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Abstract In view of the minimization of a nonsmooth nonconvex function f, we prove an
abstract convergence result for descent methods satisfying a sufficient-decrease assumption,
and allowing a relative error tolerance. Our result guarantees the convergence of bounded
sequences, under the assumption that the function f satisfies the Kurdyka-Lojasiewicz in-
equality. This assumption allows to cover a wide range of problems, including nonsmooth
semi-algebraic (or more generally tame) minimization. The specialization of our result to
different kinds of structured problems provides several new convergence results for inexact
versions of the gradient method, the proximal method, the forward-backward splitting algo-
rithm, the gradient projection and some proximal regularization of the Gauss-Seidel method
in a nonconvex setting. Our results are illustrated through feasibility problems, or iterative
thresholding procedures for compressive sensing.
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1 Introduction

Being given a proper lower semicontinuous function f : R” — RU{+o0}, we consider descent
methods that generate sequences (2*)ren complying with the following conditions:
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— for each k € N, f(2**1) + alja* ! — 2|2 < f(2);
— for each k € N, there exists w**! € 9f(z*+1) such that

k1 < bllah T — o
where a, b are positive constants and 9 f(z¥*1) denotes the set of limiting subgradients of f
at oF*1 (see Section 2.1 for a definition). The first condition is intended to model a descent
property: since it involves a measure of the quality of the descent, we call it a sufficient-
decrease condition (see [7] for an interpretation of this condition in decision sciences). The
second condition originates from the well-known fact that most algorithms in optimization are
generated by an infinite sequence of subproblems which involve exact or inexact minimization
processes. This is the case of gradient methods, Newton’s method, forward-backward algo-
rithm, Gauss-Seidel method, proximal methods etc.... The second set of conditions precisely
reflects relative inexact optimality conditions for such minimization subproblems.

When dealing with descent methods for convex functions, it became natural to expect
that the algorithm will provide globally convergent sequences. The standard recipe to obtain
the convergence is to prove that the sequence is (quasi-)Fejér monotone relative to the set
of minimizers of f. This fact has also been used intensively in the study of algorithms for
nonexpansive mappings (see e.g. [23]). When the functions under consideration are not
convex (or quasiconvex), the monotonicity properties are in general “broken”, and descent
methods may provide sequences that exhibit highly oscillatory behaviors. Apparently this
phenomenon was first observed by Curry (see [26]); in the framework of differential equations
similar behaviors occur, in [27] a nonconverging bounded curve of a 2-dimensional gradient
system of a C*° function is provided, this example was adapted in [1] to gradient methods.

In order to circumvent such behaviors, it seems necessary to work with functions that
present a certain structure. This structure can be of an algebraic nature, e.g. quadratic func-
tions, polynomial functions, real analytic functions, but it can also be captured by adequate
analytic assumptions, e.g. metric regularity [2, 40, 41], cohypomonotonicity [48, 35], self-
concordance [47], partial smoothness [39, 56]. In this paper, our central assumption for the
study of such algorithms is that the function f satisfies the (nonsmooth) Kurdyka-Lojasiewicz
inequality, which means, roughly speaking, that the functions under consideration are sharp
up to a reparametrization (see Section 2.2). The reader is referred to [42, 43, 37] for the
smooth cases, and to [15, 17] for nonsmooth inequalities. Kurdyka-Lojasiewicz inequalities
have been successfully used to analyze various types of asymptotic behavior: gradient-like sys-
tems [15, 33, 34, 38], PDE [52, 21], gradient methods [1, 46], proximal methods [3], projection
methods or alternating methods [5, 14].

In the context of optimization, the importance of Kurdyka-Lojasiewicz inequality is due
to the fact that many problems involve functions satisfying such inequalities, and it is often
elementary to check that such an inequality is satisfied; real semi-algebraic functions pro-
vide a very rich class of functions satisfying the Kurdyka-Lojasiewicz, see [5] for a thorough
discussion on these aspects, and also Section 2.2 for a simple illustration.

Many other functions, that are met in real world problems, and which are not semi-
algebraic, satisfy very often the Kurdyka-Lojasiewicz inequality. An important class is given
by functions definable in an o-minimal structure. The monographs [25, 29] are good refer-
ences on o-minimal structures; concerning Kurdyka-Lojasiewicz inequalities in this context
the reader is referred to [37, 17]. Functions definable in o-minimal structures or functions



whose graphs are locally definable are often called tame functions. We do not give a precise
definition of definability in this work, but the flexibility of this concept is briefly illustrated
in Example 5.4(b). Functions that are not necessarily tame but that satisfy Lojasiewicz in-
equality are given in [5], basic assumptions involve metric-regularity and transversality (see
also [40, 41] and Example 5.5).

From a technical viewpoint, our work blends the approach to nonconvex problems pro-
vided in [1, 15, 3, 5] with the relative error philosophy developed in [53, 54, 55, 35]. A
valuable guideline for the error aspects is the development of an inexact proximal algorithm
for equations governed by a monotone operator, and which is based on an estimation of the
relative error, see [53, 54, 55|. Related results without monotonicity (with a control on the
lack of monotonicity) have been obtained in [35].

Thus, in summary, this article aims at:
— providing a unified framework for the analysis of classical descent methods,

— relaxing exact descent conditions,

extending convergence results obtained in [1, 3, 5, 53, 54, 55, 35] to richer and more
flexible algorithms,

providing theorems which cover general nonsmooth problems under easily verifiable
assumptions (e.g. semi-algebraicity).

Let us proceed with a more precise description of the contents of this article.

In Section 2, we consider functions satisfying the Kurdyka-Lojasiewicz inequality. We
first give the definition and a brief analysis of this basic property. Then in subsection 2.3,
we provide an abstract convergence result for sequences satisfying the sufficient-decrease
condition and the relative inexact optimality condition mentioned above.

This result is then applied to the analysis of several descent methods with relative error
tolerance.

We recover and improve previous works on the question of gradient methods (Section 3)
and proximal algorithms (Section 4). Our results are illustrated through semi-algebraic fea-
sibility problems by means of an inexact version of the averaged projection method.

We also provide, in Section 5, an in-depth analysis of forward-backward splitting algo-
rithms in a nonsmooth nonconvex setting. Setting aside the convex case, we did not find
any general convergence results for this kind of algorithm, also, the results we present here
seem to be new. These results can be applied to general semi-algebraic problems (or tame
problems) and to nonconvex problems presenting a well-conditioned structure. An important
and enlightening consequence of our study is that the bounded sequences (z¥)ren generated
by the nonconvex gradient projection algorithm

1
k+1 k k
x € Po (m QLVh(a: ))

are convergent sequences so long as C' is a closed semi-algebraic subset of R® and h : R" —
R is C! semi-algebraic with L-Lipschitz gradient (see [9] for some applications in signal



processing). As an application of our general results on forward-backward splitting, we
consider the following type of problem

1
(P) min{A|ya:yo+2\|Ax—b||2: xeR”}

where A > 0 and || - [|o is the counting norm (or the ¢° norm), A is an m x n real matrix and
b € R™. We recall that for  in R", ||z||p is the number of nonzero components of x. This
kind of problem is central in compressive sensing [28]. In [11, 12] this problem is tackled by
using a “hard iterative thresholding” algorithm
A= PIOX, A[|-[lo (xk — (AT Ak — ATb)> ,

where (vr)ken 1S a sequence of stepsizes evolving in a convenient interval. The convergence
results the authors obtained involve different assumptions on the linear operator A: they
either assume that ||A| < 1 [11, Theorem 3] or that A satisfies the restricted isometry
property [12, Theorem 4]. Our results show that convergence actually occurs for any linear
map so long as the sequence (2¥)en is bounded. We also consider iterative thresholding with
(P “norms” for sparse approximation (in the spirit of [20]) and hard-constrained feasibility
problems; in both cases convergence of the bounded sequences is established.

In a last section, we study the proximal regularization of a p blocks alternating method
(with p > 2). This method has been introduced by Auslender [8] for convex minimization;
see also [31] in a nonconvex setting. Convergence results for such methods are usually stated
in terms of cluster points. To our knowledge, the first convergence result in a nonconvex
setting, under fairly general assumptions, was obtained in [5] for a two-blocks exact version.
Our generalization is twofolds: we consider methods involving an arbitrary numbers of blocks,
and we provide a proper convergence result.

2 An abstract convergence result for inexact descent methods

The Euclidean scalar product of R™ and its corresponding norm are respectively denoted by
() and || - .

