OPERATIONS RESEARCH
REPORT 2010-03

Four new upper bounds for the
stability number of a graph

Miklos Ujvari

December 2010

Eo6tvos Lorand University of Sciences
Department of Operations Research

Copyright (© 2010 Department of Operations Research,

Eotvos Lorand University of Sciences,
Budapest, Hungary

ISSN 1215 - 5918



Operations Research Reports No. 2010-03 1

Four new upper bounds for the
stability number of a graph

Miklés Ujvari

Abstract

In 1979, L. Lovész defined the theta number, a spectral/semidefinite
upper bound on the stability number of a graph, which has several re-
markable properties (e.g. it is exact for perfect graphs). The definition
of Lovész’s theta number relies on the notion of orthonormal represen-
tation of the graph, and, dually, can be obtained by optimizing over
the theta body. In the paper we will describe counterparts of theorems
due to Wilf, Hoffman, and Lovész; three spectral and one semidefinite
bound on the stability number, obtained via optimizing over a polyhe-
dron of nonnegative matrices, resp. the inverse theta body.

1 Introduction

The earliest spectral bounds (upper, resp. lower bounds for the chromatic
number of a graph) were derived in the late 1960s by H.S. Wilf and A.J. Hoff-
man (see e.g. Exercises 11.20,21 in [4]). In 1979, L. Lovész applied the method
of variables to the Wilf’s and Hoffman’s bounds, obtaining the theta number,
which is “sandwiched” between the stability number and the complementer
chromatic number, and, as the optimal value of a semidefinite program, is
easily computable (see [4]). In 1986 H.S. Wilf derived spectral lower bounds
on the stability number (see [11]).

In this paper we will describe counterparts of Lovéasz’s, Hoffman’s, and
Wilf’s bounds, semidefinite and spectral upper bounds on the stability num-
ber. We begin the paper with stating the main results. First, we fix some
notation.

Let n € N, and let G = (V(G), E(G)) be an undirected graph, with vertex
set V(G) ={1,...,n}, and with edge set E(G) C {{i,j}:i # j}. Let A(G)
be the 0-1 adjacency matrix of the graph G, that is let

A(G) = (ai;) € {0,1}"*", where a;; := { (1): i g:ﬁ iggg;’
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The set of matrices A € R™ " satisfying 0 < A = AT < A(G) will be denoted
by A. (Here T stands for transpose, and < is meant elementwise.)

The complementer graph G is the graph with adjacency matrix A(G) :=
J — I — A(G), where I is the identity matrix, and J denotes the matrix with
all elements equal to one. The disjoint union of the graphs G; and G5 is the
graph G + G2 with adjacency matrix

A(Gy + Ga) = ( A((?l) A(gQ) )

We will use the notation K, for the clique graph (defined by A(K,,) = J —1),
and K, . s, for the complete multipartite graph Ky, + ...+ K, .

Let (d1,...,0,) be the sum of the row vectors of the adjacency matrix.
The elements of this vector are the degrees of the vertices of the graph G.
Let dg, Ag, 0 be the minimum, maximum, resp. the arithmetic mean of the
degrees in the graph.

By Rayleigh’s Theorem (see [7]) for a symmetric matrix M = M7T € R™ "
the minimum and maximum eigenvalue, Az, resp. Ay can be expressed as

Av = min uf Mu, Ay = max v’ Mu.
[Jul|=1 [lul|=1

The minimum and maximum eigenvalue of the adjacency matrix A(G) will
be denoted by Ag, resp. Ag. It is a consequence of the Perron-Frobenius
Theorem (see [6], Theorem 9.1.3), that for A € A, — A4 < Aa < Ag.

The set of the n by n real symmetric positive semidefinite matrices will be
denoted by S, that is

Sti={MeR™ :M=M" uv"Mu>0(ueR")}.
It is well-known (see [7]), that the following statements are equivalent for a
symmetric matrix M = (m;;) € R™*™: a) M € S8¥; b) Ayy > 0; ¢) M is

Gram matrix, that is m;; = v} v; (4,5 = 1,...,n) for some vectors vy, ..., v,.
Furthermore, by Lemma 2.1 in [10], the set S can be described as

s = afa; !
T (aia?)ll .

1,j=1

meN,a e R (1<i<n) )
ala; =1 (1<i<n) ’

%

For example, the Laplace matrix of the graph G,

L(G) = Ds,...s, — A(G) € S.
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(Here Ds, ... 5, denotes the diagonal matrix with diagonal elements 61, . .., d,.)
Also,

Fayooap = k(J — A(Ko ) — J €S

(Note that if Fy 1 is Gram matrix then so is Fy, g, .)

