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Abstract. In this paper, we propose an efficient approach for solving a class of convex opti-
mization problems in Hilbert spaces. Our feasible region is a (possibly infinite-dimensional) simple
convex set, i.e. we assume that projections on this set are computationally easy to compute. The
problem we consider is the minimization of a convex function over this region under the additional
constraint Au ∈ T , where A is a linear operator and T is a (finite-dimensional) convex set whose
dimension is small as compared to the dimension of the feasible region.

In our approach, we dualize the linear constraints, solve the resulting dual problem with a purely
dual gradient method and show how to reconstruct an approximate primal solution. In order to
accelerate our scheme, we introduce a novel double smoothing technique that involves regularization
of the dual problem to allow the use of a fast gradient method. As a result, we obtain a method
with complexity O( 1

ε
ln 1

ε
) gradient iterations, where ε is the desired accuracy for the primal-dual

solution.
Our approach covers, in particular, optimal control problems with trajectory governed by a

system of linear differential equations, where the additional constraints can for example force the
trajectory to visit some convex sets at certain moments of time.
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1. Introduction. In large-scale convex optimization, first-order methods are the
methods of choice due to their cheap iteration cost. In particular, constrained prob-
lems can be solved provided that projection on their feasible set is computationally
easy to compute. In this work, we assume that both the convex objective function
J , defined on the Hilbert space U , and the convex feasible region S ⊂ U are suffi-
ciently simple so that the problem minu∈S J(u) can be solved efficiently, or even in
closed-form. However, the situation becomes completely different when adding to this
problem the constraint Au ∈ T , based on a linear operator A : U → V ∗, where V is
another Hilbert space and T a bounded closed convex set in V ∗ (the dual space of V ).
Indeed, the problem may become difficult because projection onto the new feasible
set {u ∈ S : Au ∈ T} may be computationally very expensive, or even intractable.

A natural approach is therefore to dualize this difficult linear constraint, obtaining
the primal-dual pair of problems

P ∗ = min
u∈S
{J(u) + max

z∈V
[〈Au, z〉−σT (z)]}, D∗ = max

z∈V
{−σT (z) + min

u∈S
[J(u) + 〈Au, z〉]}

where σT (z) = supx∈T 〈x, z〉 denotes the support function of set T , defined on V .
In this paper, we assume that the dimension of set V (i.e. the size of the linear

constraints) is small compared to the dimension of set U , the latter being allowed
to be infinite. Thanks to this asymmetry, we are led to consider a purely dual al-
gorithmic scheme, generating its iterates only in the low-dimensional space V . The
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only operations that we need to be able to perform in the infinite-dimensional or
high-dimensional space U is the computation of the value of dual objective func-
tion at a given point z ∈ V , which requires solving the optimization subproblem
Θ(z) = minu∈S [J(u) + 〈Au, z〉]− σT (z) over the simple set S.

Example 1. As a first motivation, consider the purely linear infinite-dimensional
problem:

P ∗ = inf
u∈L2([α,β]):M1≤u(t)≤M2

∫ β

α

f(t)u(t)dt :

∫ β

α

ai(t)u(t)dt = bi ∀i = 1, ...,m

where data consists of functions ai (1 ≤ i ≤ m) and f in L2([α, β]).
It is straightforward to define

U = L2([α, β]), V = Rm,

S = {u ∈ L2([α, β]) : M1 ≤ u(t) ≤M2 ∀α ≤ t ≤ β}, T = {b} ⊂ Rm,

J(u) =

∫ β

α

f(t)u(t)dt, A : U → V : u→

(∫ β

α

a1(t)u(t)dt, ...,

∫ β

α

am(t)u(t)dt

)T
so that the problem fits our formulation minu∈S J(u) : Au ∈ T. Dualizing the linear
equality constraints, we obtain the dual function:

Θ(z) = inf
u∈S

∫ β

α

f(t)u(t)dt+

m∑
i=1

zi

(∫ β

α

ai(t)u(t)dt− bi

)
(1.1)

= −
m∑
i=1

zibi + inf
u∈S

∫ β

α

(
f(t) +

m∑
i=1

ziai(t)
)
u(t)dt.(1.2)

Due to the fact that only pointwise constraints M1 ≤ u(t) ≤M2 are still present in this
problem, we can solve it in a pointwise way, minimizing for each value of t separately.
Indeed, any solution uz ∈ S satisfying uz(t) = M1 when f(t) +

∑m
i=1 yiai(t) > 0 and

uz(t) = M2 when f(t) +
∑m
i=1 yiai(t) < 0 is optimal solution for problem (1.1).

Since we are able to compute the value of Θ(z) in closed form for any value of z, we
can apply a first-order method to the finite-dimensional problem maxz∈V Θ(z).

Our goal in this work is to show that it is possible to solve the dual problem
efficiently and reconstruct from this process a nearly optimal and feasible primal
solution. We develop to that effect a new double-smoothing approach, which is a
variant of the smoothing techniques described in [20, 21, 22]. This technique uses
the problem structure to regularize the dual objective function into a smooth strongly
convex function with Lipschitz continuous gradient. These modifications allow us to
minimize the dual function with an optimal gradient scheme in O

(
1
ε ln

(
1
ε

))
iterations,

where ε is the desired accuracy. From the dual minimization sequence, we reconstruct
a nearly feasible and optimal primal solution, whose accuracy can be controlled by
parameters of our algorithm.

The structure of this paper is as follows. In the Section 2, we recall briefly two
standard approaches for solving a non-smooth convex optimization problem with a
first-order method: subgradient type schemes and smoothing techniques. We also
present the first-order methods that can be used to solve efficiently the smoothed
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problem obtained by the smoothing technique. In particular, we recall the optimal
method [19] for smooth and strongly convex functions and describe its rate of conver-
gence. In Section 3, we present in a more general form our problem class and derive
the corresponding dual problem. We show using Danskin’s Theorem that the dual
objective function is in general non-smooth. Section 4 present two simple examples
of problems (one finite-dimensional, the other infinite-dimensional) with separable
structure that fit our problem class. The double smoohting is described in Section 5,
where we apply two regularizations to the dual objective function in order to make
it smooth and strongly convex (we explain the importance of both properties). In
Section 6, we study under which regularity conditions strong duality holds and how
it is possible to bound the size of the dual optimal set. This bound will be useful in
the convergence analysis of our scheme. In Section 7, an optimal first-order method
is applied to modified dual objective function and a nearly feasible and optimal pri-
mal solution is reconstructed from the dual minimization sequence. Accuracy of the
primal and dual solutions can be adjusted by parameters of our algorithm. In Section
8, we consider applications of double-smoothing technique to optimal control prob-
lems. We conclude this paper with a comparison between our results and the existing
literature.

2. First-order methods in convex optimization. Consider the convex opti-
mization problem miny∈V f(y) where f : V → R is a convex function defined on the
finite-dimensional space V . If f is non-differentiable, we know that the complexity
of a black-box first-order method that does not use the problem structure cannot be
better that O

(
1
ε2

)
iterations, where ε is the desired accuracy for the objective func-

tion (see [18, 19]). This lower bound is achievable by various first-order methods for
non-smooth convex problems, such as subgradient methods (see e.g. [19, 23]). These
schemes can therefore be applied directly to the non-smooth convex function, albeit
with a relatively slow convergence rate.

When the non-smooth function has a particular saddle-point structure:

f(y) = max
u∈S
{g(u) + 〈Au, y〉}(2.1)

where g : U → R is concave on the finite-dimensional space U and S ⊂ U is closed
and convex, another approach can be used. In the smoothing technique developed
in [20, 21, 22], this non-smooth function is approximated by a smooth one and an
optimal first-order method of smooth convex optimization is applied to the smooth
approximation. With this approach, we can solve the original non-smooth problem
up to accuracy ε in only O

(
1
ε

)
iterations (instead of O

(
1
ε2

)
with subgradient scheme).

We follow in this paper this smoothing approach, and the efficiency of the first-order
method of smooth convex optimization used for minimizing the smoothed approxi-
mation plays therefore an important role.

In smooth convex optimization, an important class of objective function is F 1,1
L (V )

the class of convex function f : V → R with Lipschitz-continuous gradient i.e:

‖∇f(x)−∇f(y)‖V ∗ ≤ L ‖x− y‖V ∀x, y ∈ V

for some L > 0. The easiest and the most classical numerical scheme that can be
applied to such problem is the gradient method. However, it is well known that this
method exhibits non optimal complexity of O(Lε ) iterations where ε is the desired
accuracy for the objective function. Several variants of first-order methods for the

class F 1,1
L (Q) that achieve the lower complexity bound of O(

√
L
ε ) iterations have been
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known since 1984 [24, 25, 19, 20]. These schemes, also called fast-gradient methods,
outperform theoretically and very often in practice the classical gradient method.

In the smoothing approach, we want to solve the original non-smooth function
with an accuracy ε. We construct a smooth approximation of f belonging to F 1,1

L(ε) with

L(ε) = Θ( 1
ε ). Applying a fast gradient method for F 1,1

L(ε) to this smoothed function,

we can solve the original problem with the desired accuracy in O( 1
ε ) iterations. In

our work, the function that we optimize using a first-order method and that has the
form (2.1), is the dual objective function. However, our goal is to solve efficiently the
primal problem, not the dual one.

