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Four new upper bounds for the

stability number of a graph

Miklós Ujvári

Abstract

In 1979, L. Lovász defined the theta number, a spectral/semidefinite
upper bound on the stability number of a graph, which has several re-
markable properties (e.g. it is exact for perfect graphs). The definition
of Lovász’s theta number relies on the notion of orthonormal represen-
tation of the graph, and, dually, can be obtained by optimizing over
the theta body. In the paper we will describe counterparts of theorems
due to Wilf, Hoffman, and Lovász; three spectral and one semidefinite
bound on the stability number, obtained via optimizing over a polyhe-
dron of nonnegative matrices, resp. the inverse theta body.

1 Introduction

The earliest spectral bounds (upper, resp. lower bounds for the chromatic
number of a graph) were derived in the late 1960s by H.S. Wilf and A.J. Hoff-
man (see e.g. Exercises 11.20,21 in [4]). In 1979, L. Lovász applied the method
of variables to the Wilf’s and Hoffman’s bounds, obtaining the theta number,
which is “sandwiched” between the stability number and the complementer
chromatic number, and, as the optimal value of a semidefinite program, is
easily computable (see [4]). In 1986 H.S. Wilf derived spectral lower bounds
on the stability number (see [11]).

In this paper we will describe counterparts of Lovász’s, Hoffman’s, and
Wilf’s bounds, semidefinite and spectral upper bounds on the stability num-
ber. We begin the paper with stating the main results. First, we fix some
notation.

Let n ∈ N , and let G = (V (G), E(G)) be an undirected graph, with vertex
set V (G) = {1, . . . , n}, and with edge set E(G) ⊆ {{i, j} : i 6= j}. Let A(G)
be the 0-1 adjacency matrix of the graph G, that is let

A(G) := (aij) ∈ {0, 1}n×n, where aij :=

{

0, if {i, j} 6∈ E(G),
1, if {i, j} ∈ E(G).
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The set of matrices A ∈ Rn×n satisfying 0 ≤ A = AT ≤ A(G) will be denoted
by A. (Here T stands for transpose, and ≤ is meant elementwise.)

The complementer graph G is the graph with adjacency matrix A(G) :=
J − I −A(G), where I is the identity matrix, and J denotes the matrix with
all elements equal to one. The disjoint union of the graphs G1 and G2 is the
graph G1 +G2 with adjacency matrix

A(G1 +G2) :=

(

A(G1) 0
0 A(G2)

)

.

We will use the notation Kn for the clique graph (defined by A(Kn) = J − I),
and Ks1,...,sk for the complete multipartite graph Ks1 + . . .+Ksk .

Let (δ1, . . . , δn) be the sum of the row vectors of the adjacency matrix.
The elements of this vector are the degrees of the vertices of the graph G.
Let δG,∆G, σG be the minimum, maximum, resp. the arithmetic mean of the
degrees in the graph.

By Rayleigh’s Theorem (see [7]) for a symmetric matrix M = MT ∈ Rn×n

the minimum and maximum eigenvalue, λM , resp. ΛM can be expressed as

λM = min
||u||=1

uTMu, ΛM = max
||u||=1

uTMu.

The minimum and maximum eigenvalue of the adjacency matrix A(G) will
be denoted by λG, resp. ΛG. It is a consequence of the Perron-Frobenius
Theorem (see [6], Theorem 9.1.3), that for A ∈ A, −λA ≤ ΛA ≤ ΛG.

The set of the n by n real symmetric positive semidefinite matrices will be
denoted by Sn

+, that is

Sn
+ :=

{

M ∈ Rn×n : M = MT , uTMu ≥ 0 (u ∈ Rn)
}

.

It is well-known (see [7]), that the following statements are equivalent for a
symmetric matrix M = (mij) ∈ Rn×n: a) M ∈ Sn

+; b) λM ≥ 0; c) M is
Gram matrix, that is mij = vTi vj (i, j = 1, . . . , n) for some vectors v1, . . . , vn.
Furthermore, by Lemma 2.1 in [10], the set Sn

+ can be described as

Sn
+ =







(

aTi aj
(aiaTj )11

− 1

)n

i,j=1

∣

∣

∣

∣

m ∈ N , ai ∈ Rm (1 ≤ i ≤ n)
aTi ai = 1 (1 ≤ i ≤ n)







. (1)

For example, the Laplace matrix of the graph G,

L(G) = Dδ1,...,δn −A(G) ∈ Sn
+.
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(HereDδ1,...,δn denotes the diagonal matrix with diagonal elements δ1, . . . , δn.)
Also,

Fs1,...,sk = k(J −A(Ks1,...,sk))− J ∈ Sn
+.