The stability number, a(G), is the maximum cardinality of the (so-called
stable) sets S C V(G) such that {i,j} C S implies {i,j} ¢ E(G). The
chromatic number, x(G), is the minimum number of stable sets covering the
vertex set V(G).

In the seminal paper [4] L. Lovész proved the following result, now popu-
larly called sandwich theorem:

a(G) < I(G) < X(G),
where ¥(G) is the Lovdsz number of the graph G, defined as

meN,a eR™ (i=1,...,n)
J(G) :=inf ¢ max 7 afa;=1(G=1,...,n)
s mehn | oTa; =0 ({i.j} € B(G))

The feasible solutions (a;) of the program defining ¥(G) are called the or-
thonormal representations of the graph G.

The Lovdsz number has several equivalent descriptions, see [4]. For ex-
ample, by (1) and standard semidefinite duality theory (see e.g. [8]), it is the
common optimal value of the Slater-regular primal-dual semidefinite programs

Ty =A—1 (ZEV(G)L
(TP) min A, { x5 = —1 ({i,j} € E(G)),
X:(xij)ESﬁ,)\ER

and
tr(Y) =1,
(I'D)  maxtr(JY),q vi; =0 ({i,j} € E(G)),
Y = (y;) € St.
(Here tr stands for trace.) Note that for appropriately chosen s1, ..., s, and

s, the matrices
J/s 0
X = E?l,.w,sk? Y = ( é 0 )

are feasible solutions of programs (T'P) and (T D), respectively, with values

A=k = x(G) and tr (JY) = s = a(G), resulting in a nice proof of the
sandwich theorem (see [1]).
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In this paper we will consider upper bounds on the stability number, dif-
ferent from the Lovasz number. Let us define

n 1 meN,a, e R" (i=1,...,n)
n(G) = infqd ———|ala;=1(3G=1,...

5 .n) :
=@ | ey — 0 ({i4) € B@)
LQ(G) = inf{n—l—AA—)\A:AEA},
1

5(Q) = §<n—AG+\/(n—AG)2+4AG(n—1—AG)),

T Ju ueR" Aec A
ty(G) = infd{n—1+ —As| vTu=1,u>0

uT Au= A4

We will prove in Sections 2,3,4, and 4, respectively, that the inequalities

a(G) < Vul(G),12(G),13(G), 1(G)
hold. (For lower bounds on a(G), see e.g. [10].)

In Section 2 we will describe ¢1(G) as the optimal value of a Slater-regular,
standard semidefinite program. Hence, ¢1(G) and t3(G) are efficiently com-
putable, in contrast with t2(G) and ¢4(G), which bounds are at present the
optimal values of non-convex programs. Several further open problems re-
main: Can the four bounds give better results than other upper bounds (see
e.g. [10]), such as Az +1 (Wilf’s upper bound for the complementer chromatic

number), or 9(G), n + 1 — 9¥(G)? How do they relate to x(G)? How do they
relate to each other? These questions need further investigation.

2 The inverse theta function

The first, semidefinite upper bound is derived via optimizing over the inverse
of the theta body.

It is well-known (see Theorem 5 in [4]), that

(G) = maX{Zyi ty=(yi) € TH(G)} ,

=1

where T H (G) denotes the set of vectors y = (y;) € R" such that y; = (b;b7 )11
(i =1,...,n) for some orthonormal representation (b;) of the complementer
graph G.
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Convexity of the set T'H (G) follows from the fact (see Corollary 29 of [2]),
that TH(G) can be described equivalently as the set of vectors y = (y;) € R"
for which there exists a matrix W = (w;;) € R™*" satistying both

1oy n+1
(y W)ES+ ’

Yi = Wi (Z =1,... ,’I’L), Wij = 0 ({Z,]} S E(G))

Analogously, let us denote by TH~(G) the set of vectors z = (z;) € R"
such that z; = 1/(a;al’)11 (i = 1,...,n) for some orthonormal representation
of the graph G.