2.1 Some definitions from variational analysis

Standard references are [22, 51, 45].
If FF:R™ = R™ is a point-to-set mapping its graph is defined by

Graph F := {(z,y) e R" x R™ : y € F(z)},

while its domain is given by dom F' := {z € R" : F(z) # 0}. Similarly, the graph of a
real-extended-valued function f : R" — R U {400} is defined by

Graph f := {(z,s) e R" xR : s = f(x)},
and its domain by dom f := {f(z) < +o0}. The epigraph of f is defined as usual as

epi f = {(z,\) e R" xR : f(z) < A}

4



When f is a proper function, i.e. when dom f # (), the set of its global minimizers, possibly
empty, is denoted by
argmin f:={z € R": f(z) =inf f}.

The notion of subdifferential plays a central role in the following theoretical and algorithm
developments.

For each x € dom f, the Fréchet subdifferential of f at x, written 5f(x), is the set of
vectors z* € R™ which satisfy

i ) = f@) — @y =) 20,
Y F£x

y—x

When z ¢ dom f, we set 0f(x) = 0.

The limiting processes used in an algorithmic context necessitate the introduction of the
more stable notion of limiting-subdifferential ([45]) (or simply subdifferential) of f. The
subdifferential of f at x € dom f, written df(z), is defined as follows

Of (x) :={a* e R" : Iz, — z, f(an) — flx), x¥ € Of (xn) — *}.

It is straightforward to check from the definition the following closedness property of 0f:
Let (2%, v")ren be a sequence in R™ x R™ such that (z¥,v*) € Graphdf for all k € N. If
(z*,v*) converges to (z,v), and f(z*) converges to f(z) then (x,v) € Graphdf.

These generalized notions of differentiation give birth to generalized notions of critical
point. A necessary (but not sufficient) condition for x € R™ to be a minimizer of f is

af(z) > 0. (1)

A point that satisfies (1) is called limiting-critical or simply critical.

We end this section by some words on an important class of functions which are intimately
linked to projection mappings: the indicator functions. Recall that if C' is a closed subset of
R™ its indicator function ic is defined by

ic($)2{0 ifxeC,

400 otherwise,

where x ranges over R™. Being given z in C, the limiting subdifferential of i at z is called
the normal cone to C at z, it is denoted by N¢(z).
The projection on C, written Pg, is the following point-to-set mapping:

b [ E"= R
1z +— Po(z):=argmin{|z—z|:2€C}

When C' is nonempty, the closedness of C' and the compactness of the closed unit ball imply
that Po(z) is nonempty for all z in R™.



2.2 Kurdyka-Lojasiewicz inequality: the nonsmooth case

We begin this section by a brief discussion on real semi-algebraic sets and functions which
will provide a very rich class of functions satisfying the Kurdyka-Lojasiewicz.

Definition 2.1. (a) A subset S of R™ is a real semi-algebraic set if there exists a finite
number of real polynomial functions P;j, Q;j : R™ — R such that

P g
S={J [ {zeR": Pj(x) =0, Qy(x) < 0}.
j=1 i=1
(b) A function f : R™ — RU {400} (resp. a point-to-set mapping F : R™ = R™) is called
semi-algebraic if its graph {(z,\) € R"*1: f(x) = A} (resp. {(z,y) € R*™ .y € F(x)}) is
a semi-algebraic subset of R™*1 (resp. R™™M).

One easily sees that the class of semi-algebraic sets is stable under the operation of
finite union, finite intersection, Cartesian product or complementation and that polynomial
functions are, of course, semi-algebraic functions.

The high flexibility of the concept of semi-algebraic sets is captured by the following
fundamental theorem known as Tarski-Seidenberg principle.

Theorem 2.2 (Tarski-Seidenberg). Let A be a semi-algebraic subset of R"* L then its canon-
ical projection on R™, namely

{(x1,...,2n) €eR": Jz € R, (x1,...,2p,2) € A}
is a semi-algebraic subset of R™.

Let us illustrate the power of this theorem by proving that max functions associated to
polynomial functions are semi-algebraic. Let S be a nonempty semi-algebraic subset of R™
and g : R™ x R™ — R a real polynomial function. Set f(x) = sup{g(z,y) : y € S} (note that
f can assume infinite values). Let us prove that f is semi-algebraic.

Using the definition and the stability with respect to finite intersection, we see that the
set

{(x,\,y) eR" xR x S :g(x,y) > A}
= {(z.\y) ER" xR xR™: g(z,y) > A} [| R" xR x S),

is semi-algebraic. For (x, A, y) in R” x R x R™, define the projection II(z, A,y) = (z,\) and
use II to project the above set on R™ x R. One obtains the following semi-algebraic set

{(z,\) e R" xR :3y €S, g(x,y) > A}
The complement of this set is
{(z,\) eR" xR :Vy €S, g(x,y) <A} = epi f.

Hence epi f is semi-algebraic. Similarly hypo f := {(x, u) : f(x) > u} is semi-algebraic hence
Graph f = epi f N hypo f is semi-algebraic. Of course, this result also holds when replacing
sup by inf.

As a byproduct of these stability results, we recover the following standard result which
will be useful for further developments.



Lemma 2.3. Let S be a nonempty semi-algebraic subset of R™, then the function
R™ >z — dist (x, §)?
18 semi-algebraic.

Proof. Tt suffices to consider the polynomial function g(z,y) = ||z — y||? for z,y in R™ and
to use the definition of the distance function. O

The facts that the composition of semi-algebraic mappings gives a semi-algebraic mapping
or that the image (resp. the preimage) of a semi-algebraic set by a semi-algebraic mapping
is a semi-algebraic set are also consequences of the Tarski-Seidenberg principle. The reader
is referred to [10, 13] for those and many other consequences of this principle.

As already mentioned in the introduction, a prominent feature of semi-algebraic functions
is that they admit locally a sharp reparametrization, leading to what we call here Kurdyka-
Lojasiewicz inequality. The most fundamental works on this subject are of course due to
Lojasiewicz [42] (1963) and Kurdyka [37] (1998).

We proceed now to a formal definition of this inequality.

Let f : R"™ — RU {400} be a proper lower semicontinuous function. For 7,72 such that
—o0o <M1 < 12 < +00, we set

< f<m]={z e R" i < f(z) <o}
The following definition is taken from [5] (see also [18]).

Definition 2.4 (Kurdyka-Lojasiewicz property). (a) The function f : R" — R U {+o0} is
said to have the Kurdyka-Lojasiewicz property at x* € domdf if there exist n € (0,+00], a
neighborhood U of x* and a continuous concave function ¢ : [0,1n) — Ry such that:

(1) (0) =0,

(ii) ¢ is C* on (0,n),

(iii) for all s € (0,n), ¢'(s) > 0,

(iv) for all x in U N [f(z*) < f < f(z*) + 1], the Kurdyka-Lojasiewicz inequality holds

¢ (f(x) = f(a7)) dist (0,0f(x)) = 1. (2)

(b) Proper lower semicontinuous functions which satisfy the Kurdyka-Lojasiewicz inequality
at each point of domdf are called KL functions.

Remark 2.5. (a) One can easily check that the Kurdyka-Lojasiewicz property is automat-
ically satisfied at any non critical point * € dom df, see for example Lemma 2.1 and Re-
mark 3.2 (b) of [5].

(b) When f is smooth, finite-valued, and f(z*) = 0, inequality (2) can be rewritten as

IV(go f)(x)] =1,

for each convenient x in R™. This inequality may be interpreted as follows: up to the
reparametrization of the values of f via ¢, we face a sharp function. Since the function ¢ is
used here to turn a singular region —a region in which the gradients are arbitrarily small- into



a regular region, i.e. a place where the gradients are bounded away from zero, it is called a
desingularizing function for f. For theoretical and geometrical developments concerning this
inequality, see [18].

(¢) The concavity assumption imposed on the function ¢ does not explicitly belong to the
usual formulation of the Kurdyka-Lojasiewicz inequality. However this inequality holds in
many instances with a concave function ¢, see [5] for illuminating examples.

(d) It is important to observe that the KL inequality implies that the critical points lying in
UN|[f(z*) < f < f(z*) + n] have the same critical value f(z*).

Among real-extended-valued lower-semicontinuous functions, typical KL functions are
semi-algebraic functions or more generally functions definable in an o-minimal structure,
see [15, 16, 17]. References on functions definable in an o-minimal structure are [25, 29].
Such examples are abundantly commented in [5], and they strongly motivate the present
study. Other types of examples based on more analytical assumptions like uniform convexity,
transversality or metric regularity can be found in [5], inequality (8.7) of [41], and Remark 3.6.

2.3 An inexact descent convergence result for KL functions

In this section, a and b are fixed positive constants. Let f : R"™ — R U {400} be a proper
lower semicontinuous function. In the sequel, we consider sequences (xk)keN which satisfy
the following conditions, which we will subsequently refer to as H1, H2, H3:

H1. (Sufficient decrease condition). For each k € N,

FEM) +al|2" T — 2|2 < F(2);

H2. (Relative error condition). For each k € N, there exists w**! € 9 f(z*+1) such that

[l TH] < bll2* T = 2®;

7

H3. (Continuity condition). There exists a subsequence (z%),cy and & such that

2 — Fand f(zM) — f(2), as j — o0.

