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Abstract We describe a procedure to reduce variable bounds in Mixed Integer Nonlinear
Programming (MINLP) as well as Mixed Integer Linear Programming (MILP) problems.
The procedure works by combiningpairs of inequalities of a linear programming (LP) re-
laxation of the problem. This bound reduction technique extends thefeasibility basedbound
reduction technique on linear functions, used in MINLP and MILP. However, it can also
be seen as a special case ofoptimality basedbound reduction, a method to infer variable
bounds from an LP relaxation of the problem.

For an LP relaxation withm constraints andn variables, there areO(m2) pairs of
constraints, and a naı̈ve implementation of our bound reduction scheme has complexity
O(n3) for each pair. Therefore, its overall complexityO(m2n3) can be prohibitive for rel-
atively large problems. We have developed a more efficient procedure that has complexity
O(m2n2), and embedded it in two Open-Source solvers: one for MINLP and one for MILP.
We provide computational results which substantiate the utility of this bound reduction tech-
nique for several instances.

Keywords MINLP · MILP · Bound reduction· Implied bounds

1 Introduction

We present an algorithm to reduce the bounds of a set of variables in a Mixed Integer Non-
linear Programming (MINLP) problem such as the following:

min g0(x)
s.t. gj(x) ≤ 0 ∀j = 1, 2 . . . ,m

ℓi ≤ xi ≤ ui ∀i = 1, 2 . . . , n0

x ∈ Z
q × R

n0−q,

(1)

wheregj : Rn0 → R, for j = 0, 1, 2 . . . ,m, is in general a multivariate, nonconvex func-
tion; n0 is the number of variables; andq is the number of integer variables. The variable
bounds form the hyperrectangle{x ∈ R

n0 : ℓi ≤ xi ≤ ui ∀i = 1, 2 . . . , n0}, which we
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denote[ℓ, u]. Although boundsℓi andui on xi are usually assumed finite, the procedure
discussed here works with infinite bounds too. An important subclass of (1), in which all
gj ’s are affine, is that of Mixed Integer Linear Programming (MILP) problems.

In general, nonconvex problems such as (1) are solved by implicitly enumerating all
local minima throughbranch-and-boundprocedures (BB in the remainder of this paper)
[14]. Several BB procedures work by recursively partitioning the hyperrectangle[ℓ, u] into
two or more subsets, creating BBsubproblems, on which the BB is applied. In order to solve
a subproblem, alower boundon the optimal value ofg0(x) is necessary. Several techniques
have been developed to determine a lower bound on the optimalsolution of (1) or of any
restriction of (1) to a subset[ℓ′, u′] ⊆ [ℓ, u], for the general case in which thegj ’s are
nonconvex functions [18, 27], convex functions [1, 6], and for classes of problems such as
Quadratically Constrained Quadratic Programming (QCQP) [20].

We do not discuss lower bounding techniques any further as they are out of the scope
of this work. However, it is worth pointing out that the lowerbound at a BB subproblem
depends strongly on the variable bounds. In fact, the lower bound can improve dramatically
when bound tightening(BT) techniques (also known asbound reduction) are employed.
These techniques return a sub-interval[ℓ′′, u′′] ⊆ [ℓ′, u′] that retains at least one optimal
solution to the restriction of (1) to[ℓ′, u′].

One well known bound reduction technique is theFeasibility Based Bound Tightening
(FBBT), developed originally for Artificial Intelligence [9] and Constraint Programming
and then successfully employed in Nonlinear Programming [19] and Integer Programming
[2, 25]. Optimization solvers apply FBBT by inferring new variable bounds from single
constraintsgj(x) ≤ 0, often using interval methods [13, 22]. FBBT can be repeatedmul-
tiple times for each constraint; however, while every iteration may produce a tighter bound
interval, this process may not terminate [9]. This lack of convergence of FBBT to afixed
point, where another round of bound reduction would yield no tightened bound, has been
addressed through Linear Optimization techniques [4].

Another reduction technique relies on the LP relaxationmin{c⊤x : Ax ≥ b, x ∈ [ℓ, u]}
of (1). If one is available, valid bounds are

min{xi : Ax ≥ b, x ∈ [ℓ, u]} ≤ xi ≤ max{xi : Ax ≥ b, x ∈ [ℓ, u]}. (2)

This technique, calledOptimality Based Bound Tightening(OBBT) [21], can be used to
strengthen the linear relaxation. Given that computing alllower and upper bounds amounts
to solving two LP problems for each variable, repeated callsto OBBT are discouraged. In
[7], the iterated OBBT is proven to yield equivalent resultsto a method that fixes the variable
whose bounds are tightened. Other BT methods use thereduced costsat the optimal solution
of the linearization [23].

Our contribution is a bound tightening procedure that usespairs of inequalities of the
linear relaxation of a MINLP or MILP problem. Specifically, we apply FBBT to a convex
combination of the two inequalities, yielding tighter bounds on the variables with nonzero
coefficient in either or both inequalities. To the best of ourknowledge, this technique was
not presented or implemented before. We first recall, in the next section, the application of
FBBT on a single inequality, and describe our method in Section 3. In Section 4 we discuss
an efficient procedure for reducing bounds using all pairs ofinequalities. Section 5 presents
computational results on problems from problem libraries available on the Web.
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2 Implied bounds from a single inequality

Let us first recall the FBBT procedure applied to linear inequalities, used in both MILP and
MINLP. Suppose that an LP relaxation of problem (1) is available. In MILP, this is simply
the LP problem obtained by relaxing the integrality constraints on the variables. For MINLP
problems, an LP relaxation is computed by first generating areformulationof the problem,
which introducesauxiliary variablesfor each nonlinear expression of the MINLP, and then
applying linear relaxation techniques to each newly generated auxiliary variable [15, 18, 26].
Most of today’s MINLP solvers apply this type of technique [24, 5, 16].

Suppose the LP relaxation hasm constraints andn variables. In general,n ≥ n0 as extra
variables are introduced in the relaxation in the MINLP case, while n = n0 in the MILP
case. Define index sets for variables and constraints of the LP relaxation,N = {1, 2 . . . , n}
andM = {1, 2 . . . ,m}. Denote the LP relaxation as

min
∑

i∈N cixi
s.t.

∑

i∈N ajixi ≥ bj ∀j ∈M

ℓi ≤ xi ≤ ui ∀i ∈ N.

(3)

Consider a generic inequality of the relaxation,
∑

i∈N aixi ≥ b. DefineP+ = {i ∈ N :
ai > 0} andP− = {i ∈ N : ai < 0}. Then the following are valid bounds [2, 25]:

∀i ∈ P+, xi ≥
1
ai

(

b−
∑

k∈P+\{i} akuk −
∑

k∈P−\{i} akℓk

)

;

∀i ∈ P−, xi ≤
1
ai

(

b−
∑

k∈P+\{i} akℓk −
∑

k∈P−\{i} akuk

)

.
(4)

Example.Consider the inequalityx1 − x2 ≥ 3, with (x1, x2) ∈ [1, 5] × [1, 3]. Thenx1 ≥
3 + ℓ2 = 4, thus returning a new value ofℓ1 = 4. Also,x2 ≤ u1 − 3 = 2. As a result, the
new bounds forx1 andx2 are[4, 5] and[1, 2], respectively.