In order to reconstruct a good primal solution from the iterates of the numerical
scheme applied to the dual problem, we will need to apply a second smoothing to the
dual function before we apply the fast gradient method. Its purpose will be to ensure
strong convexity of the resulting dual objective function. Let S1,1

κ,L(V ) be the class of

functions f ∈ F 1,1
L (V ) which are strongly convex with parameter κ > 0. Fast gradient

methods that are optimal for S1,1
κ,L(V ) are also known (see for example [19]), and we

will use such a method to minimize the doubly smoothed dual objective function.
For the reader’s convenience, we conclude this section with a presentation of

the simplest optimal method for minimizing smooth strongly convex functions. Let
function f : V → R be strongly convex with parameter κ > 0 and its gradient be
Lipschitz-continuous with constant L > κ. Consider the problem: miny∈V f(y). We
assume that this problem is solvable. Denote by f∗ its optimal value and by y∗ the
optimal solution.

Algorithm ([19]): Choose w0 = y0 ∈ V .

Iteration (k ≥ 0): Set yk+1 = wk − 1
L∇f(wk), and

wk+1 = yk+1 +
√
L−
√
κ√

L+
√
κ

(yk+1 − yk).

(2.2)

By Theorem 2.2.3 in [19] we have:

f(yk)− f∗ ≤
(
f(y0)− f∗ +

κ

2
‖y0 − y∗‖2V

)
e−k
√

κ
L ≤ 2(f(y0)− f∗)e−k

√
κ
L .(2.3)

Since ∇f is Lipschitz-continuous, in view of Theorem 2.1.5 in [19] we have

1
2L‖∇f(yk)‖2V ∗ ≤ f(yk)− f∗

(2.3)

≤ 2(f(y0)− f∗)e−k
√

κ
L .

Therefore,

‖∇f(yk)‖2V ∗ ≤ 4L(f(y0)− f∗)e−k
√

κ
L .(2.4)

Finally, since f is strongly convex, by Theorem 2.1.8 in [19] we have:

κ
2 ‖yk − y

∗‖2V ≤ f(yk)− f∗
(2.3)

≤ 2(f(y0)− f∗)e−k
√

κ
L .

Using this inequality and additional arguments, we conclude that

‖yk − y∗‖2V ≤ min
{
‖y0 − y∗‖2V , 4

κ (f(y0)− f∗)e−k
√

κ
L

}
.(2.5)
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3. Problem formulation and dual approach. As described in the introduc-
tion, we consider in this work optimization problems of the form:

P ∗ = inf
u∈S

J(u) : Au ∈ T.(3.1)

where S is a bounded, closed, convex set in U , U is a Hilbert space endowed with
the Euclidean norm ‖.‖U =

√
(.|.)U , T is a bounded, closed, convex set in V ∗, the

dual space of V , V is a finite-dimensional Hilbert space endowed with the Euclidean
norm ‖.‖V =

√
(.|.)V , J : S → R is a closed and convex functional and A : U → V ∗

is a bounded linear operator. Space U is allowed to be infinite-dimensional, but
the approach used in this paper is also efficient for finite-dimensional problems when
dimV � dimU.

Remark 1. Note that problems with multiple linear constraints also belong to
problem class (3.1):

P ∗ = inf
u∈S

J(u) : Aiu ∈ Ti ∀i = 1, ...,m.(3.2)

Indeed, assume that V = V1×V2×...×Vm where Vi is a finite-dimensional Hilbert space
for i = 1, ...,m. For each i, we can consider a bounded linear operator Ai : U → V ∗i .
Let T = T1 × T2 × ... × Tm where Ti is a bounded closed convex set in V ∗i . Defining
the linear application A : U → V ∗ such that, for all u ∈ U , Au : V → R, z =
(z1, ..., zm)→ 〈Au, z〉 =

∑m
i=1〈Aiu, zi〉, the constraint Au ∈ T is clearly equivalent to

Aiu ∈ Ti ∀i = 1, ...,m. Finally, we have:

‖A‖ = max
‖u‖U=1,‖z‖V =1

〈Au, z〉 = max
‖u‖U=1,

∑m

i=1
‖zi‖2Vi=1

m∑
i=1

〈Aiu, zi〉

= max
‖u‖U=1

[

m∑
i=1

‖Aiu‖V ∗
i

]1/2 ≤ [

m∑
i=1

‖Ai‖2]1/2.

Our assumptions on J , S and T are motivated by the following classical result (see
for example [27]):

Theorem 3.1. If X is a reflexive Banach space, M ⊂ X is a bounded, closed,
convex set and F : X → R is a closed, convex function then the optimization problem
minx∈M F (x) is solvable. Furthermore, if in addition X is an Hilbert space and F is
strongly convex, then the optimal solution of this problem is unique.

We conclude that subproblems of the form:

inf
u∈S
{J(u) + 〈Au, z〉} inf

x∈T
〈x, z〉

are solvable for each z ∈ V and that subproblems of the form:

inf
u∈S
{J(u) + 〈Au, z〉+

µ

2
‖u‖2U}, inf

x∈T
{〈x, z〉+

ρ

2
‖x‖2V ∗}

have a unique optimal solution for each z ∈ V , µ > 0, ρ > 0.
In our setting, it is natural to dualize the linear constraint Au ∈ T and to consider

a dual method, working only in the small dimensional space V . Since T is a closed
convex set, inclusion Au ∈ T is valid if and only if 〈Au, z〉 ≤ σT (z) ∀z ∈ V , where
σT (z) = supx∈T 〈x, z〉 denotes the support function of T .
After dualization of the linear constraints, we obtain the primal-dual pair of problems:

P ∗ = inf
u∈S

[J(u) + sup
z∈V

(〈Au, z〉 − σT (z))], D∗ = sup
z∈V

[−σT (z) + inf
u∈S

(J(u) + 〈Au, z〉)].
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Thus, the Lagrangian dual problem (in minimization form) is given by

−D∗ = θ∗ = inf
z∈V

[σT (z) + φ(z) := θ(z)] ≥ −P ∗(3.3)

where φ(z) = supu∈S [−J(u)−〈Au, z〉]. Due to our assumptions, for each value of z, we
can compute easily the value of θ(z) but this function is typically non-differentiable.
Indeed, using the Danskin theorem ([11, 3]), we have:

∂σT (z) = {x ∈ T : 〈x, z〉 = σT (z)}
∂φ(z) = {−Au : −J(u)− 〈Au, z〉 = φ(z), u ∈ T}.

As the optimization problems defining σT (z) and φ(z) can have multiple optimal
solution, we conclude that function θ(z) can be non-smooth. Thus, the dualization of
problem (3.1) results in a nonsmooth convex problem.

As explained in the previous section, instead of relying subgradient-type schemes
with relatively slow convergence, we use a smoothing technique [20, 21, 22]. In the
smoothing approach, using the specific structure of the problem, we apply some reg-
ularization to the objective function and obtain much faster methods (which are not
anymore the pure black-box schemes). We develop in this paper an algorithm able
to solve the dual problem with accuracy ε and to reconstruct, from a nearly optimal
dual solution, a nearly optimal and feasible primal solution in O

(
1
ε ln

(
1
ε

))
iterations.

4. Examples. Before we go into the details of the double smoothing, we provide
two examples of problems with separable structure (one finite-dimensional, the other
infinite-dimensional) that belong to our problems class.

4.1. A finite-dimensional example. Consider the case where:
• U = RN = RN1×RN2× ...×RNm and S = S1×S2× ...×Sm where Si ⊂ RNi
• V = Rn whith n� N and T is a bounded closed convex set in Rn

• J(u) =
∑m
i=1 Ji(ui) where ui ∈ RNi and Ji : RNi → R is a closed and convex

function
• A = (A1 A2...Am) ∈ Rn×N where Ai ∈ Rn×Ni

Our problem becomes min
∑m
i=1 Ji(ui) :

∑m
i=1Aiui ∈ T, ui ∈ Si ∀i = 1, ...,m. This

problem has a specific structure that we want to exploit. When the coupling constraint∑m
i=1Aiui ∈ T is dropped, we obtain a separable problem that we can solve separately

for each ui. With this property, it seems natural to dualize the coupling constraint
and to consider the dual problem: minz∈Rn θ(z) = minz∈Rn σT (z)+φ(z) in the small-
dimensional space Rn. For each z ∈ Rn, the dual objective function can be computed
in a pointwise way: solving the subproblem maxu∈S{−J(u) − 〈Au, z〉} is equivalent
to solve for each i, the separate subproblems: maxui∈Si{−Ji(ui)− 〈Aiui, z〉} that we
assume to be easy to solve. The same properties are also satisfied by the modified dual
objective function that we will obtain after the smoothing: maxu∈S{−J(u)−〈Au, z〉−
µ
2 ‖u‖

2
RN } since the euclidean norm ‖u‖RN is also separable: ‖u‖2RN =

∑m
i=1 ‖ui‖

2
RNi .

4.2. An infinite-dimensional example. Consider the case where:
• U = L2([0, T ], Rm) and S = {u ∈ L2([0, T ], Rm) : u(t) ∈ S(t)∀t ∈ [0, T ]}

where S(t) is a closed, convex set in Rm for each t ∈ [0, T ] and ∪t∈[0,T ]S(t)
is bounded.