Conditions H1 and H2 have been commented in the introduction; concerning condition H3,
it is important to note that f itself is not required, in general, to be continuous or even
continuous on its domain. Indeed, as we will see in the next sections, the nature of some
algorithms (e.g. forward-backward splitting, Gauss-Seidel methods) forces the sequences to
comply with condition H3 under a simple lower semicontinuity assumption.

The following abstract result is at the core of our convergence analysis.

Lemma 2.6. Let f : R" — R U {400} be a proper lower semicontinuous function which
satisfies the Kurdyka-Lojasiewicz property at some x* € R™. Denote by U, n and ¢ : [0,n) —
R, the objects appearing in the Definition 2.4 of the KL property at x*. Let §,p > 0 be such
that B(z*,0) C U with p € (0,0).



Consider a sequence (xk)keN which satisfies conditions H1, H2. Assume moreover that

F) < 1) < ) 4 ®
ot a0 + 2 L TED P00y gy < 0

and
Vk e N, z¥ € B(z*, p) = zF € B(z*,6) with f(z*1) > f(z*). (5)

Then, the sequence (z*)pen satisfies

Vk e N, z* € B(z*, p),

+o0

Z 2Pt — 2¥|| < +o0,

k=0

f@*) = f@®),  ask— oo,

and converges to a point T € B(z*,0) such that f(z) < f(z*).
If the sequence (x*)ren also satisfies condition H3, then T is a critical point of f, and

f(x) = f(a").
Proof. The key point is to establish the following claim: for j = 1,2, ...

z’ € B(z*, p), (6)

and
J
D 2 — a7 = 2| < |2t — 20 + g [(f(z") = f(&¥) — o(f (@) = f(2*))]. (7)
i=1

Concerning the above claim, first note that condition H1 implies that the sequence ( f(z*))ren
is nonincreasing, which by (3) gives f(2/*!) < f(2°) < f(2*) +n. On the other hand, by
assumption (5), the property 7 € B(z*,p) implies f(z/*!) > f(2*). Hence, the quantity
o(f(x7+1) — f(z*)) appearing in (7) makes sense.

Let us observe beforehand that, for all k > 1, the set df(2*) is nonempty, and therefore 2"
belongs to dom f. As we already noticed, condition H1 implies that the sequence (f(z*))ren

is nonincreasing, and it immediately yields

|’1’k+1 _ l‘k” < \/f(wk) _af(xk—’—l)’ vk € N. (8)

Fix k > 1. We claim that if f(z*) < f(2*) +n and 2* € B(z*, p), then
b

2™ — ¥ <lla® — 2t + e (f(2*) = f(27) = (£ = )] (9)

If 51 = ¥ this inequality holds trivially. So, we assume that z*T1 £ 2%, In this case, using
(5) and (8), we conclude that f(z*) > f(z*+1) > f(2*) which, combined with KL inequality



and H2 shows that w® # 0 and zF~! # 2*. Since w* € df(2*), using (again) KL inequality
and H2, we obtain

@/(f(wk) — f(z%)) > ”ljk’ Z bek _1xk:—1H'

The concavity assumption on ¢, ¢’ > 0, (5), and H1 imply

e(f(a¥) = f(2*) — o(f(@™h) = f(a*) > (F(2¥) — f(@)(f(a*) — f(aFT))

>¢(f(2*) = f(a"))allz" —2*|%.

Direct combination of the two above inequalities yields
”3:k+1 _ xk”Q

[ @) = 1) = ) = Fa)]) 2

a

Multiplying this inequality by [|z* — z¥~1||, taking the square root on both sides and using
inequality 2v/af < a + (3, we conclude that inequality (9) is satisfied.

Let us prove claims (6), (7) by induction on j. From (5) with k¥ = 0, we obtain that
r! € B(x*,8) and f(z') > f(z*). Using now (8) with k = 0, we have

2! — 29| < \/f(xo);f(fUl) < \/f(xo);f(:n*)' (10)

Combining the above equation with assumption (4), and using the triangle inequality we
obtain

29) — f(x*
o =o'l < fla* = 20+ o — 2] < — o) 4/ LT )

which expresses that x! belongs to B(z*, p). Direct use of (9) with k& = 1 shows that (7)
holds with 5 = 1.

Suppose that (6) and (7) hold for some j > 1. Then, using the triangle inequality and (7)
we have

J
lz* — 23| <l = 20 + [|2° — 2| + Y |l - 2
=1
<Jlz* — 2% + 2/|2° - |
+ 2[plf @) = £7) = p(F @) = @),

Using the above inequality, (10) and assumption (4) we conclude that 27! € B(z*, p). Hence,
(9) holds with k =7 + 1, i.e.

2|z it < |23t — 2| + g[cp(f(x”l) — (&) — (VT — f(z%))].

Adding the above inequality with (7) (with k& = 7) yields (7) with k£ = j+ 1, which completes
the induction proof.

10



Direct use of (7) shows that

J
et — ) <l — 2%l + Dp(r ) — 7))
=1

Therefore,

o0 . .
Z 2"t — 2| < 400
=1

which implies that the sequence (2*)ren converges to some Z. From H2 and (5) (note that
@ concave yields ¢’ decreasing) we infer that w* — 0 and f(2*) — 3 > f(z*). If 3 > f(z*)
then using Definition 2.4, (2) we have

¢'(B—f@)|wel| >1,  k=0,1,...

which is absurd, because wy — 0. Therefore 5 = f(z*) and, since f is lower semicontinuous,
f(z) < B = f(z").
To end the proof, note that if the sequence (z*)cy satisfies H3, then & = Z, Z is critical
and (z) = limg e f(2¥) = f(2%).
O

Corollary 2.7. Let f, *, p, 0 be as in the previous Lemma. For ¢ > 1, consider a finite
family 20, ..., 29 which satisfies H1 and H2, conditions (3), (4) and

vk €0,...,q}, (mk € B(:U*,p)) = (m’”l e B(z*,6) with f(z*T!) > f(:v*)) .

Then 2/ € B(z*,p) forall j =0,...,q.
Proof. Simply reproduce the beginning of the proof of the previous lemma. O

Corollary 2.8. If we replace the assumption (5) in Lemma 2.6 by the set of assumptions,

n < a(d—p)?, (11)
f(@*) > f(2*), Vk €N, (12)

the conclusion remains unchanged.

Proof. Tt suffices to prove that (11) and (12) implies (5). Let z¥ € B(z*, p). By H2, we have

Hl‘k+1_$kH < \/f(:/vk) af(xk+1) < \/Z<5_p.

Hence [|z*+1 — o*|| < [|2*+ — 2F|| + ||2% — 2| < 0. O

Lemma 2.6 and its corollaries have several important consequences that we now proceed
to discuss.
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Theorem 2.9 (Convergence to a critical point). Let f : R™ — R U {400} be a proper lower
semicontinuous function. Consider a sequence (x*)ren that satisfies H1, H2, and H3.

If f has the Kurdyka-Lojasiewicz property at the cluster point & specified in H3 then the
sequence (z¥)pen converges to T = & as k goes to infinity, and T is a critical point of f.
Moreover the sequence (¥)ren has a finite length, i.e.

+oo
Z |zF L — 2F|| < +oc.
k=0

Proof. Let Z = % be a cluster point of (z¥)ren as given by H3 (i.e., 2% — Z and f(2%) —

f(z)). Since (f(2*))ren is a nonincreasing sequence (a direct consequence of H1), we deduce
that f(z*) — f(z) and f(a*) > f(z) for all integers k. The function f has the KL property
around Z, hence there exists ¢,U,n as in Definition 2.4. Let § > 0 be such B(z,d) C U,
p € (0,68). If necessary, shrink 7 so that n < a(6 — p)?. Use the continuity property of ¢ to
obtain the existence of an integer ko such that: f(z*) € [f(z), f(Z) +n) for all k > ko and

JM + ggo(f(ftko) - f(@) < p.

|z — ™| +2
Since f(x¥) > f(z) for all integers k, the conclusion follows by applying Corollary 2.8 to
the sequence (y*)ren defined by y* = zFo+* for all integers k. O

As it will be shown later on, sequences complying with conditions H1, H2 and H3 are
not necessarily generated by a local model (see Section 6) and therefore the proximity of the
starting point z° with a local minimizer 2* does not imply, in general, that the limit point
of the sequence lies in a neighbourhood of z*.

However, under the following specific assumption, we can establish a convergence result
to a local minimizer.