3 Implied bounds from two inequalities

Consider now two inequalities of the LP relaxation (3) of (1):
∑

i∈N a′ixi ≥ b′,
∑

i∈N a′′i xi ≥ b′′. (5)

Their convex combination, defined by a parameterλ ∈ [0, 1], is

λ
∑

i∈N

a
′
ixi + (1− λ)

∑

i∈N

a
′′
i xi ≥ λb

′ + (1− λ)b′′, (6)

or, for short,
∑

i∈N āi(λ)xi ≥ b̄(λ), whereāi(λ) = λa′i+(1−λ)a′′i andb̄(λ) = λb′+(1−
λ)b′′. DefineP+(λ) = {i ∈ N : āi(λ) > 0} andP−(λ) = {i ∈ N : āi(λ) < 0}. Also, to
simplify notation, define

Li(λ) = b̄(λ) −
∑

k∈P+(λ)\{i} āk(λ)uk −
∑

k∈P−(λ)\{i} āk(λ)ℓk,

Ui(λ) = b̄(λ) −
∑

k∈P+(λ)\{i} āk(λ)ℓk −
∑

k∈P−(λ)\{i} āk(λ)uk.

Then (4) can be applied to (6) for anyλ ∈ [0, 1]:

∀i ∈ P
+(λ), xi ≥

Li(λ)

āi(λ)
; ∀i ∈ P

−(λ), xi ≤
Ui(λ)

āi(λ)
. (7)
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Clearly, the fact that variables with positive (resp. negative) coefficient may only improve
their lower (resp. upper) bound only depends on the sign of the inequality. We derive our
result using inequality constraints, but our analysis is easily extended to equality and range
constraints.

Example.Consider the two inequalities

x1 + x2 + x3 ≥ 3, x1 − x2 + x3 ≥ 2,

with (x1, x2, x3) ∈ [−1, 3] × [−1, 1] × [0, 1]. From (3) and similar to the example in the
previous section, each inequality separately implies a tighter lower bound onx1:

x1 + x2 + x3 ≥ 3 ⇒ x1 ≥ 3− u2 − u3 = 1
x1 − x2 + x3 ≥ 2 ⇒ x1 ≥ 2 + ℓ2 − u3 = 0,

thus returning a new value ofℓ1 = 1 (the bounds onx2 andx3 are unchanged). However,
their convex combination withλ = 1

2 gives a better lower bound:

1
2 (x1 + x2 + x3) +

1
2 (x1 − x2 + x3) ≥

1
23 +

1
22

x1 + x3 ≥
5
2

⇒ x1 ≥
5
2 − u3 = 3

2 .

As will become clear below,λ = 1
2 yields the tightest bound onx1 because the coefficient

λ− (1− λ) = 2λ− 1 of x2 in the combination of the two inequalities vanishes forλ = 1
2 .

Other values ofλ, say3
4 , yield different bounds:

3
4 (x1 + x2 + x3) +

1
4 (x1 − x2 + x3) ≥

3
43 +

1
42

x1 +
1
2x2 + x3 ≥

11
4

⇒ x1 ≥
11
4 −

1
2u2 − u3 = 5

4 < 3
2 .

Before describing our bound tightening procedure, it is important to point out some
properties ofLi(λ) andUi(λ), which are piecewise linear by construction.

Lemma 1 Li(λ) andUi(λ) are continuous forλ ∈ R.

Proof It suffices to prove the lemma forLi(λ) as the result can be easily extended toUi(λ).

limǫ→0 Li(λ+ ǫ)− Li(λ) =
= limǫ→0 b̄(λ+ ǫ)− b̄(λ)+

−
∑

j∈N\{i}:āj(λ+ǫ)>0,āj(λ)>0(āj(λ+ ǫ)− āj(λ))uj (γpp)

−
∑

j∈N\{i}:āj(λ+ǫ)<0,āj(λ)<0(āj(λ+ ǫ)− āj(λ))ℓj (γnn)

−
∑

j∈N\{i}:āj(λ+ǫ)>0,āj(λ)<0(āj(λ+ ǫ)uj − āj(λ)ℓj) (γpn)

−
∑

j∈N\{i}:āj(λ+ǫ)<0,āj(λ)>0(āj(λ+ ǫ)ℓj − āj(λ)uj). (γnp)

While b̄(λ+ ǫ) − b̄(λ), (γpp), and(γnn) tend to zero forǫ → 0 for continuity of b̄(λ) and
āi(λ), the terms(γpn) and(γnp) vanish as̄ai(λ + ǫ) andāi(λ), which have opposite sign
in (γpn) and(γnp), must tend to equality forǫ→ 0 for continuity and hence tend both to 0.
Because the limit is null for anyλ, Li(λ) and, analogously,Ui(λ) are continuous. ⊓⊔
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In general,Li(λ) andUi(λ) are nondifferentiable: forh ∈ N such thata′ha
′′
h < 0, the

coefficient̄ah(λ) = λa′h+(1−λ)a′′h = a′′h+(a′h−a
′′
h)λ changes sign forλ = λh =

a′′

h

a′′

h
−a′

h

.

Suppose w.l.o.g.a′h − a′′h < 0. Upon a change of sign, the term associated withxh changes
from āh(λ)uh to āh(λ)ℓh, hence the derivative ofLi(λ), i.e., the coefficient ofλ, has distinct
limits for λ→ λh and is thus discontinuous:

lim
λ↑λh

dLi

dλ
= η − (a′h − a

′′
h)uh; lim

λ↓λh

dLi

dλ
= η − (a′h − a

′′
h)ℓh,

with η = b′− b′′−
∑

k∈P+(λh)\{i,h}
(a′k − a′′k)uk −

∑

k∈P−(λh)\{i,h}
(a′k − a′′k)ℓk. Hence

Li(λ) – and analogouslyUi(λ) – is nondifferentiable.
Notice that forλ ∈ {0, 1} we obtain the same bounds as in (4), hence we are only

interested in fractional values ofλ, i.e., λ ∈ (0, 1) from this point on. Also, we do not
consideri such thata′i = a′′i as that makes̄ai(λ) = a′i regardless ofλ.

While Li(λ) andUi(λ) are continuous, the two rational functions in (7) may not be.

However, this is not an issue. Forāi(λ) ↓ 0, i.e., for λ ↓ a′′

i

a′′

i −a′

i

if a′i − a′′i > 0 and

λ ↑
a′′

i

a′′

i −a′

i

if a′i − a′′i < 0, three cases are possible:

– limāi(λ)↓0 Li(λ) < 0: aslimāi(λ)↓0
Li(λ)
āi(λ)

= −∞, the lower bound onxi is unchanged;
– limāi(λ)↓0 Li(λ) = 0: because bothLi(λ) and āi(λ) are affine functions with a zero

at a′′

i

a′′

i −a′

i

, the limit limāi(λ)↓0
Li(λ)
āi(λ)

is finite and equal to a (possibly tighter) bound.