(Note that if F1,...,1 is Gram matrix then so is Fs1,...,sk .)
The stability number, α(G), is the maximum cardinality of the (so-called

stable) sets S ⊆ V (G) such that {i, j} ⊆ S implies {i, j} 6∈ E(G). The
chromatic number, χ(G), is the minimum number of stable sets covering the
vertex set V (G).

In the seminal paper [4] L. Lovász proved the following result, now popu-
larly called sandwich theorem:

α(G) ≤ ϑ(G) ≤ χ(G),

where ϑ(G) is the Lovász number of the graph G, defined as

ϑ(G) := inf







max
1≤i≤n

1

(aiaTi )11

∣

∣

∣

∣

∣

∣

m ∈ N , ai ∈ Rm (i = 1, . . . , n)
aTi ai = 1 (i = 1, . . . , n)

aTi aj = 0 ({i, j} ∈ E(G))







.

The feasible solutions (ai) of the program defining ϑ(G) are called the or-

thonormal representations of the graph G.
The Lovász number has several equivalent descriptions, see [4]. For ex-

ample, by (1) and standard semidefinite duality theory (see e.g. [8]), it is the
common optimal value of the Slater-regular primal-dual semidefinite programs

(TP ) min λ,







xii = λ− 1 (i ∈ V (G)),
xij = −1 ({i, j} ∈ E(G)),
X = (xij) ∈ Sn

+, λ ∈ R

and

(TD) max tr (JY ),







tr (Y ) = 1,
yij = 0 ({i, j} ∈ E(G)),
Y = (yij) ∈ Sn

+.

(Here tr stands for trace.) Note that for appropriately chosen s1, . . . , sk and
s, the matrices

X = Fs1,...,sk , Y =

(

J/s 0
0 0

)

are feasible solutions of programs (TP ) and (TD), respectively, with values
λ = k = χ(G) and tr (JY ) = s = α(G), resulting in a nice proof of the
sandwich theorem (see [1]).
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In this paper we will consider upper bounds on the stability number, dif-
ferent from the Lovász number. Let us define

ι1(G) = inf







n
∑

i=1

1

(aiaTi )11

∣

∣

∣

∣

∣

∣

m ∈ N , ai ∈ Rm (i = 1, . . . , n)
aTi ai = 1 (i = 1, . . . , n)

aTi aj = 0 ({i, j} ∈ E(G))







,

ι2(G) = inf {n− 1− ΛA − λA : A ∈ A} ,

ι3(G) =
1

2

(

n− ΛG +
√

(n− ΛG)2 + 4ΛG(n− 1− ΛG)
)

,

ι4(G) = inf







n− 1 +
uTJu

2
− ΛA

∣

∣

∣

∣

∣

∣

u ∈ Rn, A ∈ A
uTu = 1, u ≥ 0
uTAu = ΛA







.

We will prove in Sections 2,3,4, and 4, respectively, that the inequalities

α(G) ≤
√

ι1(G), ι2(G), ι3(G), ι4(G)

hold. (For lower bounds on α(G), see e.g. [10].)
In Section 2 we will describe ι1(G) as the optimal value of a Slater-regular,

standard semidefinite program. Hence, ι1(G) and ι3(G) are efficiently com-
putable, in contrast with ι2(G) and ι4(G), which bounds are at present the
optimal values of non-convex programs. Several further open problems re-
main: Can the four bounds give better results than other upper bounds (see
e.g. [10]), such as ΛG+1 (Wilf’s upper bound for the complementer chromatic
number), or ϑ(G), n+ 1− ϑ(G)? How do they relate to χ(G)? How do they
relate to each other? These questions need further investigation.

2 The inverse theta function

The first, semidefinite upper bound is derived via optimizing over the inverse
of the theta body.

