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ERROR BOUNDS FOR VECTOR-VALUED FUNCTIONS: NECESSARY
AND SUFFICIENT CONDITIONS

EWA M. BEDNARCZUK AND ALEXANDER Y. KRUGER

ABSTRACT. In this paper, we attempt to extend the definition and existing local error
bound criteria to vector-valued functions, or more generally, to functions taking values
in a normed linear space. Some new derivative-like objects (slopes and subdifferentials)
are introduced and a general classification scheme of error bound criteria is presented.
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1. INTRODUCTION

In variational analysis, the term “error bounds” usually refers to the following property.
Given an (extended) real-valued function f on a set X, consider its lower level set

(1.1) S(f)={ve X[ f(x) <0} -

the set of all solutions of the inequality f(z) < 0. If a point z is not a solution, that is,
f(z) > 0, then it can be important to have an estimate of its distance from the set (1.1)
(assuming that X is a metric space) in terms of the value f(x). If a linear estimate is
possible, that is, there exists a constant v > 0 such that

(1.2) d(z,S8(f)) <7f"(2)

for all x € X, then f possesses the (linear) error bound property or the error bound
property holds for f. Here the denotation f*(x) = max(f(x),0) is used. Hence (1.2) is
satisfied automatically for all x € S(f).

If z € S(f) (usually it is assumed that f(z) = 0) and (1.2) is required to hold (with
some vy > 0) for all x near z, then we have the definition of the local (near z) error bound
property.

Error bounds play a key role in variational analysis. They are of great importance for
optimality conditions, subdifferential calculus, stability and sensitivity issues, convergence
of numerical methods, etc. For the summary of the theory of error bounds and its various
applications to sensitivity analysis, convergence analysis of algorithms, penalty function
methods in mathematical programming the reader is referred to the survey papers by
Azé [2], Lewis & Pang [21], Pang [29], as well as the book by Auslender & Teboule [1].

Numerous characterizations of the error bound property have been established in terms
of various derivative-like objects either in the primal space (directional derivatives, slopes,
etc.) or in the dual space (subdifferentials, normal cones) [3,4,7-15,17,19,20,24-30,34-36].

In the present paper, we attempt to extend (1.2) as well as local error bound criteria
to vector-valued functions f, defined on a metric space X and taking values in a normed
linear space Y. The presentation, terminology and notation follow that of [11]. Some new
derivative-like objects (slopes and subdifferentials), which can be of independent interest,
are introduced and a general classification scheme of error bound criteria is presented. It
is illustrated in Fig. 3 — 8.

The research of the second author was partially supported by the Australian Research Council, grant
DP110102011.
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2 EWA M. BEDNARCZUK AND ALEXANDER Y. KRUGER

The plan of the paper is as follows. In Section 2, we introduce an abstract ordering
operation and define an extension of (1.1) and a nonnegative real-valued function f;°
whose role is to replace f* in (1.2) in the case f takes values in a normed linear space.
Note that, unlike the scalar case, an additional parameter y is required now. The function
nyr can be viewed as a scalarizing function for the vector minimization problem defined by
f. In Sections 3 and 4 various kinds of slopes, directional derivatives and subdifferentials
for vector-valued function f are defined via the scalarizing function f,”. In Section 3,
we discuss primal space error bound criteria in terms of slopes. Section 4 is devoted to
the criteria in terms of directional derivatives and subdifferentials. In the final Section 5,
three special cases are considered: error bounds when either the image or the pre-image
is finite dimensional and in the convex case.

Our basic notation is standard, see [23,31]. Depending on the context, X is either a
metric or a normed space. Y is always a normed space. If X is a normed space, then its
topological dual is denoted X* while (-,-) denotes the bilinear form defining the pairing
between the two spaces. The closed unit balls in a normed space and its dual are denoted
B and B* respectively. Bs(x) denotes the closed ball with radius ¢ and center z. If A is a
set in metric or normed space, then cl A, int A, and bd A denote its closure, interior, and
boundary respectively; d(x, A) = inf,ec 4 ||z — a|| is the point-to-set distance. We also use
the denotation ot = max(«, 0).

2. MINIMALITY AND ERROR BOUNDS

In this section, an ordering operation in a normed linear space is discussed and the
error bound property is defined.

2.1. Minimality. Let Y be a normed linear space. Suppose that for each y € Y a subset
V, C Y is given with the property y € V,,. We are going to consider an abstract “order”
operation in Y defined by the collection of sets {V, }: we say that v is dominated by y in
YifvelV,

Of course, this operation does not possess in general typical order properties. It can
get more natural, for example, if a closed cone C' C Y is given and V), is defined as one of
the following (for (2.3) C' must be assumed pointed):

(2.1) {veY|y—vel},
(2.2) {veYlv-ygCtuiy}
(2.3) {veY|v—y¢intC}.

Now let X be a metric space and f : X — Y. Denote
Sy(f) ={uveX| flu)eV,} -

the y-sublevel set of f (with respect to the order defined by the collection of sets {V,}).
We will also use the following nonnegative real-valued function

(2.4) [ () = d(f(u),V,), weX.

If V, is closed, then f,"(u) = 0 if and only if u € S,(f).
We say that z is a local Vj,-minimal point of f if

(2.5) f (@) < ff(u) for all u near z.