In addition, limāi(λ)↓0
Li(λ)
āi(λ)

and limāi(λ)↑0
Li(λ)
āi(λ)

might differ, but for continuity of
Li(λ) they would still be valid — the strictest can be used as a new lower bound onxi.

– limāi(λ)↓0 Li(λ) > 0: the problem is infeasible, since

lim
āi(λ)↓0

āi(λ)xi = 0 < lim
āi(λ)↓0

Li(λ),

but (6) implies̄ai(λ)xi ≥ Li(λ) and (7) cannot hold.

Similar considerations hold when̄ai(λ) ↑ 0, and the same can be easily extended toUi(λ).
In order to find (possibly) tighter bounds[ℓ̄i, ūi] onxi, one can solve the one-dimensional

optimization problems with piecewise rational objective function (note that any local opti-
mum provides a valid tightening):

ℓ̄i = max

{

Li(λ)

āi(λ)
: λ ∈ (0, 1) ∧ āi(λ) > 0

}

; (8)

ūi = min

{

Ui(λ)

āi(λ)
: λ ∈ (0, 1) ∧ āi(λ) < 0

}

, (9)

and tighten the bounds onxi to [ℓ̄i, ūi] ∩ [ℓi, ui]. We are aware of no efficient method to
solve these very specific problems, and we prove below that wecan restrict our search to the
values ofλ ∈ (0, 1) such that at least one of thēaj(λ), for j ∈ N , is zero.

Proposition 1 All optimal solutions of the two problems (8), (9) are in the set Λ = {λ ∈
(0, 1) : (∃j ∈ {1, 2 . . . , n} : āj(λ) = 0)}.
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Proof We prove this for (8) only, as the extension to (9) is straightforward. Rewritēai(λ) =
λa′i + (1− λ)a′′i asrλ+ s, wherer = a′i − a′′i ands = a′′i , and suppose w.l.o.g. thatr < 0.
HenceLi(λ)

āi(λ)
is a valid lower bound for anyλ ∈ [0, λ̄], whereλ̄ = min{1,− s

r }.
The setΛ = {λ ∈ (0, 1) : (∃j ∈ {1, 2 . . . , n} : āj(λ) = 0)} contains allbreakpoints

of the piecewise linearLi(λ), i.e., values ofλ for which at least onēai(λ) is zero. Rewrite
it asΛ = {λ1, λ2 . . . , λp} where0 = λ0 < λ1 ≤ λ2 ≤ . . . ≤ λp < 1. Upon further
restrictingλ ≤ λ̄ because of the sign of̄ai(λ), we now defineLi(λ)

āi(λ)
using breakpoints in

Λ ∩ [0, λ̄] = {λ1, λ2 . . . , λk} with k ≤ p.

Li(λ)

āi(λ)
=



























α0λ+β0

rλ+s if λ ∈ (0, λ1]
α1λ+β1

rλ+s if λ ∈ (λ1, λ2]
...

αkλ+βk

rλ+s if λ ∈ (λk, λ̄),

whereαh = (b′ − b′′) −
∑

j∈P+(λh)\{i}
(a′j − a′′j )uj −

∑

j∈P−(λh)\{i}
(a′j − a′′j )ℓj and

βh = b′′ −
∑

j∈P+(λh)\{i}
a′′j uj −

∑

j∈P−(λh)\{i}
a′′j ℓj for h = 0, 1, 2 . . . , k. Note that

αhλ+βh

rλ+s is the ratio of two affine functions ofλ, and admits no local maximum in any open
interval(λh, λh+1) for h = 0, 1, 2 . . . , k (we denoteλk+1 = λ̄). As a consequence, all local
maxima are found inΛ. A similar reasoning, whose details are omitted for simplicity, holds
whenr > 0, and the set of breakpoints is a finite subset of[λ̄, 1], with λ̄ = max{0,− s

r }.

The result carries over to upper bounds derived fromUi(λ)
āi(λ)

. ⊓⊔

Example.Consider again the two inequalitiesx1 + x2 + x3 ≥ 3, x1 − x2 + x3 ≥ 2, with
(x1, x2, x3) ∈ [−1, 3]× [−1, 1]× [0, 1]. We havēa1(λ) = 1, ā2(λ) = λ−(1−λ) = 2λ−1,
ā3 = 1, andb̄ = 3λ+ 2(1− λ) = 2 + λ. Hence

L1(λ) = b̄ − (ā2(λ)w2 + ā3(λ)w3)
= 2 + λ − ((2λ− 1)w2 + w3),

wherewj = uj if āj(λ) ≥ 0 andwj = ℓj otherwise, forj ∈ {2, 3}. This yields

L1(λ)

ā1(λ)
= L1(λ) =

{

3λ if λ ∈ (0, 1
2 ]

2− λ if λ ∈ (12 , 1],

which attains, forλ = 1
2 , a maximumLi(

1
2 ) = 3

2 , a tighter lower bound onx1. L1(λ)
āi(λ)

is
depicted in Figure 1a.

Example.Consider the two inequalities15x1+2x2+x3−2x4 ≥ 4 and−x1−2x2−6x3+
x4 ≥ 5, with (x1, x2, x3, x4) ∈ [−1, 3]× [0, 2]× [−1, 1]× [1, 6]. Then

ā1(λ) = 15λ − (1− λ) = 16λ− 1
ā2(λ) = 2λ − 2(1− λ) = 4λ− 2
ā3(λ) = λ − 6(1− λ) = 7λ− 6
ā4(λ) = −2λ + (1− λ) = −3λ+ 1
b̄(λ) = 4λ + 5(1− λ) = −λ+ 5,

and
L1(λ)

ā1(λ)
=

5− λ− ((4λ− 2)w2 + (7λ− 6)w3 + (1− 3λ)w4)

16λ− 1
, wherewj = uj if

āj(λ) ≥ 0 andwj = ℓj otherwise, forj ∈ {2, 3, 4}. This provides a valid lower bound
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(a) MaximumL1(λ̄)

ā1(λ̄)
= 3

2
at λ̄ = 1
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ā1(λ̄)
= 5

14
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.

Fig. 1 Plots of Li(λ)
āi(λ)

for two pairs of inequalities. In (a), the two inequalitiesx1 + x2 + x3 ≥ 3, x1 −

x2 + x3 ≥ 2, with (x1, x2, x3) ∈ [−1, 3]× [−1, 1]× [0, 1] yield a tighter lower bound onx1. In (b), the
two inequalities15x1 + 2x2 + x3 − 2x4 ≥ 4 and−x1 − 2x2 − 6x3 + x4 ≥ 5, with (x1, x2, x3, x4) ∈
[−1, 3]× [0, 2]× [−1, 1]× [1, 6], provide a tighter lower bound5

14
≈ .35714 > −1 onx1.

onx1 for ā1(λ) = 16λ− 1 > 0 or λ ∈ ( 1
16 , 1].

