem in Proposition [2] for nodes (1, k), (i, §), (¢', ), (i, j) and (n+1, j), respectively.
So they give integral (¢, p, z). Constraints f define the relationship between the original variables
and the new variables. For ease of exposition, we introduce variables for some arcs that do not exist, and
set their values to zero in equations 7. The inventory setup variable w;, when zero, blocks any flow
on arcs corresponding to the variables p; i, ¢ € [1,t],7 € [0,k], k € [t +2,n+ 1] and therefore for a; > 0,
holds at equality. In addition, because we assume that b; = 0, we may have u; = 1 even if the right-hand-side
of is zero, but this does not affect the objective function. If this is the case, we postprocess the solution
of SP-SL and let such u; = 0, so that constraint @ is not violated. As a result, (z,u,w) is also integral.

|

2.2. A Relaxation: Uncapacitated Lot Sizing with Setups for Stocks and Backorders. We now
study the problem obtained by relaxing the service level constraint @, which we refer to as uncapacitated
lot sizing with setups for stocks and backorders (ULSBW). Although SP-SL is a tight formulation for LS-SL,
in our computational study (see Section , the SP-SL formulation turned out to be too large for some of
the larger capacitated multi-item instances that we generated. One of our motivations to study ULSBW is to
develop an extended formulation that has a smaller representation than SP-SL, and use this strong extended
formulation as a relaxation to solve difficult capacitated multi-item lot sizing problem with service levels.
ULSBW is an interesting problem in its own right, as it generalizes the uncapacitated lot sizing problem with
backlogging studied in [II] and the uncapacitated lot sizing problem with stock fixed costs studied in [T4].
Moreover, ULSBW also appears as a substructure in the Type-II service level model discussed in Section

Let XULSBW denote the set of solutions obtained by relaxing @ from the constraints 7@. Also
let S = clconv(XVLSBW)  The extreme point structure of S is given in Proposition [I| with x = n. We
observe that ULSBW has a familiar single source fixed charge network flow structure. Figure [2] illustrates
the network for a 5-period instance. In the figure, node 0 represents the source node and nodes 1 through
5 represent the demand nodes. There are three categories of arcs: production, stock and backlog, with the
corresponding variables for period 1 indicated in Figure

Include Figure 2 about here

The shortest path network for ULSBW, depicted in Figure |3] is a simplification of the LS-SL-I shortest
path network (Figure in which Kk = n, so we do not keep track of the number of periods in which
backorders take place. In addition, this shortest path network is similar to that of [I1] for the uncapacitated
lot sizing problem with backlogging (ULSB) without setups for stocks or backorders. However, the arc costs
are different due to presence of setups on stocks and backorders.
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We define the following variables for the shortest path formulation: ) is 1 if production in period t
satisfies demand up to period [, [ < t and zero otherwise. py is 1 if production in period ¢ satisfies demand
up to period [ > t and zero otherwise and z is 1 if production in period t satisfies demand in t and zero
otherwise.

The shortest path extended formulation (SP) for ULSBW can be written as follows:

> =1 (25)
=1

t—1 n
Zpl,t—l - Zl/flt =0, t€[2,n] (26)
=1 1=t

t
- Zwtl + 24 = 0, t € [l,n] (27)
=1
— Zu + Z pa =0, te[ln] (28)
1=t
n t—1

Yt = Z diy1,0pu + Zdl,t—ﬂ/}tl + dy 2z, t € [1,n]

I=t+1 1=1

t n
s = Z Z dit1,p50, tell,n—1]

j=11=t+1
n t
Ty = Z Zdltd)ﬂ, tE[l,nfl]
j=t+1 =1
Tt > Zt, te[ln]
t n
we=Y D pin teln—1] (29)
j=11=t+1
t n
W= 3 reln-1 (30
G=11=t+1

Sp=7n =0
y’T’SZO’
OSZ7$7w?u)p7¢S 17

Include Figure 3 about here

Note that this formulation follows from the shortest path formulation of ULSB [I1I] with the additional
inequalities f. Also note that since we are interested in the feasible set XULSBW  we drop the
objective function from the formulations for ULSBW. Constraints 7 are flow balance equations for
the shortest path network for ULSBW. Let x = (x,y, w, s,u,r) and proj,(Y) denote the projection of the
set Y on to the space of the v-variables. Following similar arguments to Theorem [3] we have the following
result.

Proposition 4. proj, (X°F) = S.

Next, we let zg = >, prik < t and zjy = 25:1 Yr1, k >t as in [I1]. Note that this definition implies
that pre = 2t — 2,041 for k <t and Ype = 2 — 25,e—1 for £ > t. Substituting for py: and 1)y, in equation
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(26) in SP, we obtain

n

Z(zkt = 2ke-1) = 0, € [2,n]. (31)
k=1
We also note that ¢;; = 2;1,1 € [1,n] and equation in SP can be written as
ZZ“ =1 (32)
=1

Combining equations and (32)) we can eliminate 15; and py; from SP to obtain the following formulation,
which we denote by SPR:

szj =1, j€l,n] (33)
k=1
vi =Y dizik, ieln] (34)
k=1
t n
8¢ = Z Z d;zkj, tell,n—1) (35)
k=1j=t+1
n t
re= Yy diz, tell,n—1 (36)
k=t+1 j=1
Tt 2 Zit, t€[1,n] (37)
t
wy > Z Zjt+1, tel,n—1] (38)
j=1
W= telln—1 (39)
I=t+1
z211 S 2o < <z < 2y, te[l,n] (40)
Zit 2 Ztgl = 0 = Zin te[1,n] (41)
Sp =1 =0, (42)
0<zz,wu<l, (43)
y,r,s 20, (44)

Here, the variables zx; determine the fraction of demand in period ¢ satisfied from period k. It immediately
follows that, SPR, obtained through a change of variables, is also a tight extended formulation for ULSBW.

Proposition 5. proj, (X°7F) = S.

