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Abstract

In this paper we propose an iterative algorithm to solve large size
linear inverse ill posed problems. The regularization problem is formulated
as a constrained optimization problem. The dual lagrangian problem is
iteratively solved to compute an approximate solution. Before starting the
iterations, the algorithm computes the necessary smoothing parameters
and the error tolerances from the data.

The numerical experiments performed on test problems show that the
algorithm gives good results both in terms of precision and computational
efficiency.
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1 Introduction

Inverse ill-posed problems arise in a large variety of applications. We consider
the discrete formulation:

Hx = y (1)

where H ∈ Rm×n,m ≥ n is the discretization of a continuous operator in an
ill-posed problem, y ∈ Rn is the data vector and x ∈ Rm is the solution vector.

When the data vector y is affected by noise and only a perturbed vector
ȳ = y+ϵ is available (ϵ is a random vector of uncorrelated noise) the solution of
(1) computed by the standard methods for linear systems is dominated by noise
[?]. In practice, the solution of a regularized formulation of (1) is computed [?].
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In this paper, we consider the following constrained optimization problem as a
formulation for the regularization of problem (1):

min
x

∥Hx− y∥2 : s.t. R(x) ≤ γ, γ > 0 (2)

where R(x) is the discretization of a function imposing some regularization
conditions on the solution x and γ is a positive value measuring the regularity
of the solution. We denote with ∥ · ∥ the 2-norm. Problem (2) is widely treated
in literature, expecially in the case R(x) = ∥x∥2 (see [?] and references therein).
In this paper we are interested in solving large size problems of the form (2),
where the matrix H is usually not explicitly available and it is only possible
to compute the action of H and Ht on a vector v. In this case, a Trust-
Region approach could be computationally convenient, even if other proposals
have been presented, such as [?, ?]. In [?, ?] the proposed LSTRS method
solves the problem only in the case R(x) = ∥x∥2 by finding the solution of a
sequence of modified Trust-Region subproblems, solving each subproblem as a
parametric eigenvalue problem. This method is not immediately extensible to
general smoothing terms R(x) and is suitable especially for small and medium
size problems. In [?], the problem, with R(x) = ∥x∥2, is solved by iteratively
computing the Lagrange multiplier of (2) via the solution of a secular equation
by Newton-like methods and the inner linear system is solved with the LSQR
algorithm.

In this paper we present an algorithm for solving problem (2) with a regu-
larization term R(x) of the form R(x) = ∥Dα(x)∥pp, where Dα(·) is the discrete
difference approximation of the differential of order α = 0, 1, 2 and 1 < p < ∞.
However, our analysis can be applied to other general regularization terms, such
as the Total Variation function.

The proposed algorithm computes a sequence of Lagrange multipliers λk and
approximate solutions xk that converge to the exact solution of (2). The success
of this approach depends on the smoothing parameter γ whose value is related
to the optimal solution of the noiseless problem (1). In this paper we propose a
numerical procedure for computing an approximate value γ̃ of the exact value
γ such that problem (2) can be used for finding a smooth approximate solution
of (1) when the data are affected by noise. In this case the iterative algorithm
is stopped by introducing a noise estimation procedure.

Numerical tests are performed to observe the behavior of the algorithm on
one dimension test problems from Hansen’s RegTool [?], coming from the dis-
cretization of Fredholm integral equations of the first kind.

The paper is organized as follows: in section 2 we introduce our iterative
method for a general smoothing function. Details about the algorithm are dis-
cussed in section 3. The results obtained by several numerical experiments are
reported in section 4; the conclusions are in section 5.

2 The Iterative Algorithm

In this section we describe the algorithm to solve the constrained problem (2).
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The smoothing function R(x) : Rn → R is assumed twice continuously
differentiable and strictly convex. In these hypotheses the problem (2) has a
unique solution and it can be formulated in the equivalent dual form [?]:

max
λ

min
x

L(x, λ) (3)

where
L(x, λ) = ∥Hx− y∥2 + λ (R(x)− γ) (4)

is the Lagrangian function of (2) and λ is the Lagrange multiplier. Solving the

dual problem (3) requires to find λ̂ such that:

λ̂ = argmaxL∗(λ) where L∗(λ) ≡ min
x

L(x(λ), λ)

i.e. ∇xL(x(λ)) = 0. The gradient of L(x(λ), λ) with respect to x is given by:

∇xL(x(λ)) = HtHx(λ) + λ∇xR(x(λ))−Hty.

For the convexity hypotheses λ̂ can be computed by imposing ∇λL∗(λ) = 0
i.e.