L1(λ)
ā1(λ)

attains a maximum for̄a2(λ) = 0, or

λ = 1
2 , and thus a tighter boundℓ′1 = 5

14 > ℓ1 = −1, as shown in Figure 1b.

OBBT and bounds from linear inequalities.Tightening a lower bound via OBBT, as shown
in (2), consists of solving the LP problemmin{xi : Ax ≥ b, x ∈ [ℓ, u]}. Note that the FBBT
procedure shown in Section 2 is equivalent to solving a relaxation that considers a single
inequality:ℓ′i = min{xi :

∑

j∈N ajxj ≥ b, x ∈ [ℓ, u]}. Analogously, inferring new bounds
using pairs of inequalities, as shown in this section, is equivalent to solving the LP problem
ℓ′i = min{xi :

∑

j∈N a′jxj ≥ b′,
∑

j∈N a′′j xj ≥ b′′, x ∈ [ℓ, u]}, which is a relaxation w.r.t.
the LP problem used in OBBT but, in accordance with what observed above, a restriction
(thus guaranteeing a better bound) of the FBBT of Section 2.

On a related note, solving the LP problem used in OBBT is equivalent to solving the
Lagrangian dual problemmaxλ≥0 L(λ), whose objective function is

L(λ) = minx∈[ℓ,u]

{

xi −
∑

j∈M λj
(
∑

h∈N ajhxh − bj
)

}

(note that for anyλ ∈ R
m
+ L(λ) gives a valid lower bound onxi). The equivalence is trivial

asmin{xi : Ax ≥ b, x ∈ [ℓ, u]} = maxλ≥0 L(λ). While FBBT is a restriction of the
dual problemmaxλ≥0 L(λ) where all Lagrangian multipliers but one are fixed to zero, the
technique we presented above is a restriction where all buttwomultipliers are fixed to zero.

4 Separation procedure

This section presents a procedure for bound tightening based on the ideas described above.
An exhaustive bound tightening should consider all and onlythe pairs of linear inequalities
that have a potential for bound reduction, without making the generation of new bounds too
computationally intensive.

Corollary 1 The pair of inequalities (5) tightens a variable bound only if there is at least
one variablexi whose coefficientsa′i anda′′i are nonzero and have opposite sign:

∃i ∈ N : a′ia
′′
i < 0. (10)
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Proof If coefficientsa′i anda′′i have the same sign fori ∈ N , the setΛ defined above is
empty, and for Proposition 1 there is no bound tightening. ⊓⊔

DenoteN ′ = {i ∈ N : a′i 6= 0} and similarlyN ′′. DefineI = {i ∈ N ′ ∩N ′′ : a′ia
′′
i <

0}, k = |I| andΛ = {λ ∈ (0, 1) : (∃i ∈ N : āi(λ) = 0)}. RewriteΛ = {λ1, λ2 . . . , λk}

where0 < λ1 ≤ λ2 . . . ≤ λk, and denoteλ0 = 0.
A straightforward method for evaluating, for everyλ ∈ Λ and for every variablexi, the

potential new boundsLi(λ)
āi(λ)

andUi(λ)
āi(λ)

has a complexity ofO(n3), becauseLi(λ) andUi(λ)

are sums of at mostn terms and hence require eachO(n) operations. However, bothLi(λ)
andUi(λ) can be computed for anyλj incrementally fromλj−1 for all j ∈ {1, 2 . . . , k}.

Specifically, forλ0 we havēb(λ0) = b̄(0) = b′′, āi(0) = a′′i for i ∈ N ′ ∪ N ′′, while
P+(0) = {i ∈ N : a′′i > 0} andP−(0) = {i ∈ N : a′′i < 0}. Hence,

Li(0) = b′′ −
∑

k∈P+(0)\{i} a
′′
kuk −

∑

k∈P−(0)\{i} a
′′
kℓk

Ui(0) = b′′ −
∑

k∈P+(0)\{i} a
′′
kℓk −

∑

k∈P−(0)\{i} a
′′
kuk.

Also, notice thatP+(λ) = P+(0) for all λ ∈ (0, λ1), i.e., the coefficients do not change
sign between 0 andλ1. Define

L′ = b′ −
∑

k∈P+(0) a
′
kuk −

∑

k∈P−(0) a
′
kℓk

U ′ = b′ −
∑

k∈P+(0) a
′
kℓk −

∑

k∈P−(0) a
′
kuk,

and analogouslyL′′ andU ′′ using coefficientsa′′ andb′′ in place ofa′ andb′. Notice that
lower and upper bounds are chosen according to the sign ofā(λ) rather than the sign of the
coefficientsa′ anda′′ of the single inequalities. Then

Li(λ) = λL′ + (1− λ)L′′ + āi(λ)di;
Ui(λ) = λU ′ + (1− λ)U ′′ + āi(λ)fi,

where(di, fi) = (ui, ℓi) if āi(λ) > 0 and(di, fi) = (ℓi, ui) otherwise. Supposeλ1 ∈ Λ is
related to a variablexh such that̄ah(λ) = (a′h − a′′h)λ+ a′′h = rλ+ s is zero forλ = λ1.
If r = a′h − a′′h > 0, the (combined) coefficient̄ah(λ) turns from negative to positive at
λ = λ1, andL′, U ′, L′′, U ′′ must be updated accordingly. This is easily accomplished by

L′ ← L′ + a′hδ L′′ ← L′′ + a′′hδ

U ′ ← U ′ − a′hδ U ′′ ← U ′′ − a′′hδ,
(11)

whereδ = ℓh−uh. If r < 0, δ = uh−ℓh. A similar update will be needed forλj with j > 1,
but at each step, for continuity,Li(λj) andUi(λj) can be computed inO(1). The separation
procedure for a pair of inequalities is summarized in Algorithm 1. We omit the obvious
rounding step for integer variables for the sake of simplicity. The core of the procedure is in
lines 9 to 19. Given that the update step in line 18 has complexity O(1) and that bothΛ and
N ′ ∩N ′′ have at mostn elements, COMBINEINEQShas a complexity ofO(n2).

To prevent numerical problems associated with the incremental update of the parameters
L′, U ′, L′′, U ′′, large lower and upper boundsℓk, uk are not added explicitly to the expres-
sion. If an infinite upper bounduk is considered in the update step in line 18 and makes, for
instance,L′ = −∞, the addition is not carried out but a distinct flag is used to avoid the
update ofℓi. We omit the technical details and refer the interested reader to the source code.