Now that we established that an optimal solution satisfies inequalities 7, the fact that SPR is a
tight extended formulation for ULSBW also follows from [2].
Consider the following constraints,

Ti 2 Zij, i€[l,n],j€ln] (45)
¢
thZija jE[l,n],tG[l,jfl} (46)
k=1
ue > Yz j€l,nl,tejn] (47)

k=t+1
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It is easy to verify that if the constraints f are dropped from the SPR formulation and the constraints
([@5)—(47) are introduced, we obtain a relaxation of SPR. We call this relaxation the facility location (FL)
formulation, because when w = 1 and u = 0, constraint is redundant and backlogging does not
occur. Therefore, we obtain the facility location formulation of Krarup and Bilde [7] proposed for the basic
uncapacitated lot-sizing problem (ULS) without backlogging and without fixed charges on stocks. Krarup
and Bilde [7] give sufficient conditions for their facility location formulation to be tight for ULS, however,
their proof does not extend in the presence of (w,u) € {0, 1}2" and constraints 7.

Let XL = {(x,2) : — , — ([#7)}. Also consider the relaxations XFL® = {(x,2) : (B3)-
— (36), (0), @2) — @7} and XFL™ = {(x,2) : — (36), (@1) — @7)}. Clearly, X5 C XFL® C XFL,
and XSPJ:' - XFL= C XFL Our next result establishes a relationship between the relaxations XFL, XFL=
and XTI~

Proposition 6. proj, (Xf'L) = projx(XFLZ) = projx(XFLS).
Proof. The proof is provided in Appendix [A] O

With a change of variables, the FL formulation is equivalent to the so-called multi-commodity reformu-
lation. Whether the facility location formulation is tight for ULSBW is an open problem. If FL and thus
the corresponding multi-commodity formulations are tight for ULSBW, then from the result of Rardin and
Wolsey [13] it follows that multi-dicut inequalities obtained from the projection of the multi-commodity
formulation are enough to solve the problem as a linear program, when all costs are nonnegative.

We end this section by noting that adding the cardinality constraint @ to SP or SPR may give fractional
optimal solutions.

2.3. Computations. In this section, we test the effectiveness of using the SPR extended formulation of
ULSBW in solving multi-item lot-sizing instances with service levels (MI-LS-SL-I) given by f. In
particular, we let X be defined by the constraints

doaa<i tel,n] (48)
=1

where setup for only one item is allowed in a period.

In our experimental setup, we consider alternative time horizons n € {60,120} and number of items
m € {3,5}. The demands are generated from a discrete uniform distribution on the interval [10, 300]. We
consider three service level parameters, 7 € {10,25,40} percent of the planning horizon, so 7 = (1 — 7)100.
Recall that « = [(1 — 7)n]. Unit inventory and production costs are generated using a discrete uniform
distribution on the intervals [1, 5] and [1, 10], respectively. We let § denote the ratio of fixed and variable
production costs and consider four different values, i.e., 8 € {500, 1000, 2500, 5000} and f; = B¢, for t € [1,n).
Also, we let a; = 0 for ¢ € [1,n]. Note that in models with service level restrictions, backlogging costs are
often assumed to be immeasurable and are set to zero [10]. In contrast, backlogging models without service
levels assume g; > h, so that g; is a “large enough” penalty including the intangible loss-of-goodwill cost to
ensure an acceptable level of service.

For each combination of n, m, 8, we generate five instances and report averages. The problem instances
are available at http://ise.osu.edu/ISEFaculty/kucukyavuz/data/dls-sl_instances.zip. One of our
instances, called lotsize, also appears in the challenge category of MIPLIB 2010 [6]. We conduct all the
experiments on a 2.66 GHz Intel Q9450 Core 2 Quad CPU with 4GB RAM. We use IBM ILOG CPLEX 12.2
as the MIP solver and impose a one hour time limit. We turn off CPLEX’s parallel mode and use a single
thread for the MIP solves. The remaining CPLEX parameters are set to their default values. We note that
the default MIP GAP tolerance used by CPLEX is 10™4, so the instances that reach an integral solution
with an end gap of 0.01% are considered optimal.

In Tables [3| and [4] (for n = 60 and 120, respectively), we compare the strength of the natural formulation
MI-LS-SL-I, and that of the SPR extended formulation for each item. In columns S Gap, we report the


http://ise.osu.edu/ISEFaculty/kucukyavuz/data/dls-sl_instances.zip
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average integrality gap, which is 100 X (zub — zinit)/zub, where zinit is the objective value of the initial
LP relaxation and zub is the objective value of the best integer solution. In columns E Gap, we report the
end gap at termination, which is 100 x (zub — zbest)/zub, where zbest is the best lower bound available.
Columns T (sec) and Nodes compare the solution time (in seconds), and the average number of branch-
and-cut tree nodes explored, respectively.

Tables clearly illustrate that the natural formulation of the test problems is very weak with over 70%
initial gap for most instances. As a result, a majority of the instances cannot be solved within an hour
and thousands of branch-and-cut nodes are explored. The end gaps at termination are quite high (1-18%).
In contrast, using the extended formulations for each item, the initial integrality gap is less than 1% for
all instances. As a result, all instances are solved to optimality within a few seconds and fewer than 250
branch-and-cut nodes. Comparing Tables [3]and [ we observe that the extended formulation scales well when
the problem size is increased (both with respect to the planning horizon n and the number of items m). The
problem difficulty increases for the natural formulation with higher cost ratios, 8, and higher service levels,
7 (lower 7).

We also tested the SP and FL formulations on our test instances. In all instances tested, the initial LP
gaps were identical to those with the SPR formulation, and the solutions times and the branch-and-cut
nodes explored are comparable. Because SP and SPR are equivalent formulations their similar performance
is expected. That SPR and FL gave the same initial LP bounds provides empirical evidence to our conjecture
that their projections onto the original space of variables are equivalent. We also tested the larger dynamic
programming-based formulation (SP-SL) given in Section This formulation gives tighter initial LP
bounds, however it takes significantly longer to solve the instances with n = 60. For instances with n = 120,
CPLEX encountered memory problems due to the size of the formulation. Therefore, we do not report our
tests with the SP, FL and SP-SL formulations.