From (1) it follows immediately, that TH~'(G) can be described equiva-
lently as the set of vectors = (x;) € R™ such that there exists a matrix
Z = (zi5) € R™™" satisfying

and

Zig = T — 1 (Z: 17~-~an)7 Zij = -1 ({Za]} EE(@)), ZESi

This fact implies the convexity of the set T'H ~1(@), and also its monotonicity:
if #>2€ TH™Y(G) then & € TH~1(G), too.
Let us define the inverse theta number of a graph G as

11(G) := inf {Zmz cx = (x;) € TH_l(@)} .

i=1
From the above considerations, and standard semidefinite duality theory (see
e.g. [8]) we obtain

THEOREM 2.1. The inverse theta number v1(G) equals the common op-
timal value of the Slater-regular primal-dual semidefinite programs

(TP_) inf tr (Z) +n, zij; = -1 ({Z,]} € E(@)), 7 = (le) S Si,
yi=1(i=1,...,n),
(TD™) suptr (JY), ¢ yi; = 0 ({i,5} € E(G)),

Y = (yi;) € St
The optimal values of the programs (TP~) and (T'D™) are attained. O

Similarly to 9¥(G), the number ¢1(G) constitutes an upper bound for the
stability number «(G).

THEOREM 2.2. For any graph G, o(G) < +\/t1(G) holds.
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Proof. Let S C V(G) be a stable set, with cardinality «(G). Then for
any (a;) orthonormal representation of G, the vectors a; (i € S) are pairwise
orthogonal unit vectors. Therefore

Z(aia?)n <1,
€S
which formula, by the arithmetic-harmonic mean inequality, implies that

n

1 1
2 (aial )11 = z; (aiaf )1 2 (a(@)

i=1
holds. Taking infimum in (a;), we have the statement. [

The next two propositions give in particular the exact value of ¢1(G) for
complete multipartite graphs and for graphs with vertex-transitive automor-
phism group.

PROPOSITION 2.1. For any graph G, the inequalities
9G
n({l+——) <u(G) <nlcg+1)
Epy
hold, with equality if G is a complete multipartite graph.

Proof. The inequalities are proved by the feasible solutions
Z:=L(G), Y =1+ —A(G),
which matrices have the values
n(og+1), n (1 + U—§>

in (TP~) and (T'D™), respectively.
The last assertion follows from the fact that for complete multipartite
graphs A= = —1.

The following proposition implies that for graphs with vertex-transitive
automorphism group /¢1(G) > 9(G).
PROPOSITION 2.2. For any graph G, the inequalities

n2
e < 11(G) < nd(G)

Operations Research Reports No. 2010-03
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hold, with equality if the graph G has vertez-transitive automorphism group.

Proof. First, let (a;) and (b;) be orthonormal representations of G' and G,
respectively. Then, by Lemma 4 in [4],

Z(aia?)ll(bib?)ll <1

i=1

holds, which formula implies, by the arithmetic-harmonic mean inequality,

that .
—>n2.
2 G T

Consequently,

1 - 1
. > n?
12i2n (bib] )11 ; (aial)n — "
and taking infimum in (a;) and (b;) we have the inequality ¢ (G) > n2/9(G).

On the other hand, if Y is feasible in (7D ) then Y/n is feasible in (T'D),
which proves the inequality ¢1(G) < nd(G), too.

The last assertion follows from the fact that for graphs with vertex-transitive
automorphism group, the equality ¥(G)9(G) = n holds (see Theorem 8 in [4]).
U

We conclude this section with an open problem. Closedness of the convex

set TH! (G) follows easily from the fact that T H(G) is a compact set. Hence,
TH~Y(G) can be described as

THY(G) = ﬂ {zeR" 1wz >4y (Gw)},
w>0
where 11 (G, w) denotes the weighted version of ¢1(G) = 1 (G, (1)).
For special vectors w € R™, we have seen in the proof of Proposition 2.2
that

n

THl(@)Q(D){x:(xi)E’R” Z(bbT) > n? x>0}

where the (b;)s are the orthonormal representations of the complementer
graph G. Does equality hold here? (For TH(G) a similar linear description
is known (see [2]):

TH(G) = ﬂ {y = (yi) €R™: Z(aiaiT)nyi <ly> 0} ;

(a:) i=1
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where the (a;)s are the orthonormal representations of the graph G.)

3 The counterpart of Hoffman’s bound

In this section we describe the counterpart of a spectral lower bound for the
chromatic number due to Hoffman. The proof relies on estimating from above
the minimum eigenvalue of the adjacency matrix.

Hoffman’s Theorem (see e.g. [3]) states that for any graph G,

A
X(G) 21+ == (2)
-A¢’
The proof remains valid for arbitrary matrix A € A instead of A(G), and the
strongest bound obtained this way (by the so-called method of variables) is
V(G) (see [4], [5]).
The proof of the counterpart closely follows the proof of (2).