The definition depends on the choice of y. Condition (2.5) is obviously satisfied for any
xz € S,(f).
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3

If V, is given by (2.1), i.e., V, = y — C, then f(u) = d(y — f(u),C) and the function
f, is nondecreasing in the sense that for any z, 7, € X such that f(v2) — f(21) € C it
holds f,f(x1) < f,F(22). Indeed,

fy (@) = d(y — f(21),C) < d(y — f(22),C) + d(f(x2) = f(21),C)
=d(y — f(x2),C) = f;(%)-
By this property, if C'is a pointed cone and x is a strict local V,-minimal point of f,
ie.,
fi(@) < ff(u) for all u near z, u # z,
then z is locally minimal with respect to the ordering relation generated by C| i.e., there
exists a neighborhood U, of x such that

(2.6) (f(Uz) = f()) N (=C) = {0}.
If Y = R, we will always assume the natural ordering: V, := {v € R| v < y}. This

corresponds to setting C' = R, in any of the definitions in (2.1)—(2.3). We will also
consider the usual distance in R: d(vy,v2) = |v; — v3|. Then

Sy(f) = {u e X] fu) <y},
fy () = (f(u) —y)™.
If y < f(z), then (2.5) means that x is a point of local minimum of f in the usual sense
and does not depend on y (as long as y < f(z)). If y > f(z), then x is automatically a
V,-minimal point of f.
IfY = Rn7 Yy = (ylvaJ'”ayn> S Rn? f = (f17f27"'7fn) X = Rn7 and ‘/;J =
{(v1,v9,...,0,) ER"| v; <y, i =1,2,...,n}, then

(2.7) Sy(f)={veX| filu) <y, i=1,2,...,n}

and, for any norm || - || in R", we have

(2.8) Sy ) = 11(fulw) =y) ™, (falw) —y2) ™o (falu) = o) -
The local minimality condition (2.5) is satisfied if

(2.9) fi(z) < fi(u) for all i such that f;(x) > y; and all u near z.

The opposite statement is not true in general.

Ezample 1. Let f : R — R? be defined as f(u) = (u,1 — u). Then the range of f is the
set {(vi,v9) € R*| v+ vy =1}, Let y = 0 € R? and V5 = R? := {(v1,12) € R?| vy <
0,v9 < 0}. Suppose that R? is equipped with the norm ||vy, vs|| = |v1| + |v2]. Then

1—wu, ifu<o,
fof(w)=1<¢ 1, if0<u<l,
u, if u>1.

Hence f attains its minimum value 1 on the set [0, 1]. At the same time, for any z € [0, 1],
condition (2.9) is violated.

Consider, for instance, the max-type norm on R": ||y|| = max; |y;|. Then
+
+ — , — )T = . —
F ) = max (0 = 0" = ( pax(l) - )

The local minimality in the sense of (2.6) means that there is no u € U, such that
filu) < fi(x) for all 1 < i < n and f(u) # f(z). In other words, for every u € U,,
either we have f(u) = f(z) or there exists an index i, 1 < i < n, such that f;(u) > f;(x).
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4 EWA M. BEDNARCZUK AND ALEXANDER Y. KRUGER

Hence for any y € R" and all u € U,, we have either f(u) = f(z) or ff(z) < f(u). In
consequence, for any y € R”

[ () < f; (u) for all u close to .

which shows that x is a local V,-minimal point of f.

2.2. Error bounds. Let z € X and y := f(z). Consider the y-sublevel set S;(f) and

the function f; . We say that f satisfies the (local) error bound property at z if there
exists a v > 0 and a > 0 such that

(2.10) d(x,S5(f)) <7 (x), Va € Bs(z).

If Z is a locally minimal solution in the sense of (2.6), then (2.10) means that Z is a
local weak sharp solution [5, Definition 8.2.3] to f.

The error bound property can be equivalently defined in terms of the error bound
modulus of f at Z:

e fy () }
(2.11) Er f(z): llgl_}%lf [d(:c,Sy(f)) n
namely, the error bound property holds for f at z if and only if Er f(z) > 0.

The notation [-/-]s in (2.11) is used for the extended division operation which differs
from the conventional one by the additional property [0/0]., = oo. This allows one to
incorporate implicitly the requirement x ¢ ¢l Sy(f) in definition (2.11).

The error bound property can be characterized in terms of certain derivative-like ob-
jects.

3. CRITERIA IN TERMS OF SLOPES

In this section, several primal space error bound criteria in terms of various kinds
of slopes are established. The slopes are defined via the scalarizing function nyr A
different approach to defining slopes directly in terms of the original vector function and
then deducing error bound criteria based on the application of the vector variational
principle [6] will be considered elsewhere.

3.1. Slopes. Recall that in the case f : X — R, the slope of f at x € X (with
f(z) < 00) is defined as (see, for instance, [16])

(3.1) |V f|(x) := limsup (@) = f(u))Jr.

u—z d(u,x)

In our general setting f : X — Y, we define the slope of f at x € X relative to y € Y as
(fy (&) = f ()"

— + T
. V(@) = [V (@) =limsap =705
Equivalently
+(g) — f+
V£, (z) = hrfj;lp Iy (Z)(UJ f; (u), if 2 is not a local V,-minimal point of f,
0, otherwise.

If V, is given by (2.1) with C being a convex cone, then ¢+ C C C for any ¢ € C, and
consequently

fy (@) = £ (u) = sup[d(0, f(z) —y + C) = d(0, f(u) =y + ¢)] < d(f(u) = f(x),C).

ceC



92

93
94
95

96
97
98
99
100
101
102
103
104

105
106
107
108
109
110
111
112

Hence |V f|,(z) < |V f];(z), where

nsup ) = £@).C)
(33) IVfl@) =3 P T duna)

0, otherwise.

, if = is not a local y-minimal point of f,

If C'is a pointed cone, then the upper limit in the above formula admits the following
equivalent representation:

s WL i {ry WD < v B ()

= inf inf{r| Yu € B.(z) \ {z} Jv € By such that rd(u,z)v ¢ f(z) — f(u) — C}.

e>0r>0

If, additionally, int C' # (), then we have By C e + C for some e € —int C' and the latter
formula gives

lim sup WL = F@C) 60 rd(u, 2)e ¢ F(x) — F(u) — C, Vu € Bu(z) \ {z}}.