∇λL∗(λ) = ∇λx(λ)∇xL(x(λ), λ)+∇λL(x(λ), λ) = ∇λL(x(λ), λ) = R(x(λ))−γ = 0.

Hence, the solution of the dual problem (3) is computed as follows:

find λ s.t. R(x(λ))− γ = 0 with x(λ) s.t.

HtHx(λ) + λ∇xR(x(λ))−Hty = 0 (5)

Let’s define
Π(λ) = R(x(λ))− γ (6)

where x(λ) is given by (5). We prove in the following proposition that the
bisection method can be applied to solve (6) in the interval (0,∞), provided
that Π(λ) is monotonically decreasing and Π(0) > 0, by computing a sequence

{λk} converging to λ̂. Then we show that the iterates x(λk) satisfying (5)

converge to the optimal solution x̂ = x(λ̂) of problem (2).

Proposition 1. Let λ0 > 0 be a given value s.t. x(λ0) is feasible for the con-
straints ( i.e. R(x(λ0)) ≤ γ). Assume that R(x(λ)) is a monotone decreasing
and twice continuously differentiable function such that

0 < R(x(λ)) ≤ γ, ∀λ ≥ λ̂ (7)

and
R(x(λ)) > γ, ∀λ ∈ [0, λ̂). (8)

Then the sequence (xk, λk) computed by the following iterative procedure:

λk = Fb(λk−1), Fb(λk−1) = λk−1 + sign(R(xk−1)− γ)
λ0

2k
, (9)
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with xk−1 s.t.

HtHxk−1 + λk−1∇xR(xk−1)−Hty = 0 , k = 1, 2, . . . (10)

converges to the solution of the dual problem (3) i.e. x(λ̂) solves problem (2)

and λ̂ is the related Lagrange multiplier.

Proof. Let’s define
G(λ) ≡ R(x(λ))− γ (11)

for the hypotheses we have that G(λ0) < 0, and G(0) > 0. The bisection

method applied in the interval [0, λ0] converges linearly to the root λ̂ such that

G(λ̂) = 0.
It is not difficult to observe that (9) computes the sequence of iterates λk

applying the bisection method to the equation G(λ) = 0 in the interval [a0, b0] =
[0, λ0].

Let’s apply one bisection step to the interval [ak, bk] with ak = min{λk, λk−s}
and bk = max{λk, λk−s} for some s ≥ 1 and G(λk) ·G(λk−s) < 0. Then

λk+1 =
λk + λk−s

2
= λk + sign(λk−s − λk) ·

|λk−s − λk|
2

For the properties of the bisection method we have that:

|λk−s − λk| = |bk − ak| =
b0 − a0

2k
=

λ0

2k

Now we prove that sign(λk−s − λk) ≡ sign(G(λk)). We consider the case
λk−s − λk > 0 since the reverse case has the same proof. If λk−s − λk > 0 then
λk−s > λk i.e. λk < λ̂ < λk−s. For the hypotheses (8) we have G(λk) > 0.
Collecting all the results we obtain:

λk+1 = λk + sign(R(x(λk))− γ)
λ0

2k+1

Concluding we have that the sequence {λk} linearly converges to λ̂ that
solves the dual problem (3) and the corresponding solutions x(λk) of (10) con-

verge to the value x(λ̂) that solves problem (2).

If we consider the secant method in place of the bisection method for the
solution of problem (6), then the iterative procedure is defined as:

λk = Fs(λk−1), Fs(λk−1) = λk−1−
R(xk−1)− γ

R(xk−1)−R(xk−2)
(λk−1 − λk−2) , (12)

where λ0 > 0 and λ1 > 0 are given values and k ≥ 2. In [?] it is proved that

the secant method is convergent provided that 0 < λ0 < λ1 < λ̂ and Π(λ) is
strictly convex. In this work we define an hybrid algorithm where few bisection
iterations are used at the beginning to find two starting values that properly
start up the sequence (12).
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In the solution of inverse ill-posed problems commonly used smoothing func-
tions areR(x) = ∥Dα(x)∥pp, whereDα(·) is the discrete difference approximation
of the differential operator of order α = 0, 1, 2 and 1 < p < ∞.

The method stated in proposition 1 can then be applied to solve problem:

min
x

∥Hx− y∥2 : s.t. ∥Dα(x)∥pp ≤ γ, α = 0, 1, 2, 1 < p < ∞ (13)

when α = 0, since ∥x(λ)∥pp is strictly convex [?]. It can be extended to the
case α = 2 because the second order central difference matrix is symmetric
and positive definite. This approach can be suitably applied also in the case
R(x(λ)) is convex but not strictly convex. In this case problem (2) hasn’t a
global minimum and the sequence (λk,xk) converges to a local minimum. As
an example we can consider the case α = 1 in (13). The iterates (λk,xk)
converge to a local minimum providing a good regularized solution to problem
(13).