Include Table 3 about here

Include Table 4 about here

3. TypE-II SERVICE LEVELS

Next, we consider an alternative service measure, Type-II service or fill rate, that ensures that the percent-
age of the demand quantity met on time is above a given threshold . Throughout this section, we present
the models for a single product. Let ¢; denote the amount of period t’s demand met from later periods. In
our setting, we model Type-II service as >, ; q; < (1—7)d1,. (Note that the constraint > ;- ;7 < (1—7)d1p
limiting the total backorder quantity is not correct, because a demand backlogged for more than one period
is multiply counted.) In order to correctly account for the portion of demand that is not met on time, we
use the variables zj; in the FL formulation in Section [2.2] which denote the fraction of demand in period ¢
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satisfied from period k. Then, the single-item lot sizing with Type-II service (LS-SL-IT) model is

n
minz (fexe + arwe + ceyy + hese)

t=1
S o =1, jeln (19)
k=1
n
yi = dezik; i€ [1,n] (50)
k=1
t n
5t = Z d;zkj, tell,n—1) (51)
k=1 j=t+1
n t
re= Y D dizg, teln—1] (52)
k=t+1 j=1
Yr < dinay, t€[1,n] (53)
st < dpy1nwi tell,n—1] (54)
re < dy pue, tell,n—1) (55)
Sp=1p =0, (56)
D D dizge < (1L=d (57)
t=1 j=t+1
we+up <1 tell,n—1] (58)
0<z,z,w,u<l, (59)
y,r,5 2 0. (60)

The service constraint is given by . It might appear that the variables u and the constraints and
(58) are not necessary in this formulation. We illustrate that both are necessary on Example

Ezample |1 (cont). Rows in LS-SL-II-R in Table [5| gives the optimal solution (y,s,r) to LS-SL-IT without
the constraints and . In this solution, yo, s9,72 > 0, which is not practically justifiable. Therefore,
constraints and are needed to ensure that both stock and backlog does not occur in a given time
period. The solution to LS-SL-II is also given in Table [5| From this solution, we observe that the extreme
point optimal solution does not satisfy the properties of the regeneration intervals in Proposition [T} because
sorg > 0.

Include Table 5 about here

Note that when constraints and are relaxed, we obtain the ULSBW model and thus the con-
straints - from the facility location formulation of ULSBW are valid for LS-SL-II. Furthermore, it is
easily seen that with (45)-(47) added, constraints (53)-(55) can be dropped from the LS-SL-II formulation.
We refer to the resulting formulation as FL-II. Table [6] summarizes the results of our computational exper-
iments with the comparison of LS-SL-IT and FL-II on multi item instances drawn from instances generated
for MI-LS-I for n = 120. We report our results for one instance for each setting of 3, m,~y. From these
results, we conclude that the instances of the natural formulation for Type-II service levels for multi-item
problems are relatively easier than the instances of natural formulation for Type-I service level for CPLEX.
We also observe that, similar to Type-I, the facility location formulation provides significantly tighter bounds
and faster solution times for Type-II problems. We note that the instance 120.2500.5.25 could not be solved
within an hour. For this instance, we indicate the end gap within the parenthesis next to the solution time.

Include Table 6 about here
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4. CONCLUSIONS

In this paper, we introduce service levels into classical deterministic dynamic lot-sizing problems. In
contrast to stochastic inventory theory, we consider a service level across the the planning or contract
horizon. We establish polynomial solvability of the Type-I model and develop a tight extended formulation
based on its shortest path representation. We study a related model, the uncapacitated lot-sizing problem
with setups for stocks and backorders (ULSBW), which is a relaxation of the Type-I service level model. We
develop alternate extended formulations for ULSBW and conclude from our computational study that these
formulations are highly effective in solving the multi-item lot-sizing problems with service levels. Moreover,
we show that the formulations for ULSBW are also useful for solving dynamic lot sizing problems with
Type-II service level constraints.

Our study has also revealed a few interesting open problems. The convex hull description of ULSBW and
LS-SL-I in the original space of variables is an open research question. The explicit description of inequalities
defined by the projection of our extended formulations is one way to address this question. A related problem
is the stochastic lot-sizing problem with service levels (SLS-SL-I), where demand is uncertain, and can be
represented by a finite number of scenarios w € €, with probabilities p,,. We consider a type-1 service level
constraint in which the goal is to ensure that probability that the entire period demand is met from stock
is at least 1 — o, where a € [0,1]. In the deterministic equivalent of SLS-SL-I, we have the same set of
variables for each scenario. For example, uy represents the binary setup variable for backlog in period ¢ and
scenario w € 2. Then in addition to the flow balance inequalities and the variable upper bound constraints,

the Type-I constraint is given by
n
Zweﬂ Pw Zt:l Uf

n
Furthermore, the deterministic equivalent of SLS-LS contains the so-called non-anticipativity constraints [3].

Therefore, the stochastic lot-sizing problem contains the LS-SL-I substructure and the results presented in
this paper are potentially useful in the stochastic setting as well.

< .
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APPENDIX A. PROOF OF PROPOSITION

We show that the projection of a strengthened facility location reformulation, given by X¥ LZ, onto the
natural space, x, is equivalent to that of the FL formulation. By a symmetric argument, we can also show
that the projection of a related FL formulation, given by X LS, onto x is equivalent to that of the FL
formulation.

Proposition EI, proj, (XFL) = pTij(XFLZ),

Proof. Since XFL is a relaxation of XL~ we have proj, (XFL7) C proj, (XFL). Let any x € proj, (X FL)
be given. Let z = {z;;,7 € [1,n],j € [1,n]}. We show that projx(XFLz) D proj, (XFL) by showing that
there exists a z such that (x,z) € X'l and z satisfies .

Suppose that this claim is not true, i.e., suppose that for every (x,z) € X%, there exist [, k,1 < k such
that 2, < 2z k+1. Let I, k. be the first index for which, 2z, 1, < 2, k.+1. Also let v, be the minimum
v € [l,, k] that satisfies z;., = 21, v41 = **+ = 2i_ k.- Let V2 = 21 k.41 — 21k, > 0 and if v, > [, then let
& = 21, 0.-1 — 210, > 0. For every j € [v,,k;], since D1 | z;; =1 = > 1 | 2z p.+1, there exists 7; such
that 2., ; > 2z, k,+1. Let 75, be the minimum 7; that satisfies 2,, ; > 2, x.+1. We partition all z for which
(x,2) € XFL according to the values (I.,k,) and order the partitions by increasing values of I, and k, in
that order of preference. Let z = {%;;,7 € [1,n],j € [1,n]} be a member of the last partition in the order
such that z;;, is the largest among all members in the last partition, (I, k). Note that z is well-defined for a
given x € proj, (XF'L) and partition (I, k), and can be found by the (bounded) linear program

max{z : (33) - @9, @2) - @D,

Zij > Zij41, fori<land j€[i,n—1]; ori=1and j € [,k —1]}.