U—x d(u, SL’) e>0r>0

In view of this, we have |V f[}(z) < |V f[(z,¢), where

gg 7{2%{“ rd(u,z)e ¢ f(z) — f(u) = C, 2 is not a local y-minimal

IV fly(z,e) = Yu € B.(z)\ {z}}, point of f,

0, otherwise.

There are obvious similarities between definitions (3.1) and (3.2). Note also an impor-
tant difference: the latter one depends on an additional parameter y € Y. If Y = R and
y < f(x), then y vanishes and (3.2) reduces to (3.1).

Proposition 3.1. Let Y = R. Then
Vil(x), ify< f(z),

, otherwise.

Proof. Under the assumptions, f,"(u) = (f(u) —y)*. In the case y < f(z), one obviously
has f(v) = f(x) —y. If f is lower semicontinuous at x, then also f, (u) = f(u) —y for
all w € X near x. Hence f(v) — f,(u) = f(z) — f(u), and consequently, |V f,"|(z) =
|V f|(z). If fis not lower semicontinuous at x, then there exists a sequence x, — x such
that f(zr) — a < f(x). Then, by definition (3.1), |V f|(x) = co. At the same time,
[ (@) — (@ —y)™ < ff(x). Hence f is not lower semicontinuous at x either and

IV 1(x) = oo.
In the case y > f(x), one has f,/(z) = 0. It follows that x is a point of minimum of
f., and consequently, |V f,"[(z) = 0. O

It is easy to check that in the case Y = R and y < f(z), (3.3) also reduces to (3.1).

It always holds |V f|,(z) > 0 while the equality |V f|,(z) = 0 means that z is a station-
ary point of f,7. If the slope |V f|, () is strictly positive, it characterizes quantitatively
the descent rate of f;F at . If V,, is given by (2.1), then obviously |V f|}(x) > 0. Moreover,
if C' is a closed convex pointed cone with nonempty interior, f is directionally differen-
tiable at x, and x is not its local V,-minimal point, then the equality |V f ];(x) = 0 means
that z is a stationary point of f in the sense of Smale [32,33], i.e., for any direction p € X
we have f'(z;p) ¢ —int C. In this context the following proposition holds.

Proposition 3.2. Let C be a closed pointed cone, int C' # () and f : X — Y be direction-
ally differentiable at x € X. If x is not a local y-minimal point of f, then

f'(@;p) + IV i (x)e & —int C for all p € X,
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where e € C and f'(x;p) is the directional derivative of f at x in the direction p.
Proof. Suppose on the contrary that
f'(z:p) + |V fl,(x)e + By C —C

for some p € X, ||p|| = 1, and r > 0. Hence, there exists an ¢ > 0 such that

fl@+tp) — f(x) +t(|Vf,(z) + rr/2)e € =C for all t € (0,¢),
where k > 0 and xe € By. Consequently

flu) = f(x) +t(|V fl,(x) +rr/2)e € —=C for some u € Be(x),
contradictory to the definition of |V f|; (). O

3.2. Strict slopes. Given a fixed point z € X (with g = f(Z)) one can use the collection
of slopes (3.2) computed at nearby points to define a more robust object — the strict outer
slope of f at Z:
(3.4) IVfI7(z) = liminf |V fl;(z).

a—, [ (x)10
The word “strict” reflects the fact that slopes at nearby points contribute to the definition
(3.4) making it an analogue of the strict derivative. The word “outer” is used to emphasize
that only points outside the set S;(f) are taken into account.

If Y =R, then, due to Proposition 3.1, definition (3.4) takes the form

3.5 V7 ()= liminf |Vf|(x
(35) VIT @ = _limint [9/](x)
and coincides with the strict outer slope defined in [11]. On the other hand, one can apply
(3.5) to the scalar function (2.4) (with y = ). This leads to an equivalent representation
of (3.4):

VI (@) = VI (@)
The last constant provides the exact lower estimate of the “uniform” descent rate of f;
near 7.

The strict outer slope (3.4) is the limit of usual slopes |V f|;(z) which themselves are
limits and do not take into account how close to Z the point x is. This can be important
when characterizing error bounds. In view of this observation, the next definition can be
of interest.

The uniform strict slope of f at Z:

o(#) = limi (fy (z) = f7 ()"
40 VIO = T dwn

It is easy to check that (3.6) coincides with the middle uniform strict slope [11] of f;°
at z. The following representation is straightforward:

_ . (fy (@) = fF )t fi(2)
VfI°(z) = liminf max sup J Y , =2
Vir@) 57, £ ()10 O<d(u,z)<d(w,Ss(f)) d(u, z) d(z, S5(f))
It implies, in particular, the lower estimate:
(3.7) IV @) < V@),
where
+ — +
(3.8) “|IVf°(Z) ;= liminf sup (73 (@) = fy (w))

T, f;(:c)io 0<d(u,xz)<d(z,S5(f)) d(“’a SL’)
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is the lower uniform strict slope of f at z. If f (or just f;) is Lipschitz continuous near
Z, then (3.7) holds as equality (if dim X < oo, it is sufficient to assume that f is simply
continuous — Proposition 5.1 (i)). In general, inequality (3.7) can be strict.

Ezample 2. Let f : R? — R be defined as follows:

Ay, itz > 0,29 >0,
a1, 22) = { 0, otherwise.
We are assuming that R? is equipped with the Euclidean norm. Then d(f(z), Vp) = f(x).
We are going to show that ~|V f|°(0) = v/2 while |V f]°(0) = 2.
Indeed, let © = (z1,29) with ; > 0 and x5 > 0. Then d(x,Sy(f)) = min(zy,x2).
Obviously,

(F@) = F@)e o )
o<duaycdiesoy AL T =IVil@) = ||<ms,g>)||=1(v1 tu)= V2
(f(z) = flu))+ S B )
iig d<u7x) N min(ajl,:m)’

The last expression attains its minimum value 2 when 1 = 5. It follows that =|V f|°(0) =

V2 and [V f]°(0) = 2.
Note also the inequality

(3.9) VI (@) < 7 IVfI°(2),
which follows from definitions (3.2), (3.4), and (3.8).