3 Algorithmic features

In this paragraph we describe the iterative Constrained Least Squares Regu-
larization CLSRit algorithm obtained from the methods stated in proposition
2.

In the applications the data are usually affected by noise i.e. the observed
data yδ are such that: ∥y − yδ∥ < δ. The algorithm computes the sequence
(xδ

k, λ
δ
k) converging to the solution (xδ, λδ) of the noisy problem:

min
x

∥Hx− yδ∥2 s.t. ∥Dα(x)∥pp ≤ γ, α = 0, 1, 2, 1 < p < ∞ (14)

Definition 2. Algorithm CLSRit. The algorithm reported in table 1 is splitted
in three main steps:

STEP 1. Computation of the parameter γ as in (18).

STEP 2. Computation of the starting value λ0.

STEP 3. Computation of the sequence {xk, λk}, k = 1, 2 . . ..

The following input parameters are required: H, yδ, γ, ks, τ , maxit, Meth,
where H, yδ and γ define the problems to be solved in (14). It is possible to
execute the algorithm using a known value of γ or setting γ = −1; in this case
the algorithm computes the estimated value γ̃ as described in the following (see
(18)). The parameter Meth refers to the method used to solve the linear or non
linear system (5); if an iterative method is used, the tolerance parameter is set
to τ and the maximum number of iterations is given by maxit. The parameter
ks (ks ≥ 1) defines the number of bisection iterations performed before starting
the secant method in the computation of the sequence {λk}. (12).

We describe here the main steps of the algorithm reported in definition 2.
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• STEP 1. Computation of γ. The quality of the computed solution
depends on the parameter γ which should be as close as possible to the
unknown value R(x∗), where x∗ is the exact solution of (1). The pa-
rameter γ is related to the smoothness of the computed solution, i.e. to
the 2-norm of the solution. By using the Singular Value Decomposition
(SVD) of H, we show that a good value of γ can be the norm of a smooth
approximation of x∗.

Let x+ be the solution of the least squares problem:

min
x

∥Hx− y∥. (15)

It can be characterized in terms of the SVD of H as follows:

∥x+∥2 =

q∑
i=1

(ut
iy)

2

σ2
i

, ∥Hx+ − y∥2 =

n∑
i=q+1

(ut
iy)

2, 0 ≤ q ≤ n

where
H = UΣV t, U = [u1, . . . ,um], V = [v1, . . . ,vn]

are unitary matrices and Σ = diag(σ1, . . . σn) is the m×n diagonal matrix
with (σ1 ≥ σ2,≥ · ≥ σq > 0) and q is the rank of H.

The Truncated SVD (TSVD) solution of (15) is given by [?]:

xℓ =

ℓ∑
i=1

(ut
iy)

σi
vi, 0 < ℓ ≤ q (16)

and is low pass filtered with respect to the least squares solution x+. If
we compute x̂ as the solution of (14) with γ = ∥xℓ∥2 then

∥Hx̂− y∥2 ≥ ∥Hx+ − y∥2, and ∥x̂∥2 ≤ ∥x+∥2. (17)

Hence x̂ is a smoother vector than x∗, as desired. Then we propose the
following estimate γ:

γ̃ = R(x̃) (18)

where x̃ is a smooth approximation of the unregularized least squares
solution of the problem (15).

The approximate solution x̃ is obtained by performing few iterations of
the Conjugate Gradient (CG) algorithm applied to the normal equations
(cgls method):

HtHx = Htyδ. (19)

The iterations are stopped as soon as ∥rk∥/∥rk−1∥ ≥ 0.9, where rk is the
k-th residual of the CG. For the regularization properties of the CG the
iterations [?], [?], x̃ can be considered as a low pass filtered version of the
least-squares solution x+.
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• STEP 2. Computation of λ0. In order to satisfy the conditions of
proposition 1 we implement an iterative procedure to define a starting
value λ0, for the computation of the sequence {λk}, k = 1, . . ., such that
R(x(λ0)) < γ. We define the parameter λ0 as

λ0 = ∥yδ −Hx̃∥

and compute x(λ0) by solving (10). If R(x(λ0)) > γ a new starting value
λ0 is computed by means of the following procedure. By supposing R(x)
satisfying hypothesis (7) and (8) and setting µ0 = λ0, we compute x(µ0)
by solving (10) with λ = µ0. Then we compute an increasing sequence of
values µℓ:

µℓ = ξ · µℓ−1, ξ = max(2,R(x(µℓ))− γ).