H4: For any 6 > 0 there exist 0 < p < § and v > 0 such that

x € B(z*, p), f(z) < f(z*) +v
yp¢ B(z*,6) };‘f(w) < f(y) +ally — x|,

Theorem 2.10 (Local convergence to local minima). Let f : R®™ — R U {+oo} be a proper
lower semicontinuous function which has the KL property at some local minimizer x*. Assume
that H4 holds at x*.

Then, for any r > 0, there exist u € (0,7) and p > 0 such that the inequalities
2% = 2*|| <w, f(2*) < f(2°) < f&*) + p,

imply that any sequence (zF)pen starting from z, that satisfies H1, H2 has the finite length
property, remains in B(x*,r) and converges to some T € B(x*,r) critical point of f with

f(@) = f(7).

Proof. Take r > 0. Since z* is a local minimum (hence critical) and f satisfies the Kurdyka-
Lojasiewicz property, there exist ny € (0,+oc], § € (0,7), and a continuous concave function
¢ :[0,m0) — Ry such that:
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- ¢(0) =0,
- ¢ is C1 on (0,1),
- for all s € (0,m0), ¢'(s) > 0.
- for all z in B(z*,0) N [f(z*) < f < f(z*) + no], the Kurdyka-Lojasiewicz inequality
holds

¢ (f(z) = f(a")) dist (0,0f (x)) > 1. (13)

- for all z in B(x*,9),
f(x) > fz). (14)

We infer from assumption H4 that there exist p € (0,9) and v > 0 such that

x € B(z*,p), f(x) < f(z*)+v
y ¢ B(z",6)

Set = min{no, v} and let k € N. If 2¥ is such that f(z*) < f(2*)+n and ||z¥ —2*|| < p then

H4, together with H1, implies that 2%+ € B(z* 4), and thus that f(2**1) > f(z*) (recall

that x* is a local minimizer on B(x*,d)). That’s precisely property (5) of Lemma 2.6.
Choose u, it > 0 such that

}:f@w<ﬂw+am—xw. (15)

pob 2p
<p/3, u<m 25+ = <=L
u<p/3, p<n \/;Jraso(#) 3

If 20 satisfies the set of inequalities |20 —2*|| < wand f(2*) < f(2%) < f(z*)+ p we therefore
have
f(@0) = fla) b

lo* = afll 4+ 2y ==+ L) = S@) < e

which is precisely property (4) of Lemma 2.6. Using Lemma 2.6 we conclude that the sequence
(2*)ren has the finite length property, remains in B(x*, p), converges to some Z € B(z*, ),
f(@F) — f(xz*) and f(z) < f(z*). Since f(z*) is the minimum value of f in B(z*,d),
f(Z) = f(z*) and the sequence (z*)ren has also property H3. So, Z is a critical point of

1. O

Remark 2.11. Let us verify that Condition H4 is satisfied when z* € dom f is a local
minimum and the function f satisfies the following global growth condition:

) = ) = Sly — | for all y € R (16)

Let § > p and v be positive real numbers. Take y € R™ such that ||y — z*|| > 6 and z € R"
such that ||z —2*|| < p and f(z) < f(x*)+v. From (16), and the triangle inequality we infer

) = @) v =Sy — |
> f(z) v = Sy — "I + Sy — 2|1
> f() = v — ally - «|* — allz = "* + Ty - 2"
> f(2) —v—ally— x| — ap® + 75



Hence a
fy) +aly—z|* > f(z) + (—U —ap® + 152) for all y € R™. (17)

We conclude by noticing that —v — ap® + %(52 is nonnegative for p and v sufficiently small.

We end this section by a result on the convergence toward a global minimum similar
to [5], Theorem 3.3. Observe that, in this context, the set of global minimizers may be a
continuum.

Theorem 2.12 (Local convergence to global minima). Let f : R — RU {400} be a lower
semicontinuous function which has the KL property at some x*, a global minimum point of f.
For each r > 0, there exist u € (0,7), u > 0 such that the inequalities

|2° — 2*|| < w, minf < f(2°) < min f +
imply that any sequence (z¥)ren that satisfies H1, H2 and which starts from x° satisfies
(i) ¥ € B(z*,r), Yk € N,
(ii) = converges to some T and 325 [|#*+! — 2F| < +oo,
(#i) f(Z) = min f.
Proof. 1t is a straightforward variant of Theorems 2.9 and 2.10. O

3 Inexact gradient methods

The first natural domain of application of our previous results concerns the simplest first-
order methods, namely the gradient methods. As we shall see, our abstract framework
(Theorem 2.9) allows to recover some of the results of [1]. In order to illustrate the versatil-
ity of our algorithmic framework, we also consider a fairly general semi-algebraic feasibility
problem, and we provide, in the line of [41], a local convergence proof for an inexact averaged
projection method.

3.1 General convergence result

Let f : R™ — R be a C' function whose gradient is Lipschitz continuous with constant L (or
L-Lipschitz continuous). We consider the following algorithm.

Algorithm 1 Take some positive parameters a,b with a > L.

Fix 2% in R™. For k =0, 1,... consider:
a
(Vf(*), e —a®) + §||Jfk+1 —az*|* <0, (18)
IVF(@®)] < ol — ). (19)

To illustrate the variety of dynamics covered by Algorithm 1, let us show how variable
metric gradient algorithms can be cast in this framework. Consider a sequence (AF)en of
symmetric positive definite matrices in R™*™ such that for each k& € N the eigenvalues )\f of
AF satisfy

0<A< A <A,
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where )\ and A are given thresholds. For each integer k, consider the following subproblem
built on a second-order model of f around the point z*:

minimize {(Vf($k),u —a®) ¢ %(Ak(u — 2P u—aF) rue R"} .

This type of quadratic models arises, for instance, in trust-region methods (see [1] which
is also connected to Lojasiewicz inequality). When solving the above problem exactly, we
obtain the following method

J:k:+1 — J:k: _ (Ak)flvf(l,k)’
which satisfies

(Vf(a"), 2"t —ab) + Al =¥ <o, (20)

IV F () < Xl — 2. (21)
So long as A > %, the sequence (z¥)ren falls into the general category delineated by Algo-
rithm 1.

For the convergence analysis of Algorithm 1, we shall of course use the elementary but
important descent lemma —its elementary proof is left to the reader.

Lemma 3.1 (Descent lemma). Let f: R™ — R be a function and C a convex subset of R™
with nonempty interior. Assume that f is C' on a neighborhood of each point in C and that
V f is L-Lipschitz continuous on C. Then, for any two points x,u in C,

L
f(u) < f(2) +(VF(2),u =) + o flu— 2] (22)
We then have the following result:

Theorem 3.2. Assume that f : R® — R is a C' function with L-Lipschitz continuous
gradient, and that f is bounded from below. If f is a KL function, then each bounded sequence
() ren generated by Algorithm 1 converges to some critical point T of f.

Moreover, the sequence (z¥)ken has a finite length, i.e. >, ||zt — 2¥|| < 4o0.

Proof. Applying the descent lemma at points « = 2%+ and z = ¥, inequality (18) becomes

||xk+1 o xk||2 < 0.

FEk) - sty + 1

Since a > L, condition H1 of Theorem 2.9 is satisfied. To see that H2 is satisfied, use the
Lipschitz continuity property of Vf and (19) to obtain
IV @D < [V F ) = V] + V)] < L+ bl — 2.

The sequence (2¥)ren has been assumed to be bounded. Thus it admits a converging subse-
quence, and, by continuity of f, H3 is trivially fulfilled. We can therefore apply theorem 2.9
to conclude. O
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Remark 3.3. The conclusion of Theorem 3.2 remains unchanged if the assumption that V f
is Lipschitz continuous on R™ and f is a KL function are replaced by the assumptions:
There exists a closed subset S of R™ such that

(i) Vf is L-Lipschitz continuous on coS;
(ii) z* € S for all k € N;
(iii) f satisfies the KL inequality at each point of S,

where co S denotes the convex envelope of S. The result is evident from the proof. Just
notice that the L-Lipschitz continuity of V f on co S is needed in order to apply the descent
lemma.

3.2 Prox-regularity

When considering nonconvex feasibility problems, we are led to consider squared distance
functions to nonconvex sets. Contrary to what happens in the standard convex setting, such
functions may fail to be differentiable. If we want to handle feasibility problems through
gradient methods (e.g. Algorithm 1), this lack of regularity causes serious trouble. The
key concept of proz-regularity provides a characterization of the local differentiability of these
functions and, as we will see in the next section, it allows in turn to design averaged projection
methods with interesting converging properties.

A closed subset F' of R™ is proz-regular if its projection operator Pr is single-valued around
each point x in F' (see [50, Theorem 1.3, (a) < (f)]). Prominent examples of prox-regular

sets are closed convex sets and C? submanifolds of R” (see [50] and references therein).

Set g(x) = idist (z, F)? and assume that F' is prox-regular. Let us gather the following

definition/properties concerning F' that are fundamental for our purpose.