3.3. Main criterion. The next theorem provides the relationship between the error
bound modulus and the uniform strict outer slope.

Theorem 3.3. Let X be complete and f; be lower semicontinuous. Then Er f(z) =
IVfI°(7).
Proof. Let 0 < v < Er f(z). We are going to show that |V f|°(Z) > 7. By (2.11), there is
a 0 > 0 such that
fy (@)
(3.10) s >
d(x, S5(f))
for any x € Bs(z) \ Sy(f). Take any z, € Byj(Z) with 0 < f;(z;) < 1/k. Then, by
(3.10), for any k > §~!, one can find a wy; € Sy such that
fg () = fg (we) _ fy (an)

d([L‘k, wk) d(mk,wk)

It follows from definition (3.6) that |V f|°(z) > 7.
Let v > Er f(z). Then for any § > 0 there is an © € Bjwin(1/2,,-1)(Z) such that

0 < f (z) < vd(z, S5(f))-
Applying to f; the Ekeland variational principle with e = f;7(x) and an arbitrary A €
(v~ 'e,d(z, Sz(f))), one can find a w such that f (w) < ff(z), d(w,z) < X and
(3.11) [ () + (/N d(u,w) > f (w), Yu € X.
Obviously, d(w,z) < 2d(x,z) < 6 and f (w) < vd(z,Sy(f)) < 6. Besides, f(w) & Vj
since d(w, ) < XA < d(x,Sz(f)). It follows from (3.11) that

fi (w) = f7 (u)
d(u,w)

<e/X <A, Vu € X.
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This implies the inequality |V f|°(Z) < 7, and consequently |V f|°(z) < Er f(z). O
Remark 1. The assumptions that X is complete and f is lower semicontinuous in Theo-
rem 3.3 were used in the proof of inequality |V f|*(Z) < Er f(Z). The opposite inequality
Er f(z) < |[Vf|°(Z) is always true and can be strict, for instance, if the assumption of
lower semicontinuity is dropped.

Ezample 3 ( [11]). Let f : R — R be defined as follows (Fig. 1):

-3z, it x <0,
1 .1 1 .
fla)y=q 3o— o if oy <o < i=01,..,
2z, if x> 1.

Obviously, Er f(0) = 1 while |V f|*(0) = 3.

FiGURE 1. Example 3

Remark 2. When Y = R, Theorem 3.3 improves [11, Theorem 2| and goes in line with [18,
Corollary 4.3] by Kummer.

3.4. Criteria in terms of slopes. Under the assumptions of Theorem 3.3, constants
(3.4), (3.6), and (3.8) produce criteria for the error bound property of f at z.

ucCl. Vi) > 0.
uC2. “V/°(z) > 0.
C1. |[Vf]>(z) > 0.

(Uniform) criteria UC1 and UC2 are sufficient while criterion C1 is necessary and
sufficient. Due to (3.7) and (3.9), it holds C1 = UC2 = UCI.
Another sufficient criterion

C2. |[Vf|°%z) >0
can be formulated using the next nonnegative constant:
+
(3.12) [V f]°(#) = lim in jéjxf?)'
Comparing this definition with (3.2), one can easily establish the next relation:
IV fly(@) = (=IVf"(@)+,
which shows that when |V f|°(Z) = 0, this constant does not provide any new information.

At the same time, when |V f|°(Z) > 0, the other constant (3.2) equals 0 and cannot be
used for characterization of error bounds while criterion C2 involving (3.12) can be useful.




160 Proposition 3.4. If |[Vf|°(z) > 0, then |V f|°(Z) = Er f().

170 Proof. If [V f|°(Z) > 0, then Z is an isolated point in S;(f), and consequently d(z, Sz(f)) =
171 d(x,z) for all x near Z. O

172 The short proof above shows that when |V f|°(Z) > 0 the situation with error bounds
173 is pretty simple. We formulate criterion C2 explicitly to make the picture of the existing
174 criteria complete and simplify the comparison between the different criteria.

175 Note that criteria C1 and C2 are independent. For the function f in Example 2, one
176 obviously has |V £~ (0) = ~ |V f|°(0) = v/2 while [V £]°(0) = 0. At the same time, for the
177 function in the next example the situation is opposite.

Ezample 4 ( [11,17]). Let f: R — R be defined as follows (Fig. 2):

—x, ifx <0,
1 1 1
r)=4¢ - if <zx<-,i1=12,...
f() Z'? IZ+1 x—Z7Z )= )
x, ifx>1

178 Obviously |V f|(z) = 0 for any = € (0,1), and consequently |V f|7(0) = 0. At the same
179 time, d(f(z), V) = f(x) and |V f]°(0) = 1.

FIiGcurE 2. Example 4

180 The relationships among the primal space error bound criteria UC1, UC2, C1, C2 are
181 illustrated in Fig. 3. It is assumed that the space X is complete and the function f; is
182 lower semicontinuous.

1 Vi (@) >0

[Ucz —ywmpo} [02 !Vf\°<if)>03\

A
fis Lipschitz | /
|

~

(ve1 Vi) >0

)

Er f(z) > 0]
FI1GURE 3. Criteria in terms of slopes

183 4. CRITERIA IN TERMS OF DIRECTIONAL DERIVATIVES AND SUBDIFFERENTIALS

184 In this section, X is assumed a normed linear space. The slopes considered above have
185 corresponding to them directional derivatives and subdifferentials. The criteria in terms
186 of slopes established above can be translated into the corresponding criteria in terms of
187 directional derivatives and subdifferentials.
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4.1. Directional derivatives. Given z,y, h € X, the lower Dini derivative of f at x in
direction h relative to y is defined as

(4.1) f(z;h) := liminf ylo+t) - f;(:c)

t]0, z—h t

Note that (4.1) is actually the lower Dini derivative of f, .