Henceforth, we drop the subscripts on I3, ks, vs, 7j, and the indices [, k, v, 7; will refer to z unless otherwise
stated. We observe that z can fall under three cases. In each of the cases, we construct a feasible vector z
such that I3 > Iz, ks > [; and Z;; > Z;; which contradicts the assumption that z falls in the last partition
or that it has the largest zj; value among all members in the last partition, (I, k). This proof technique is
similar to that of van Vyve and Ortega [14] and Gade and Kiigiikyavuz [5] for the uncapacitated lot-sizing
problem without backorders and with fixed costs on stocks. However, our construction of the feasible vector
z is non-trivial and significantly different than the case without backorders.

Case 1. 7;; <. Let 0 = 2, — 27, k+1 > 0 and consider the following vector z,

Zij, i £, orjé& v k+1],
21‘]“"&’ i:lv.je [Uak]a

Zij = 21]+ dki17 i:Tkaj:k+17
27,]_ﬁ7 Z.:Tkvj S [’U7k‘}7
Si— o, i=lj=k+1.

di41’
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The value of ¢ is chosen such that it is the largest number that satisfies (A.1))—(A.3)):

g g
> Al
7= dor  di+1 (A1)
£> " ifu>1 (A.2)

dvk

13 g
o > . A3
P ok digs (4.3)

This guarantees the following:

(L.a) Z; > Z j41,1 < 1,j € [i,n —1]. The statement is trivially true for ¢ # 75, or for j ¢ [v, k] because
Zij = Z;; for such ¢, j and due to the choice of . For i = 7,5 € [v,k — 1] we have Z;; > Z; ;41. For
i:Tk,j:k,wehaveEij:2ij—ﬁlek+1+6k—m sz+1+dk+l+5k ﬁi
using .

(Lb) Zi; > Z1 j41,0 < j<wv—1,if v > 1. Thisis true for j # v — 1 by the choice of [ and v. For j =v —1,
we have gl,v—l = él,v—l = 2[1} + 5 = élv + ﬁ + 5 - ﬁ > glv USing '

(1.c) Ziy = Zip41 = - - = Zi,. This holds since 2;, = 241 = -+ = Zi and Zj; = 255 + ﬁ’j € [v, k.

(1.d) Zix < Z k+1. This is because Zj, = 2lk+ﬁ = 2l’k+1—7+ﬁ = 2 kt1— —7+dfk +ﬁ+1 < Zl k41,
from .

(1l.e) Since 7,&,0r > 0, we have £ > 0 and so Zj, > 2.

€ > z.
dpp1 = Zl,k+1

_&
dit1

From (1.a)—(1l.c), we ensure that l; > [; and k; > k;. If is satisfied at equality, then it follows
that Zj, = Z x+1, so either [; = I; and k; > k;, or Iz > [;, hence z falls in a partition after that of z, a
contradiction. If is not satisfied at equality, then either or is satisfied at equality. As a
result, [z = I; and kz = ks, but Zj; > 2, from (1.e), contradicting the assumption that z has the largest 2,
value among all members in the last partition, (, k). Next, we show that z is feasible in X '~.

Constraint is trivially satisfied for j ¢ [v, k + 1] since Z;; = 2;;. For j € [v, k] we have,

n n
; L o e . £ R
Z%’Z Z Zij + 215 + 2y = Z Zij+zlj+7+zrk,j—dfzzzijzl-
i=1 i€[Ln\{L,m} i€[1,n\{L,mi } vk vk =
Forj=k+1,

n n
Zgij = Z Zig+ 21+ 2y = Z Zij + &5 — d +Z7—kj + — d = Ziij =1.
i=1 ieLn\{L7} i€Ln\{L,7} ket ML

Constraint (34) is trivially satisfied for ¢ # [, 73, since Z;; = 2;;. For i =1,

n k
Z djZij = Z d;Zi; + Z d;Zij + dk+1Zi k41
j=1 j€[1,m)\[v,k+1] Jj=v
k
o A 3 ~
= Z djzij + Zdj (Zij + ) + dit1 (zi,kﬂ ) Zd Zij = Yi-
4 - dok di+1
JEMN]\[v,k+1] J=v
For i = 7,
n k
Z d;Zj = Z Zi; + Z d;jZij + dpg1Zi k11
j=1 j€[1,n)\[v,k+1] Jj=v

= Z d; Zzg +Zd ( ) +dp11 (721] dk+1) Zd sz = Yi-

Jeln)\[v,k+1]
Constraint is trivially satisfied for ¢ # I, 7 or j ¢ [v,k + 1]. For i = 74,j € [v, k|, Zij = Zij — i
Zij <wmp. Forv=m,j =k+1,%,; = zij+dk€i = Zik76k+dk€i < Zix < x4, from (A3). Fori=1,5 €
[’U,k‘],éij :fij +ﬁ = Zi kt1 —’y-i—ﬁ <z, from (A.1)). Fori=1,7=k+1, Zij :iij —ga - < é’ij < uz;.

k41
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Constraint is trivially satisfied for j ¢ [v,k + 1] since Z;; = Z;;. Similarly, the constraint holds for
for j € [v,k],t < 7. For j € [v,k] and 7, <t < l,Zle Zig = Diel\{re} Zid T Erd = Dic(ia\{n} Zid T
g — 7 = Yimr B — 1 < Mimy Bij S wp. For j € [u, k] and 1 <t <5300 By = Yicpaqum Fi
i 35 = Ciepa gy Fid F g — i T A+ g = Yy By Swp. Forj = k4 1,m <t <Y By =
Diela\n} Zid TEnit T = it} Zid Honk =0kt 37 < Dicnan (e} Fii Hink < Die i\ (ny Gkt
Bk = Yoiy 2k < wy, from (A3). For j =k + 1,0 <t < 5,30 2 = Yiengqimy 5 + Fng + 25 =
Diclt N} Zid A T o T A T ey = Yoiy 2 < wy.

Constraint is trivially satisfied since Z;; = 2;5,7 > j.

Case 2. 7, > [ and there exists j € [v,k — 1] such that 7; < . We define p := max{j € [v,k] : 7; < }.
Using the definition of p, we have

2Tp7p+1 == éTp,k = 2Tp,k+17 (A4)
since otherwise the definitions of 7;, k and I will be violated. We define ¢; := 2, ;j — 27, 141 > 0 for j € [p, k).