• V = Rn and T is a bounded, closed, convex set in Rn

• J(u) =
∫ T

0
F (t, u(t))dt where the function F : [0, T ]×Rm → R is convex and

continuous
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• A : U → Rn, u →
∫ T

0
A(t)u(t)dt where

∫ T
0
‖A(t)‖22 dt < +∞ and A(t) ∈

Rn×m ∀t ∈ [0, T ]
Our problem becomes:

inf

∫ T
0

F (t, u(t))dt :

∫ T
0

A(t)u(t)dt ∈ T, u(t) ∈ S(t) ∀t ∈ [0, T ].(4.1)

When the linear coupling constraint is dropped, we also obtain a separable problem
that we can solve separately for each t ∈ [0, T ]: minu(t)∈S(t) F (t, u(t)). The dualization
of the linear coupling constraint is here also a natural approach. For each z ∈ Rm,
the dual objective function can be computed in a pointwise way. Solving the sub-
problem: supu∈S{−J(u)− 〈Au, z〉} is equivalent to solve for each value of t ∈ [0, T ],
the subproblems in S(t) ⊂ Rm: maxv∈S(t)[−F (t, v) − 〈v,A(t)T z〉] that we can solve
easily or even in closed form. The same separability property will be also satisfied by
the smoothed dual objective function that we obtain using the smoothing technique:
supu∈S{−J(u)− 〈Au, z〉 − µ

2 ‖u‖
2
U} since this infinite-dimensional problem is equiva-

lent to the pointwise subproblems: maxv∈S(t){−F (t, v)− 〈v,A(t)T z〉 − µ
2 ‖v‖

2
Rm}.

5. Double Smoothing Technique. We will try to solve the dual problem (3.3)
using a new primal-dual smoothing technique. Note that in general its objective func-
tion is not differentiable and not strongly convex. However, we can ensure these prop-
erties by double primal-dual regularization of θ. The goal of the first regularization is
to obtain an objective function with Lipschitz-continuous gradient. In this case, we
will be able to apply much more efficient algorithms of smooth convex optimization.
The goal of the second regularization is to obtain a strongly convex dual objective.
This property gives us a possibility to use nearly optimal dual solutions to reconstruct
efficiently a nearly feasible and optimal primal solution.

5.1. First Smoothing. Let us start from ensuring the smoothness of the dual
function. The dual objective θ(z) is a sum of two functions. Both of them can be
nonsmooth. We have seen that the non-smoothness of θ comes from the fact that the
optimization problems defining σT (z) and φ(z) at a given point z can have multiple
optimal solutions. A natural way for obtaining a smooth approximation of θ is to
modify these optimization subproblems in order to ensure the uniqueness of optimal
solutions for each z ∈ V . For ρ > 0, we can approximate σT (z) = supx∈T 〈x, z〉 by a
modified function:

σρ,T (z) = sup
x∈T
{〈x, z〉 − ρ

2
‖x‖2V ∗}.(5.1)

In the same way, for µ > 0, we modify the function φ(z) as follows:

φµ(z) = sup
u∈S
{−J(u)− 〈Au, z〉 − µ

2
‖u‖2U}.(5.2)

The following result can be seen as an easy generalization of Theorem 1 in [20]:
Theorem 5.1. Let H1, H2 be two Hilbert spaces. Assume that the linear operator

A : H1 → H∗2 is bounded and that the function G : H1 → R is closed and strongly
convex with parameter κ. Let Q ⊂ dom (G) be a closed, convex set. Then the function

F (z) = sup
u∈Q
{−G(u)− 〈Au, z〉}(5.3)

is smooth with Lipschitz-continuous gradient ∇F (z) = −Auz where uz is the unique
optimal solution of the optimization problem defining F (z). The Lipschitz constant of
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the gradient is given by: ‖A‖
2

κ where ‖A‖ = sup{〈Au, z〉 : u ∈ H1, ‖u‖H1
= 1, z ∈

H2, ‖z‖H2
= 1}.

Choosing now H1 = U , Q = S, H2 = V , A = A and G(u) = J(u) + µ
2 ‖u‖

2
U , by

Theorem 5.1, we conclude that φµ is smooth and convex with Lipschitz continuous
gradient: ∇φµ(z) = −Auµ,z where uµ,z denotes the unique optimal solution of the

problem (5.2). The Lipschitz constant of this gradient is given by L(φµ) = ‖A‖2
µ .

On the other hand, if we choose H1 = V ∗, Q = T , H2 = V , A = I : V ∗ → V ∗

and G(x) = ρ
2 ‖x‖

2
V ∗ , by Theorem 5.1 we conclude that σρ,T is smooth and convex

with Lipschitz-continuous gradient : ∇σρ,T (z) = xρ,z where xρ,z denotes the unique
optimal solution of the problem (5.1). The Lispchitz constant of this gradient is given
by L(σρ,T ) = 1

ρ .

Remark 2. When the function J(u) is strongly convex with parameter κ, we do
not need to apply the first smoothing to φ(z) which is aready smooth in this case with

a Lipschitz-continuous gradient with constant ‖A‖
2

κ .

Denote DT = max{ 1
2 ‖x‖

2
V ∗ : x ∈ T} and DS = max{ 1

2 ‖u‖
2
U : u ∈ S}. Then:

σρ,T (z) ≤ σT (z) ≤ σρ,T (z) + ρDT ∀z ∈ V, φµ(z) ≤ φ(z) ≤ φµ(z) + µDS ∀z ∈ V.

Therefore, if we define the function θρ,µ(z) = σρ,T (z)+φµ(z) we have θρ,µ ∈ F 1,1
L(ρ,µ)(V )

with L(ρ, µ) = 1
ρ + ‖A‖2

µ and

θρ,µ(z) ≤ θ(z) ≤ θρ,µ(z) + µDS + ρDT ∀z ∈ V.(5.4)

Applying a fast-gradient method to the function θρ,µ, we know (see [20]) that we can
generate a point zε ∈ V such that θ(zε) − θ∗ ≤ ε in O

(
1
ε

)
iterations. However, our

aim is not only to solve the dual problem efficiently but also to generate a nearly
optimal and nearly feasible solution for the primal problem. We will see that a single
smoothing is not enough in order to achieve this goal. Let us show how it is possible
using a dual iterate z to reconstruct a primal solution with good accuracy. Let z ∈ V ,
we have:

θρ,µ(z) = σρ,T (z) +φµ(z) = 〈xρ,z, z〉−
ρ

2
‖xρ,z‖2V ∗ −J(uµ,z)−〈Auµ,z, z〉−

µ

2
‖uµ,z‖2U .

Let us find the conditions that z must satisfy in order to guarantee that uµ,z is nearly
optimal and nearly feasible for the primal problem. We have:

J(uµ,z)−D∗ = 〈xρ,z, z〉 −
ρ

2
‖xρ,z‖2V ∗ − θρ,µ(z)− 〈Auµ,z, z〉 −

µ

2
‖uµ,z‖2U + θ∗

= 〈∇θρ,µ(z), z〉+ (θ∗ − θρ,µ(z))− ρ

2
‖xρ,z‖2V ∗ −

µ

2
‖uµ,z‖2U .

Therefore:

|J(uµ,z)−D∗| ≤ |〈∇θρ,µ(z), z〉|+ |θρ,µ(z)− θ∗|+ ρDT + µDS .

Furthermore as: P ∗ ≥ D∗ and |θρ,µ(z)− θ∗| ≤ |θ(z)− θ∗|+µDS + ρDT , we conclude
that:

J(uµ,z) ≤ P ∗ + |〈∇θρ,µ(z), z〉|+ |θ∗ − θ(z)|+ 2ρDT + 2µDS .
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If we apply the fast-gradient method to the function θρ,µ with µ and ρ choosen of order
1
k , we know ([20]) that the kth iterate generated by this algorithm zk satisfies: θ(zk)−
θ∗ ≤ C1

k . However, the norm of the gradient of the smoothed function ‖∇θρ,µ(zk)‖V
does not decrease at the same rate. Indeed, as θρ,µ ∈ F 1,1

L(ρ,µ)(V ), we have (see

Theorem 2.1.5 in [19]):

‖∇θρ,µ(zk)‖2V ∗ ≤ 2L(ρ, µ)(θρ,µ(zk)− θ∗ρ,µ).

As the fast-gradient method is applied to the function θρ,µ, we have ([20]) also:

θρ,µ(zk)− θ∗ρ,µ ≤
4L(ρ, µ) ‖z0 − z∗S‖

(k + 1)(k + 2)
,

where z∗S denotes any optimal solution of the smoothed dual problem minz∈V θρ,µ(z).
Therefore

‖∇θρ,µ(zk)‖V ∗ ≤
2
√

2L(ρ, µ)
√
‖z0 − z∗S‖√

(k + 1)(k + 2)
.

Due to the fact that L(ρ, µ) is of order k, we cannot guarantee that the norm of the
gradient ‖∇θρ,µ(zk)‖V ∗ is decreasing with respect to k. With a minor modification
of the scheme, we can obtain in 2k iterations a point z̃ such that ‖∇ρ,µθ(z̃)‖V ∗ is of
order O( 1√

k
). Indeed if we apply after the k steps of the fast gradient method, k other

steps but now using the classical gradient method with constant stepsize 1
L(ρ,µ) i.e.:

zk+i = zk+i−1 −
1

L(ρ, µ)
∇θρ,µ(zk+i−1).