Proposition 4.1. (i) [V fly(x) > (= ”}illﬁlfl fo(xsh))T forall z,y € X.
(i) If dim X < oo, then (i) holds as equality and the infimum in the right-hand side

18 attained.

Proof. (i) Let z,y € X, ||h]| = 1. By (4.1), there exist sequences t; | 0 and z; — h such
that

o+ tyzy) — fiF (x
178
Put xy := x + tgzx. Then d(zk, z) = ti||zx|| — 0 and

fy (@) — £ ()
d(xy, x)

— —fyla;h).

The conclusion follows from definition (3.2).

(ii)) Let dim X < oo and z,y € X. Taking into account (i), we need to prove the
opposite inequality. If |V f],(x) = 0, the required inequality holds trivially. Suppose
|V f|,(z) > 0. By definition (3.2), there exists a sequence x; — x such that

f (@) = £ ()
d(xg, x)

— [V [ly(2).

Put t), := d(xx, 7), 21, := t;,' (z, — ). Without loss of generality, 2z — h, ||h|| = 1. Then

fi(@:h) < lim [ (@ +tez) — ff (2) — VS, ().

k—oo tk

The next statement provides estimates for the strict outer slope (3.4).

Corollary 4.2. (i) IVfI7(z) > (= limsup  inf fi(z;h))".
2=z, f (2)]0 [lA]l=1
(i) If dim X < oo, then (i) holds as equality and the infimum in the right-hand side
15 attained.

The first assertion of Corollary 4.2 implies a similar estimate using the strict outer Dini
derivative of f at  in direction h:

(4.2) 7 (z;h) = limsup  fy(x;h).

a—7z, f ()]0

The slopes considered above characterize descent rates of f. If negative, the lower Dini
derivative (4.1) characterizes the descent rate at the given point in the given direction
while the strict outer Dini derivative (4.2), if negative, characterizes the “worst” descent
rate in the given direction among all points near z lying outside Vj.

Corollary 4.3. |Vf|~(z) > (- inf f~(z;h))".

=t
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When x = Z and y = g = f(&) the lower Dini derivative (4.1) takes the form
B [ (@ +1tz)
1
(4.3) f3(T;h) = tlignzmg

and corresponds to constant (3.12).

Proposition 4.4. (i) [Vf]°(z) < |1nf fo(@;h).

(i) If dim X < oo, then (i) holds as equality and the infimum in the right-hand side
is attained.

The uniform strict slopes (3.6) and (3.8) require different type of directional derivatives.
Given h € X, two uniform strict Dini derivatives of f at Z in direction h are defined
as

fg (@ +t2) = f7 (2)

4.4 f(z: =lim limsu inf 7
( ) f ( ) el0 _— f+(p)w llz—h]||<e, t>0 t
x4 te) — fF
(4.5) f%(z;h) :=lim limsup inf fy (@ +t2) = f (x)
R P I R t
Y

Proposition 4.5. (i) fo(z;h) < f'2(z;h) < f> (23 h) for any h € X;
(it) [VfI°(2) > (= inf f°(z;R))";

[[2[l=1

(iii) “IVAI°(Z) > (= inf f2(z5h)".

lIa[l=1

Proof. (i) The inequalities are obvious.
(ii) Let ||h]| =1 and € € (0,1). By (3.6),

(fy () — f (@ +t2))*

IVfl°(z) > liminf sup
o=, f ()10 [z—hl|<e, t>0 ¢z
Jr
+ +
>(14+¢)"t |~ limsup fylettz) = Jy (@)
- 23, [ (2)10 llz—hl||<e, t>0 t

Passing to the limit as € | 0 in the right-hand side of the above inequality, we obtain

IV f|°(z) > (—f°(z;h))*. This inequality must hold for all » € X with ||h| = 1. The

conclusion follows.
(iii) The proof repeats that of (ii) with appropriate changes caused by the differences
between definitions (3.6) and (3.8). O

Using directional derivatives (4.2), (4.4), and (4.5) and taking into account Corollary 4.3
and Proposition 4.5, we can formulate another set of sufficient criteria for the error bound
property of f at z.

UCD1. f°(z;h) <0 for some h € X.
UCD2. f'2(7;h) <0 for some h € X.
CD1. f>(z;h) <0 for some h € X.

The relationships among various primal space criteria are illustrated in Fig. 4. It is
assumed that the space X is Banach and the function f, is lower semicontinuous.
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[CDl f>(z;h) < 0 for some h € X \Vf|~(z )>O:‘

(UCD2 FA(z:h) <0 for some he X —{Uc2 ~[VfF(@) >0] (€2 |[Vf°@) >0

fis Lipschitz

/

[UC’Dl f°(x;h) < 0 for some h € XHUCl Vfle(z) > 0}

Er f(z) > 0]
FIGURE 4. Primal space criteria

4.2. Subdifferentials. In this subsection, we discuss subdifferential error bounds criteria
corresponding to the conditions formulated in Section 3 in terms of (primal space) slopes.

Consider first a subdifferential operator 0 defined on the class of extended real-valued
functions and satisfying the following conditions (axioms):

(A1) For any f : X — Ry and any = € X, the subdifferential 0f(z) is a (possibly
empty) subset of X*.

(A2) If f is convex, then Of coincides with the subdifferential of f in the sense of
convex analysis.

(A3) If f(u) = g(u) for all u near z, then df(x) = dg(x).

The majority of known subdifferentials satisfy conditions (A1)—(A3).
In the general case of a function f : X — Y between normed linear spaces, we define
the subdifferential and subdifferential slope of f at x relative to y € Y as

0, f(x) := O(f;)(x) and
(4.6) |0fly(x) := inf{[|z"]| : 2" € §,f(z)}.
respectively. Here the convention inf ) = 400 is in use.