It is well-known (see Theorem 5 in [4]), that

ϑ(G) = max

{

n
∑

i=1

yi : y = (yi) ∈ TH(G)

}

,

where TH(G) denotes the set of vectors y = (yi) ∈ Rn such that yi = (bib
T
i )11

(i = 1, . . . , n) for some orthonormal representation (bi) of the complementer
graph G.
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Convexity of the set TH(G) follows from the fact (see Corollary 29 of [2]),
that TH(G) can be described equivalently as the set of vectors y = (yi) ∈ Rn

for which there exists a matrix W = (wij) ∈ Rn×n satisfying both

(

1 yT

y W

)

∈ Sn+1
+ ,

and
yi = wii (i = 1, . . . , n), wij = 0 ({i, j} ∈ E(G)).

Analogously, let us denote by TH−1(G) the set of vectors x = (xi) ∈ Rn

such that xi = 1/(aia
T
i )11 (i = 1, . . . , n) for some orthonormal representation

of the graph G.
From (1) it follows immediately, that TH−1(G) can be described equiva-

lently as the set of vectors x = (xi) ∈ Rn such that there exists a matrix
Z = (zij) ∈ Rn×n satisfying

zii = xi − 1 (i = 1, . . . , n), zij = −1 ({i, j} ∈ E(G)), Z ∈ Sn
+.

This fact implies the convexity of the set TH−1(G), and also its monotonicity:
if x̂ ≥ x ∈ TH−1(G) then x̂ ∈ TH−1(G), too.

Let us define the inverse theta number of a graph G as

ι1(G) := inf

{

n
∑

i=1

xi : x = (xi) ∈ TH−1(G)

}

.

From the above considerations, and standard semidefinite duality theory (see
e.g. [8]) we obtain

THEOREM 2.1. The inverse theta number ι1(G) equals the common op-

timal value of the Slater-regular primal-dual semidefinite programs

(TP−) inf tr (Z) + n, zij = −1 ({i, j} ∈ E(G)), Z = (zij) ∈ Sn
+,

(TD−) sup tr (JY ),







yii = 1 (i = 1, . . . , n),
yij = 0 ({i, j} ∈ E(G)),
Y = (yij) ∈ Sn

+.

The optimal values of the programs (TP−) and (TD−) are attained. �

Similarly to ϑ(G), the number ι1(G) constitutes an upper bound for the
stability number α(G).

THEOREM 2.2. For any graph G, α(G) ≤
√

ι1(G) holds.
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Proof. Let S ⊆ V (G) be a stable set, with cardinality α(G). Then for
any (ai) orthonormal representation of G, the vectors ai (i ∈ S) are pairwise
orthogonal unit vectors. Therefore

∑

i∈S

(aia
T
i )11 ≤ 1,

which formula, by the arithmetic-harmonic mean inequality, implies that

n
∑

i=1

1

(aiaTi )11
≥
∑

i∈S

1

(aiaTi )11
≥ (α(G))2

holds. Taking infimum in (ai), we have the statement. �

The next two propositions give in particular the exact value of ι1(G) for
complete multipartite graphs and for graphs with vertex-transitive automor-
phism group.

PROPOSITION 2.1. For any graph G, the inequalities

n

(

1 +
σG

−λG

)

≤ ι1(G) ≤ n(σG + 1)

hold, with equality if G is a complete multipartite graph.

Proof. The inequalities are proved by the feasible solutions

Z := L(G), Y := I +
1

−λG

A(G),

which matrices have the values

n(σG + 1), n

(

1 +
σG

−λG

)

in (TP−) and (TD−), respectively.
The last assertion follows from the fact that for complete multipartite

graphs λG = −1. �

The following proposition implies that for graphs with vertex-transitive
automorphism group

√

ι1(G) > ϑ(G).

PROPOSITION 2.2. For any graph G, the inequalities

n2

ϑ(G)
≤ ι1(G) ≤ nϑ(G)

Operations Research Reports No. 2010-03
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hold, with equality if the graph G has vertex-transitive automorphism group.

Proof. First, let (ai) and (bi) be orthonormal representations of G and G,
respectively. Then, by Lemma 4 in [4],

n
∑

i=1

(aia
T
i )11(bib

T
i )11 ≤ 1

holds, which formula implies, by the arithmetic-harmonic mean inequality,
that

n
∑

i=1

1

(aiaTi )11(bib
T
i )11

≥ n2.