Since the values µℓ are increasing, for proposition 1, it is always possible
to find an index ℓ such that R(x(µℓ)) < γ, hence λ0 = µℓ.

• STEP 3. Computation of the sequence (λk,xk)

The sequence (λk,xk) is computed by equations (9) (or (12)) and (10).

From the algorithmic point of view, in the solution of the equation (10), we
distinguish between the smoothing functions R(x) that produce a linear
equations system and those that give raise to a nonlinear equations system.

1. Linear equations system. If:

R(x) ≡ ∥Dαx∥2 (20)

where Dα is either the identity matrix or a discrete approximation
of the derivative of order α = 1, 2. By substituting ∇x(R(xk)) =
(Dα)tDαxk in (10) we obtain a system of linear equations:

(HtH+ λk(D
α)tDα)xk = Htyδ. (21)

The coefficient matrix is symmetric and positive definite provided
that N (H)

∩
N (Dα) = {0}, (N (·) is the null space).

The linear system has been solved with a direct method (suitable in
the case of small size problems) or with an iterative method, such as
the CG method. In this case the iterations are stopped as soon as:

∥rk∥ < τ∥y∥ (22)

where rk is the k-th residual and y is the right hand side.

2. Nonlinear equations system

As an example of the nonlinear case, we consider

R(x) ≡

(
n∑

i=1

|xi|p
)
, 1 < p < ∞, p ̸= 2. (23)
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In this case (10) is a system of nonlinear equations where:

(∇xR(x))i ≡ p · sign(xi)|xi|p−1, i = 1, . . . , n

The solution of the nonlinear system can be efficiently performed by
the Newton method [?], since the Jacobian matrix requires only a
diagonal update: J(x) = HtHx+ λkZ where Z is a diagonal matrix
with components:

Zi = p(p− 1)|xi|p−2, i = 1, . . . , n.

The Newton directions can be efficiently computed by CG iterations
provided J(x) is nonsingular. We observe that Z is not well defined
if xi = 0 and p < 2 and it is semi positive definite if xi = 0 and p > 2.
In these cases we expect difficulties in the numerical solution of the
nonlinear system (10) and some suitable stopping criteria must be
considered.

• Stopping Criteria. The STEP 3 of the algorithm is constituted by an
outer iteration cycle for updating the multipliers λk.

The outer iterations are stopped when:

λk > λk−1 or |λk − λk−1| < τ.

If λk > λk−1 the iterations are stopped since the solution x(λk) is not
feasible, i.e. R(x(λk)) > γ. Since R(x(λ0)) < γ and λk starts to decrease
in the first iterations, such an index will be reached as soon as λk become
too small. When the changes in the value of λk become too small with
respect to the prescribed tolerance τ the iterations are stopped.

4 Numerical results

In this section we present the numerical results obtained with the proposed
CLSRit algorithm. The numerical tests have been performed on a Pentium PC
2GHz equipped with 2Gb of RAM and using Matlab.

We first test the algorithm convergence for the exact solution of the con-
strained optimization problem (2), with known (x̂, λ̂); then we test the efficiency
of the proposed method in the solution of the ill-posed problem (1).

The smoothing functions R(x) are computed by the RegTool [?] function
get l(n,d):

R(x) = ∥Dαx∥2 (24)

with α = 0, 1, 2. The matrixD1 ∈ R(n−1)×n is the forward difference approxima-
tion of the first derivative and the matrixD2 ∈ R(n−2)×n is the central difference
approximation of the second derivative computed in the interior points:

D1(i, j) =

 −1 j = i
1 j = i+ 1
0 otherwise

D2(i, j) =

 −1 j = i, i+ 2
2 j = i+ 1
0 otherwise.
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Furthermore in paragraph 4.2 we report an example of the algorithm CLSRit

with smoothing function R(x) as in (23).
The numerical simulations are executed on two test problems form the Reg-

Tool package [?], by using the Shaw and Phillips functions. In these test
problems the data noise has different effects on the numerical solution. The
decay rate of the Fourier coefficients |ut

iy
δ| with respect to the singular values

σi determine the properties of the least squares solution

xδ =
n∑

i=1

ut
iy

δ

σi
vi.

If the Fourier coefficients |ut
iy

δ| decay to zero faster than the singular values σi,
then the solution xδ has the same regularity properties of the problem solution
x∗ (1) (see the Discrete Picard Condition [?], [?]). As the ratio |ut

iy
δ|/σi starts

to increase, the noise on the data yδ becomes more and more evident in the
computed solution xδ.