Subdifferential slopes (4.6) are the main building blocks when defining the strict outer
subdifferential slope of f at T:

(4.7) 0] () == liminf  [9f];(z).

z—Z, ff (x)10

If 9 is the Fréchet subdifferential operator, we will use notations dj f(x), [0" fl,(z),
and |0F f|7(Z) respectively. Thus

(4.8) 35f(x) - {m € X*| liminf fy () =y (@) = @ u = o) > 0} :

u—g Ju — |
This is a convex subset of X*. If Y = R and y < f(x), then it coincides with the usual
Fréchet subdifferential of f at x and does not depend on y. The corresponding to (4.8)
subdifferential slopes |0% f|,(z) and |0F f|>(Z) represent dual space counterparts of the

primal space slopes (3.2) and (3.4) respectively. The relationship between the constants
is straightforward.

Proposition 4.6. (i) |V fl,(x) <|0F f|,(x);
(i) [VfI7(z) < |0F f|> ().
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The inequality in Proposition 4.6 (i) can be strict rather often (for example, if 9. f () =
0). If f,[ is convex, then the two constants coincide (see [11, Theorem 5]).
Let us now impose another condition on the subdifferential operator 0.

(A4) If z is a point of local minimum of f + g, where f : X — R, is lower semicon-
tinuous and ¢ : X — R is convex and Lipschitz continuous, then for any £ > 0 there exist
x1,T9 € x+eB, a7 € Of(x1), x5 € Og(x2) such that |f(z1) — f(z)] < e, |g(z2) —g(2)| <&,
and [|z7 + 23| < e.

Obviously, inequality |g(zs) — g(z)| < € in the above condition can be omitted.

The typical examples of subdifferentials satisfying conditions (A1)—(A4) are Rockafellar-
Clarke and Ioffe subdifferentials in Banach spaces and Fréchet subdifferentials in Asplund
spaces.

Proposition 4.7. Let f; be lower semicontinuous.

(i) If the subdifferential operator O satisfies conditions (A1)-(A4), then |V f|7(z) >

017 (Z).

(i) If X is Asplund, then |V f|7(z) = |0F f|7 ().
Proof. (i) If [V f|7(Z) = oo, the assertion is trivial. Take any v > [V f|>(Z). We are going
to show that [0f|>(Z) < 7. By definition (3.4), for any 3 € (|Vf|> ( ) v) and any 0 > 0
there is an « € Bj/2(Z) such that 0 < f,7(z) < §/2 and |V f|;(2) < 8. By definition (3.2),
z is a local minimum point of the function u — f; (u) + Bllu — x|| By (A4) and (A2),
this implies the existence of a point w € Bjjs(z) with 0 < ff (w) < ff(z) + §/2 and an
element * € df; (w) with ||Jz*|| < 7. The inequality [0f]>(z) < 7 follows from definition
(4.7).

(ii) Since in Asplund spaces Fréchet subdifferentials satisfy conditions (A1)—(A4), the

conclusion follows from (i) and Proposition 4.6 (ii). O

As a direct consequence of Proposition 4.7 we have the following statement.

Proposition 4.8. If X is Asplund and f; is lower semicontinuous, then |0F f|>(z) >
|0f17 (%) for any subdifferential operator O satisfying conditions (A1)~(A4).

Thanks to Proposition 4.6, the following sufficient (under appropriate assumptions)
subdifferential criteria can be used for characterizing the error bound property.

DC1. [0f]7(z) > 0.
Consider now the Fréchet subdifferential of f at Z relative to y = f(Z):

85f(f) = {:L’ € X*| liminf fy @) = e - a) 20}.

a3 [ — |

Following [11] we say that a subset G C 85 f(z) is a regular set of subgradients of f at
z if for any € > 0 there exists a 6 > 0 such that
fi(@) —sup (2", 2 —7) +ellz —Z|| >0, Ve Bs(T).
z*eG
The set @5 f(z) itself does not have to be a regular set of subgradients — see [11,
Example 10].
A regular set of subgradients is defined not uniquely. The typical examples are
e any finite subset of 9} f(Z);
e any subset of a regular set of subgradients;
e the set of all z* € X™ such that

fi(x) > (%, 2 —z) for all x near 7;
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e in particular, the subdifferential of f; at z if f; is convex.
Regular sets of subgradients are needed to define the internal subdifferential slope of f
at z:
(4.9) |0f1°(Z) = sup{r > 0| rB* is a regular set of subgradients of f at z}.

In other words,

f;(x) — sup (z*,z — )

10f1°(Z) = sup{ 7 > 0| liminf verB >0
a3 [l — ]

Since sup, ., g« (r*, z — =) = r||z — z||, it follows immediately that |0 f|°(Z) coincides with
the primal space slope defined by (3.12).

Proposition 4.9. [0f|°(z) = |V f|°(z).
The next proposition is another consequence of definition (4.9).
Proposition 4.10. |0f|°(Z) < sup{r > 0: rB* C 9} f(z)}.

In infinite dimensions the inequality in Proposition 4.10 can be strict [11, Example 11].
Inequality [0f]°(Z) > 0 obviously implies inclusion 0 € int 3} f(Z).

Thanks to Proposition 4.9 and condition C2, we can formulate another sufficient sub-
differential criteria for the error bound property:

DC2. |0f]°(z) > 0.

This criterion is equivalent to C2 and independent of DC1. Note that inclusion 0 €
int 9 f(Z) is in general not sufficient.

The following nonlocal modification of the Fréchet subdifferential (4.8), depending on
two parameters a > 0 and £ > 0, can be of interest:

(4.10) &, _f(z)= {x ext| g W S@-@uza —a}.

Yron® 0<fju—z|<a ||U — J}H

We are going to call (4.10) the uniform (a,¢)-subdifferential of f at x relative to y.
Obviously it is a convex set in X*.