Consequently,

max
1≤i≤n

1

(bibTi )11
·

n
∑

i=1

1

(aiaTi )11
≥ n2,

and taking infimum in (ai) and (bi) we have the inequality ι1(G) ≥ n2/ϑ(G).
On the other hand, if Y is feasible in (TD−) then Y/n is feasible in (TD),

which proves the inequality ι1(G) ≤ nϑ(G), too.
The last assertion follows from the fact that for graphs with vertex-transitive

automorphism group, the equality ϑ(G)ϑ(G) = n holds (see Theorem 8 in [4]).
�

We conclude this section with an open problem. Closedness of the convex
set TH−1(G) follows easily from the fact that TH(G) is a compact set. Hence,
TH−1(G) can be described as

TH−1(G) =
⋂

w≥0

{

x ∈ Rn : wTx ≥ ι1(G,w)
}

,

where ι1(G,w) denotes the weighted version of ι1(G) = ι1(G, (1)).
For special vectors w ∈ Rn, we have seen in the proof of Proposition 2.2

that

TH−1(G) ⊆
⋂

(bi)

{

x = (xi) ∈ Rn :

n
∑

i=1

xi

(bibTi )11
≥ n2, x ≥ 0

}

,

where the (bi)s are the orthonormal representations of the complementer
graph G. Does equality hold here? (For TH(G) a similar linear description
is known (see [2]):

TH(G) =
⋂

(ai)

{

y = (yi) ∈ Rn :
n
∑

i=1

(aia
T
i )11yi ≤ 1, y ≥ 0

}

,

Operations Research Reports No. 2010-03
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where the (ai)s are the orthonormal representations of the graph G.)

3 The counterpart of Hoffman’s bound

In this section we describe the counterpart of a spectral lower bound for the
chromatic number due to Hoffman. The proof relies on estimating from above
the minimum eigenvalue of the adjacency matrix.

Hoffman’s Theorem (see e.g. [3]) states that for any graph G,

χ(G) ≥ 1 +
ΛG

−λG

. (2)

The proof remains valid for arbitrary matrix A ∈ A instead of A(G), and the
strongest bound obtained this way (by the so-called method of variables) is
ϑ(G) (see [4], [5]).

The proof of the counterpart closely follows the proof of (2).

THEOREM 3.1. For any graph G, α(G) ≤ ι2(G).

Proof. Let A ∈ A, and suppose that {1, . . . , s} is a stable set in G for some
1 ≤ s ≤ n− 1. Then the matrix A can be partitioned as

A =

(

A11 A12

A21 A22

)

,

where A11 = 0 ∈ Rs×s, A12 = AT
21, A22 = AT

22 ∈ R(n−s)×(n−s).
Let x ∈ Rn be an eigenvector corresponding to the eigenvalue ΛA. Let

x = (xT
1 , x

T
2 )

T , where x1 ∈ Rs, x2 ∈ Rn−s. Let us denote by y1 ∈ Rs the
vector with first element ||x1||, otherwise zero, and let us define similarly the
vector y2 ∈ Rn−s, too. Let y ∈ Rn be the vector obtained by stacking the
vectors y1, y2 on the top of each other.

Let us choose orthogonal matrices B1 ∈ Rs×s, B2 ∈ R(n−s)×(n−s) such
that B1y1 = x1 and B2y2 = x2 hold. Let B be the block-diagonal matrix
formed by the matrices B1, B2. Then, B ∈ Rn×n is an orthogonal matrix,
By = x, and

B−1ABy = B−1Ax = ΛAB
−1x = ΛAy.

Hence, the vector y is an eigenvector (with eigenvalue ΛA) of the matrix

B−1AB = (B−1
i AijBj)i,j=1,2.

Operations Research Reports No. 2010-03
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Let us consider the submatrix C = (cij) ∈ R2×2,

C = ((B−1
i AijBj)11)i,j=1,2.

As B−1ABy = ΛAy, so Cz = ΛAz with the 2-vector z := (||x1||, ||x2||)T ,
implying ΛA ≤ ΛC . By A11 = 0, we have c11 = 0, thus the trace of the
matrix C equals ΛC + λC = c22. Furthermore, as 0 ≤ A22 = AT

22 ≤ J − I, so
the inequalities

c22 ≤ ΛB
−1

2
A22B2

= ΛA22
≤ ΛJ−I = n− s− 1

hold. Cauchy’s Theorem on interlacing eigenvalues (see [7]) gives λA ≤
λC ,ΛC ≤ ΛA.