Theorem 3.4 ([50]). Let F' be a closed proz-regular set. Then for each T in F there ezists
r > 0 such that:

(a) The projection Pr is single-valued on B(Z,r),
(b) the function g is C' on B(z,r) and Vg(x) = v — Pr(x),
(c) the gradient mapping Vg is 1-Lipschitz continuous on B(Z,r).

Item (c) is not explicitly developed in [50], a proper proof can be found in [41, Proposition 8.1].

3.3 Averaged projections for feasibility problems

Let F1,..., F, be nonempty closed semi-algebraic, prox-regular subsets of R such that
p
ﬂﬂ#@
i=1
A classical approach to the problem of finding a common point to the sets Fi,..., F), is to

find a global minimizer of the function f : R" — [0, 4+00)

Fo) = % S dist (, )2, (23)
=1
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where dist (-, F;) is the distance function to the set Fj.

As it is well known in the convex case, the averaged projection method corresponds exactly
to an explicit gradient method applied to the function f. In a nonconvex setting, we are thus
led to study the following algorithm:

Inexact averaged projection algorithm Take 6§ € (0,1), a < % and M > 0 such that

11—« 1
7 > 5 (24)

Given a starting point z° in R™, consider the following algorithm
12
e (1-0)zF+6 (p Z Pr, (xk)> +€F, (25)
i=1

where (ek) keN 1s a sequence of errors which satisfies
<6k,xk+1 _ :L'k> < akaJrl _ ka2 (26)
€¥]] < MJz"+T — ¥ (27)

for all k € N.
We then have the following result.

Theorem 3.5 (Inexact averaged projection method). Let Fi,..., F), be semi-algebraic, and
proz-reqular subsets of R™ which satisfy

p
(£ #0.
=1

If 20 is sufficiently close to P, F;, then the inezact averaged projection algorithm reduces
to the gradient method

0
2 = gk IV f(ah) 4 ek,
p

with f being given by (23), which therefore defines a unique sequence. Moreover, this sequence
has a finite length and converges to a feasible point T, i.e. such that

Proof. Let us first observe that the function f (given by (23)) is semi-algebraic, because the

distance function to any nonempty semi-algebraic set is semi-algebraic (see Lemma 2.3 or

[29, 15]). This implies in particular that f is a KL function (see the end of Section 2.2).
Take a point z* in M F; and use Theorem 3.4 to obtain § > 0 such that, for each i =

17 AR 7p7
(a) the projection Pp, is single-valued on B(z*,J),

(b) the function g; := 3dist (-, F;)? is C! on B(z*,6) and Vg;(z) = z — Pp,(z),
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(c) the gradient mapping Vg; is 1-Lipschitz continuous on B(z*,0).

Since the function f has the KL property around z*, there exist ¢, U, n as in Definition 2.4.
Shrinking ¢ if necessary, we may assume that B(z*,d) C U. Take p € (0,9) and shrink 7 so

that
1 -2«

2p

n < (6—p)* (28)

Choose a starting point #° such that: 0 = f(2*) < f(2°) < n and

o - a0 + 20/ 75D 4 Do pa)) < (20)

Introduce a = p(152 — 1) > 0 (cf (24)) and b=p (1 + %)
Let us prove by induction that the averaged projection algorithm defines a unique sequence
that satisfies:

— Conditions H1 and H2 of Section 2.3 with respect to the function f and the constants
a,b,

— aF € B(z*, p) for all integers k > 0.

The case k = 0 follows from (29). Before proceeding, note that, if a point = belongs to
B(z*,0), we have

P
Vi) =) (¢~ Pr(x)).
i=1
Using Cauchy-Schwarz inequality (one may as well use the convexity of || - ||?), we obtain
» 2
IVf@)]* < (Z 2 — Pﬂ(ﬂf)ll) (30)
i=1
P
< pY_le—Pr2))’
i=1
= 2pf(2).

Let k > 0. Assume now that ¥ € B(z*,p) and properties H1, H2 hold for the k + 1-uple
20, ..., 2", Using Theorem 3.4, the inclusion (25) defining 2**1 may be rewritten as follows

0
M =gk — SV () + €,
p
hence z**1 is uniquely defined. The above equality yields (note that 6 € (0,1) and p > 1)
l2* = 2F|? = 202 =2, ) - [|€F|P < VM),

thus, in view of (26), (28) and (30),

2
ok — a2 < = f(ah) < (6 - ). (31)
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Since ||zF*1 — 2*|| < ||#FF! — ¥ + ||2* — 2*|, this implies that ¥+ € B(2*,4). Using (26)
and (27), let us verify that property H1 is satisfied for 20, 2!, ..., 2%+, We have

<vf(xk)7mk+1 _ $k> _ g«xk _ karl) Tk gt $k>
< —p(l—a)fattt—oF)

By Theorem 3.4, we know that V f is p-Lipschitz on B(z*,d); we can thus combine the above
inequality with the descent lemma to obtain

f($k+1) + 2%(1 _ Oé) -Pp

ol = aF < (),

that is
F@) +allat = 2b)2 < f (),
which is exactly property H1. On the other hand we have
IV < [IVF@EM) = V] + IV F(0)]
p
< pllat = 2B+ Sl 2+ )

1+ M
p(14 52 1k - b,

= bttt - k)

IN

where the second inequality comes from the Lipschitz property of V f and the definition of the
sequence, while the last one follows from the error stepsize inequality, namely (27). Property
H2 is therefore satisfied.
Applying now Corollary 2.7, we get z¢t1 € B (z*, p) and our induction proof is complete.
As a consequence, the algorithm defines a unique sequence that satisfies the assumption
of Lemma 2.6 (or Theorem 3.2), hence it generates a finite length sequence which converges
to a point Z such that f(z) = 0. O

Remark 3.6. (a) In [41], a paper that inspired the above development, the authors establish
similar results for sets F; having a linearly reqular intersection at some point T, an important
concept that originates from [45, Theorem 2.8]. A linearly regular intersection at Z means
that the equation

P
> i =0, with y; € Np,(z)
i=1
admits y; = 0, Ve = 1,...,p as a unique solution.
An important fact, tightly linked to the convergence result for averaged projections given
in [41, Theorem 7.3], is that the objective f(z) := %ZZ dist (z, F;)? satisfies the inequality

IVF(@)I? = ef(2),

where z is in a neighborhood of Z and with ¢ being a positive constant (see [41, Proposition
8.6]). One recognizes the Lojasiewicz inequality with a desingularizing function of the form
o(s) = %\/5 with s > 0.

(b) The above proof does not rely directly on Theorem 3.2 or Lemma 2.6, because we do not
know a priori that the sequence enters the abstract framework of descent methods defined in
Section 2.3.
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4 Inexact proximal algorithm

Let us first recall the exact version of the proximal algorithm for nonconvex functions [35, 3].

Let f: R" — RU {400} be a proper lower semicontinuous function which is bounded
from below, and A a positive parameter. It is convenient to introduce formally the proximal
correspondence prox,; : R" = R", which is defined through the formula

) 1
Prox, s := argmin {f(y) + 5”3/ —z|?:y € R”} .

Note that for any p > 0, we have Proxy(, ) = ProX(y,)y, so that these objects may be simply
denoted by proxy,, .

In view of the assumption inf f > —oo, the lower semicontinuity of f and the coercivity
of the squared norm imply that prox,; has nonempty values. Observe finally that, contrary
to the case when f is convex, we generally do not face here a single-valued operator.

The classical proximal algorithm writes

AR = pI‘OX)\kf(ij), (32)

where A\ is a sequence of stepsize parameters lying in an interval [\, A] C (0, +o0), and
xo € R™. Writing successively the definition of the proximal operator and the associated first
optimality condition (use the sum rule [51]), we obtain

J@ + gl —atP < fah) (33)
wk-‘rl e af(l’k+1); (34)
AT pF gk — 0, (35)

4.1 Convergence of an inexact proximal algorithm for KL functions

Let us introduce an inexact version of the proximal point method. Consider the sequence
(2¥)ren generated by the following algorithm:

Algorithm 2: Take zp € R", 0<A<A<oo, 0<o<1, 0<6<1.

For k =0,1,..., choose A\ € [\, A], and find z**! € R?, w**! € R" such that
0
FHH) o o < ) (36)
k
Wt e af (T, (37)
H>\kwk+1 + $k+1 - ZL'k||2 < O_(H)\kwk—i-1||2 + ||$k+1 _ $k||2) (38)

The error criterion (38) is a particular case of the error criterion considered in [54], but here,
contrary to [54], we are not dealing with a maximal monotone operator and no extra-gradient
step is performed. In our setting, condition (38) can be replaced by a weaker condition: for
some positive b > 0

U< bll2 - 2. (39)

The fact that Algorithm 2 is an inexact version of the proximal algorithm is transparent: the
first inequality (36) reflects the fact that a sufficient decrease of the value must be achieved,
while the last lines (38), (39) both correspond to an inexact optimality condition.