Also, forie[l+1,n]welet T, ={j€[p+ 1,k :i=7;} and D; =) .. d;. Consider the following vector

jer,
Z7

Zij + 70 ifi=1j€ vkl

2ij—d:i, ifi=10j=k+1,

Zij = g0 ifi=r1,,7 € [v,p,

Fij = B+ ifi=r1,j¢€p+1,k,

By — i — T ifjep+1,k),i=r,

zj-l-dfj(ﬁ—i-dffﬁ) ifj=k+1liel+1,k:T#0

Zijs otherwise.

The value of € is chosen such that it is the largest number that satisfies,

3

&> " ifvo>1 (A.5)
5, > dpi’:;ﬂ + d‘; (A.6)
2 g () o e )
v ﬁ + dpjj:;lvk (A8)
= dik dk€+1' (4.9)

This guarantees the following;:

2.a) Zij; > Z;j4q1 for i < 1,j € [i,n — 1]. The result trivially holds for ¢ # 7,,7 € [i,n — 1]. The result
J J+ P
also holds for i = 7,,7 € [v,p — 1] since Z;; = 2;; — =— > Z; j+1 — =— = Z; j+1. Similarly, the result
P J I dun g+ aon J+

g

holds for i = 7,5 € [p+ 1,k — 1]. For i = 7,,j = p we have Zj; = Z;; — ;5 = % j41 + 6p — =

5. _edvp _ e _gdyp 5 _e o _gdyp 5 oz e

Zig+1 Tt dpt1,kdvk +0p dor  dprinder | ChdHL +0p dok dpy1kdok 2 Zij+1 using (A.4) and (A.6).
) — ] — .. = 5. — 2. . Ed"’p 5. — 5. .

Fori=1m,,j="Fk, Zij = 2 + Doindor = Ziitl + T rdon = Zigt1 = Zij41:

(2b) Z; > Zj41,0 < j <wv—1,if v > [. This is true for j # v — 1. For j = v — 1, we have

Zl,v—l = 2[,7)—1 = Z1p +£ = Z1p + ﬁ + 5 - i > Zi using "
(Q.C) 2y = gl,v-&-l = ... = Z;.. This holds since %;, = 2[71,4_1 =... =2 and glj = 7:'lj + ﬁ,] € [v, k]

edyp

z s rad . _ 3 e _ 3 e _ 3 € € € z
(2.d) Zix < Z k41- This is because Zj, = Gty = Ak tey = Akn o Tt tan < Zlkt1s

from (A.9).

(2.e) Since 7,&,0;,7 € [v, k] > 0, we have € > 0 and so Zjx > Z.
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From (2.a)—(2.c), we ensure that Iz > I; and k; > k;. If is satisfied at equality, then it follows
that Zj, = Z x+1, so either [; = 1; and k; > k;, or Iz > [;, hence z falls in a partition after that of z, a
contradiction. If is not satisfied at equality, then at least one of (A.5)-(A.8) is satisfied at equality. As
a result, Iz = Iz and k; = kz, but Z;; > 2, from (2.e), contradicting the assumption that z has the largest
21 value among all members in the last partition, (I, k). Next, we show that Z is feasible in X%,

Constraint is trivially satisfied for j ¢ [v,k+1]. For j € [v, p| we have Y "' | Z;; = Dielta)\{ry} Zi T
25+ Zry i = D\ (L} Fid T A T gt A — i = 2ien 2ij = L. For j € [p+ 1 K],

edyp € ed,
+ Tjjl_i_ p

Zij = Zij+ A+ o=+t —
Z J 2 i d P de  dpy ok

i€t \{Lpmi}
D z=1
i=1

For j = k+ 1, we have

- € D; € ed
Zii = Zii+ 2, ——+ i — [ —+ ——F
; ’ Z ! Y dk 1 ZT 40 ( ! dk+1 (dvk dp+1,kdvk>)

dp+1 kdvk

i€[1,l—1] Or i€[l+1,n]:T;=0 + i€[l4+1,n]:T;
pt Y dg di+1 \dor  dpy1,rdok '

Constraint (34)) is trivially satisfied for ¢ < [ and ¢ # 7,; or i € [+ 1,n] : T; = 0. For ¢ = [, we have
n ~ n A k
i1 iz =200 digi + 3 dig — dp1 55 = > i=1djzij = yi. For i =7, we have

n k k
Dodigy= ), iyt ) dig - Zd + > d]d - Zd Ziy = Ui
=1 Je[lm\[v,k] = = e S T denkdee

Fori e [l +1,n]:T; # 0, we have

Zdjéij = Z djfij + Z djfzj Z d ( dvp) + dk+12i,k+1
j=1

jell,n\(T;U{k+1}) JET; JET; dp+1,kduk

D; €
+ dpp1—— ( + ) d;zi; =
et di+1 \doi dp+1 kdvk Z i = Y

Constraint (45)) is trivially satisfied for ¢ < [ and ¢ # 7,,; or i € [I4+1,n]: T; # 0 and j ¢ T;U{k+1}; ori €
([+1,n]:T; =0;0rj ¢ [v,k+1];0ri =7, and j = k+1. Fori =1,j = k+1, we have Z;; = Zij— o < Zij < @i
Fori=1,j € [v, k|, Z; :2”+d8 *2zk+1f’y+di < x;, from (A.9)). Fori:Tp,j € [v,p, Zi; :éijfﬁ <

Zij <@ Fori=7,,5 € p+ 1k, 5y = 2y + 8 = Sy — 8y + o < 4, < @; from (A). For
. . ~ dy
Jelp+Lkli=m12; =% — & — dpjl,l::ivk < %y <z Forie[l+1,n]:T, #0,j = k—!—l,zij =

. . do 5 ; do
Zij T dfil (ﬁ ™ dpfl,kpdvk> =i = 5j/ + d?+1 (dik + dp+51 kdvk) < Zij» < @;, where j' € Ty, from
Constraint (46) is trivially satisfied for ¢ < 7,; or j ¢ [v,k+1]; or j = k+ 1 and t < [. For 7, <
. t ~ ~ A~ t ~ .
t < l,j € [v,p] we have, >, | % = Zie[l,t]\{%} Zij + Zr,5 — dik < DiiiZij S we. For 1 < tj €
~ A~ ~ t A~ .
[v, p], ZZ 1 Zij = Diep, Nty 23 F o —ay TRt o = Yoisq Zij Swp. Form, <t <l,je[p+1,k| we

cdon dup 5
have >0, %ij = Yiel N} Ziit it oy = 2ielL\{ry} i TEmp—0pt 3 i L < D ie[L\{r,} Zip Tt