Summarizing, we have

λA ≤ λC = c22 − ΛC = c22 − ΛA ≤ n− s− 1− ΛA,

where s can be chosen to be the stability number α(G). This completes the
proof of the theorem. �

We remark that for the graph G = K3 +K2,2 and its subgraph G′ = K3,

ΛG + λG = 2 + (−2) < 2 + (−1) = ΛG′ + λG′ ,

showing that ι2(G) < n− 1− ΛG − λG is possible.

PROPOSITION 3.1. For any graph G, ι2(G) ≥ n− ΛG holds.

Proof. Let A = (aij) ∈ A, we will verify that

n− 1− ΛA − λA ≥ n− ΛG.

As A ∈ A, so −λA ≤ ΛA, and (multiplying by a constant if necessary) we
can assume that aij = 1 for some i, j. Let ui =

√
2/2 = −uj , and let

uk = 0 for k 6= i, j. Then, with the unit vector u = (uk) ∈ Rn, we have
uTAu = −1 ≥ λA. Moreover, as A ∈ A, so ΛA ≤ ΛG. Summarizing, the
statement follows. �

As Hoffman’s bound is related with ϑ(G) via the method of variables, so it
is possible that the counterpart bound ι2(G) is again related with ϑ(G). For
example, is it true that ι2(G) ≥ ϑ(G) or even ι2(G) ≥ χ(G)?

Operations Research Reports No. 2010-03
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4 The counterpart of Wilf’s bound

In this section we describe two spectral upper bounds on the stability number,
derived via estimating from above the maximum eigenvalue of the adjacency
matrix.

In order to derive the bound ι3(G) we will need the following technical
lemma.

LEMMA 4.1. Let 1 ≤ s ≤ n− 1, and let

M := I +A(Ks +Kn−s).

Then,

ΛM =
1

2

(

n− s− 1 +
√

(n− s− 1)2 + 4(s− 1)(n− s)
)

is the maximum eigenvalue of the matrix M .

Proof. The eigenvalue ΛM can be rewritten as

ΛM = min{λ ∈ R : λI −M ∈ Sn
+}.

For λ ≤ 1, λI −M 6∈ Sn
+. For λ > 1, the matrix λI −M ∈ Rn×n is positive

semidefinite if and only if the Schur-complement of its positive definite minor
(λ − 1)I ∈ Rs×s is positive semidefinite (see [6]). In other words, for λ > 1,
λI −M ∈ Sn

+ if and only if

λI − J − (−J) · ((λ − 1)I)−1 · (−J) ∈ Sn−s
+ . (3)

Here (3) can be easily seen to be equivalent to the inequality

λ−
(

1 +
s

λ− 1

)

· (n− s) ≥ 0; (4)

ΛM will be the least positive solution of (4), as stated. �

If the set {1, . . . , s} is a stable set in G, then 0 ≤ A(G) ≤ M − I, where
M is the same matrix as in Lemma 4.1. Hence, for the maximum eigenvalues
ΛG ≤ ΛM − 1 holds, and we can derive easily, from Lemma 4.1, the following

THEOREM 4.1. For any graph G, α(G) ≤ ι3(G) holds. �

We remark that the proof of Theorem 4.1 can be carried through for any
matrix A ∈ A instead of A(G), but this way we obtain weaker bounds than
ι3(G). Really, ι3(G), as a function of ΛA, is strictly monotone decreasing on

Operations Research Reports No. 2010-03
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the interval 0 ≤ ΛA ≤ n − 1 (the first derivative of the function is negative
on this interval). This means that we get the strongest bound when ΛA is
maximal, that is when A = A(G).

The next proposition, too, is immediate from the fact that for any graph
G, 0 ≤ ΛG ≤ n− 1.

PROPOSITION 4.1. For any graph G, ι3(G) ≥ n− ΛG. �

Now, we turn to the bound ι4(G), the counterpart of Wilf’s lower bound
on the stability number.