[ A\gw

The following elementary Lemma is useful for the convergence analysis of the algorithm.
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Lemma 4.1. Let o € (0,1]. If z,y € R", and
2+ ylI* < o(ll=[I” + [ly]*), (40)

then )
-0
T(llfﬂll2 + lylI?) < —(2,9).

Assuming moreover o € (0,1)

1—y/1-(1-0)?2 1+4/1-(1-0)
~— Tyl < el <

2

Proof. Note that (40) is equivalent to
)1 + 24z, ) + llyl* < o(llz[* + lyll*)-

Direct algebraic manipulation of the above inequality yields the first inequality. For prov-
ing the second and third inequalities, combine the above inequality with Cauchy-Schwarz
inequality to obtain

(L= o)l? = 2l/lly] + (1 = o)yl <0

[l]]

Viewing the left-hand side of the above inequality as a quadratic function of Tl yields the
conclusion. 0

The main result of this section is the following theorem.

Theorem 4.2 (Inexact proximal algorithm). Let f : R® — R U {+o0} be a proper lower
semicontinuous KL function which is bounded from below. Assume that the restriction of f
to its domain is a continuous function. If a sequence (z*¥)pen generated by Algorithm 2 (or
by (36), (37) and (39)) is bounded, then it converges to some critical point T of f.
Moreover the sequence (x%)ren has a finite length, i.e. Y [|#FH — 2¥|| < +o0.

Proof. First use Lemma 4.1 to conclude that condition (38) implies (39). Therefore, we
assume that (36), (37) and (39) holds. If (z¥)iey is bounded, there exists a subsequence
(2¥7) and Z such that

2 -z as j — oo.
Since f is continuous on its effective domain and f(z%) < f(z0) < +oo for all j, we conclude
that

f(a") = f(z) as j — oo,

We can now apply Theorem 2.9, and thus obtain the convergence of the sequence (z¥)ey to
a critical point of f. O

4.2 A variant for convex functions

When the function under consideration is convex and satisfies the Kurdyka-Lojasiewicz prop-
erty, Algorithm 2 can be simplified while its convergence properties are maintained.

Let f : R® — R U {+o0} be a proper lower semicontinuous convex function. Consider
the sequence (z¥)en generated by the following algorithm.
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Algorithm 2bis: Take 0< ég A<oo, 0<o<l.
For k=0,1,..., choose \; € [\, A] and find z**! € R", w**! € R™ such that
Wk € af (F ), (41)
At 2P — 212 < o (AP 4 (|2t - 2. (42)
Before stating our main results, let us establish some elementary inequalities. We claim
that for each k
1 A

-0 l1-0
Tkt = b B ke < pab), (13

f(karl) + 5

and

1++/1—-(1-0)2
k) < St =), (44)

For proving (43), use the convexity of f and inclusion (41) to obtain
f(l‘k) > f(xkﬂ) + <.I'k _ .’L‘k+l,wk+1>.

Using the above inequality, the algebraic identity

1
<J}k - $k+1,wk+1> — m[H)\kwk+1H2 + ka+1 _ ka2 - H)\kwarl + karl _ kaZ]

and (42), we obtain

1

— 1
o [PelleF R 4 e - R (45)

F(a*) = f*) + =
Ak

Combining this inequality with the assumption A < Az < X yields (43). B
Equation (44) follows from Lemma 4.1, inequality (42) and assumption A < A\, < A.

Theorem 4.3. Let f: R™ — RU {400} be a proper convezr lower semicontinuous. Assume
that f is a KL function which is bounded from below and let (x*)ren be a sequence generated
by Algorithm 2bis.

If (2%)ren is bounded, then it converges to a minimizer of f and the sequence of values
f(z*) converges to the program value min f. Moreover, the sequence has a finite length, i.e.
> [l Ht — k|| < +oo.

Proof. Since f is bounded from below, it follows from (43) and o < 1 that
+00 +oo
Sl =2 < oo, )PP < oo
k=1 k=1

Therefore
wp, — 0 ask — +oo.

Since (2¥) has been assumed to be bounded, there exists a subsequence (%) which converges
to some Z. By (43) and o < 1, we also see that the sequence (f(z*)) is decreasing. From this
property and the lower semicontinuity of f, we deduce that

f(Z) < liminf f(z%) = Jim f(z").

J—00
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Using the convexity of f and the inclusion w* € df(2*) for k > 1, we obtain
(@) > f(z®) 4+ (3 — 2k whi), j=2,3,....
Passing to the limit, as 7 — oo, in the above inequality we conclude that
F@) > lim fa).

Therefore
f(Z) = lim f(z%) = lim f(z").
k—o00 j—00
Then use (43), (44) and Theorem 2.9 to obtain the convergence of the sequence (z*) to some
z. From w* € 9f(2*), w* — 0 as k — 400, and the closedness property of df, we deduce
that 0f(z) 2 0, which expresses that z is a minimizer of f.
O

Remark 4.4. (a) As mentioned in the introduction, many functions encountered in finite-
dimensional applications are of semi-algebraic (or tame) nature and are thus KL functions.
So are in particular convex functions: this fact was a strong motivation for the above result.
(b) Building a convex function that does not satisfy the Kurdyka-Lojasiewicz property is
not easy. It is however possible to do so in dimension 2 (see [18]), but such functions must
somehow have an highly oscillatory collection of sublevel sets (a behavior which is unlikely
as far as applications are concerned).

5 Inexact forward-backward algorithm

Let f: R"™ — RU {400} be a proper lower semicontinuous function which is bounded from
below, and which satisfies the Kurdyka-Lojasiewicz property.
We assume that f is a structured function that can be split as

f=g+h (46)

where h : R® — R is a C! function whose gradient Vh is Lipschitz continuous. The Lipschitz
constant of Vh is denoted by L. This kind of structured problem occurs frequently, see for
instance [24, 6] and Example 5.4.

We consider sequences generated according to the following algorithm:

Algorithm 3: Take a,b > 0 with a > L. Take 2° € dom g.

For k=0,1,..., find ¥ € R?, w**t! € R™ such that
g(@H*) + (@M — 2 Th(h)) + ZleF — ok < g(a"): (47)
oFH € 9g(ah ), (48)
[0 + Vh(zP)|| < bl — 2*). (49)

This section is divided into three distinct parts. In a first part, we recall what is the
classical forward-backward algorithm and explain how Algorithm 3 provides an inexact ver-
sion of the latter; the special case of projection methods is also discussed. In a second part,
we provide a general convergence result for KL functions. We end this section by providing
illustrations of our results through problems coming from compressive sensing, and hard-
constrained feasibility problems.
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5.1 The forward-backward splitting algorithm for nonconvex functions

Let us further assume that ¢ is bounded from below. Being given a sequence of positive
parameters 7 that satisfies

1
0<1<7k<7<z

where v and A are given thresholds, the forward-backward splitting algorithm reads

" e prox. (2" — 1 Vh(zP)). (50)

’Ykg(

An important observation here is that the sequence is not uniquely defined since prox., g
may be multivalued; a surprising fact is that this freedom in the choice of the sequence does
not impact the convergence properties of the algorithm (see Theorem 5.1).

Let us show how this algorithm fits into the general framework of Algorithm 3. By
definition of the proximal operator we have

1 1
Wrg(@" ) + S =2t + VRGP < o) + S In VRN,

which after simplification gives
1
Wg(@" ) + Sl = 2P| Vh(®), 2 — 2F) < pg(a®).
Thus

1
o e R C

g(xF ) 4 (Vh(zh), o8 — 2F) + >

so that the sufficient-decrease condition (47) holds (that’s where we precisely use ¥ < 1).
Writing down the optimality condition yields

V" 4 e VR(2F) + 2 —2b =0

where v*+1 € dg(x**1). Dividing by v, we end up with

1
[+ VAN = —[a* -2
Yk
1
< 7H$k+1 - JJkH?
0

which is the inexact optimality conditions announced in (49).
As for the proximal algorithm, the inexact version offers some flexibility in the choice of
zF+1 by relaxing both the descent condition and the optimality conditions.

Gradient projection algorithm Let us specialize the forward-backward splitting algo-
rithm to functions of the form ic 4+ h (where C' is a nonempty closed subset of R™). For all
positive A, we have the elementary equality

prox,,. .= = Po(z).
We thus find the nonconvex nonsmooth gradient-projection method

2" e Po(af — 4 Vh(zF)). (51)
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5.2 Convergence of an inexact forward-backward splitting algorithm

Let us now return to the general inexact forward-backward splitting Algorithm 3, and show
the following convergence result.

