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Abstract

We replace one of the assumptions (nondegeneracy assumption) in [9] to show that

the main results in [9] still hold. We also provide a simple example to show that the

new assumption is satisfied, while the original assumption is not satisfied, with other

assumptions being satisfied. This example shows that the new assumption does not

implied the original assumption.
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1 Introduction.

The study of superlinear convergence of a linear semi-definite program is quite an active

area of research [1]-[7], while superlinear convergence of a linear program is well under-

stood [8]. Not much work has been done so far on the local behavior of interior point

method on nonlinear semi-definite programs. In [9], the authors consider a primal-dual

interior point method for solving a nonlinear semi-definite program, which is stated as

follows:

min f(x)

subject to

g(x) = 0,

X(x) � 0,

x ∈ <n,

where the functions f : <n → <, g : <n → <m and X : <n → Sp are sufficiently smooth.

The authors in [9] consider interior point algorithms corresponding to the AHO,

HKM, and NT search directions in linear semi-definite programs. The key to the su-
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perlinear convergence results of various algorithms in [9] is based on Theorem 1 in [9],

which is established under four assumptions. We state these assumptions here for the

sake of completeness1:

Assumptions

(A1) The second derivatives of the functions f , gi, i = 1, . . . ,m, and X are Lipschitz

continuous at x∗.

(A2) The second order sufficient condition for optimality of the nonlinear semi-definite

problem holds at x∗. That is,

sup
(y,Z)∈Λ(x∗)

hT (∇2
xL(x∗, y, Z) + Ĥ(x∗, Z))h > 0,

for all h ∈ C(x∗)\{0}.

(A3) The strict complementarity condition holds at x∗. That is, there exists (y∗, Z∗) ∈

Λ(x∗) such that

rank(X(x∗)) + rank(Z∗) = p.

1The various notations used in the below assumptions will be defined in Subsection 1.1
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(A4) The nondegeneracy condition is satisfied at x∗. That is, the n dimensional vectors

∇gi(x
∗), i = 1, . . . ,m, and



(AN1)(x
∗)ij

...

(ANn)(x∗)ij


, i, j = 1, . . . , |N | are linearly indepen-

dent, where |N | denotes the size of Z∗
N .

Here, x∗ is a stationary point of the given nonlinear semi-definite program.

In this note, we replace one of these assumptions (Assumption (A4)), which is only

used in the proof of Theorem 1 in [9], by Assumption (A4)′. Using Assumptions (A1)-

(A3) and (A4′), we show that Theorem 1 of [9] holds. Hence, by the arguments in [9],

which is based on Theorem 1, superlinear convergence of various algorithms in [9] hold

as a result.

1.1 Notations

The space of symmetric p × p matrices is denoted by Sp. Given matrices X and Y in

<p×q, the standard inner product is defined by X • Y ≡ Tr(XT Y ), where Tr(·) denotes

the trace of a matrix. If X ∈ Sp is positive semi-definite (resp., positive definite), we

write X � 0 (resp., X � 0). The cone of positive semi-definite (resp., positive definite)
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symmetric matrices is denoted by Sp
+ (resp., Sp

++).

Λ(x∗) denote the set of Lagrange multiplier (y, Z) ∈ <m × Sp such that (x∗, y, Z)

satisfies the KKT condition, that is, (x∗, y, Z) satisfies

∇xL(x∗, y, Z)

g(x∗)

X(x∗)Z


= 0

and

X(x∗) � 0, Z � 0.

L(x, y, Z) is the Lagrangian function of the given nonlinear semi-definite program

and is given by

L(x, y, Z) = f(x)− yT g(x)− Tr(X(x)Z).

Ĥ(x, Z) is a matrix whose (i, j) entry is

(Ĥ(x, Z))ij = 2Tr(Ai(x)X(x)†Aj(x)Z),

and † denotes the Moore-Penrose generalized inverse.
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C(x∗) denotes the critical cone of the given nonlinear semi-definite program, and is

defined by

C(x∗) =

{
h ; ∇g(x∗)T h = 0,

n∑
i=1

hiAi(x
∗) ∈ TSp

+
(X(x∗)),∇f(x∗)T h = 0

}
,

and TSp
+
(X(x∗)) denotes the tangent cone of Sp

+ at X(x∗).

We have

Ai(x) =
∂X

∂xi

,

for i = 1, . . . , n.

A∗(x) is the adjoint operator of A(x) : A(x)v =
∑n

i=1 viAi(x) for v ∈ <n, and hence

A∗(x)Z =



Tr(A1(x)Z)

...

Tr(An(x)Z)


.