We have (see Theorem 2.1.14 in [19]):

1

2L(ρ, µ)
‖∇θρ,µ(zk+i−1)‖2V ∗ ≤ θρ,µ(zk+i−1)− θρ,µ(zk+i) ∀i = 1, ..., k.

Summing these inequalities:

k−1∑
i=0

1

2L(ρ, µ)
‖θρ,µ(zk+i)‖2V ∗ ≤ θρ,µ(zk)− θρ,µ(z2k) ≤ θρ,µ(zk)− θ∗ρ,µ

≤
4L(ρ, µ) ‖z0 − z∗S‖

2
V

(k + 1)(k + 2)
.

If we denote by z̃, the iterate with the smallest norm of the gradient, we conclude
that:

‖∇θρ,µ(z̃)‖2V ∗ = min
i=0,...,k−1

‖∇θρ,µ(zk+i)‖2V ∗ ≤
8L2(ρ, µ) ‖z0 − z∗S‖

2
V

k(k + 1)(k + 2)
.

In conclusion, after 2k iterates, we are able mixing fast and classical gradient method,
to obtain a point z̃ such that ‖∇θρ,µ(z̃)‖V ∗ = O( 1√

k
). However, this convergence is

very slow. Therefore we need at least k = O( 1
ε2 ) iterations in order to have a primal

solution uµ,zk ∈ S with accuracy ε (i.e. J(uµ,zk) ≤ P ∗ + ε). This is not better than
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the result of subgradient approach. Furthermore, the norm of ‖∇θρ,µ(z̃)‖V ∗ gives also
an upper-bound for the non admissibility measure of uµ,z̃. Indeed, we have:

d(Auµ,z̃, T ) ≤ ‖Auµ,z̃ − xρ,z̃‖V = ‖∇θρ,µ(z̃)‖V .

In order to obtain efficiently a nearly feasible and optimal solution for the primal
problem, having a good convergence for θ(zk)− θ∗ to zero is not sufficient. We need
also to have the same good rate for ‖∇θρ,µ(zk)‖V to 0. A way to obtain this good
property is to apply a second smoothing to the dual objective function, making it also
strongly convex.

5.2. Second Smoothing. In order to obtain a strongly convex dual objective
function, we just add the strongly convex function κ

2 ‖z‖
2
V to the function θρ,µ. This

gives us a new dual objective function:

θρ,µ,κ(z) = σρ,T (z) + φµ(z) +
κ

2
‖z‖2V ,

which is strongly convex with parameter κ. If we denote by B = B∗ : V → V ∗ (with
B � 0) the duality map between V and its dual space i.e.: 〈Bz, z〉 = (z|z)V ∀z, z ∈
V, we have: ∇θρ,µ,κ(z) = xρ,z − Auµ,z + κBz. This gradient is Lipschitz-continuous

with constant L(ρ, µ, κ) = 1
ρ + ‖A‖2

µ + κ. This function is therefore in S1,1
κ,L(ρ,µ,κ)(V ).

Denote by θ∗ρ,µ,κ the optimal solution of the problem, minz∈S θρ,µ,κ(z) and by z∗DS
the optimal solution of this problem. Applying the fast-gradient method for the class
S1,1
κ,L(ρ,µ),κ to the function θρ,µ,κ, we generate a sequence zk satisfying:

θρ,µ,κ(zk)− θ∗ρ,µ,κ
(2.3)

≤ exp

(
−k
√

κ

L(ρ, µ, κ)

)
2(θρ,µ,κ(z0)− θ∗ρ,µ,κ)

and

‖∇θρ,µ,κ(zk)‖2V ∗
(2.4)

≤ 4L(ρ, µ, κ)(θρ,µ,κ(z0)− θ∗ρ,µ,κ) exp

(
−k
√

κ

L(ρ, µ, κ)

)
i.e.:

‖∇θρ,µ,κ(zk)‖V ∗ ≤ 2
√
L(ρ, µ, κ)

√
θρ,µ,κ(z0)− θ∗ρ,µ,κ exp

(
−k
2

√
κ

L(ρ, µ, κ)

)
and we have the same rate of convergence for ‖∇θρ,µ,κ(zk)‖V ∗ that for θρ,µ,κ(zk) −
θ∗ρ,µ,κ. This property is crucial in order to obtain a nearly feasible and optimal primal

solution in O
(

1
ε ln

(
1
ε

))
iterations (instead of O

(
1
ε2

)
with a simple smoothing).

6. Strong duality and norm of dual optimal solutions. Before to apply
the fast gradient method to the obtained double smoothed dual function, we study
on this section under which condition strong duality i.e P ∗ = D∗ holds and how it is
possible to bound the size of the optimal solution set of the dual problem (3.3) . Such
bound will be useful in the convergence analysis of our scheme, as we will see in the
following section.

Theorem 6.1. If there exists r > 0 such that

B(0, r) ⊂ Q := {s = x−Au ∈ V ∗ : u ∈ S, x ∈ T}(6.1)

then:
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• There is no duality gap: P ∗ = D∗

• The optimal solution set of the dual problem (3.3) is a nonempty, bounded,
closed and convex set in V

Furthermore if ∆(J ′) := maxu,v∈S J
′(v, u − v) < +∞, we have the following upper-

bound for the norm of the dual optimal solutions:

‖z∗‖V ≤
∆(J ′)

r
.

Proof. Applying Theorem 2.165 in [4] to the primal problem: minu∈U{f(u) =
J(u) + IS(u) : G(u) = Au ∈ T} (where IS denotes the indicator function of S),
we conclude that, with our assumptions on J , A, S and T and with the regularity
condition (6.1), there is no duality gap between this problem and its Lagrangian dual
(3.3). Furthermore, as the primal optimal value P ∗ is assumed to be finite, we have
that the optimal solution set of the dual problem is a non-empty, bounded, closed
and convex set in V .

It remains to obtain the bound ‖z∗‖V ≤
∆(J′)
r . As the subproblems supx∈T 〈x, z〉

and supu∈S{−J(u)− 〈Au, z〉} are solvable for all z ∈ V ,

∂θ(z) = {xz −Auz ∈ V ∗ : xz ∈ T, 〈xz, z〉 = σT (z), uz ∈ S,−J(uz)− 〈Auz, z〉 = φ(z)}

is non-empty for all z ∈ V . Let gz = xz − Auz be any element in ∂θ(z). By the
optimality condition of the problems defining σT (z) and φ(z):

〈x− xz, z〉 ≤ 0 ∀x ∈ T − J ′(uz, u− uz)− 〈A(u− uz), z〉 ≤ 0 ∀u ∈ S.

We have:

〈xz, z〉 ≥ 〈x, z〉 ∀x ∈ T − 〈Auz, z〉 ≥ −J ′(uz, u− uz) + 〈−Au, z〉 ∀u ∈ S.

Therefore:

〈gz, z〉 = 〈xz−Auz, z〉 ≥ 〈x, z〉−J ′(uz, u−uz)+〈−Au, z〉 = 〈x−Au, z〉−J ′(uz, u−uz).

We obtain:

〈x−Au, z〉 ≤ J ′(uz, u− uz) + 〈gz, z〉 ∀u ∈ S, ∀x ∈ T

and therefore:

max
u∈S,x∈T

〈x−Au, z〉 ≤ max
u∈S

J ′(uz, u− uz) + 〈gz, z〉 ≤ max
u,v∈S

J ′(v, u− v) + 〈gz, z〉

As B(0, r) ⊂ {v = x −Au ∈ V ∗ : u ∈ S, x ∈ T}, we have: maxu∈S,x∈T 〈x −Au, z〉 ≥
r ‖z‖V and therefore:

r ‖z‖V ≤ max
u,v∈S

J ′(v, u− v) + 〈gz, z〉 ∀z ∈ V.(6.2)

Consider now an optimal solution z∗ of the dual problem. By the optimality condition

of this problem, we have: 0 ∈ ∂θ(z∗) and therefore ‖z∗‖V ≤
∆(J′)
r .

Remark 3. As J is convex, we have: J(u) ≥ J(v) + J ′(v, u− v) ∀u, v ∈ S and
therefore:

max
u,v∈S

J(u)− J(v) = max
u∈S

J(u)−min
v∈S

J(v) ≥ max
u,v∈S

J ′(v, u− v).
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The condition maxu,v∈S J
′(v, u − v) < +∞ is therefore weaker than imposing a

bounded variation of J on S: maxu∈S J(u)−minv∈S J(v) < +∞.
Indeed, consider the function:

J(u) =

∫ 1

0

ln(1− u2(t))dt

on S = {u ∈ L2([0, 1]) : −1 ≤ u(t) ≤ 1 a.e in [0, 1]}. Clearly maxu∈S J(u) −
minv∈S J(v) = +∞ and this functionl can be seen as as barrier function for S. How-
ever we have:

J ′(v, u− v) =

∫ 1

0

2(u(t)− v(t))v(t)

1− v2(t)
dt

and ∆(J ′) = maxu,v∈S′J
′(v, u− v) ≤ 2.

Remark 4. If the primal problem is feasible, it is clear that there exist u ∈ S
and x ∈ T such that Au = x i.e 0 ∈ Q. In order to have B(0, r) ⊂ Q with r > 0, one
of the following extra assumption is enough:

• The set T has a non-empty interior and there exists u ∈ S such that
Au = x ∈ intT (generalized Slater condition).
As x ∈ intT , there exists r > 0 such that: x + B(0, r) ⊂ T and therefore
B(0, r) = x−Au+B(0, r) ⊂ Q.