Theorem 5.1 (Nonconvex nonsmooth forward-backward splitting). Let f = g+ h : R" —
R U {400} be a proper lower semicontinuous KL function which is bounded from below.
Assume further that h : R™ — R is finite valued, differentiable, has a L-Lipschitz continuous
gradient, and that the restriction of g to its domain is continuous.

If (2%)ren is a bounded sequence generated by Algorithm 3, then it converges to some critical
point of f =g+ h.

Moreover, the sequence (x*)en has a finite length, i.e. >, ||zt — 2¥|| < +o0.

Proof. Using the descent lemma for the C' function h at z**! and z*, and the sufficient
decrease property (47) of Algorithm 3, we obtain

— L
g(ka)—i-h(ka)—FaT

[T — 2F|* <g(a*) + h(a")
+ <l’k+1 o .’L’k,Vh(xk)) + %ka—i-l o kaQ
<g(a*) + h(z").

Therefore, setting

a=a—L>0
we have -
) + SaM = aH|? < (o). (52)
Define

wh Tl = oM Th(aF ).
The classical derivation rule for the sum, see [51], and property (48) of Algorithm 3 yield
wh € of (aF1). (53)
Moreover, by property (49) of Algorithm 3, and the triangle inequality, we obtain
o™ <™+ V@R + VR — Vh(2")|
<bllk Y — 2|+ L)kt — 2R,

We are precisely in the case which has been examined in Theorem 4.2 (continuous functions
on their domain). ]

Remark 5.2. (a) For the exact forward-backward splitting algorithm the continuity assump-
tion concerning g is useless. Indeed in that case, we have for all u in R”

1 1
g (™) + 5\\90'““ — 2+ Vh(z")|? < g(u) + llu = z* + VA2,

so that

1 1
g(@ ) o [la T =P (@ =2t V(b)) < g(u) + L 2||? + (u—a*, Vh(a?)).
k

27k
(54)
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Let 2% be a subsequence of z* which converges to . Take u = Z, k = k; in (54) and let
j — +o0. Since zFH — zF — 0, we obtain

limsup g(z*1) < g(z),
k—+oco

and, since g is lower semicontinuous, lim g(z*1) = ¢(Z). The end of the proof is the same
that the one of Theorem 5.1.

(b) Forward-backward splitting algorithms have many applications to parallel splitting of
coupled systems. For applications involving monotone operators one may consult [6].

An important consequence of the above result is a general convergence result for gradient
projection methods.

Theorem 5.3 (Nonconvex gradient projection method). Let h : R™ — R be a differentiable
function whose gradient is L-Lipschitz continuous, and C a nonempty closed subset of R™.
Being given € € (0, i) and a sequence of stepsizes 7y such that € < v < % — €, we consider
a sequence (z¥)ren that complies with

" e Po(af — 4 Vh(z)), with 2° € C.

If the function h +ic is a KL function and if (z¥)gen is bounded, then the sequence (z*)pen
converges to a point x* in C' such that

Vh(z*) + No(z*) 2 0.
Proof. 1t is a direct consequence of Remark 5.2 (a). O

As mentioned in the Introduction and in Section 2.2, the assumption that h 4+ i¢c is a KL
function is very general. For instance, when h is C! semi-algebraic and C'is a nonempty closed
semi-algebraic set, h+i¢ is a KL function and the above result applies. Let us also emphasize
here that our convergence result, contrary to those of Theorem 3.5 and [41], do not rely on
any regularity properties of the set C' (in the sense of variational analysis). In particular, C'
does not need to be prox-regular so that the projection mapping may be multi-valued in any
neighborhood of C.

5.3 Examples

Example 5.4 (Forward-backward splitting for compressive sensing). (a) The central issue
in compressive sensing is to recover sparse solutions of under-determined linear systems (see
[28]). The model problem is the following

(P) min{||z|o: Az = b}

where || - ||o is the counting norm (or the Y norm), A # 0 is an m x n real matrix and b € R™.
We recall that for z in R”, ||z||p is the number of nonzero components of z.

As in [11], we proceed in the spirit of Tikhonov regularization for the least squares method.
Fix a parameter A > 0. We aim at solving the nonsmooth nonconvex problem:

, 1
(P) - min{Aflzfo + [l Az — b[|*}.
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If we set g(z) = A|z|lo and h(z) = 1||Az — b||%, it is straightforward to check that the
topological assumptions of Remark 5.2(a) are satisfied (observe indeed that || - ||o is lower
semicontinuous). To see that g 4+ h is a KL function, we simply note that h is a polynomial
function and that || - ||o has a piecewise linear graph, hence the sum g + h is semi-algebraic.
Consider now the proximal operator prox. ., (). When n = 1, the counting norm is
denoted by |- |op; in that case one easily establishes that

u if |u] > v/29A
prox .ot =9 {10,u} if [u] = 29X
0

otherwise.
When n is arbitrary, trivial algebraic manipulations yield, with v = (uy,...,u,) € R™,
PIOX ||, U = (ProXyy .o Uls - - - ,proxVM,‘Oun),

and thus prox, ., is a perfectly known object.
Let || - ||p denote the Frobenius norm in Applying the previous result (Re-
mark 5.2(a)) to the bounded sequences generated by the thresholding process

RmXTL

l‘k+1 € prOX’Yk)\”'HO (.T}k — ’)/k(ATAl‘k — ATb)>

where 0 <7 < <7 < shows that the sequence (z¥)zcn converges to a critical

1
|AT Al
point of A||z|jo + 3||Az — b||?, i.e. towards a point z* that satisfies

(ATAIE*)Z = (ATb)Z,

for all 4 such that z] # 0.

As mentioned in the introduction, these results offer a complementary view to the theo-
retical develoments of [11, 12]. They also provide at the same time a very general convergence
result which can be immediately generalized to compressive sensing problems involving semi-
algebraic or real-analytic nonlinear measurements.

(b) Alternative approaches to (P) are based on the following approximation
1
(P") - min{Allz(l, + 5[l Az — ||},

where p is in (0,1) and ||z|[, = >_7 |zi|P (see [20]). Some encouraging numerical results have
been reported in [20]. In [19] some theoretical results in the framework of Hilbert spaces
are announced but, even when the space is finite dimensional, no convergence result and no
estimate result are provided.

Using the separable structure of || -||,, the computation of the proximal operator PIOX. )\ |||,
can be reduced to the one dimensional minimization problem: for v € R, find x solution of

min {27A|z[P + (z — u)® : 2 € R},

that can be solved numerically by standard methods. Thus the forward-backward splitting
algorithm may be run in a simple way. To obtain convergence, the only nontrivial fact that

1 — —
Recall that prox, .y = ProX(x)jo = PTOX, () o)
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has to be checked is that f = Az, + 3||Az — b]|> is a KL function. For this, we recall
that there exists a (polynomially bounded) o-minimal structure that contains the family of
functions {z® : > 0, o € R} and restricted analytic functions (see [30, Example (5), p. 505
and Property 5.2 p. 513]). As a consequence, the results of [17] apply and f is a KL function
with a desingularizing function of the form (s) = cs? where ¢ > 0, § € [0,1). Hence the
previous convergence and estimate results apply to the algorithm

e prox)\,m”,”p(ack — (AT AzF — ATb)),

and to its inexact counterparts (note that g(-) = || - ||, is continuous and that 7 is taken as
in remark (a) above).

Example 5.5 (Hard-constrained feasibility problems). Let F, Fi, ..., F, be a finite collection
of nonempty closed subsets of R", and assume that Fi,..., F}, are convex sets. The hard
constraint F' is not supposed to be conver. We consider the following minimization problem

I
mln{2 Zwidlst (z,F})? :x € F},

=1

where w; are positive constants such that ) ,w; = 1. By applying the forward-backward
splitting algorithm to this problem, we aim at finding a point which satisfies the hard con-
straints modelled by F, while the other constraints are satisfied in a possibly weaker sense
(see [24] and references therein). Set

1 p
h(z) =5 > widist (2, F)).
=1

By a standard convex analysis result, each function h;(z) = 3dist (z, F;)? is C* convex, and

its gradient, equal to Vh;(z) = z — Pp,(z), is Lipschitz continuous with Lipschitz constant
equal to 1. By convex combination, the same property holds true for h, and we can take
L =1 as a Lipschitz constant of Vh.

Thus the forward-backward splitting algorithm (gradient-projection) (50) reads:

Take 0 < § < 0 < 1. Take 2 € R™. For k =0,1,...,

.%']H_l € Pr ((1 — ek)l‘k + 0y, zp:PFZ (l’k)) , (55)

i=1
where 0, € [0, 0].

Let us consider successively the convergence properties of this algorithm in two different
situations, which are based respectively on the concepts of semi-algebraic sets, and linear
regular intersection.