In the more general case, each constraint of the LP relaxation may have both a lower
and an upper bound, one of them possibly infinite. A pair of constraints can be defined as

b′ ≤
∑

i∈N a′ixi ≤ g′, b′′ ≤
∑

i∈N a′′i xi ≤ g′′,
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Algorithm 1 COMBINEINEQS(a′, a′′, b′, b′′, ℓ, u)

1: I ← {i ∈ N ′ ∩N ′′ : a′ia
′′

i < 0}

2: Λ← {
a′′

i

a′

i
−a′′

i

: i ∈ I}

3: denoteΛ = {λ1, λ2 . . . , λk} s.t.0 < λ1 ≤ λ2 ≤ . . . ≤ λk < 1 andk = |I|
4: L′ ← b′ −

∑

k∈N′′:a′′

k
>0 a

′

k
uk −

∑

k∈N′′:a′′

k
<0 a

′

k
ℓk

5: U ′ ← b′ −
∑

k∈N′′:a′′

k
>0 a

′

k
ℓk −

∑

k∈N′′:a′′

k
<0 a

′

k
uk

6: L′′ ← b′′ −
∑

k∈N′′:a′′

k
>0 a

′′

k
uk −

∑

k∈N′′:a′′

k
<0 a

′′

k
ℓk

7: U ′′ ← b′′ −
∑

k∈N′′:a′′

k
>0 a

′′

k
ℓk −

∑

k∈N′′:a′′

k
<0 a

′′

k
uk

8: for i ∈ N ′ ∪N ′′: ℓ̄i ← −∞; ūi ← +∞
9: for j ∈ {1, 2 . . . , k} do

10: for i ∈ N ′ ∪N ′′ do
11: if āi(λj) > 0 then

12: ℓ̄i ← max

{

ℓ̄i,
λjL

′+(1−λj)L
′′+āi(λj)ui

āi(λj)

}

13: end if
14: if āi(λj) < 0 then

15: ūi ← min

{

ūi,
λjU

′+(1−λj)U
′′+āi(λj)ℓi

āi(λj)

}

16: end if
17: end for
18: updateL′, U ′, L′′, U ′′ using (11)
19: end for
20: return[ℓ̄, ū]

with b′, b′′ ∈ R ∪ {−∞} andg′, g′′ ∈ R ∪ {+∞}. In equality constraints,b′ = g′ and
b′′ = g′′. In this more general case, multiple calls should be made, namely:

– if b′ > −∞ andb′′ > −∞, COMBINEINEQS(a′, a′′, b′, b′′, ℓ, u);
– if b′ > −∞ andg′′ < +∞, COMBINEINEQS(a′,−a′′, b′,−g′′, ℓ, u);
– if g′ < +∞ andb′′ > −∞, COMBINEINEQS(−a′, a′′,−g′, b′′, ℓ, u); and
– if g′ < +∞ andg′′ < +∞, COMBINEINEQS(−a′,−a′′,−g′,−g′′, ℓ, u).

Our implementation runs COMBINEINEQS on each suitable pair of inequalities; after
each call, if tighter bounds are obtained, they are updated for use in the next call.

5 Computational tests

This section presents computational results obtained on two BB algorithms: one for MINLP
and one for MILP. For both, we have implemented the procedurein the previous section,
which we call TWOIMPL. The two implementations are virtually identical, as theironly
input is an LP relaxation available to both MILP and MINLP solvers. The BB procedure,
at the root node and at every subproblem, obtains a lower bound on the objective function.
This works as follows:

– solve the LP relaxation (3), where new variable bounds mighthave been introduced by
branching rules or other bound reduction methods;

– apply cut generators to generate valid inequalities violated by the LP solution obtained.

This is repeated until either no new cuts are found, or a limitin the number of iterations or
CPU time has been reached.
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At the first iteration of the root node, a relaxation (3) of (1)is created. Assuming that (3)
consists ofm inequalities, an initial bound reduction using TWOIMPL has a complexity of
O(m2n2). In all other calls to TWOIMPL, an initial relaxation and a set of cuts (the result of
other cut generators) are available. We denote the overall relaxation asAx ≥ b, and index
the inequalities of the initial relaxation with the setM = {1, 2 . . . ,m} and the amended
inequalities withM ′ = {m+ 1,m+ 2 . . . ,m+ h}. Then a pair(k′, k′′) ∈ (M ∪M ′)2 of
inequalities may improve a variable bound, i.e., it is worthto run COMBINEINEQS on the
pair, if (10) is satisfied and one of the following holds:

– k′ ∈ M ′ or k′′ ∈ M ′, as the tightening produced by pairs of inequalities containing at
least one new cut has not yet been studied;

– k′ ∈ M andk′′ ∈ M , but at least one of the variables with nonzero coefficients in the
inequalitiesk′ or k′′ has a tighter bound.

This does not improve the worst case complexity, which isO((m+ h)2n2), but it is useful
in practice for MINLP solvers, which usually produce very sparse LP relaxations and few
bounds are expected to change due to branching rules.

TWOIMPL is described in Algorithm 2, where we denote asAi the row vector cor-
responding to the coefficients of thei-th inequality ofAx ≥ b, and asx(Ai) the set of
variables whose coefficient is nonzero inA⊤

i x ≥ bi.

Algorithm 2 TWOIMPL(A, b,M,M ′)

1: for j ∈M ∪M ′ do
2: for h ∈M ∪M ′ \ {i} do
3: if M ′ = ∅ or i ∈M ′ or h ∈M ′ or

(at least one bound ofx(Ai) ∪ x(Ah) changed since previous call to TWOIMPL) then
4: [ℓ, u]← COMBINEINEQS(Ai, Ah, bi, bh, ℓ, u)
5: end if
6: end for
7: end for

TWOIMPL requires a substantial portion of the total CPU time required or allotted to
solve a MINLP/MILP problem. Therefore, it is best used only when it reduces variable
bounds. Although we cannot predict whether or not this procedure will be useful, one or
more ineffective calls justify an early exclusion of the procedure. To this purpose, we use
four parameters(f, n, d, s) to control the number of runs of TWOIMPL:

f : a frequencyparameter. TWOIMPL is run everyf BB nodes. Iff = 1, it is run at every
node; iff = k, with k > 1, it is run at everyk-th node. Iff = −k, with k > 0, it is run
at the root node and, if at least one bound is tightened at the root node, it is run at every
k-th of the subsequent nodes, otherwise it is never called again.

n: the maximum number of times TWOIMPL is run at each node. If no bounds are tightened
at thei-th iteration, withi < n, the procedure is stopped.

d: the depth of the BB tree after which the frequency of calls toTWOIMPL decreases. If
nodei is at depthl of the BB tree, TWOIMPL is run (given that the conditions on the
other parameters are satisfied) with probability equal to 1 if l ≤ d, and 1

1+l−d otherwise.
s: the depth of the BB tree after which TWOIMPL is no longer run.