2o = Yoy Zip < wy, from the definition of [ and (A6). For j € [p+ Lkl <t < 75,50, % =

edyp P A edy, A o
Diei Nty Zid F 2t g TRt o S Diet i\ (mp} Fiktr F R ke + ,ﬁzuk ek =+ g5 =
Zl 1Zik41 — Y F dﬂ + £ < Zl 1 Zik+1 < wy, from the definition of 7, and - For

p+1 kd'uk dvk -

] S [p+ 17k]77-j < t7Zi:1 Zij = Zze[l IN\{rpols7s Zz_] +Z7-p,_7 + d +11;pd . +Zl_] + d o +Z7—J,' - dp7+11;pduk — d’uk =
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S 2 <wp. For j =k 41,1 <t, we have

t
E Zij = E Zij+ 2 — —— E Zij

=t i€[1,1—1] Or d€[l+1.¢]:T; =0 it PE[I4+1,]: T 40
D; € ed
- Z d - (d + duii) .
e[+, 0Ty 0 L Nk p+1,kGvk

Note that the last term in the expression above is no larger than -=— and thus S, Zij < w; holds for this
k+1
case.
Constraint is trivially satisfied for any j ¢ [v,k + 1]; and for ¢ such that t > 7, for all ¢ € [v, k.

Similarly, it is also satisfied for j € [v,p] by the choice of p; and if j € [p+ 1,k] : 7, < t. For j €
- . . dy .

[p+ LK« 7 >t we have 30, 1 Zij = Yiciiinpiny i T Eind — dr T T < Doitr1dii < Ut

For j = k+ 1 and t such that there exists ¢ € [p+ 1,k] with 7, > ¢, we have Y ", | Zi; = >0, 1 Zij +

€ edyp

D, ~ ~ . .
Zie[HLn]:T#@ T (m + 7%“%(1%) < Zie[t+1,n] Zig— + 701;1 < ZiE[t—‘rl,n] 2iq < ug. The first inequality
follows because 22:1 Zij > 22:1 Ziq +v and from equality , and the definitions of 7, and .
Case 3. 7; > [,Vj € [v,k]. Recall that §; = 2, ; — 2, k41,5 € [v,k] > 0 and for i € [l +1,n],T; =
{j €lv,k]:i=7;} and D; = } ;7. d;j. Consider the following vector z,

Zij, i£lLiell+1,n:T;,=0o0rj¢vk+1]
éij'i_ﬁa i:l,jE[’U,k‘}
Zy=G—gs,  i=lLji=k+1 (A.10)
éij_ﬁa jE [U,k],i:Tj
z]+dk+% j=k+1icl+1,n]:T; #0.

The value of € is chosen such that it is the largest number that satisfies:

> ifu>1 (A.11)
dvk
e €
> + A.12
7= dy+1 (A.12)
D,
5>+ T e v K] (A.13)

T dor | dupdi
This guarantees the following:

(3.a) Ziyj > Z; j41 fori <1, j € [i,n — 1] since Z;; = Z;;.

(3b) zZi; > Zj+1,l < j <wv-—1,i v > 1 Thisis true for j # v — 1. For j = v — 1, we have
gl,v—l = él,v—l = 72lv + g = élv + ﬁ + 5 - ﬁ > gl'u using "

(3C) Zly = 2l,v+1 = ... = Z;;. This holds since 2;, = ZA’lﬂjJrl =...=2Z; and le = ilj + ﬁh] S [’U, k]

(3.d) zi < Z1k+1- This is because Zj, = Z'flk-i-ﬁ = 2l’k+1_’7+d1€7 = 2 jt1— -7+ dik +ﬁ+1 < Z1k+1,

from (A.12]).

(3.e) Since 7v,&,9;,7 € [v,k] > 0, we have ¢ > 0 and so Zj, > 2.

_&
dit1

From (3.a)—(3.c), we ensure that Iz > l; and kz > k;. If is satisfied at equality, then from (3.d), it
follows that Zj; = Z 41, so either Iz = [; and k; > k;, or Iz > [, hence z falls in a partition after that of z,
a contradiction. If is not satisfied at equality, then either or is satisfied at equality. As
a result, I; = I; and k;z = kz, but Zj, > 2, from (3.e), contradicting the assumption that z has the largest
21, value among all members in the last partition, (I, k). Next, we show that Z is feasible in X '~.
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Constraint is trivially satisfied for j ¢ [v,k+1]. For j € [v, k] we have >\ | Z;; = Dieltap\iLr} 2

5.4 € L5 £ Nz -
Zit g tin o= Y% =1 For j =k+1, we have

n
Ziij = Z Zij + 215 — = + Z (ﬁij + €Dz>
T #0

d di1d
i=1 i€[1,l—1] Or i€[l+1,n]:T;=0 k+1 i€[l+1,n] h 1ok
L € n eD;
d Z dii1d
=1 kL e n)iy 0 CFTLOR

:igij S !

Cdpr | e
Constraint is trivially satisfied for ¢ < I, and for i € [ + 1,n] : T; = 0. For i =,
n k n
- R . € A £ A
Sam= X dmXd (5 ) b (- g ) = it =
j=1 jeln\fwk+1] i=v vk =
For i € [l +1,n] : T; # 0, we have,