THEOREM 3.1. For any graph G, a(G) < 12(G).

Proof. Let A € A, and suppose that {1,...,s} is a stable set in G for some
1 < s <n—1. Then the matrix A can be partitioned as

A A
A= ( Agr Ag > ’

where A;;1 =0 € RSXS, Ap = Agla Aoy = AgQ S R(nis)x(nis).

Let x € R™ be an eigenvector corresponding to the eigenvalue A 4. Let
x = (2F,2])T where 1 € R®, 5 € R"°. Let us denote by y; € R® the
vector with first element ||z1||, otherwise zero, and let us define similarly the
vector yo € R™™°, too. Let y € R™ be the vector obtained by stacking the
vectors y1,y2 on the top of each other.

Let us choose orthogonal matrices By € R**%, By, € R("=9)x(n=5) guch
that Biy1 = x1 and Bsys = 22 hold. Let B be the block-diagonal matrix
formed by the matrices By, Bs. Then, B € R™*"™ is an orthogonal matrix,

By =z, and
B™'ABy =B Az = AyB 'z = Ay.

Hence, the vector y is an eigenvector (with eigenvalue A 4) of the matrix

B 'AB = (B;lAiij)i’j:LQ.

Operations Research Reports No. 2010-03
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Let us consider the submatrix C' = (¢;;) € R**2,
C = ((B; ' AijBj)11)i 1,2

As B7'ABy = Aay, so Cz = Asz with the 2-vector z := (||z1]|, ||z=2]])T,
implying Ay < A¢. By A1 = 0, we have ¢;; = 0, thus the trace of the
matrix C' equals Ac + A¢c = ¢o2. Furthermore, as 0 < Aoy = Agz <J-1,s0
the inequalities

C22 §A32—1A2232 =As,, <Ajr=n-s-1

hold. Cauchy’s Theorem on interlacing eigenvalues (see [7]) gives Ag <
Ao, Ac < Ay
Summarizing, we have

M <Ac=cn—Ac=cn—As<n—s—1-Ay,
where s can be chosen to be the stability number «(G). This completes the
proof of the theorem. [J
We remark that for the graph G = K3 + K» 2 and its subgraph G’ = K3,

Ac+rdeg=2+(-2)<2+(-1)=Ac + A¢r,

showing that 12(G) <n —1— Ag — \g is possible.
PROPOSITION 3.1. For any graph G, 12(G) > n — Ag holds.

Proof. Let A = (ai;) € A, we will verify that
n—1—Aas—2da>n—Aq.

As A € A, so —Aa < Ay, and (multiplying by a constant if necessary) we
can assume that a;; = 1 for some %,j. Let u; = \/5/2 = —u;, and let
up = 0 for k& # 4,j. Then, with the unit vector u = (u;) € R", we have
uTAu = —1 > X\y. Moreover, as A € A, so Ay < Ag. Summarizing, the
statement follows. [J

As Hoffman’s bound is related with 9(G) via the method of variables, so it
is possible that the counterpart bound t2(G) is again related with ¥(G). For

example, is it true that 12(G) > J(G) or even 12(G) > x(G)?
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4 The counterpart of Wilf’s bound

In this section we describe two spectral upper bounds on the stability number,
derived via estimating from above the maximum eigenvalue of the adjacency
matrix.

In order to derive the bound ¢3(G) we will need the following technical
lemma.

LEMMA 4.1. Let1<s<n-—1, and let
M =T+ A(Ks + K,—s).

Then,

AM:%(n—s—1—|—\/(n—s—1)2+4(s—1)(n—s))

is the maximum eigenvalue of the matriz M.

Proof. The eigenvalue Ajs can be rewritten as
Ay =min{A e R: A\ - M e S}

For A <1, A\ = M ¢ 8. For A > 1, the matrix A\ — M € R"*" is positive
semidefinite if and only if the Schur-complement of its positive definite minor
(A —1)I € R®** is positive semidefinite (see [6]). In other words, for A > 1,
M — M € 8 if and only if

M—J— (=) (A=1)D)~"(=J)e 8. (3)

Here (3) can be easily seen to be equivalent to the inequality

A (14 55) -9 20 @)

Apr will be the least positive solution of (4), as stated. O

If the set {1,...,s} is a stable set in G, then 0 < A(G) < M — I, where
M is the same matrix as in Lemma 4.1. Hence, for the maximum eigenvalues
Ag < Aps — 1 holds, and we can derive easily, from Lemma 4.1, the following

THEOREM 4.1. For any graph G, a(G) < 13(G) holds. O

We remark that the proof of Theorem 4.1 can be carried through for any
matrix A € A instead of A(G), but this way we obtain weaker bounds than
13(G). Really, 13(G), as a function of A 4, is strictly monotone decreasing on
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the interval 0 < Ay < n — 1 (the first derivative of the function is negative
on this interval). This means that we get the strongest bound when Ay4 is
maximal, that is when A = A(G).