We observe that in the Shaw test problem the singular values σi (solid line
in figure 1(a)) settle down at ∼ 10−16 when i ≥ 30. For this test problem even
a small amount of noise δ = 10−6 causes a great increase in the values |ut

iy
δ|/σi

(green dots in figure 1(a)) producing a highly noisy solution. The number of
terms producing the minimum absolute error in (16) is ℓ = 19 when δ = 0
(red dots in figure 1(a)), ℓ = 10 when δ = 10−6 (green dots in figure 1(a))
and ℓ = 6 when δ = 10−2 (magenta dots in figure 1(a)). Because of the severe
ill conditioning of the matrix even small levels of noise affect the numerical
solution.

In the Phillips test problem we observe that the singular values do not level
off at machine epsilon (∼ 2.2e−16) but have a smooth decreasing behavior toward
a minimum value > 10−5 (solid line in figure 1(b)). The Fourier coefficients
slowly increase for small noise levels δ = 10−6 (green dots in figure 1(b)). The
number of terms producing the minimum absolute error is ℓ = 99 when δ = 0
(red dots in figure1(b)), ℓ = 31 when δ = 10−6 (green dots in figure 1(b)) and
ℓ = 7 when δ = 10−2 (magenta dots in figure1(b)). In this problem the errors
due to a coarse discretization of the continuous model cause a small decrease in
the singular values and only large noise levels affect the least-squares solution.

4.1 Tests with known (x̂, λ̂)

In this paragraph we test the convergence of the proposed method to the solution
of problem (14). To this purpose two test problems are defined as follows:

• Compute the matrix H as the discretization of the kernel of an integral
equation of the first kind obtained from the Shaw (T S) and Phillips

(T P) test problems of the RegTool package with problem size n = 100.

• Define a value for λ̂.

• Compute x̂ solving (5).
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• Set γ = R(x̂).

• Compute y = Hx̂.

In this case the algorithm CLSRit is executed with the exact value γ = R(x̂).

The exact solution of this test problem is (x̂, λ̂). In the first experiment we ran
CLSRit without noise added using both the bisection method and the secant
method with ks = 3. The smoothing functionR(x) is given in (24) and the linear
system (10) is solved using both direct and iterative methods. The iterative
method used throughout our experiments is the CG method since the matrices
are symmetric positive definite.

In table 2 we report the number of external iterations performed (k) and the
relative errors Erelx and Erelλ for the computed solution (xk, λk) defined as:

Erelx = ∥xk − x̂∥/∥x̂∥, Erelλ = |λk − λ̂|/λ̂. (25)

We observe a better performance of the secant method with respect to the
bisection method both in terms of iterations and relative errors. When the CG
method is used we observe an increase in the errors obtained due to the inexact
solution of the inner system. Some convergence problem can occur in the case
of the secant method due to the starting values λ0, λ1 that may be outside the
convergence region, in this case an increase of the initial number of bisection
iterations (parameter ks > 3) can solve the problem (see the last line in table 2).
We also observe a large number of inner CG iterations which could be reduced
by introducing suitable preconditioning.

In the second experiment the algorithm CLSRit is tested in the case of noisy
data yδ computed as follows:

yδ = y + δη, ∥η∥ = 1, (26)

with η random unitary vector. The noisy problem (14) is solved with different
values of δ and with p = 2.

In table 3 we report the results of a hybrid bisection-secant algorithm ob-
tained by setting ks = 5 and with three noise levels: δ = 10−6 (low noise),
δ = 10−4 (medium noise) and δ = 10−2 (high noise). The relative errors Erelx
and iterations number k(itcg) are reported by stopping the iterations using cri-
terium (22) with τ = min{10−10, ζ · δ, 0 < ζ < 1}. In our experiments ζ is
usually set to 0.01. We observe that this rule allows us to obtain relative er-
rors close to the noise levels at a lower number of iterations i.e. computational
cost. Due to the local convergence of the secant method it may be necessary to
increase the number of initial bisection iterations and to define a larger ζ value
(see cases (1)− (5) in table 3).

4.2 One dimension inverse problems

In this section we apply algorithm CLSRit to solve the linear ill posed problem
Hx = y where the data vector y, the matrix H and the true solution x∗ are
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obtained from the Matlab functions Shaw and Phillips with problem size n =
100. The noisy vector yδ is obtained by adding white noise as described in (26).
Numerical experiments are performed both using γ∗ ≡ R(x∗) and computing
the estimate γ as in (18).The CLSRit algorithm is used as a regularization
algorithm to find a good regularized approximation to the exact solution of the
linear problem Hx = y.