Theorem 5.6. Assume that the sets F,Fy,...,F, are semi-algebraic. Let (a:k)keN be a
sequence generated by the forward-backward splitting algorithm (55). If (x*)ren is bounded,
and x0 is sufficiently close to the intersection of the sets F,F,... , I, then the sequence
(zF)ren converges to a point which lies in the intersection of the sets F,Fy, ...  Ep.
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Proof. The proof relies on the fact that the underlying function
12
f(@) =ip(z) + 5 > widist (z, F)?, x € R, (56)
i=1

is a KL function. This follows immediately from the fact that the distance function to a semi-
algebraic set is semi-algebraic (see Lemma 2.3) and hence satisfies KL. Then apply Theorem
5.1 to obtain the finite length property and the convergence of the sequence (z¥)ien to a
critical point of f. Then by direct application of the local convergence to global minima
Theorem 2.12, we obtain the convergence of the sequence (z¥)iecn to a point which lies in the
intersection of the sets F, Iy, ..., F},. ]

Let us now consider the KL analysis in the regular intersection case (see definition in
Remark 3.6). To this end, we will use the following result [41, Proposition 8.5] (based itself
on a characterization given in [36]).

Lemma 5.7. Let C1,...,Cy, be closed subsets of R™ whose intersection is nonempty. Let
T € N;C;. Assume that the intersection of Ci,...,Cy, is linearly reqular at . Then, there
exists a positive constant o such that for each x sufficiently close to T, we have:

a [ D llwl < 1D wills Y(yis-- - ym) € Ny (@) x ... x Np,, (). (57)
i=1 i=1

We shall see below that this property entails that the function

p
Fo) = ip(2) + ;; dist (z, Fy)?, o € R", (58)

satisfies the KL inequality. Thus, in that case, we are led to consider the algorithm obtained
by applying to f the forward-backward splitting algorithm (50), which gives:

Take 0 < 0 < 0 < ]%. Take 2 € R”. For k=0,1, ...,

e Pr <(1 - Gk)a:k + 6, iPFz’ (:L‘k)) , (59)

i=1
where 6, € [0, 6].

Theorem 5.8. Assume that the sets F, Fi, ..., F}, have a linearly reqular intersection around
a point T and that one of them is a compact set. If 20 is sufficiently close to T, then the
sequence (xF)ren generated by the algorithm (59) converges to a point which lies in the in-
tersection of the sets F\, Fy,..., Fj.

Proof. The convergence proof can be obtained like in Theorem 5.1 by using Theorem 2.12.
We simply need to verify that the function f, as defined by (58), satisfies the KL inequality.
Let K be a compact neighborhood of  on which (57) holds. Take x in K; we have

p

0f(x) = Np(z) + Y _(z — Pr,()),

=1
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For each i = 1,...,p, set y; = (z — Pp;(x)) and observe that y; € Ng,(z). If z is in dom df,
use Lemma 5.7 and inequality (57) to obtain

dist (0,0f(x)) = min{[lz+ ) wil : z € Np(2)}

i=1
m
> aminf, |[|2l2 + ) Juill? : 2 € Np(2)}
i=1
>
~ 1
> cf(x)?
where ¢ is a positive constant. This shows that f is a KL function. O

6 An inexact regularized Gauss-Seidel method

Fix an integer p > 2, and let nq,...,n, be positive integers. The current vector x belongs to
the product space R™ x ... xR", it is denoted by = (x1,...,x,), where each x; belongs to
R™. We are concerned with the minimization of functions f : R™ x ... x R™ — RU {400}
having the following structure

p
i=1

where @ is a C! function with locally Lipschitz continuous gradient, and f; : R — RU{+o0}
is a proper lower semicontinuous function, i = 1,2, ..., p.

For each i in {1,...,p}, we consider a bounded sequence of symmetric positive definite
matrices (BF)ren of size n;. We assume that the eigenvalues of the matrices {BF : k € N, i €
{1,...,p}} are bounded away from zero.

Our model algorithm is the following.

A proximal modification of the Gauss-Seidel method (see [8])
Take a starting point z° = (x(l), . .,xg) in R™ x ... x R™ and consider the alternating
minimizing procedure.

For z* being given in R™ x ... x R™ construct 2**1 as follows
41 € argmin {f(uy, 25, ..., %) + %(B'f(ul ) u— ) w e RMY. (61)
Successively for ¢ =2,...,p—1:
eh e argmin {f(28H e g ek ) + %(Blk(uZ — ) —2f) cu e RYY; (62)
xlgﬂ € argmin {f(:clfH, ... ,x';ﬂ, u,) + %(B;f(up - x];), u, — x’;> tu, € R} (63)

Set zFt1l = (1 ,x’;“).
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Remark 6.1. When Bf = 0 for all integers ¢ and k, which is not allowed in our framework,
one recovers the classical Gauss-Seidel model. When Bf = ol where o is a positive real
number and [ is the identity matrix, we recover the exact methods studied in [8, 31, 5].

Let us now introduce an inexact version of the above alternating method.

Algorithm 4 Take 0 < A\ < X\ < o0.

For each i in {1,...,p}, take a sequence of symmetric positive definite matrices (A¥)gey of
size n; such that the eigenvalues of each A¥ (k € N, i € {1,...,p}) lie in [\, A].
Take some positive parameters b; (i = 1,...,p).
Take a starting point 20 = (29, . .. ,1'2) in R™ x ... x R",.
For k =0,1,..., find 2 and v**t € R™ x ... x R™ such that
Folab ) + QA ekt oA o) 4 (A — ), ab o)
< fila}) + Qi .. ,xfff,x?,...,xzx (64)
ot e afi(xth); (65)
k+1 k+1 k+1 Kk k+1 k
Hvi+ +V$iQ($1+ 7""xz‘+ 1 L1 p)H<b”$+ z”: (66)
where ¢ ranges over {1,...,p}.

Elementary computations show that the model algorithm (61)-(62)-(63) is a special in-
stance of Algorithm 4.

Convergence analysis of the regularized Gauss-Seidel method
Define

A = 4 T QAT b )iy, € R x L x R,

Using the differentiation rules for separable functions, we obtain

Ve af(aFh). (67)
Assume that the sequence (xk)keN is bounded, and denote by L the Lipschitz constant of
V@ on a product of balls By x ... x B, containing the sequence (z¥)en. For alli =1,...,p,
we have
o+ V@)
< ot 4+ V,, QT L ,x§+1,m§+1, el
E+1 E+1 K k k+1 E+1
+ Ve, Qay ™, a2y, 1) — Ve, QG et

< billrf T = || + Ll - 2.

Therefore, for some M > 0,
[ < Mt — 2. (68)

Summing inequalities of the type (64) from ¢ = 1 to ¢ = p, and using the inequalities
Mul|? < (AFu, u) for all integers i and k, we conclude that

P+ Al —ab)? < f(at).

We are in position to apply Theorem 2.9 to obtain

31



Theorem 6.2 (Proximal regularization of Gauss-Seidel method). Assume that f defined in
(60) is a KL function which is bounded from below. Let (z*)pen be a sequence generated by
Algorithm 4. If (2*)rey is bounded, then it converges to some critical point T of f.
Moreover the sequence (x%)ren has a finite length, i.e. Y [|#F+H — 2¥|| < +o0.

Remark 6.3 (Convex minimization). Observe that this result is new even in the context of
convex optimization where this problem was considered first (see the seminal work [8] and
the recent study [4]). Indeed it allows both to choose a general smooth convex coupling term
Q@ and to adapt the geometry of the proximal operators (through the choice of a metric Af)
to the geometry of the problem. Due to the fact that a convex function has at most one
critical value, the bounded sequences generated by the above algorithms converge to a global
minimizer.

7 Conclusion

Very often, iterative minimization algorithms rely on inexact solution of minimization sub-
problems, whose exact solution may be almost as difficult to obtain as the solution of the
original minimization problem.

Even when the minimization subproblem can be solved with high accuracy, its solutions
are mere approximations of the solution of the original problems. In these cases, over-solving
the minimization subproblems would increase the computational burden of the method, and
may slow down the final computation of a good approximation of the solution. On the
other hand, under-solving the minimization subproblems may result in a breakdown of the
algorithm, and convergence to a solution may be lost.

In this paper we gave theoretical basis for the application of numerical methods for min-
imizing a class of functions (which satisfies the KL inequality). In particular our abstract
scheme was designed to handle relative errors because practical methods always involve nu-
merical approximation, e.g., the representation of a real number in floating points numbers
with a fixed byte-length. We provided practical examples where the approximated solution of
the minimization subproblems within the proposed error tolerance is feasible in a single step.
Moreover, we also supplied stopping criteria for the solution of the minimization subproblems
in general.

The computational implementation of the methods analyzed in this paper, as well as these
stopping rules are topics for future research.
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