• The set S has a non-empty interior, A : U → V ∗ is surjective and
there exists u ∈ intS such that Au = x ∈ T .
Indeed in this case, as u ∈ intS, there exists r̃ > 0 such that B(u, r̃) ⊂ S.
By the Banach-Schauder theorem, the image of any open subset of U by A is
an open subset in V ∗. Therefore, there exists r > 0 such that Au+B(0, r) ⊂
A(B(u, r̃)) ⊂ A(S). We conclude that x−Au+B(0, r) = B(0, r) ⊂ Q.

7. Solving the primal-dual problem in O( 1
ε ln

(
1
ε

)
) iterations . Denote by

z∗DS the unique optimal solution of the problem

min
z∈V

θρ,µ,κ(z),(7.1)

and by z∗ one of the optimal solutions of the dual problem (3.3). We assume that the
upper bound

‖z∗‖V ≤ DD(7.2)

is available. This can be ensured by very natural assumptions on S, T and J using
theorem 6.1.
If we apply the method (2.2) to double smoothed dual problem with starting point
z0 = 0, we obtain a sequence {zk} such that:

θρ,µ,κ(zk)− θρ,µ,κ(z∗DS) ≤ 2(θρ,µ,κ(0)− θρ,µ,κ(z∗DS))e
−k
√

κ
L(ρ,µ,κ) ,

‖∇θρ,µ,κ(zk)‖2V ∗ ≤ 4L(ρ, µ, κ)(θρ,µ,κ(0)− θρ,µ,κ(z∗DS))e
−k
√

κ
L(ρ,µ,κ) ,

‖zk − z∗DS‖2V ∗ ≤ min
{
‖z∗DS‖2V ∗ , 4

κ (θρ,µ,κ(0)− θρ,µ,κ(z∗DS))e
−k
√

κ
L(ρ,µ,κ)

}
.

(7.3)

7.1. Convergence of θ(zk) to θ∗. Since θρ,µ,κ(0) = θρ,µ(0) and θρ,µ,κ(z∗DS) =

θρ,µ(z∗DS) + κ
2 ‖z

∗
DS‖

2
V , we have

κ
2 ‖z

∗
DS‖

2
V ≤ θρ,µ,κ(0)− θρ,µ,κ(z∗DS) = θρ,µ(0)− θρ,µ(z∗DS)− κ

2 ‖z
∗
DS‖

2
V ,

‖zk − z∗DS‖2V
(2.3)

≤ 4
κ (θρ,µ(0)− θρ,µ(z∗DS))e

−k
√

κ
L(ρ,µ,κ) .

(7.4)
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Note that

θρ,µ(zk)− θρ,µ(z∗DS)
(2.3)

≤ (θρ,µ(0)− θρ,µ(z∗DS))e
−k
√

κ
L(ρ,µ,κ) + κ

2 (‖z∗DS‖
2
V − ‖zk‖

2
V ).

On the other hand,

‖z∗DS‖2V − ‖zk‖2V ≤ ‖z∗DS − zk‖V (‖z∗DS‖V + ‖zk‖V )
≤ ‖z∗DS − zk‖V (2‖z∗DS‖V + ‖zk − z∗DS‖V )

(2.5)

≤ 3‖z∗DS − zk‖V · ‖z∗DS‖V
(7.4)

≤ 3 · ‖z∗DS‖V
√

4
κ (θρ,µ(0)− θρ,µ(z∗DS))e

− k2
√

κ
L(ρ,µ,κ)

(7.4)

≤ 6
κ (θρ,µ(0)− θρ,µ(z∗DS))e

− k2
√

κ
L(ρ,µ,κ) ,

and therefore

θρ,µ(zk)− θρ,µ(z∗DS) ≤ 4(θρ,µ(0)− θρ,µ(z∗DS))e
− k2
√

κ
L(ρ,µ,κ) .

We also have θρ,µ(0) ≤ θ(0) and

θρ,µ(z∗DS) ≥ θ(z∗DS)− ρDT − µDS ≥ θ(z∗)− ρDT − µDS .

Therefore,

θρ,µ(0)− θρ,µ(z∗DS) ≤ θ(0)− θ(z∗) + ρDT + µDS .(7.5)

Finally, since θρ,µ(z∗DS) + κ
2 ‖z
∗
DS‖2V ≤ θρ,µ(z∗) + κ

2 ‖z
∗‖2V , we have

θρ,µ(z∗DS) ≤ θρ,µ(z∗) + κ
2 ‖z
∗‖2V

(5.4)

≤ θ(z∗) + κ
2 ‖z
∗‖2V ,

and therefore

θρ,µ(zk)− θρ,µ(z∗DS)
(5.4)

≥ θ(zk)− µDS − ρDT − θ(z∗)− κ
2 ‖z
∗‖2V .

In conclusion, we have

θ(zk)− θ(z∗) ≤ µDS + ρDT + κ
2D

2
D + 4 (θ(0)− θ(z∗) + ρDT + µDS) e

− k2
√

κ
L(ρ,µ,κ) .

(7.6)
Now it is clear how to choose the smoothing parameters. Let us fix some ε > 0.

In the upper bound for the residual θ(zk) − θ(z∗), we have four terms. In order to
ensure accuracy θ(zk)− θ(z∗) ≤ ε, we force all of these terms to be less or equal than
ε
4 . This leads to the following values:

µ = µ(ε) = ε
4DS

, ρ = ρ(ε) = ε
4DT

, κ = κ(ε) = ε
2D2

D

.(7.7)

Under this choice we get

θ(zk)− θ(z∗) ≤ 3ε
4 + 4

(
θ(0)− θ(z∗) + ε

2

)
e
− k2
√

κ
L(ρ,µ,κ) .(7.8)

The last term in the estimate (7.8) defines the number of iterations needed for

reaching the accuracy ε. Clearly, we ensure 4
(
θ(0)− θ(z∗) + ε

2

)
e
− k2
√

κ
L(ρ,µ,κ) ≤ ε

4
by taking

k ≥
√

L(ρ,µ,κ)
κ ln

16(θ(0)−θ(z∗)+ ε
2 )

ε .(7.9)

It remains to note that

L(ρ,µ,κ)
κ = 1 + 1

ρκ + 1
µκ‖A‖

2 (7.7)
= 1 + 8

ε2

[
DT +DS‖A‖2

]
D2
D.(7.10)

Thus, we need at most k = O( 1
ε ln 1

ε ) iterations.
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7.2. Convergence of ‖∇θρ,µ(zk)‖V ∗ . In our approach, we want to able to re-
construct a nearly optimal and feasible primal solution efficiently. In Section 4.1, we
have seen that the accuracy of this primal solution depends not only on the rate of
convergence for the dual objective function, but also on the rate of convergence of the
norm of its gradient. Let us give an upper bound for the number of iterations needed
to drop this norm below a certain level.

We have

‖∇θρ,µ(zk)‖V ∗ ≤ ‖∇θρ,µ,κ(zk)− κβzk‖V ∗ ≤ ‖∇θρ,µ,κ(zk)‖V ∗ + κ‖βzk‖V ∗

= ‖∇θρ,µ,κ(zk)‖V ∗ + κ‖zk‖V
(7.3)

≤ ‖∇θρ,µ,κ(zk)‖V ∗ + 2κ ‖z∗DS‖V .

Note that

1
4L(ρ,µ,κ) ‖∇θρ,µ,κ(zk)‖2V ∗

(7.3),(7.4)

≤ (θρ,µ(0)− θρ,µ(z∗DS))e
−k
√

κ
L(ρ,µ,κ)

(7.5)

≤ (θ(0)− θ(z∗) + µDS + ρDT )e
−k
√

κ
L(ρ,µ,κ)

(7.7)
= (θ(0)− θ(z∗) + ε

2 )e
−k
√

κ
L(ρ,µ,κ) .

At the same time,

θ(z∗) + κ
2 ‖z

∗‖2V
(5.4)

≥ θρ,µ(z∗) + κ
2 ‖z

∗‖2V ≥ θρ,µ(z∗DS) + κ
2 ‖z

∗
DS‖

2
V

(5.4)

≥ θ(z∗DS)− µDS − ρDT + κ
2 ‖z

∗
DS‖

2
V

≥ θ(z∗)− µDS − ρDT + κ
2 ‖z

∗
DS‖

2
2 .

Hence,

‖z∗DS‖V ≤
√
‖z∗‖22 + 2µ

κ DS + 2ρ
κ DT

(7.7)

≤ κ−1/2
√

3ε
2

(7.7)
=
√

3DD,(7.11)

and we obtain:

‖∇θρ,µ(zk)‖V ∗ ≤
√

4L(ρ, µ, κ)(θ(0)− θ(z∗) + ε
2 )e
− k2
√

κ
L(ρ,µ,κ) + 2

√
3κDD.