In table 4 the results obtained by algorithm CLSRit in the case of the secant
method (ks = 3) and with the smoothing function R(x) given in (24) with noise
ranging from 10−6 (low noise) to 10−2 (high noise) are reported . The table
is split into two parts, in order to compare the results obtained with the exact
value γ∗ = R(x∗) and with the approximated value γ̃ = R(x̃) as in (18). The
relative errors Erelx with respect to the solution x∗ are reported in both cases.
Columns k(itcg) report the number k of external iterations to compute λk and
the total number itcg of CG iterations required by the solution of the linear
system (21).

In the first part of the table (where γ = γ∗) the CG iterations are stopped
using the criterium (??). In the second part of the table (where γ = γ̂ is
computed by (18)) the CG iterations are stopped using the following tolerance:

τ = ζ ρ, ζ > 0 (27)

where ρ is obtained by the following noise estimation procedure. Let k be the
cgls iteration of (19) such that ∥rk∥/∥rk−1∥ ≥ 0.9, compute

ρ =
∥yδ −Hxk∥

∥yδ∥
· 10β , β = log10

∥yδ −Hx2k∥
∥yδ −Hxk∥

.

Since Hxk is a smooth approximation of the noiseless data y then:

∥yδ −Hxk∥
∥yδ∥

≃ ∥yδ − y∥
∥yδ∥

and the exponent β has the following properties:

• β ≃ 0 in case of large noise. In fact the residual decreases very slowly
after the first few iterations, then ∥yδ −Hx2k∥ ≃ ∥yδ −Hxk∥;

• β < 0 in case of small noise, since the residual norm significantly decreases
for a larger number of iterations giving ∥yδ −Hx2k∥ < ∥yδ −Hxk∥.

In our experiments ζ is usually set to 0.01. Analyzing the results reported
in table 4 we point out the following issues.

• The estimated parameter γ̃ is generally a good approximated value of
γ∗; it depends on the data noise and tends to decrease when the noise
increases.

• The noise estimate ρ is an acceptable approximation of the data noise level
δ both with high and low noise.
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• The use of the approximated value γ̃ instead of the exact value γ∗ doesn’t
worsen the relative errors Erelx and the computational complexity ex-
pressed by the number of CG iterations itcg.

We can conclude that the algorithm CLSRit can be used to efficiently compute
smooth solutions of problem (1) in presence of data noise by assuming as given
parameters the maximum number of iterations and the tolerance τ computed
by a suitable data noise approximation.

The algorithm CLSRit can also be applied to the case of regularization func-
tion (23) provided the solution method meth is suitable for a nonlinear system.
As an example we report in table 5 the results obtained with regularization
function as in (23) with p = 1.8 for the Shaw and Phillips test problems. The
solution method meth is the Newton method with the CG iterations as inner
solver.

The Newton steps in the solution of nonlinear equations (10) are stopped
using the rule given in (27). Also in this case we observe good quality of the
solutions and low computational cost for different noise levels.

4.3 Comparison with other methods

In this section we compare the results obtained by solving the regularization
problem with R(x) = ∥Dα∥2 with the CLSRit algorithm with those obtained by
the lsqi function available in RegTool and with the Hybrid method [?]. The
function lsqi computes the regularization parameter by solving the nonlinear
equation R(x(λ)) − γ = 0 using the Hebden method [?]. This implementation
is based on the Generalized Singular Value Decomposition gsvd [?] and because
of the high computational complexity and memory requirements is not suitable
for large size problems.

In figures 2 and 3 we report, in a graphic with bars, the relative errors Erelx
and the computational time in seconds of the considered methods, for different
levels δ of noise on the data (δ = 5 · 10−3, 1 · 10−2, 5 · 10−2, 1 · 10−1), in the case
Dα = I (α = 0). The matrices in the test problems have order n = 256 and the
algorithm CLSRit has parameters ks = 3 and tolerance defined in (27).

The figures show that there isn’t a method outperforming the others in all
the cases. In the case of Phillips test problem CLSRit gives always the lower
errors. The quality of the results can be evaluated by the plot of the solutions
in 4(b).

If we consider the computational complexity, we can say that the CLSRit

algorithm performs best in most cases, thus confirming to be suitable for large
size problems.

We can conclude that algorithm CLSRit with γ computed by (18) computes
good regularized solutions at a low computational cost.
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5 Conclusions

We defined an iterative algorithm CLSRit which computes a sequence of solution
approximations xk and parameters λk that converge (in absence of data noise) to
the solution of (2). In the case of noisy data CLSRit computes good regularized
solutions at a low computational cost. We introduced an estimation procedure
of the parameter γ and suitable stopping criteria to improve the algorithm
efficiency.