Parametersf , d, ands are used together, i.e., a BB node must satisfy the conditions on all
three parameters in order for TWOIMPL to be run. For example, iff = 3, d = 5, ands = 8,
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TWOIMPL is run at node 9 at depth4; it is run with probability1
2 at node18 at depth6; it is

not run at node2 at depth 1; and it is not run at node24 at depth9.
We have used five variants, each with a time limit of two hours.Each variant is identified

by a 4-tuple of parameter values (note that the parameterf is negative in all cases, which
implies that TWOIMPL is only used throughout the BB if successful at the root node):

plain: TWOIMPL is never run;
twoRepeat: (f, n, d, s) = (−1, 10, 5, 20). Although its use is limited to nodes with depths

of 20 or smaller, at each node TWOIMPL is run up to ten times. The main purpose of
this test is to check the utility of multiple calls early in the development of the BB tree.

twoStandard: (f, n, d, s) = (−1, 2, 5, 20). This is a standard parameter setting as it limits
the application of TWOIMPL to BB nodes with small depths, thus especially suited for
mid-size problems.

twoMinimal : (f, n, d, s) = (−1, 1, 1, 5). This a lighter version where TWOIMPL is allotted
much fewer resources (it may be called in not more than25 − 1 = 31 nodes), and is
targeted at large MINLP/MILP problems.

twoSparse: (f, n, d, s) = (−10, 1, 10,+∞). This version allows execution of TWOIMPL

at any node of the BB tree irrespective of its depth, but only one every ten nodes can be
tested and with probability decreasing with depth.

We aimed at diversifying the experimental setup, hence we have generated a heterogeneous
set of variants. It is obviously hard to identify a variant ofTWOIMPL that performs reason-
ably well on most practical MINLP and MILP instances, and even tuning all parameters to
a single instance is not trivial. We have opted for a number ofvariants with a reasonable
trade-off between completeness and clarity, although we keepf < 0 in all variants in order
to make the root node decisive in deciding whether TWOIMPL should be used throughout
the BB or not. Limited preliminary experiments, in fact, showed mild correlation in actual
bound reduction between the root node and the remaining ones.

5.1 Tests on MINLP problems

We have implemented TWOIMPL in Couenne [3], an Open-Source branch-and-bound solver
for MINLP that is available in theCOIN-OR repository (http://www.coin-or.org ), and
is distributed under the Eclipse Public License [10]. Installation and usage instructions are
available athttp://www.coin-or.org/Couenne . Couenne employs linearization, various
bound reduction methods (including FBBT and OBBT), a simplerounding heuristic for
finding feasible solutions, and areliability branchingscheme [5]. Couenne obtains a lower
bound on the optimal solution of the MINLP (1) by reformulating the problem as outlined in
Section 2 and described in more detail in [15, 18, 26], and generating an LP relaxation (3).
At each node of the BB, various cut generation procedures areused: up to four rounds of cuts
to refine the linear relaxation and, after each round of linearization, a round of TWOIMPL,
to ensure that newly generated linearization cuts can be used for bound tightening. The BB
algorithm applies abest boundpolicy, i.e., the BB node with lowest lower bound is selected
at every iteration. All tests were run using thetrunkversion of Couenne1.

Couenne relies on other programs, some of them also part of the COIN-OR repository: a
local minimum for the LP relaxations is found byIPOPT [28], while the BB is implemented
using routines of CBC [8], and the LP solver to solve relaxations is CLP [12]. The generator

1 The source code with the implementation of the procedure described in this paper is available at
https://projects.coin-or.org/Couenne/browser/trunk/ Couenne/src/two implied bt
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of linearization inequalities is a specialization of theCGL library for cut generation [17].
Couenne also uses software not from the COIN-OR framework: BLAS, LAPACK, routines
ma27 andmc19 from HSL, and the AMPL Solver Library (ASL).

We have conducted tests on several MINLP instances from the online librariesGLOB-
ALLIB 2, MINLPLIB 3, andMACMINLP 4. There are 791 instances in total, but we present the
results on a subset of them, excluding those for which

– none of the variants took more than one minute (these are easily solved instances, and
we are not interested in solving these more efficiently);

– no substantial difference is observed in the CPU time, lowerbound, or number of BB
nodes. This may happen because of how TWOIMPL is employed: in fact, it may be
excluded from Couenne after a few runs if it proves ineffective, and as a consequence
the result is similar to that of theplain version.

We have performed a set of tests using the Palmetto cluster atClemson University, with
several machines equipped with different processors and RAM memory. Although two in-
stances may have been solved on different machines, all five variants of Couenne used the
same machine for each instance.

Tables 2, 3, and 4 below summarize the results on MINLP instances, whereas Table 1
shows results on Nonlinear Programming (NLP) problems, with continuous variables only.
The first four columns are a description of the instance (name, number of variables, integer
variables, and constraints). For each of the five variants, we report the CPU time and the
number of BB nodes; if no optimal solution was found after thetime limit, we report the
lower bound (in brackets) and the gap w.r.t. the best integersolution found by any of the five
variants (or a “–” if no such upper bound is found). For the four variants using TWOIMPL,
we report the numbernbt of calls to TWOIMPL that tightened at least one bound and the total
time tbt spent by TWOIMPL. The best performances are highlighted in bold when differing
significantly. Unfortunately, for some of the instances, either numerical problems or unstable
components of Couenne terminated the Branch-and-bound without collecting performance
data. For those instances, we add a “–” in the tables.

Out of the 791 MINLP instances approached, only 218 survivedthe exclusion criteria
outlined above: for 69 NLP and 33 MINLP instances (out of 448 and 343, respectively), all
variants had very similar performances, while the remaining 471 instances were solved by
all variants in less than a minute. The tables show that at least one variant of Couenne with
TWOIMPL has the best performance in a significant percentage of the instances. However,
the CPU time used by TWOIMPL is sometimes a large portion of the available time limit,
although for some cases it does not result in an improved overall performance. The two
versions of TWOIMPL that appear to have an overall better result aretwoStandard and
twoMinimal , suggesting that, while TWOIMPL should not be applied at all BB nodes (unlike
twoSparse), it is more beneficial at nodes with limited depth, and that one iteration (as
opposed to the ten iterations oftwoRepeat) is sufficient on average.

This variability in the performance of TWOIMPL is apparent even within the same class
of instances. The first rows of Table 3 contain convex MINLP instances (i.e., MINLP prob-
lems whose continuous relaxation is a convex NLP). For some instances, TWOIMPL may
help Couenne find a tighter lower bound, but for others it simply occupies CPU resources
without improving any bound.

2 http://www.gamsworld.org/global/globallib.htm
3 http://www.gamsworld.org/minlp/minlplib.htm
4 http://wiki.mcs.anl.gov/leyffer/index.php/MacMINLP
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Preliminary experiments showed that applying TWOIMPL to all BB nodes was detri-
mental to Couenne, as for several instances it had no positive effect. Introducing the control
layer based on the aforementioned parameters(f, n, d, s) has improved dramatically the im-
pact of TWOIMPL. This suggests that the utility of this bound tightening procedure is very
dependent on early detection of its impact (or lack thereof), and a more sophisticated pro-
cedure – for example, excluding variables whose bounds are seldom tightened – would be
helpful in this regard, especially because of the CPU time invested in it.