Taking into account (7.7), we can see that in k(ε) = O( 1
ε ln 1

ε ) iterations, we can
ensure

θ(zk)− θ(z∗) ≤ ε, ‖∇θρ,µ(zk)‖V ∗ ≤ 2ε
DD

.(7.12)

7.3. Constructing an approximate primal solution. In this section, given
an accuracy ε > 0, we will see how to obtain from the dual iterate zk(ε), an approximate
primal solution ûk(ε) ∈ S such that∣∣J(ûk(ε))−D∗

∣∣ ≤ 2
(
1 + 2

√
3
)
· ε,(7.13)

d(Aûk(ε), T ) ≤ 2ε

DD
(7.14)

Since D∗ ≤ P ∗, inequality (7.13) implies J(ûk(ε))dt ≤ P ∗+2
(
1 + 2

√
3
)
· ε. Thus ûk(ε)

satisfying (7.13), (7.14) can be seen as a nearly optimal and feasible primal solution
with accuracy proportional to ε.
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Consider ûk(ε) = uµ(ε),zk(ε) , the unique optimal solution of the optimization prob-
lem defining φµ(ε)(zk(ε)). We have

θρ(ε),µ(ε)(zk(ε)) = σρ(ε),Q(zk(ε)) + φµ(zk(ε))

= 〈xρ(ε),zk(ε) , zk(ε)〉 − ρ(ε)
2

∥∥∥xρ(ε),zk(ε)∥∥∥2

V ∗
− J(ûk(ε))

−〈Aûk(ε), zk(ε)〉 − µ(ε)
2

∥∥ûk(ε)

∥∥2

U
.

Therefore,

J(ûk(ε))−D∗ = 〈xρ(ε),zk(ε) −Aûk(ε), zk(ε)〉 − ρ(ε)
2

∥∥∥xρ(ε),zk(ε)∥∥∥2

V ∗

−µ(ε)
2

∥∥ûk(ε)

∥∥2

U
− θρ(ε),µ(ε)(zk(ε)) + θ(z∗).

Since θρ(ε),µ(ε)(zk(ε))− θ(z∗) ≤ θ(zk(ε))− θ(z∗) ≤ ε, and

θρ(ε),µ(ε)(zk(ε))− θ(z∗)
(5.4)

≥ θ(zk(ε))− µ(ε)DS − ρ(ε)DT − θ(z∗)
(7.7)
= θ(zk(ε))− θ(z∗)− 1

2ε ≥ −
1
2ε,

we have |θρ(ε),µ(ε)(zk(ε))− θ(z∗)| ≤ ε. Therefore,∣∣J(ûk(ε))−D∗
∣∣ ≤

∥∥∥xρ(ε),zk(ε) −Aûk(ε)

∥∥∥
V ∗

∥∥zk(ε)

∥∥
V

+ ρ(ε)D̂ + µ(ε)D + ε

(7.7)

≤
∥∥∇θρ(ε),µ(ε)(zk(ε))

∥∥
V ∗

∥∥zk(ε)

∥∥
V

+ 2ε
(7.12)

≤ 2ε
DD

∥∥zk(ε)

∥∥
V

+ 2ε.

On the other hand,
∥∥zk(ε)

∥∥
V
≤

∥∥zk(ε) − z∗DS
∥∥
V

+ ‖z∗DS‖V
(7.3)

≤ 2 ‖z∗DS‖V
(7.11)

≤ 2
√

3DD.

and we obtain
∣∣J(ûk(ε))−D∗

∣∣ ≤ 2
(
1 + 2

√
3
)
· ε.

Finally, we have ûk(ε) ∈ S and
∥∥∥Aûk(ε) − xρ(ε),zk(ε)

∥∥∥2

V ∗
= ‖∇θρ(ε),µ(ε)(zk(ε))‖2V ∗

(7.12)

≤
(

2ε
R

)2
,

where xρ(ε),zk(ε) ∈ T . Therefore, ûk can be seen as an approximately feasible and op-
timal solution for the primal problem (3.1).

8. Applications in Optimal Control. In this section, we will look at the op-
timal control problems (OCP), which can be written in the form (3.1) (more precisely
in the form (4.1)). In particular, we consider OCP governed by a system of linear dif-
ferential equations with convex objective functional, convex constraints on the state
variables at finite number of inspection moments, and point-wise convex constraints
on the control variables. In order to motivate our choice of problem classes, let us
show that OCP with nonlinear system of differential equations are NP-hard.

Consider the following OCP with convex objective function:

min
u∈L2([0,1],Rn)

{
‖x(1)‖44 + 〈c, x(1)〉2 : ẋ = −x · 〈x, u〉+ u, x(0) = x0

}
.(8.1)

We assume that vector c has integer coefficients.

Lemma 8.1. Let ‖x0‖22 = 1. Then, finding an approximate solution to problem

(8.1) with absolute accuracy higher than ε̂
def
= 1

n(1+n1/2‖c‖1)2
is NP-hard.

Proof. In view of the system of ODE in (8.1), we have 〈ẋ, x〉 ≡ 0. Hence, by
condition of the lemma, ‖x(t)‖2 ≡ 1. Note that by an appropriate control u we can
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move the starting point x0 to any position at the unit sphere. Hence, the problem
(8.1) is equivalent to the following finite-dimensional minimization problem:

Find ξ∗ = min
‖y‖2=1

{
ξ(y)

def
= ‖y‖44 + 〈c, y〉2

}
.(8.2)

Let us show that this problem is equivalent to solving the equation 〈c, y〉 = 0 with
Boolean variables (this is a well-known NP-hard problem).

If this equation has Boolean solution y∗ with coefficients y
(i)
∗ = ±m−1/2, i =

1, . . . , n, then ξ∗ = 1
m . On the other hand, note that for any y ∈ Rm with unit

Euclidean norm we have ‖y‖44 = 1
m +

m∑
i=1

(
(y(i))2 − 1

m

)2
. If we manage to find such

a point y with ξ(y)−ξ∗ < ε̂, then in the case ξ(y) ≥ 1
m + ε̂ we guarantee the absence of

Boolean solutions. If ξ(y) < 1
m+ε̂, then |〈c, y〉| < ε̂1/2, max

1≤i≤m

∣∣(y(i))2 − 1
m

∣∣ < ε̂1/2.

In this case, we can define the Boolean vector u(i) = 1
m1/2 · sign(y(i)), i = 1, . . . ,m.

For this vector we have

|〈c, u〉| = |〈c, y〉+ 〈c, u− y〉| ≤ |〈c, y〉|+
∣∣∣∣ m∑
i=1

c(i) · sign(y(i))
(

1
n1/2 − |y(i)|

)∣∣∣∣
< ε̂1/2 + ‖c‖1 max

1≤i≤m

∣∣ 1
m1/2 − |y(i)|

∣∣ < ε̂1/2(1 +m1/2‖c‖1) = 1
m1/2 .

Since vector c has integer coefficients, we conclude that 〈c, u〉 = 0.

8.1. Class of optimal control problems and reformulation. Consider the
following optimal control problem:

inf
u
{

1∫
0

F (t, u(t))dt : ẋ(t) = A(t)x(t) +B(t)u(t), x(0) = x0,

x(ti) ∈ Ti i = 1..., N,

u(t) ∈ S(t) a.e in [0, 1]},

(8.3)

where S(t) ⊂ Rm, t ∈ [0, 1], are closed convex sets with bounded graph S
def
=

∪t∈[0,1]Q(t). We assume that function F : [0, 1]×S → R is bounded, and continuously
differentiable and convex in the second argument, x(t) ∈ Rn and u(t) ∈ Rm, t ∈ [0, 1].

For measuring the control variables, we use the norm ‖u‖22 =
1∫
0

‖u(t)‖22dt. We as-

sume that A(t) ∈ C([0, 1], Rn×n) and B(t) ∈ C([0, 1], Rn×m). In problem (8.3), we
have a finite number of inspection moments ti ∈ (0, T ], and we assume that Ti ⊂ Rn,
i = 1, . . . , N , are bounded closed convex sets. Let us rewrite the problem (8.3) in
terms of control u. Denote by Φ(t, τ) the transition matrix of the system. It is the
unique solution of the following matricial Cauchy problem:

d
dtΦ(t, τ) = A(t)Φ(t, τ), t ≥ τ, Φ(τ, τ) = I.

Remark 5. When the system is time-invariant, i.e. A(t) = A, and B(t) = B,
t ∈ [0, 1], then the transition matrix is the usual matrix exponent:

Φ(t, τ) = e(t−τ)A = I +
∞∑
k=1

Ak(t−τ)k

k! .
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From the Optimal Control Theory (e.g [12]), we know that the state trajec-
tory x(t), generated by the system of ODE under the control u(t), is defined by the

following expression: x(t) = Φ(t, 0)x0 +
t∫

0

Φ(t, τ)B(τ)u(τ)dτ, t ∈ [0, 1]. There-

fore, the constraint x(ti) ∈ Ti can be expressed as follows:

Ai(u)
def
=

ti∫
0

Φ(ti, τ)B(τ)u(τ)dτ ∈ T i
def
= Ti − Φ(ti, 0)x0,(8.4)

where Φ(ti, 0)x0 is the value at time ti of the unique solution of Cauchy problem

ẋ(t) = A(t)x(t), x(0) = x0.