- - . . € . eD;
Dodizg = Y dizg+ Y d <Zij +3 k) + dita (Zz',k+1 - >
j=1

dii1d
jelin\T; JET: v kr1fok

n
R eD; €D,
:Zdjzij+7z - =y
1 d'uk dvk
]_
Constraint is trivially satisfied for i < l; ori € [+ 1,n] : Ty =0; 0or j ¢ [v,k+1]. Fori=1,5 =
k + l,éij = 2’,']' — d;ji < Zt’ij <z For,i=1,j € [’U,/ﬂ],gz’j = 2ij + ﬁ = 2l,k+1 -7+ ﬁ < 217/“_1 < x;, from
(A.12). For j € [v,kl|,i = 7j,%; = Zij — dik < %y <. Forie[l+1,n]:T; #0and j = k+ 1, we have,
gij = ZA’Z‘J‘ + dki% = 2?@'/ - 5j, + ﬁ?&vk < Z/fij/ < ZTi, for some j/ S Ti, from "
tConstraint is trivially satisfied for ¢ <tl orj ¢ [v,k+1]. For I <t,j=k+1, we have, Y!_ i =
D oiet Zij — ﬁ + Zie[l+1,t]:T1;;£Q) % <Y iiq Zij Swy. Formj >t >1,j € [v, k], from the definition of 7;
and [, Z;; = Z;; = Z; g1 for i <l and 2;; < Z g1 for ¢ € [1,¢], hence, 2;;1 Zij < Z§=1 Zi k+1 < wy. Finally,
for j € [v,k],l < 7; <t, we have, 22:1 Zij = Zie[l,t]\{l).,-j} ZijtinitAit g —a = Zle Zi; < wy.
Constraint is trivially satisfied for any j ¢ [v,k + 1]; and for j € [v, k] such that 7; < t. For j € [v, k]
such that 7; >t we have Y7, | Z;; = Dielt+,n\{ry} Zid T En — T < >yt 2ij Sug. For j =k+1 and
. . . 5 D,
¢ such that there exists ¢ € [v, k] with 74 > ¢, we have 37", Zij = D301, 1 Zij + D ic it nmso T <

Zie[th] Zig—v+ dkil < Zie[t+1,n] Ziq < ug. The first inequality follows because 22:1 Zij > Zﬁzl Zig+7,
and from equality and the definitions of 7, and 7.
In all cases, we showed that € > 0 exists, and that constraints f and 7 are satisfied by z.

Finally, we need to show that f are also satisfied for z in all cases. First, note that for t € [1,n — 1],

n t n t
DD diEg < Y Y difkg <1 (A.14)

k=t+1 j=1 k=t+1 j=1
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in all cases. Thus, is satisfied. For t € [1,n — 1], inequality can be rewritten as

t n
St > E E d;zr;
k=1 j=t+1

t t
= (o — Y djzg)
k=1 j=1
t t t
=D =D di Yz
k=1 1

j=1 k=
t t n
=D =Y di(l— Y z)
k=1 j=1 k=t+1
t n t
=D g —di)+ D> Y djzy
k=1 k=t+1 j=1

Using (A.14), we have s; > 2221(?% —dy)+ ZZ:tJ,-l 23:1 djZrj > 22:1(916 —dy)+ ZZ:t+1 23:1 djZkj.
In addition, in all cases z falls into a partition in or after that of z and Z;; > Z;,. Hence, the proof of the
proposition is complete.

O

The current update scheme cannot be used to prove the claim that proj, (XSPF) = proj, (XFL™), which
if true proves the conjecture that proj, (X37%) = proj, (X*¥). The update scheme for this claim, if one
exists, appear to be significantly more complex.
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FI1GURE 1. Shortest Path Representation of LS-SL for n = 3,k = 2.



FORMULATIONS FOR DYNAMIC LOT SIZING WITH SERVICE LEVELS

d 1n

dy ds d dy ds

FI1GURE 2. Fixed Charge Network Flow Representation of ULSBW for n = 5.

21
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FIGURE 3. Shortest Path Network for ULSBW
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TABLE 1. Problem data for Example

1 2 3 4 5
69 73 68 30 80
9000 4000 3000 2000 1000
100 78 85 63 95
10 8 10 4 8

S0 S o+

23
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TABLE 2. Optimal solutions for Example

Model |t 1 2 3 4 5
LSSL |y 0 142 0 178 0
ULSB|y 0 0 0 320 O
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TABLE 3. Comparison of MI-LS-SL and SPR Formulations for n = 60

MI-LS-SL SPR

n.m..r | S GAP |E GAP | T (sec) | Nodes ||S GAP |E GAP | T (sec) | Nodes
60.500.3.10 | 81.57% 3.11% 3600.0 | 1329242.6 || 0.21% 0.00% 0.6 17.6
60.500.3.25 | 76.02% 4.34% 3600.0 | 1818983.8 || 0.32% 0.00% 0.7 13.2
60.500.3.40 | 69.33% 1.98% 3123.5 | 1753791.2 || 0.20% 0.00% 0.7 12
60.500.5.10 | 83.47% | 11.38% 3600.0 | 309144.8 0.31% 0.00% 1.6 14
60.500.5.25 | 79.02% | 11.32% 3600.0 | 460147.4 0.35% 0.00% 2.6 50
60.500.5.40 | 70.35% 8.23% 3600.0 | 660910.6 0.46% 0.00% 3.5 72.2
60.1000.3.10 | 82.75% 4.47% 3600.0 | 12870024 || 0.17% 0.00% 0.5 7.6
60.1000.3.25 | 79.86% 5.19% 3600.0 | 1676558.8 || 0.53% 0.00% 0.8 16.8
60.1000.3.40 | 72.27% 2.93% 3157.3 | 1319453.0 || 0.31% 0.00% 0.7 12.6
60.1000.5.10 | 84.33% | 10.74% 3600.0 | 402493.6 0.33% 0.00% 1.8 29.4
60.1000.5.25 | 81.29% | 11.22% 3600.0 | 705396.2 0.32% 0.00% 1.9 37
60.1000.5.40 | 74.98% | 10.06% | 3600.0 | 682265.0 0.36% 0.00% 2.5 57.2
60.2500.3.10 | 86.07% 5.46% 3600.0 | 1033585.8 || 0.26% 0.00% 0.4 7.2
60.2500.3.25 | 83.77% 7.16% 3600.0 | 1313147.8 || 0.28% 0.00% 0.6 13.4
60.2500.3.40 | 78.14% 4.82% 3600.0 | 1575318.4 || 0.36% 0.00% 0.7 15.4
60.2500.5.10 | 86.88% | 12.14% 3600.0 | 441599.4 0.52% 0.00% 2.0 56
60.2500.5.25 | 83.75% | 12.34% | 3600.0 | 566595.8 0.46% 0.00% 2.6 63.8
60.2500.5.40 | 77.59% | 11.64% | 3600.0 | 591281.8 0.32% 0.00% 2.2 50.4
60.5000.3.10 | 88.74% 6.01% 3600.0 | 875479.8 0.85% 0.00% 0.8 32.8
60.5000.3.25 | 83.61% 7.55% 3600.0 | 965516.2 0.47% 0.00% 0.7 18.6
60.5000.3.40 | 79.19% 5.53% 3600.0 | 1165189.4 || 0.41% 0.00% 0.7 22.8
60.5000.5.10 | 87.48% | 11.05% | 3600.0 | 450531.8 0.95% 0.00% 2.0 71.2
60.5000.5.25 | 84.71% | 12.94% | 3600.0 | 507513.2 0.72% 0.00% 2.8 117.2
60.5000.5.40 | 81.58% | 13.22% | 3600.0 | 546015.2 0.84% 0.00% 2.8 125.4