The numerical experiments performed prove that CLSRit is an efficient
method that can be easily applied to large size regularization problems. Fu-
ture developments concern the extension to different regularization functions
such as the Total Variation function applied to large size inverse problems in
imaging.
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Figure 1: Singular Values and Fourier coefficents for different noise levels δ = 0,
δ = 10−6, δ = 10−2. (a) Shaw test problem (b)Phillips test problem
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Figure 2: Comparison of relative errors in the Phillips (a) and Shaw (b) test
problems, with Dα = I.

5.e−3 1.e−2 5.e−2 1.e−1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7
PHILLIPS

δ

E
la

p
se

d
 T

im
e

 (
se

c.
)

 

 

CLSRitHybrLsqi

(a)

5.e−3 1.e−2 5.e−2 1.e−1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8
SHAW

δ

E
la

p
se

d
 T

im
e

 (
se

c.
)

 

 

CLSRitHybrLsqi

(b)

Figure 3: Comparison of execution time in the Phillips (a) and Shaw (b) test
problems, with L = I.
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Algorithm 1 (CLSRit(H, yδ,γ, ks, τ , maxit, Meth) ).

% STEP 1: Computation of parameter γ
x0 = 0, r0 = Htyδ

k = 0
repeat

k = k + 1
compute xk by one CG step from xk−1 applied to (19)
compute rk as in (??)

until ∥rk∥/∥rk−1∥ ≥ 0.9
x̂ = xk

if γ = −1
γ = R(x̂)

% STEP 2: Computation of λ0

λ0 = ∥yδ −Hx̂∥2
compute x0 that solves (10) by Meth with tolerance τ
δg = R(x0)− γ
if δg > 0
µ0 = λ0, k = 0

while δg > 0
k = k + 1
µk = µk−1 ·max(2, δg)
compute zk solving (10) by Meth( with tolerance τ)
set gk = R(zk), δg = gk − γ

end

λ0 = µk, x0 = zk,
end

set k = 0
% STEP 3: Computation of xk, λk

repeat

k = k + 1
if k < ks,

λk = Fb(λk−1) as in (9)
else

λk = Fs(λk−1) as in (12)
compute xk solving (10) by Meth ( with tolerance τ)

until λk > λk−1 or |λk − λk−1| < τ

Table 1: Algorithm CLSRit. If the solution method Meth is direct the tolerance
parameter is not required.
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Test method α Direct Solver CG Solver
k Erelx Erelλ k(it) Erelx Erelλ

Bisect 0 49 3.0e-11 1.1e-10 49(412) 7.6e-11 5.0e-10
1 36 1.2e-10 3.4e-10 36(3450) 1.3e-8 4.4e-9

T S 2 35 1.4e-12 4.5e-10 35(6923) 6.e-9 5.e-10
Secant 0 25 2.3e-11 7.9e-15 25(220) 2.e-11 1.4e-11

1 13 2.6e-14 5.0e-14 13(1156) 1.9e-8 4.3e-9
2 11 1.5e-12 8.6e-12 22(4272) 5.4e-9 7.5e-9

Bisect 0 34 1.5e-11 5.4e-10 37(384) 1.1e-9 1.3e-9
1 35 1.5e-12 4.3e-10 36(2009) 3.2e-8 4.e-7

T P 2 35 8.2e-13 3.2e-10 48(4296) 2.9e-9 1.8e-8
Secant 0 9 2.9e-14 4.4e-15 13(147) 1.1e-9 3.5e-11

1 11 7.7e-14 1.1e-12 13(681) 3.176e-8 4.1 e-7
2 11 1.7e-13 7.5e-12 27(2344)(*) 2.5e-9 1.6e-9

Table 2: CLSRit algorithm with bisection and secant methods applied to noise-
less data: α: regularization function (24); k: number of outer iterations; it:
number of inner CG iterations; Erelx, Erelλ: relative errors(25). (*) In this
case ks = 13 is required to have convergence of the secant method.

Test α δ τ=1.e-10 τ = 0.01δ
k(itcg) Erelx k(itcg) Erelx

T S 0 1.e-6 26(228) 1.7e-7 26(178) 2.e-7
1.e-4 26(227) 1.7e-5 25(137) 2.7e-5
1.e-2 14(104) 1.7e-3 12(44) 2.1e-3

1 1.e-6 13(1153) 3.1e-6 13(885) 3.9e-6
1.e-4 13(1146) 3.1e-4 13(586) 3.4e-4
1.e-2 13(1149) 3.728e-2 33(675)(1) 3.219e-2

2 1.e-6 15(2847) 1.6e-5 15(2413) 2.1e-5
1.e-4 15(2848) 1.6e-3 22(2636) 7.e-3
1.e-2 27(5378) 1.4e-1 18(2483)(2) 1.6e-1