5.2 Tests on MILP problems

Although we had MINLP problems in mind while developing the first version of TWOIMPL,
we have tested it on MILP problems as well. We have added a version of TWOIMPL to
the Open-Source MILP solver Cbc [11] and tested 94 instancesfrom the MIPLIB 35 and
MIPLIB 20036 online libraries. Out of 94 instances, 47 were solved in under a minute by all
variants, and a similar performance of all variants was observed for another 32. This leaves
15 instances. Table 5, with the same format as Tables 1-4, summarizes the results for these.

The results appear less favorable for TWOIMPL than they do in the MINLP case. The
most important cause for worse performance is clear from instancesair04, air05, mod011,
mzzv11, mzzv42z, andnw04, which are also the largest instances: although the procedure did
tighten bounds, this has no effect on the CPU time of the branch-and-bound, even though
the time spent in the bound tightening procedure is of the same order of magnitude as that
of the BB. For some of the instances which theplain variant cannot solve in two hours,
TWOIMPL does improve the lower bound and sometimes (withroll3000) closes the gap.

Although extending the application of TWOIMPL to MILP is straightforward, we should
remember that LP relaxations (3) used to find lower bounds of MINLP problems such as (1)
have a very peculiar structure that derives from the lower bounding technique. In general,
one cannot expect MINLP problems to be sparser than MILP problems, although lower
bounding techniques for MINLP, in general, do create sparseLP relaxations. Whether a
problem has an LP relaxation with a sparse or a dense coefficient matrix has different con-
sequences on TWOIMPL: in a sparser problem, fewer terms are involved in the computation
for each pair of constraints, and hence TWOIMPL may take less CPU time.

Another explanation of why TWOIMPL seems less useful for MILP than it is for MINLP
is that modern state-of-the-art MILP software can solve farlarger problems than MINLP
problems. The complexityO(n2m2) of our procedure clearly makes it less appealing, and
even less so given that bound tightening is not as important in MILP as it is for MINLP
problems. On a related note, the variant that seems to be moresuccessful among those
using TWOIMPL is twoMinimal. This suggests that for MILP problems it is worth running
TWOIMPL only for a few nodes at the beginning, in agreement with the scaling argument.

6 Concluding remarks and open questions

We have presented a bound reduction technique for MILP and MINLP. An implementation
for MINLP is readily available for download in the COIN-OR repository, and that for MILP
is available upon request. The procedure is beneficial to MINLP solvers, and partially to

5 http://www.caam.rice.edu/˜bixby/miplib/miplib3.html
6 http://miplib.zib.de
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MILP solvers, for a number of difficult instances, albeit thesignificant CPU time spent
sometimes makes it counterproductive. This could be improved in different ways:

– with a parallel implementation. Since only a portion of the algorithm cannot be decom-
posed (namely lines 9-19 of COMBINEINEQS), if O(m2) processors were available the
procedure would have a complexity ofO(n2). This can be further improved toO(n) by
observing that the inner loop of lines 10-18 can also be parallelized.

– conditions might be developed to avoid tests between certain pairs of inequalities that
provably cannot yield tightened bounds.

Extending this procedure to obtain bounds using more than two inequalities seems a much
more challenging task: in fact, choosing three multipliers(i.e., two degrees of freedom) does
away with the relatively simple one-dimensional optimization problem discussed here.

7 Acknowledgments

The author is grateful to Pierre Bonami, Jeff Linderoth, andFrançois Margot for useful
discussions in a preliminary phase of this work, and to two anonymous referees for insightful
comments.

References

1. K. Abhishek, S. Leyffer, and J. T. Linderoth. FILMINT : An outer-approximation-based
solver for nonlinear mixed integer programs. Preprint ANL/MCS-P1374-0906, 2006.

2. E. D. Andersen and K. D. Andersen. Presolving in linear programming.Mathematical
Programming, 71:221–245, 1995.

3. P. Belotti.COUENNE: a user’s manual. Technical report, Lehigh University, 2009.
4. P. Belotti, S. Cafieri, J. Lee, and L. Liberti. Feasibility-based bounds tightening via fixed

points. In W. Wu and O. Daescu, editors,Combinatorial Optimization and Applications,
volume 6508 ofLecture Notes in Computer Science, pages 65–76. Springer Berlin /
Heidelberg, 2010.