Remark 6. At the first glance, it seems that we are restricted to the objective
functionals depending only on the control u(t) and not on the state variable x(t). In
fact, using the state transition matrix, we can also consider any convex functions
depending on some linear functionals of the state. Such a functional can be defined as

l(x) =
1∫
0

〈x(t), a(t)〉dt =
1∫
0

〈
t∫

0

Φ(t, τ)B(τ)u(τ)dτ, a(t)〉dt

=
1∫
0

t∫
0

〈Φ(t, τ)B(τ)u(τ), a(t)〉dτdt =
1∫
0

t∫
0

〈u(τ), B(τ)TΦ(t, τ)Ta(t)〉dτdt

=
1∫
0

T∫
τ

〈u(τ), B(τ)TΦ(t, τ)Ta(t)〉dtdτ def
=

1∫
0

〈u(τ), h(τ)〉dτ,

with h(τ) =
1∫
τ

B(τ)TΦ(t, τ)Ta(t)dt. Another possibility is as follows:

l(x) = 〈x(ti), a〉 = 〈
ti∫
0

Φ(ti, τ)B(τ)u(τ)dτ, a〉

=
ti∫
0

〈Φ(ti, τ)B(τ)u(τ), a〉dτ def
=

ti∫
0

〈u(τ), h(τ)〉dτ,

with h(τ) = B(τ)TΦ(ti, τ)Ta.
Thus, for the linear operator Ai : L2([0, 1], Rm) → Rn, defined by (8.4), the ith

state constraint becomes:

Aiu =
1∫
0

Ai(τ)u(τ)dτ ∈ T̄i,(8.5)

where Ai(τ)
def
=

{
Φ(ti, τ)B(τ), when τ ∈ [0, ti],

0, when τ ∈]ti, 1].

With J(u) =
1∫
0

F (t, u(t))dt and S = {u ∈ L2([0, 1], Rm) : u(t) ∈ S(t) a.e. in [0, 1]},

the optimal control problem (8.3) can be rewritten in the form (3.2) and therefore in
the form (3.1) defining the linear application: A : L2([0, 1], Rm)→ RN×n such that for

all u ∈ L2([0, 1], Rm Au : RN×n → R, z = (z1, ..., zN ) → 〈Au, z〉 =
∑N
i=1〈Aiu, zi〉

and the convex set T = T1 × T2 × ... × TN ⊂ RN×n. Hence, we can solve it by the
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double smoothing technique. This approach assumes that we are able to solve the
pointwise problems

maxu∈S(t)

{
−F (t, u)−

∑N
i=1〈u,ATi (t)zi〉 − µ

2 ‖u‖
2
2

}
,

where Ai(t) depends directly on the state transition matrix. However, in practice
the state transition matrix Φ(ti, t) is often not known. Instead, we can compute
the function ATi (t)zi as a solution of some ODE. Indeed, we have (e.g. Theorem
1.2 in [13]) d

dtΦ
T (ti, t) = −A(t)TΦT (ti, t). Therefore Φ(ti, t)

T is the state transition

matrix of the system v̇(t) = −A(t)T v(t). Hence, ASi (t)T zi = B(t)T v(t), where v(t) is
the unique solution of Cauchy problem

v̇(t) = −A(t)T v(t), v(ti) = zi, t ∈ [0, ti],(8.6)

extended by zero for t ∈ [ti, 1].

8.2. Evaluation of ‖Ai‖2. In order to solve the primal-dual problem (3.1), (3.3)

by double smoothing technique, we need to evaluate the norm ‖A‖2 ≤ [
∑N
i=1 ‖Ai‖

2
2]1/2.

Moreover, from the estimates (7.9), (7.10), it is clear that this norms is a very essen-
tial element of the global complexity bound of our problem. In this section, using the
reachability Gramian of the dynamical system, we derive a closed-form representation
for the norm ‖Ai‖2. However, this quantity is not easily computable (it needs the
knowledge of the transition matrix). Moreover, its dependence in the length of time
interval is not very transparent. Therefore, in the next section, we obtain some simple
upper bounds for the norms ‖Ai‖2, which can be easily computed by solving Linear
Matrix Inequalities (LMI).

Let us derive first the exact expression for ‖Ai‖2. By definition,

‖Ai‖2 = sup
u∈L2([0,1],Rm)

{
‖Aiu‖2 : ‖u‖L2([0,1],Rm) = 1

}
.

Since the vector Aiu does not depend on values of u(t) for t ∈ (ti, 1], we can consider

the restriction of Ai on L2([0, ti], R
m): u →

ti∫
0

Φ(ti, τ)B(τ)u(τ)dτ. Then

‖Ai‖2 = sup
u∈L2([0,ti],Rm)

{
‖Aiu‖2 : ‖u‖L2([0,ti],Rm) = 1

}
,

and the operator A∗i transforms y ∈ Rn into the function B(t)TΦ(ti, t)
T y ∈ L2([0, ti].

For all ti > 0, i = 1, . . . , N , define the reachability Gramians

Wr(0, ti) =
ti∫
0

Φ(ti, τ)B(τ)B(τ)TΦ(ti, τ)T dτ = AiA∗i ,

which are symmetric positive semidefinite matrices (∈ Sn+). Recall the following
definition:

Definition 8.2. The system

ẋ(t) = A(t)x(t) +B(t)u(t) x(0) = 0,(8.7)

is called reachable on [0, t̂] if for any x̂ ∈ Rn there exist a control u(t) such that
x(t̂) = x̂.
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The reachability is closely related to the reachability Gramian (e.g. Corollary 2.3
in [1]):

Theorem 8.3. The system (8.7) is reachable on [0, ti] if and only if the Gramian
Wr(0, ti) is positive definite.

Let us come back now to the definition of the norm ‖Ai‖2. We have:

‖Ai‖2 = sup
u∈L2([0,ti],Rm)

{
‖Aiu‖2 : ‖u‖L2([0,ti],Rm) = 1

}
=

[
inf

u∈L2([0,ti],Rm)

{
‖u‖L2([0,ti],Rm) : ‖Aiu‖2 = 1

}]−1

.

If the system is reachable on [0, ti], then ImAi(L2([0, ti], R
m)) = Rn, and we have:

inf
u∈L2([0,ti],Rm)

{
‖u‖L2([0,ti],Rm) : ‖Aiu‖2 = 1

}
= inf

xi∈Rn,‖xi‖=1

u∈L2([0,ti],R
m)

{
‖u‖L2([0,ti],Rm) : Aiu = xi

}
.

Consider now the minimization problem min
u∈L2([0,ti],R

m),
Aiu=xi

‖u‖2. We will use the following

simple result:
Lemma 8.4. Let H be a Hilbert space and the linear operator A : H → RL

be nondegenerate: AA∗ � 0. Then for any b ∈ RL and f ∈ H, the Euclidean
projection πb(f) of f onto the subspace Lb = {g ∈ H : Ag = b} is defined as
πb(f) = f +A∗(AA∗)−1(b−Af). Thus,

inf
u∈L2([0,ti],R

m),
Aiu=xi

‖u‖2 = ‖A∗i (AiA∗i )−1xi‖2 = 〈(AiA∗i )−1xi, xi〉1/2.

Therefore,

inf
u∈L2([0,ti],Rm)

{
‖u‖L2([0,ti],Rm) : ‖Aiu‖2 = 1

}
= inf

‖xi‖2=1
〈(AiA∗i )−1xi, xi〉1/2

= λ
1/2
min((AiA∗i )−1),

and we conclude that

‖Ai‖2 = λ
−1/2
min ((AiA∗i )−1) = λ

1/2
max(AiA∗i ),

where AiA∗i = Wr(0, ti) is the reachability Gramian.

8.3. Bounding the growth of norms ‖Ai‖2 with time. In the previous
section, we have shown that the norm ‖Ai‖2 is equal to the square root of the maximal
eigenvalue of the reachability Gramian on the interval [0, ti]. Simple examples show
that this norm can grow exponentially with ti. However, for the stable systems the
situation is much better.

In this section, we derive the bounds for the growth of the norms ‖Ai‖2 from the
stability characteristics of the linear time-varying system:

ẋ(t) = A(t)x(t), t ≥ 0,(8.8)

where the matrix A(t) is continuous in time.
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Recall that the state x = 0 is always an equilibrium of the system (8.8). It is
the unique equilibrium if A(t) is nonsingular for all t ≥ 0. The following facts are
standard (e.g. [1]):

Theorem 8.5. The equilibrium x = 0 is stable if and only if the solutions of the
linear systems are bounded. That is

sup
t≥τ
‖Φ(t, τ)‖2

def
= k(τ) <∞, ∀τ ≥ 0.

It is uniformly stable if and only if

sup
τ≥0

k(τ) = supτ≥0 supt≥τ ‖Φ(t, τ)‖2
def
= κ0 <∞.

Finally, it is is exponentially stable if
t∫

0

‖Φ(t, τ)‖22 dτ ≤ C for all t ≥ 0 where the

constant C is independent on t.
Using these stability results, we can obtain some estimates for the growth of

‖Ai‖2.

Theorem 8.6. If the equilibrium x = 0 is stable and k1
def
= sup

t≥0
‖B(t)‖2 < ∞,

then

‖Ai‖2 ≤ k1

[
ti∫
0

k2(τ)dτ

]1/2

.(8.9)

Proof. For all u ∈ L2([0, ti]R
m), we have

‖Aiu‖ =

∥∥∥∥ ti∫
0

Φ(ti, τ)B(τ)u(τ)dτ

∥∥∥∥ ≤ ti∫
0

‖Φ(ti, τ)B(τ)‖2 ‖u(τ)‖2 dτ

≤
[
ti∫
0

‖Φ(ti, τ)‖22‖B(τ)‖22dτ ·
ti∫
0

‖u(τ)‖22dτ
]1/2

≤ k1

[
ti∫
0

k2(τ)dτ

]1/2

‖u‖2 .