T P 0 1.e-6 16(247) 1.7e-6 22(207) 1.7e-6
1.e-4 17(248) 1.7e-4 11(83) 2.e-4
1.e-2 12(166) 1.8e-2 10(51) 1.1e-2

1 1.e-6 13(709) 4.7e-6 36(1445) 5.4e-6
1.e-4 24(1324) 4.8e-4 36(1445) 5.4e-6
1.e-2 18(1121) 2.5e-2 17(348) (3) 1.8e-2

2 1.e-6 27(3160) 1.6e-5 23(1936)(3) 2.7e-5
1.e-4 46(6534) 1.7e-3 4(24)(4) 4.e-3
1.e-2 21(3219) 3.9e-2 3(6)(5) 8.9e-2

Table 3: CLSRit algorithm (ks = 5), shaw and Phillips test problems. d:
regularization function (24); δ noise level; k: number of outer iterations; it:
number of inner CG iterations; Erelx: relative errors(25). (1) ks = 9; (2) :
ks = 13, τ = 0.5δ; (3) : ks = 9, (4) : ks = 9, τ = 0.1δ; (5) : ks = 9, τ = 0.6δ
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Test α δ γ = γ∗ γ = γ̃
k(itcgγ∗) Erelxγ∗ γ̃ ρ k(itcgγ̃) Erelxγ̃

Shaw 0 1e-6 4(33) 4.614e-2 9.9e+1 3.9e-6 3(18) 4.794e-2
0 1e-4 4(26) 4.768e-2 9.9e+1 4.0e-5 3(18) 4.818e-2
0 1e-2 4(12) 1.694e-1 9.7e+1 1.0e-2 5(20) 1.332e-1
1 1e-6 4(73) 3.273e-2 4.8e-1 3.9e-6 4(36) 4.731e-2
1 1e-4 4(26) 4.735e-2 4.7e-1 4.0e-5 4(26) 4.735e-2
1 1e-2 4(12) 1.679e-1 3.8e-1 1.0e-2 4(31) 1.427e-1
2 1e-6 5(132) 4.418e-2 1.1e-2 3.9e-6 4(27) 4.739e-2
2 1e-4 4(24) 4.743e-2 1.1e-2 4.0e-5 4(25) 4.743e-2
2 1e-2 4(12) 1.680e-1 9.8e-3 1.0e-2 4(19) 1.321e-1

Phillips 0 1e-6 7(76) 7.357e-3 9.0 8.7e-6 10(96) 3.582e-3
0 1e-4 8(61) 9.899e-3 9.0 5.2e-5 8(65) 7.238e-3
0 1e-2 5(24) 2.774e-2 9.0 1.0e-2 3(17) 6.610e-2
1 1e-6 24(980) 2.012e-2 6.7e-2 8.7e-6 4(42) 3.335e-3
1 1e-4 4(33) 6.658e-3 6.6e-2 5.2e-5 4(33) 6.658e-3
1 1e-2 6(192) 2.233e-1 6.7e-2 1.0e-2 4(27) 1.046e-1
2 1e-6 4(70) 1.776e-3 1.4e-3 8.7e-6 4(41) 3.335e-3
2 1e-4 4(33) 6.658e-3 1.3e-3 5.2e-5 4(34) 6.658e-3
2 1e-2 4(18) 2.795e-2 1.3e-3 1.0e-2 6(403) 3.837e-2

Table 4: Results obtained from CLSRit with γ∗ and γ̃. The parameter γ∗ has the
following values: Test problem Shaw: γ∗ = 100(α = 1), γ∗ = 3.6e − 2(α = 2),
γ∗ = 7.e − 3(α = 3); Test problemPhillips α = 1, γ∗ = 9.(α = 1), γ∗ =
4.7e− 2(α = 2), γ∗ = 7.3e− 4(α = 3).

Test δ k(itcg) Erelx γ̂ ρ
Shaw 1.e-6 5(194) 2.650e-2 95 3.9e-6

1.e-4 5(157) 2.820e-2 95 4.0e-5
1.e-2 6(72) 1.014e-1 93 1.0e-2

Phillips 1.e-6 4(400) 1.436e-3 10 8.7e-6
1.e-4 5(482) 1.426e-2 10 5.2e-5
1.e-2 4(87) 6.672e-2 10 1.0e-2

Table 5: Results obtained from CLSRit (ks = 3) with smoothing function as
in (23) with p = 1.8 and α = 0; k denotes the external iterations while itcg is
the total number of inner CG iterations performed by the Newton steps. The
values of γ∗ are 9.51e+ 1 for Shaw and 10.137 for Phillips
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Figure 4: Solution with different methods: (a) Shaw test problem (δ = 5.e− 3)
(b)Phillips test problem (δ = 5.e− 2)
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