When we partition a symmetric matrix into submatrices, we do it in the following

way:

Z =


ZB ZU

ZT
U ZN

 ,
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where ZB ∈ S|B| and ZN ∈ S|N |. For example,

Ai(x) =


ABi(x) AUi(x)

AUi(x)T ANi(x)

 ,

for i = 1, . . . , n. Hence,

A∗
N(x∗)(U) =



Tr(AN1(x)U)

...

Tr(ANn(x)U)


,

where U ∈ S|N |.

We have X(x∗) and Z∗ commute, and hence they can be simultaneously diagonalized.

If strict complementarity condition holds at x∗, then we can represent X(x∗) and Z∗ by

X(x∗) =


X∗

B 0

0 0

 and Z∗ =


0 0

0 Z∗
N

 ,

where |B|+ |N | = p.

2 Main Results.

Here, w∗ = (x∗, y∗, Z∗) refers to a KKT point to the nonlinear semi-definite program

introduced in the earlier section.
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We now introduce the new assumption that we use in this note to replace Assumption

(A4) in [9].

Assumption

(A4)′ The Mangasarian-Fromovitz constraint qualification (MFCQ) condition holds at

x∗, and A∗
N(x∗)(U) = 0 ⇒ U = 0. Also, dim(Ker(∇g(x∗)T )) ≥ 2.

In the above assumption, dim(Ker(∇g(x∗)T )) ≥ 2 is a weak assumption and is sat-

isfied if m ≤ n− 2. Also, Assumption (A4) implies MFCQ condition, and A∗
N(x∗)(U) =

0 ⇒ U = 0.

Magasarian-Fromovitz constraint qualification (MFCQ) condition holds at a point

x∗ if the matrix ∇g(x∗) is of full rank and there exists a nonzero vector v ∈ <n such

that

∇g(x∗)T v = 0 and X(x∗) +
n∑

i=1

viAi(x
∗) � 0.

MFCQ condition hence implies that there exists an open neighborhood O of the

nonzero vector v ∈ <n such that every v̄ ∈ O ∩ Ker(∇g(x∗)T ) satisfies X(x∗) +

∑n
i=1 v̄iAi(x

∗) � 0.
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The proofs of superlinear convergence results in [9] rely mainly on Theorem 1 in [9]

which states that the matrix

JS(w∗) =



∇2
xL(w∗) −∇g(x∗) −A(x∗)T

∇g(x∗)T 0 0

(Z∗ ⊗s I)A(x∗) 0 X(x∗)⊗s I


,

where ⊗s stands for the symmetric Kronecker product operator, w∗ = (x∗, y∗, Z∗) and

A(x∗) = [svec(A1(x
∗)); . . . ; svec(An(x∗))] ∈ <p(p+1)/2×n, is nonsingular under Assump-

tions (A1)-(A4). Assumption (A4) is only used in the proof of this theorem in the paper.

It is known that Assumption (A4) is stronger than Assumption (A4)′ (without the con-

dition on dimensionality). Here, we show nonsingularity of JS(w∗) under somewhat

weaker assumptions by replacing Assumption (A4) in Theorem 1 of [9] by Assumption

(A4)′ as follows:

Theorem 2.1 Under Assumptions (A1)-(A3) and (A4)′, the matrix Js(w
∗) is nonsin-

gular.

Proof: In the proof of Theorem 1 of [9], the only place where Assumption (A4) is used
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is to show that

∇g(x∗)∆y +A∗(x∗)


0 0

0 ∆ZN

 = 0,

that is,

∇g(x∗)∆y +A∗
N(x∗)(∆ZN) = 0 (1)

implies ∆y = 0 and ∆ZN = 0.

We now show this under Assumption (A4)′.

Note that ∆ZN = ∆Z+
N −∆Z−

N , where ∆Z+
N , ∆Z−

N ∈ S
|N |
+ .

We haveA∗
N(x∗)(∆Z+

N) = z1+z2, where z1 ∈ Range(∇g(x∗)) and z2 ∈ Range(∇g(x∗))⊥ =

Ker(∇g(x∗)T ).

Define the matrix M := [∇g(x∗) z2]. Then, we have the existence of y =


∆y + α

1

,

where ∇g(x∗)α = z1, such that z := My = ∇g(x∗)∆y+z1+z2. Also z = A∗
N(x∗)(∆Z−

N).

Now, z ∈ Range(M) = Ker(MT )⊥.

Therefore, zT w = 0, for all w ∈ <n with MT w = 0.

Suppose z 6= 0. We are going to show by contradiction that z = 0.
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Consider

max zT w

subject to

S +
n∑

i=1

wiAi(x
∗) = X(x∗),

S � 0.

It’s dual is

min X(x∗) •X

subject to

Ai(x
∗) •X = zi, i = 1, . . . , n,

X � 0.