Therefore ‖Ai‖2 ≤ k1

[
ti∫
0

k2(τ)dτ

]1/2

.

This upper bound depends on the growth of the integral
ti∫
0

k2(τ)dτ with respect

to ti, which can be very fast. Moreover, it can happen that function k(·) is not in
L2([0, ti]) and then the bound (8.9) gives no information. However, if we assume the
uniform stability of the equilibrium x = 0, then we can get much better bounds.

Theorem 8.7. If equilibrium x = 0 is uniformly stable and k1
def
= supt≥0 ‖B(t)‖2 <

∞, then

‖Ai‖2 ≤ k0k1

√
ti.

The proof of this theorem is the same as that of Theorem 8.6. However, now we
can ensure a sublinear bound for the growth ‖Ai‖2 with respect to ti. If we strengthen
again the stability assumption, we can obtain an upper bound independent on ti.

Theorem 8.8. Let equilibrium x = 0 be exponentially stable and k1 = sup
t≥0
‖B(t)‖2 <

∞. Then ‖Ai‖2 ≤ k1

√
C.
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Again, this fact can be easily derived from the arguments of the proof of Theorem
8.6. In some cases, we can obtain a computable upper bound for the norm ‖Ai‖2.
Recall the following well-known sufficient condition for the global exponential stability.

Theorem 8.9. [1] Let the linear system (8.8) be time-invariant, and there exists
a matrix P = PT � 0 such that ATP + PA ≺ 0. Then equilibrium x = 0 is globally
exponentially stable.

Under conditions of this theorem, there exists η1 > 0 such that the following LMI

ATP + PA � −η1P, P = PT � 0,

admits a solution. Matrix P and constant η1 can help us to obtain an explicit upper-
bound for the norm ‖Ai‖2. Indeed, by definition, Aiu is the position at time ti of the
point of unique trajectory defined by the linear system

ẋ(t) = Ax(t) +Bu(t), x(0) = 0.

Therefore,

‖x(ti)‖22 = 〈x(ti), x(ti)〉 ≤ 〈Px(ti),x(ti)〉
λmin(P )

def
= = R(ti)

λmin(P ) ,

where R(t)
def
= 〈Px(t), x(t)〉. The derivative of function R can be bounded as follows:

Ṙ(t) = 〈P, x(t)ẋ(t)T + ẋ(t)x(t)T 〉
= 〈P, x(t)(Ax(t) +Bu(t))T + (Ax(t) +Bu(t))x(t)T 〉
= 〈P (Ax(t) +Bu(t)), x(t)〉+ 〈Px(t), Ax(t) +Bu(t)〉
= 〈(PA+ATP )x(t), x(t)〉+ 2〈Px(t), Bu(t)〉
≤ −η1〈Px(t), x(t)〉+ 2〈Px(t), Bu(t)〉 ≤ 1

η1
〈PBu(t), Bu(t)〉.

Since x(0) = 0, we get

R(ti) =
ti∫
0

Ṙ(t)dt ≤ 1
η1

ti∫
0

〈PBu(t), Bu(t)〉dt

≤ 1
η1
λmax(P )

ti∫
0

‖Bu(t)‖22 dt ≤
1
η1
λmax(P ) ‖B‖22 ‖u‖

2
2 .

Hence, ‖Aiu‖22 ≤
λmax(P )
η1λmin(P ) ‖B‖

2
2 ‖u‖

2
2, and therefore ‖Ai‖22 ≤

λmax(P )
η1λmin(P ) ‖B‖

2
2.

If we want to obtain the best upper bound for ‖Ai‖2, we need to solve the following
optimization problem in the variables η1, η2, η3, and P :

min
{

η3
η1η2

: ATP + PA � −η1P, η2I � P � η3I, η1, η2, η3 ≥ 0
}
.(8.10)

This problem is non-convex, but we can find an upper bound for its optimal solution
from quasiconvex LMI. Note that

‖Ai‖22 ≤ min
{

η3
η1η2

: ATP + PA � −η1η3I, η2I � P � η3I, η1, η2, η3 ≥ 0
}

since the feasible set of the right-hand side is smaller than that of (8.10).
Furthermore, if we introduce new variables: P̃ = P

η1η3
, η̃2 = η2

η1η3
, η̃3 = 1

η1
we

obtain a convex problem that can be solved in polynomial time:

min

{
η̃2

3

η̃2
: AT P̃ + P̃A � −I, η̃2I ≤ P ≤ η̃3I, η̃2, η̃3 ≥ 0

}
.
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9. Comparison with the literature and conclusion. The subject of this
paper can be summarized as the development of an efficient first-order method (ob-
tained using the double smoothing technique) in order to solve partially finite (or
finite) convex optimization problems with linear constraints.

Partially finite convex problems have been extensively studied in a theoretical
way with duality results, weak constraints qualification ([6, 7, 9, 10, 14, 15]) and ap-
plications for example to maximum entropy ([5, 8]).

On the other hand, it is not the first time that the smoothing technique is used
for solving finite-dimensional convex problems with linear constraint by the first-
order methods. As our approach can be also interesting for solving finite-dimensional
problems, we briefly mention these papers here, and discuss the differences with our
approach.

In [16], the authors consider the case of a conic problem with linear objective
function i.e. J(u) = 〈c∗, u〉 with c∗ ∈ U∗, T = {b∗} ⊂ V ∗ and S = L ⊂ U a closed
convex cone. Using the rich duality theory for such kind of conic problems, they
consider a primal-dual approach. The main idea is to reformulate the primal dual
optimality conditions: A∗y+ s∗− c∗ = 0,Au− b∗ = 0, 〈c∗, u〉− 〈b∗, y〉 = 0, (u, y, s∗) ∈
L × V × L∗ as a non-smooth convex problem:

f = min
z∈Z
{f(z) = ‖Ez − e‖∗} = min

z∈Z
max
‖w‖≤1

〈Ez − e, w〉(9.1)

where ‖.‖ denotes a norm on U × V × R, ‖.‖∗ its dual norm, z = (u, y, s∗)T , e =
(c∗, b∗, 0)T , E=  0 A∗ I

A 0 0
c∗ −b∗ 0


and Z = L × V × L∗.
Applying the smoothing technique to the function f , they are able to find a primal-
dual solution zε such that ‖Ezε − e‖∗ ≤ ε in O

(
1
ε

)
. This primal-dual approach does

not work in our case for two reasons. First, primal-dual optimality condition cannot
be expressed as a linear system Ez = e (subject to a conic constraint). Furthermore,
we do not want to work in the primal-dual space but preferably in the dual one due
to our asymmetry assumption (the problem (9.1) can be infinite-dimensional in our
framework).

The approach considered in [2] is more comparable to what we are doing. Their
problem class is composed of problems of the form (3.1) with J a convex function not
necessarily smooth, S = U and T = K − b, where K is a closed convex cone. Dual-
izing the constraint Au + b ∈ K, they obtain a dual problem with conic constraint:
maxz∈K∗ g(z) where g(z) = infu J(u) − 〈Au + b, z〉. They apply the smoothing tech-
nique to the dual objective function and compare different optimal first-order methods
of smooth convex optimization for solving the smoothed dual problem. They are able
to solve the dual problem with accuracy ε in O

(
1
ε

)
iteration. Concerning the recon-

struction of a nearly optimal primal solution uε from a nearly optimal dual solution zε,
they suggest a very easy and natural way. uε is simply chosen as the minimizer of the
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optimization subproblem defining the smoothed dual objective function at the point
zε. However, this suggestion is not supported by the analysis of the convergence rates.

In the framework of separable convex problems, smoothing technique has also been
applied in [17] to convex problems with linear coupling constraint. Dualizing the cou-
pling constraint, the authors obtain a dual objective function that can be computed
in a separable way. Applying a simple smoothing to this dual objective function,
they obtain a smooth dual objective function keeping the separability structure. Here
also, this approach allows them to solve the dual problem with accuracy ε in O

(
1
ε

)
iterations. Concerning the reconstruction of a primal solution, they propose to use
averaging of the minimizers of the subproblems defining the smoothed dual objective
function at the different dual iterates. They prove that the quality of this primal
solution is also of order ε. It depends also on the norm of the dual optimal solution
(which is typically unknown).

The approach considered in this paper, allows us also to exploit the separability
structure of decomposable problems with linear coupling constraint (see the two ex-
amples given in Section 4). In our work, we apply a double smoothing that gives us a
possibility to reconstruct more easily a nearly optimal primal solution from a nearly
optimal dual solution without using averaging. The price that we pay for this sim-
plicity is just a logarithmic term log

(
1
ε

)
in the complexity. For the level of accuracy

we are interested in, the logarithmic factor is not distinguishable from an absolute
constant. Furthermore, whereas we use also in our analysis the norm of the dual
optimal solution, we provide an explicit upper-bound for this quantity.

More generally, to the best of our knowledge, this work is the first one where ap-
plication of smoothing technique for solving some infinite dimensional problems is
discussed. In particular, we consider in the Section 8, optimal control problems
governed by a system of linear differential equations with the constraint that the
trajectory crosses in certain moments of time some convex set.
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