Using uniform («, €)-subdifferentials (4.10) one can define the uniform strict subdiffer-
ential slope of f at T — a subdifferential counterpart of the uniform strict slope (3.6):
(4.11) |0f1°(z) = liminf  inf{||z"||: 2* €5, f(x)}.

7a76
r—7, €0, f;(z)io Y
a—d(z.55(£))10

Proposition 4.11. (i) [Vf]°(@) < |0f]°(z).
(il) Suppose that the following uniformity condition holds true for f:
(UC) There is a § > 0 and a function o : Ry — R such that limy o o(t)/t = 0 and
for any x € Bs5(T) with 0 < f; (x) <6 and any x* € 0F f(x) it holds
(4.12) fi(u) = fi (@) = (z",u — x) + o(|Jlu — z[]) >0, VueX.
Then [9f]°(z) < 10 f]> ().

iii) If X is Asplund, fF is lower semicontinuous near T, and uniformity condition
Y
(UC) is satisfied then

Er f(z) = 0" f|7(z) = [VfI7 (@) = "IVfI°(@) = [V f°(2) = [0f1°(z) > [0f*(2).
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Proof. (i) If z* € 05, _f(x) for some x ¢ Sy(f), a > d(z,Sy(f)), and € > 0, then, by
(4.10),
fy (@) = fy (u) fy (@) = fy (u)

sup = sup <||z*|| +e.
uge  u—z o<lu—zl<a  llu— 2

300 The conclusion follows from definitions (3.6) and (4.11).
(i) If |OF f|> (Z) = oo, the inequality holds trivially. Let [9F f|*(Z) < v < co and & > 0.
By definition (4.7), for any ¢ € (0,¢) there is an v € X with ||z — Z|| <4, 0 < f (z) <0
and an z* € 0 f(x) with [|z*|| < ~. Without loss of generality we can take § > 0 such
that (4.12) holds true and o(t)/t < e if 0 <t < d. Then

B = ff (@) =t u—a) o offu—zl)

0<|ju—z|<8 |lu— || - lu — x|

st0 Thus, 2* € 955 _f(x), d(z,S4(f)) < ||z — Z|| < J, and consequently 10f]°(z) < .
311 (111) follows from (i) and (ii), conditions (3.7) and (3.9), Propositions 3.4, 4.6 (ii), 4.7 (ii),
312 and 4.9, and Theorem 3.3. 0

313 Thanks to Proposition 4.11 (i), the uniform strict subdifferential slope can be used to
314 formulate a necessary condition for the error bound property.

315 UDCL1. [0f|°(z) >0

316 When uniformity condition (UC) is imposed, Fréchet subdifferentials (4.8) gain unifor-
317 mity properties and, thanks to Proposition 4.11, sufficient condition DC1 in terms of the
318 Fréchet strict outer subdifferential slope becomes also necessary.

319 The relationships among the subdifferential and primal space error bound criteria on
320 Banach and Asplund spaces are illustrated in Fig. 5 and Fig. 6 respectively. f; is assumed
321 lower semicontinuous.

(e [of1 (@) > 0 o1 WiP@ o] (DC2 jorPE) > o)

ve2 Vi@ >0 [(C2 [V/°@) > 0)

fis Lipschitz

PR

Er f(z) >

> 0)
0F——upct Jof(@) > o)

Ficure 5. Subdifferential and primal space criteria in Banach spaces

322 5. FINITE DIMENSIONAL AND CONVEX CASES

323 In this section, three special cases are considered: error bounds when either X or Y is
324 finite dimensional and in the convex case.
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(pe1 7P @) > 0F—{c1 NP >0]  (DC2 j971(@) > 0)

vey i

o2 | l

fis Lipschitz or (UC)

i (2 |v(2) >0

/

vc1 VP

[Fr () > 0= ——upct [off (@) > o)

FIGURE 6. Subdifferential and primal space criteria in Asplund spaces

5.1. X is finite dimensional. Let dim X < oo and f; be lower semicontinuous. Many
relations and estimates from previous sections can be simplified and sharpened. In par-
ticular, the following limiting subdifferentials can be used:

(5.1) 97 f(z) = Limsup 97 f(x),
e, f (2)10
(5.2) &f(z)= Limsup 35, f(z).

a—a, €10, £ ()10
a-d(z,S5(£)10
In the above definitions, Limsup denotes the outer limit [31] operation for sets: each of
the sets (5.1) and (5.2) is the set of all limits of elements of appropriate subdifferentials.
Sets (5.1) and (5.2) are called the limiting outer subdifferential [17] and uniform limiting
subdifferential [11] of f at T respectively.

Proposition 5.1. (i) If f is continuous near T, then ~|V f|°(z) = |V f|°(z)
(ii) [0F 7 (z) = inf{[la"|| - «* € & f(2)}.
(i) [0f|°(z) = sup{r > 0: rB* € 0} f(z)}.
(iv) [0f]°(z) = inf{[la*[| - 2* € &°f(2)}.
Proof. Assertion (i) follows from [11, Propopsition 11]. Assertions (ii) and (iv) are conse-

quences of definitions (4.7), (4.11), (5.1), and (5.2). Assertion (iii) follows from definition
(4.9) and [11, Propopsition 13]. O

Thanks to Proposition 5.1 (ii)—(iv) one can formulate the finite dimensional versions of
criteria DC1, DC2, and UDCI1.

SD1. 0 ¢ 0~ f(z).
SD2. 0 € int 9 f ().
USD1. 0 ¢ 0°f(2).

Criteria SD2 and SD1 are in general independent. They can be combined to form a
weaker sufficient criterion

0¢ 0" f(z)\int 0] f(Z).
If f is semismooth at z [22], then int Y f(Z) N 9~ f(Z) = O [11, Proposition 14], and
consequently SD2 = SD1.