The next proposition, too, is immediate from the fact that for any graph
G,0<Ag<n-1.

PROPOSITION 4.1. For any graph G, 13(G) >n—Ag. O

Now, we turn to the bound ¢4(G), the counterpart of Wilf’s lower bound
on the stability number.

In [11] Wilf proved, as a consequence of a theorem of Motzkin-Straus, the

relation
n

- <a(@). )

The next proposition describes a weaker form of (5).

PROPOSITION 4.2. For any graph G, x(G) > n/(n — Ag).

Proof. Let S1, ..., Sk be stable sets in G with cardinality s1, ..., sk, respec-
tively, so that s; + ...+ s =n. Then, G is a subgraph of H = K, ., . In
other words,

F. .
0<AG)<A(H)=J - Tkﬂ
1mpl}’1ng> by F@l,...,sk S 8—27 that
Ao < Ap < @

As here k = x(G) can be chosen, so the statement follows. [J

The counterpart of Proposition 4.2 can be proved similarly, and leads us
to the bound w4 (G).

PROPOSITION 4.3. For any graph G, a(G) < (3n/2) — 1 — Ag.

Proof. Let {1,...,s} be a stable set in G. Then, G is a subgraph of the
graph H = K, + K,,_s. In other words,

0< A(G) < A(H) = A(Ks,n—s) + A(K + Kn—s)~
Thus, for the maximal eigenvalues the inequalities

AG S AH S AKs,nfs + AK+KW,_S
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hold. Here Az, ;,  =n—s—1, and, by

an—s J
= =——A(Ksp_s) €8S,
1t A(Kano) €87
we have Ak, . <n/2. Hence,

AG§g+n_S_17

from which with s = a(G) the statement follows. [J

In [11] Wilf used the method of variables to sharpen the bound in (5).
Analogously, the proof of Proposition 4.3 can be easily adapted to imply

THEOREM 4.2. For any graph G, o(G) < 14(G) holds. O

We remark that for the pentagon graph G = C5 and its subgraph G =
KQ + K37

T T /
u2Ju_AG:g_2>1_1:u Ju

This fact shows that 14(G) < n — 1+ (uT Ju/2) — Ag is possible, the method
of variables is of practical value in the case of the bound t4(G).
The following proposition is the analogon of Propositions 3.1 and 4.1.

PROPOSITION 4.4. For any graph G, 14(G) > n/2.

Proof. Let A € A. Then, the matrix

n J
B= (— - 1) I+%-4
2 + 2
is diagonally dominant, implying B € S (see [7]). Consequently, we have

u Ju r(J n n
— —_ = — — — > — — | = — = —
n—14+ 3 Ag=n—-1+u (2 A)un 1 (2 1) 3

for A € A, which was to be proved. [J

Finally, we mention an open problem. The minimum eigenvalue Ag of a
graph G is negative, specially the corresponding unit eigenvector u € R"™
has both positive and negative coordinates. Writing the eigenvector u as the
difference of its positive and negative part (i.e. v = uy — u—_, where uy,u_
are nonnegative, orthogonal n-vectors), we have

0> Ag =u" A(G)u > —2uF A(G)u_ > —2u’ Ju_,
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and it is not hard to conclude that —Ag < n/2. This result is due to Yong,
see [12], and implies in particular, the relation

LQ(G)Sn—l—Ag—)\Gggg—l—Ag.

It would be interesting to see a similar proof of the conjecture t2(G) < 14(G)
via showing the inequality —A4 < (u”Ju)/2 for all the feasible solutions A, u
of the program defining ¢4 (G).

Conclusion. In this paper we studied spectral and semidefinite upper
bounds on the stability number of a graph, counterparts of classical bounds
due to Wilf, Hoffman, and Lovéasz. Several questions arised: for example con-
cerning a specific linear description of the inverse theta body, or the relation
between the bounds introduced in the paper.

Acknowledgements. I thank Mihaly Hujter for the K3 4 K52 example
in Section 3.
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