In [11] Wilf proved, as a consequence of a theorem of Motzkin-Straus, the
relation

n

n− ΛG

≤ α(G). (5)

The next proposition describes a weaker form of (5).

PROPOSITION 4.2. For any graph G, χ(G) ≥ n/(n− ΛG).

Proof. Let S1, . . . , Sk be stable sets in G with cardinality s1, . . . , sk, respec-
tively, so that s1 + . . .+ sk = n. Then, G is a subgraph of H = Ks1,...,sk . In
other words,

0 ≤ A(G) ≤ A(H) = J − Fs1,...,sk + J

k
,

implying, by Fs1,...,sk ∈ Sn
+, that

ΛG ≤ ΛH ≤ (k − 1)n

k
.

As here k = χ(G) can be chosen, so the statement follows. �

The counterpart of Proposition 4.2 can be proved similarly, and leads us
to the bound ι4(G).

PROPOSITION 4.3. For any graph G, α(G) ≤ (3n/2)− 1− ΛG.

Proof. Let {1, . . . , s} be a stable set in G. Then, G is a subgraph of the

graph H = Ks +Kn−s. In other words,

0 ≤ A(G) ≤ A(H) = A(Ks,n−s) +A(Ks +Kn−s).

Thus, for the maximal eigenvalues the inequalities

ΛG ≤ ΛH ≤ ΛKs,n−s
+ ΛKs+Kn−s

Operations Research Reports No. 2010-03
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hold. Here ΛKs+Kn−s
= n− s− 1, and, by

Fs,n−s

2
=

J

2
−A(Ks,n−s) ∈ Sn

+,

we have ΛKs,n−s
≤ n/2. Hence,

ΛG ≤ n

2
+ n− s− 1,

from which with s = α(G) the statement follows. �

In [11] Wilf used the method of variables to sharpen the bound in (5).
Analogously, the proof of Proposition 4.3 can be easily adapted to imply

THEOREM 4.2. For any graph G, α(G) ≤ ι4(G) holds. �

We remark that for the pentagon graph G = C5 and its subgraph G′ =
K2 +K3,

uTJu

2
− ΛG =

5

2
− 2 > 1− 1 =

u′TJu′

2
− ΛG′ .

This fact shows that ι4(G) < n− 1 + (uTJu/2)− ΛG is possible, the method
of variables is of practical value in the case of the bound ι4(G).

The following proposition is the analogon of Propositions 3.1 and 4.1.

PROPOSITION 4.4. For any graph G, ι4(G) ≥ n/2.

Proof. Let A ∈ A. Then, the matrix

B =
(n

2
− 1
)

· I + J

2
−A

is diagonally dominant, implying B ∈ Sn
+ (see [7]). Consequently, we have

n− 1 +
uTJu

2
− ΛA = n− 1 + uT

(

J

2
−A

)

u ≥ n− 1−
(n

2
− 1
)

=
n

2

for A ∈ A, which was to be proved. �

Finally, we mention an open problem. The minimum eigenvalue λG of a
graph G is negative, specially the corresponding unit eigenvector u ∈ Rn

has both positive and negative coordinates. Writing the eigenvector u as the
difference of its positive and negative part (i.e. u = u+ − u−, where u+, u−

are nonnegative, orthogonal n-vectors), we have

0 > λG = uTA(G)u ≥ −2uT
+A(G)u− ≥ −2uT

+Ju−,

Operations Research Reports No. 2010-03
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and it is not hard to conclude that −λG ≤ n/2. This result is due to Yong,
see [12], and implies in particular, the relation

ι2(G) ≤ n− 1− ΛG − λG ≤ 3n

2
− 1− ΛG.

It would be interesting to see a similar proof of the conjecture ι2(G) ≤ ι4(G)
via showing the inequality −λA ≤ (uTJu)/2 for all the feasible solutions A, u
of the program defining ι4(G).

Conclusion. In this paper we studied spectral and semidefinite upper
bounds on the stability number of a graph, counterparts of classical bounds
due to Wilf, Hoffman, and Lovász. Several questions arised: for example con-
cerning a specific linear description of the inverse theta body, or the relation
between the bounds introduced in the paper.

Acknowledgements. I thank Mihály Hujter for the K3 +K2,2 example
in Section 3.
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2005-01 Miklós Ujvári: On a closedness theorem
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