Note that the optimal value to the above maximization problem is greater than or equal

to zero. Also, the feasible set of the dual problem is nonempty because
0 0

0 ∆Z−
N

 ∈ Sp
+
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is a feasible point. The primal problem has a strictly feasible solution by Assumption

(A4)′. Therefore, the optimal value to the above two problems exist and are equal to

each other. It is easy to see that this common value is zero.

Observe that zT v > 0 for all v ∈ <n such that X(x∗) +
∑n

i=1 viAi(x
∗) � 0. If not, then

there exists v̂ ∈ <n such that X(x∗)+
∑n

i=1 v̂iAi(x
∗) � 0 with zT v̂ = 0. Since z 6= 0, this

implies the existence of a ˆ̂v ∈ <n such that X(x∗)+
∑n

i=1
ˆ̂viAi(x

∗) � 0 and zT ˆ̂v < 0. This

is a contradiction to the fact that the optimal value of the above primal-dual problem

is zero.

On the other hand, we have zT v = 0 for all v ∈ <n such that MT v = 0. Hence, for all

v ∈ Ker(∇g(x∗)T ), with vT z2 = 0, we have zT v = 0. Note that many such v that are

nonzero exist since dim(Ker(∇g(x∗)T )) ≥ 2.

Assumption (A4)′, in particular, the MFCQ condition, implies that for every nonzero v ∈

O ∩Ker(∇g(x)T ), X(x∗) +
∑n

i=1 viAi(x
∗) � 0. Choose a nonzero v̄ ∈ O ∩Ker(∇g(x)T )

such that v̄T z2 = 0, where z2 ∈ Ker(∇g(x)T ). Such v̄ exists since by Assumption

(A4)′, dim(Ker(∇g(x∗)T )) ≥ 2. Then, by above arguments, we have 0 = zT v̄ > 0, a

contradiction.
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Hence, z = 0, which implies that ∆Z−
N = 0, again using Assumption (A4)′ on z =

A∗
N(x∗)(∆Z−

N). Therefore, we have

∇g(x∗)∆y +A∗
N(x∗)(∆Z+

N) = 0,

where ∆Z+
N ∈ Sn

+. By similar arguments as above, we then show that ∆Z+
N = 0, which

implies that ∇g(x∗)∆y = 0. Hence, ∆y = 0, since ∇g(x∗) is of full rank. QED

We have established in Theorem 2.1 that Js(w
∗) is nonsingular under Assumptions

(A1)-(A3) and (A4)′. Since Assumption (A4) in [9], which we have replaced by Assump-

tion (A4)′, is only used in the proof of Theorem 1 in [9], establishing the theorem here

under these assumptions, Assumptions (A1)-(A3), (A4)′, means that the superlinear

convergence results in [9] also holds.

We present next an example which satisfies Assumptions (A1)-(A3) and (A4)′, but

not Assumption (A4).

Example 2.1 Let n = 3, m = 1, and p = 2. Also, we have |N | = 2.

Let f(x) =
∑3

i=1 x2
i + 2x2 + x1, g(x) = bT x, and X(x) =

∑3
i=1 xiAi −B.
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Also, let

B = 0, A1 =


1 0

0 0

 , A2 =


1 0

0 1

 , A3 =


0 1

1 0

 ,

b =



1

−1/2

1


.

We now verify that

x∗ =



0

0

0


, y∗ = 0, Z∗ =


1 0

0 1



satisfied KKT conditions, Assumptions (A1)-(A3) and (A4)′, but do not satisfied As-

sumption (A4).

It is easy to verify that KKT conditions are satisfied at (x∗, y∗, Z∗).

Assumption (A1) is automatically satisfied.

Assumption (A2) is satisfied, since it is easy to check that the quadratic growth condition

holds at x∗, and suppose MFCQ condition holds, Assumption (A2) holds if and only if

the quadratic growth condition holds (see [9] for example).
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Assumption (A3) is also satisfied, as strict complementarity condition holds at x∗.

Assumption (A4)′ is satisfied, since dim(Ker(∇g(x∗)T )) = 2. Also,

∇g(x∗) = b =



1

−1/2

1


,

is of full rank, and there exists

v =



1/2

1

0


such that bT v = 0 and

X(x∗) +
3∑

i=1

viAi(x
∗) =


3/2 0

0 1

 � 0.

Also, it can be checked easily that

Tr(A1U) = Tr(A2U) = Tr(A3U) = 0 for U ∈ Sp

implies U = 0.

14



However, we see that 

1

−1/2

1


,



1

1

0


,



0

0

1


,



0

1

0


are not linearly independent. Hence, Assumption (A4) does not hold.

To ensure that the interior point algorithms in [9] can be used on this nonlinear semi-

definite program, we note that there exists strictly feasible points for the problem. Take,

for example,

x =



1/2

1

0


, y = 0, Z =


1 0

0 1

 .
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