25
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TABLE 4. Comparison of MI-LS-SL and SPR Formulations for n = 120

MI-LS-SL SPR

n.m.p.mw S GAP | E GAP | T (sec) | Nodes | S GAP |E GAP | T (sec) | Nodes
120.500.3.10 | 84.90% | 9.82% | 3600.0 | 910724.0 || 0.07% 0.00% 2.2 5.8
120.500.3.25 | 78.65% | 9.28% | 3600.0 | 1196455.8 || 0.15% 0.00% 3.7 18
120.500.3.40 | 72.32% | 7.46% | 3600.0 | 1345806.6 || 0.12% 0.00% 3.0 21.6
120.500.5.10 | 85.57% | 15.89% | 3600.0 | 238873.2 0.08% 0.01% 8.2 22.4
120.500.5.25 | 81.75% | 14.53% | 3600.0 | 341460.0 0.17% 0.01% 16.2 104.2
120.500.5.40 | 73.62% | 11.06% | 3600.0 | 489091.8 | 0.09% 0.01% 12.6 58
120.1000.3.10 | 86.89% | 12.30% | 3600.0 | 984793.4 | 0.06% 0.00% 2.2 154
120.1000.3.25 | 83.06% | 12.04% | 3600.0 | 1249938.0 || 0.07% 0.00% 2.4 10.2
120.1000.3.40 | 77.60% | 10.08% | 3600.0 | 1124620.0 || 0.10% 0.00% 3.9 32.6
120.1000.5.10 | 87.68% | 16.21% | 3600.0 | 295196.2 0.12% 0.01% 8.3 30.6
120.1000.5.25 | 83.30% | 15.35% | 3600.0 | 408588.8 0.06% 0.00% 9.7 65.2
120.1000.5.40 | 77.17% | 13.04% | 3600.0 | 635322.4 || 0.16% 0.01% 16.1 206
120.2500.3.10 | 89.35% | 13.79% | 3600.0 | 769405.2 | 0.01% 0.00% 14 0.6
120.2500.3.25 | 85.63% | 14.16% | 3600.0 | 883662.2 || 0.13% 0.00% 3.3 34.8
120.2500.3.40 | 81.91% | 11.77% | 3600.0 | 1012314.2 || 0.14% 0.00% 3.3 27.2
120.2500.5.10 | 89.88% | 17.77% | 3600.0 | 324094.6 0.12% 0.00% 6.2 19.6
120.2500.5.25 | 87.29% | 17.36% | 3600.0 | 357905.0 | 0.13% 0.01% 12.0 95.2
120.2500.5.40 | 81.89% | 14.68% | 3600.0 | 482396.8 | 0.16% 0.01% 11.2 103.6
120.5000.3.10 | 90.75% | 15.93% | 3600.0 | 566162.6 | 0.09% 0.00% 2.2 4.4
120.5000.3.25 | 88.15% | 16.71% | 3600.0 | 548372.8 0.23% 0.00% 3.9 29.8
120.5000.3.40 | 83.67% | 13.56% | 3600.0 | 670782.0 0.26% 0.00% 4.5 54.8
120.5000.5.10 | 91.02% | 18.34% | 3600.0 | 326768.8 | 0.12% 0.00% 6.2 22.6
120.5000.5.25 | 88.02% | 18.90% | 3600.0 | 386560.4 | 0.14% 0.00% 10.4 127.8
120.5000.5.40 | 84.34% | 16.96% | 3600.0 | 416421.8 || 0.11% 0.01% 9.1 78.6
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TABLE 5. Optimal solutions for Example [1| with type-II constraint

Model t| 1 2 3 4 5

y| 0 114 0 206 0

LS-SL-II-R | |69 69 96 0 O
s| 0 41 0 8 O

y| 0 183 0 137 0

LS-SL-IT |»]69 0 27 0 O
s| 0 41 0 8 O
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TABLE 6. Results for n = 120

MI-LS-SL-11 FL-1I
n.f.m.(1 —7) Time (s) Nodes | SGAP || Time (s) | Nodes | SGAP
120.500.3.10 117.9 272 | 54.59% 22.5 15 0.07%
120.500.3.25 114.4 156 | 56.98% 21.2 2 0.02%
120.500.3.40 89.4 141 | 55.87% 21.0 6 0.05%
120.500.5.10 761.3 533 | 58.92% 58.4 34 0.10%
120.500.5.25 1323.1 482 | 59.32% 59.2 12 0.02%
120.500.5.40 1202.7 899 | 58.04% 67.2 17 0.06%
120.1000.3.10 200.2 501 | 65.24% 29.1 6 0.02%
120.1000.3.25 175.4 378 | 64.99% 25.5 9 0.07%
120.1000.3.40 111.8 178 | 62.11% 274 12 0.17%
120.1000.5.10 1691.1 588 | 68.04% 49.4 15 0.05%
120.1000.5.25 940.9 709 | 66.94% 71.2 46 0.08%
120.1000.5.40 1223.2 513 | 66.34% 46.9 8 0.08%
120.2500.3.10 350.1 534 | 50.37% 32.0 12 0.05%
120.2500.3.25 382.7 609 | 47.59% 26.5 30 0.10%
120.2500.3.40 480.7 867 | 47.74% 23.7 17 | 0.14%
120.2500.5.10 1021.7 540 | 53.78% 63.6 9 0.05%
120.2500.5.25 || 3600.2(0.53%) | 910 | 53.61% 67.0 25 0.07%
120.2500.5.40 1166.9 913 | 50.17% 69.1 32 0.17%
120.5000.3.10 124.0 234 | 70.83% 224 2 0.01%
120.5000.3.25 231.9 490 | 70.87% 18.8 0 0.01%
120.5000.3.40 263.8 751 | 69.20% 23.0 13 0.22%
120.5000.5.10 410.1 183 | 71.55% 50.6 15 0.06%
120.5000.5.25 669.9 613 | 70.48% 58.1 19 0.08%
120.5000.5.40 537.6 483 | 69.45% 53.0 13 0.08%
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