The relationships among the error bound criteria for a lower semicontinuous function
on a finite dimensional space are illustrated in Fig. 7.
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(51 0¢0”f(2)]

~ _ f is semismooth at
-

—~
~

[01 NI (2) >0} ES\DQ 0 € int 9 f(:z)j

ey
|

£U02 —|ny<>(:z)>oJ [02 !Vf\o(f)>03\

fis continuous or (UC) |
|

v Vi@ >0

Er f(z) > OF_(_T)_{USDl 0¢ 5°f(i)}

FI1GURE 7. Finite dimensional case

5.2. Convex Case. In this subsection, X is a general Banach space and f; is convex
lower semicontinuous.

In the convex case, the Fréchet subdifferential (4.8) coincides with the subdifferential
of f,F at x in the sense of convex analysis and uniformity condition (UC) is satisfied
automatically. We will omit superscript F in all denotations where Fréchet subdifferentials
are involved. A number of constants considered in the preceding sections coincide while
some definitions get simpler.

Proposition 5.2. (i) Ex f(z) = “IVfI°(2) = [VII*(z) = V(@) = 0fI>(7) =
01°(2).
(ii) [0f|%(x) = sup{r > 0: rB* € 9;f(z)}.
(iii) 0 € int 95 f (&) if and only if 0 & bd 0y f(Z).
Proof. (i) and (ii) follow from [11, Theorem 5 and Proposition 15]. d;f(Z) always contains

0 since f; (z) = 0. This observation proves (iii). O
Thanks to Proposition 5.2, we have another subdifferential condition for characterizing
the error bound property.

SD3. 0 ¢ bd 9, f ().

The relationships among the error bound criteria for a convex lower semicontinuous
function on a Banach space are illustrated in Fig. 8.

5.3. Y is finite dimensional. Let Y =R", y = (y1,92,...,yn) € R™, [ = (f1, fos -+, fn) :
X — R and V, = {(v1,v2,...,v,) € R v; <y, i =1,2,...,n}. Then S,(f) and f;
take the form (2.7) and (2.8) respectively.

In this subsection, we suppose that Y is equipped with the maximum type norm:

|yl = max(|v1], |y2l, - - -, |yn]). Then (2.8) can be rewritten as
+
+ — . _ )t = ) —
(53) F ) = max (G0 = )" = | (o) = )|

Denote by I, (u) the set of indexes, for which the maximum in maxi<;<,(fi(u) — y;) is
attained.
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(SD3 0¢bdayf(z),—{C2 [Vf(7) > 0}——{SD2 0 € intd;f(z))
(1 Vi@ > 0f—{DC1 (977 (@) > 0]

U2 WiP@ > 0F—{vc1 [ViP@) > ok—{upct [ofF@) >0

Er f(z) > 0

FIGURE &. Convex case

Let z € X and y = f(Z). The error bound modulus (2.11) of f at T takes the form:
I Jil@) —yi
(5.4) Er f(z) = liminf max ——————
wboty 1=i=nd(z, Sy(f))
As it was discussed in Section 3, error bounds can be characterized in terms of slopes.
If fi(x) < g for all i = 1,2,...,n, then, in accordance with (5.3), f,7(z) = 0 and

consequently (due to (3.2)) |V f|,(z) = 0. Otherwise,

(55 (Vi) = limsup min LD =S —‘ (max fz)

u—z 1€ly(x) d(u, .',U) €ly(z

provided the functions f; are lower semicontinuous at x for ¢ € [,(z) and upper semi-
continuous at x for ¢ ¢ I,(z). The strict outer slope of f at z (3.4) can be computed
as

(5.6) IVfI7(@) = liminf  [V[f]5(),

T—T

lgggn(h(@—@i)lo

where ; = fi(Z), ¥ = (41,92, ---,TUn), while for the uniform strict slope we have the
following formula:

(5.7) IVfI°(z) = liminf  sup min

z—z el dlu, x
B R T

provided all functions f; are continuous near z. At the same time, constant (3.12) admits
the next representation:

(5.8) IV£°z) = hgl_glf m%(l%

Application of Theorem 3.3 and Proposition 3.4 leads to the following equivalent rep-
resentations of the error bound modulus (5.4).

Proposition 5.3. (i) If X is complete and f;, i = 1,2,...,n, are continuous, then
) _ f. + _
Er f(z) = liminf  sup min (filz) = filw)) > |V fI7(Z).
Tr— d
283, Vi@ =10 utz 1€1y(z) (u’ :L')

(i) If [V f|°(z) > 0, then

Er f(z) = h{rrii%lf max %
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It is also possible to characterize error bounds using directional derivatives. Given
z,y,h € X, suppose the functions f; are lower semicontinuous at x for i € I,(z) and
upper semicontinuous at x for i ¢ I,(z). Then for the lower Dini derivative (4.1) of f
at z in direction h relative to y we have the following representations: f;(x;h) = 0 if
filz) <y; foralli=1,2 ... n; otherwise

(5.9) fy(x;h) = liminf max Mot = 1) - <

t10, z—hi€ly(z) t

/
max f; | (x;h).

If all f; are continuous in a neighborhood of Z, then obviously I;(z) C I;(Z) for all «
near T and we have the following representations for the strict outer Dini derivative (4.2)
and uniform strict Dini (4.4) derivative of f at Z in direction h:

/
(5.10) f7(z;h) = limsup (‘Irlla{( fl) (x; h),
ez, Gih-soo N
_ i t _ i
(5.11) f(Z;h) =lim  limsup inf max filz +t2) — fil2)
el0 Tz lz=h|<e, t>0 1<i<n t
12;%(”(&(1)—@1')10

Constants (5.6), (5.7), and (5.8) as well as directional derivatives (5.10) and (5.11) give
rise to the sufficient error bound criteria C1, UC1, C2, CD1 and UCD1 respectively.
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