5. P. Belotti, J. Lee, L. Liberti, F. Margot, and A. Ẅachter. Branching and bounds tight-
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plain twoRepeat twoStandard twoMinimal twoSparse
Name var con t(lb) nd(gp) t(lb) nd(gp) nbt tbt t(lb) nd(gp) nbt tbt t(lb) nd(gp) nbt tbt t(lb) nd(gp) nbt tbt
bayes210 86 72 5800 90k 373 97k 92 3.1 1118 309k 106 0.9 1078 312k 10 0.0 1958 565k 2444 12.9
bayes220 86 74 (0) 0.0% (0) 0.0% 57 2.6 6353 1499k 34 0.3 (0) 0.0% 8 0.0 (0) 0.0% 162 1.0
bayes230 86 75 6442 1639k (0) 0.0% 204 8.5 (0) 0.0% 98 1.0 (0) 0.0% 17 0.1 4961 57k 405 2.3
bayes250 86 76 (0) 52.0% (0) 52.0% 114 7.1 – – – – 5765 2624 9 0.1 – – – –
chenery 43 38 151 96k 60 34k 19 0.1 59 34k 19 0.1 35 14k 5 0.0 38 18k 72 0.1
ex1243-cont 57 75 (36369) 1.9% (36279) 2.2% 934 6.2 (36267) 2.2% 948 5.0 (36230) 2.3% 8 0.0 (36249) 2.2% 14k 45.0
ex141 7 10 17 – – 21 3651 25 0.4 111 10k 26 2.0 1624 43k 5 0.0 (0) 0.0% 484 3526.3
ex5 2 5 32 19 (-4981.49) 29.7%(-4576.33) 23.5% 2496 73.6(-4287.39) 18.4% 3239 37.8(-4689.69) 25.4% 23 0.1(-4578.26) 23.5% 15k 102.7
ex5 3 3 62 53 (2.035) 39.5% (2.0945) 36.8% 51 0.5 (2.109) 36.2% 42 0.2 (2.074) 37.8% 7 0.0 (1.971) 42.5% 5590 22.4
ex5 4 4 27 19 (7171.75) 40.5% (6875.75) 46.6% 19k 67.6(6424.35) 56.9% 13k 30.8 1493 684k 54 0.0 (8872.82) 13.6% 138k 155.6
ex6 1 1 8 6 92 15k 84 15k 207 3.3 83 16k 274 1.6 62 12k 32 0.1 78 15k 590 2.7
ex6 1 3 12 9 241 28k 237 28k – 0.0 243 28k – 0.0 227 28k – 0.0 225 28k 2 0.1
ex6 2 11 3 1 254 30k 289 29k 2121 66.2 271 29k 2080 52.7 271 32k 65 0.4 287 25k 6068 90.4
ex6 2 12 4 2 169 16k 232 14k 2390 84.3 187 14k 2367 47.1 233 18k 89 0.4 256 16k 6102 81.8
ex6 2 9 4 2 696 31k 676 26k 1123 53.1 523 26k 1178 35.1 601 25k 114 0.5 640 24k 2174 46.6
ex7 2 3 8 6 (2624.65) 162.1% (2215.16) 210.5% 184 0.3(2208.28) 211.5% 178 0.2 1978 2452k 47 0.0 (2196.85) 213.1% 18k 23.8
ex8 4 2 24 10 (0.262) 17.6% (0.266) 17.4% 4263 68.2 (0.265) 17.4% 4337 55.7 (0.261) 17.7% 6 0.1 (0.214) 22.4% 20k 234.8
ex8 4 7 62 40 232 2537 995 6k 17 0.4 991 6k 17 0.4 459 2996 2 0.0 1214 7k 84 1.3
ex8 4 8 bnd 42 30 5513 21k 1321 5k 48 8.6 1488 6k 43 14.0 4547 19k 6 0.0 2930 10k 226 372.7
ex8 4 8 42 30 1562 6k 4069 14k 45 78.5 2135 8k 52 9.9 3838 13k 19 0.3 (3.038) 6.8% 520 3041.5
ex8 5 1 6 4 81 27k 62 19k 409 21.5 56 20k 360 11.6 49 21k 13 0.0 84 20k 1472 40.8
ex8 5 2 6 4 345 71k 4550 306k 2425 618.8 4817 297k 2585 712.7 3650 289k 28 0.0 (-1.78e-3) 0.0% 17k 2734.3
ex8 5 3 5 4 75 18k 76 8k 657 54.8 479 17k 1013 378.1 10 5k 37 0.1 8 2289 1077 4.8
ex8 5 6 6 4 375 48k 268 35k 496 41.8 – – – – 579 62k 32 0.0 755 50k 3432 320.6
hhfair 27 25 87 21k 9 3454 28 0.1 9 3454 28 0.0 9 3754 8 0.0 9 3530 133 0.0
least 3 0 3 612 (0) 0.0% 4 0.0 3 398 5 0.0 (0) 0.0% 4 0.0 3 636 18 0.0
polygon25 48 323 (-5.327) 71.9% (-1.571) 30.9% 1 0.8 (-1.571) 30.9% 1 0.8 (-1.571) 30.9% 1 0.4 (-1.571) 30.9% 5 2.4
qp1 50 2 (-0.244) 19.7% (-0.161) 14.0% 19 51.7 (-0.161) 14.0% 19 51.7 (-0.240) 19.5% 4 5.7 (-0.162) 14.1% 362 594.9
qp2 50 2 (-0.104) 9.5% (-0.182) 15.5% 32 59.7 (-0.182) 15.5% 32 59.8 (-0.153) 13.4% 5 7.9 (-0.185) 15.8% 400 622.6
qp3 100 52 (-0.253) 20.3% (-0.173) 14.9% 54 48.3 (-0.173) 14.9% 54 34.6 (-0.193) 16.3% 13 4.3 (-0.145) 12.8% 5994 2206.1

Table 1 Comparison between five versions of Couenne, one without and four with TWOIMPL. We report: number of variables and constraints of each instance (var, con); CPU
time (t) in seconds and number of branch-and-bound nodes (nd) if the variant solved the instance within the two hour time limit, otherwise the lower bound (lb) in brackets and
the optimality gap (gp) measured w.r.t. the best integer solution found by any of the five variants. For the four variants using TWOIMPL, we also report the number of iterations
of TWOIMPL that reduced at least one bound (nbt) and the total time spent within the procedure (tbt) in seconds. These instances are from thegloballib instance library, and
have no integer variables.
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plain twoRepeat twoStandard twoMinimal twoSparse
Name var int con t(lb) nd(gp) t(lb) nd(gp) nbt tbt t(lb) nd(gp) nbt tbt t(lb) nd(gp) nbt tbt t(lb) nd(gp) nbt tbt
conv
RSyn0805H 720 296 1886 5350 13k 5068 13k 117 19.7 5704 13k 117 18.2 5504 14k 7 0.9 5360 13k 586 54.0
RSyn0805M02M 360 148 769 1111 9k 1106 9k 107 4.6 1213 9k 107 4.4 1163 8k 17 0.4 1125 9k 224 5.4
RSyn0805M03M 540 222 1284 3927 16k 3859 16k 207 23.2 3854 16k 207 21.5 4144 17k 16 0.8 3750 15k 940 100.3
RSyn0805M04M 720 296 1886 5277 13k 4818 13k 117 18.5 4949 13k 117 17.2 5276 14k 7 0.8 4962 13k 586 50.9
RSyn0810H 820 336 2140 (-9052.6) 27.3% (-8895.1) 26.0% 279 52.0(-8878.9) 25.9% 287 49.7(-8872.8) 25.8% 20 2.5 (-8878.9) 25.9% 851 102.0
RSyn0810M03M 615 252 1452 (-4060.6) 32.9% (-4070.4) 33.1% 486 51.4(-4070.5) 33.1% 481 48.9(-4070.5) 33.1% 15 1.4(-4070.5) 33.1% 1453 114.0
RSyn0810M04M 820 336 2140 (-9061.1) 27.4% (-8878.9) 25.9% 287 53.1(-8878.9) 25.9% 286 49.6(-8867.0) 25.8% 20 2.4 (-8878.9) 25.9% 849 101.5
RSyn0815H 940 376 2430 (-6066.7) 44.8% (-6004.6) 44.2% 89 24.4 (-6004.6) 44.2% 94 18.6 (-6025.9) 44.4% 8 1.0(-6043.6) 44.6% 323 37.4
RSyn0815M02M 470 188 981 (-2397.0) 26.5% (-2389.6) 26.3% 443 42.4(-2384.6) 26.1% 399 24.6(-2385.2) 26.1% 17 0.4 (-2395.6) 26.5% 1971 97.8
RSyn0815M03M 705 282 1647 (-4121.6) 31.7% (-4052.3) 30.5% 259 42.4(-4049.0) 30.5% 239 28.0(-4046.1) 30.4% 18 1.2 (-4056.8) 30.6% 1020 76.9
RSyn0815M04M 940 376 2430 (-6064.9) 44.8% (-6027.4) 44.4% 87 24.0(-6025.9) 44.4% 94 18.7 (-6027.4) 44.4% 8 1.0(-6047.0) 44.6% 320 36.9
Syn15M03H 453 90 768 287 0 458 0 1 0.0 451 0 1 0.0 447 0 1 0.0 444 0 1 0.0
Syn15M03M 255 90 537 80 536 75 534 119 5.7 72 534 119 3.3 73 534 14 0.2 83 534 470 7.4
Syn15M04H 604 120 1114 182 116 55 2 3 0.3 55 2 3 0.1 4268 0 1 0.0 4218 0 1 0.0
Syn15M04M 340 120 806 299 1767 325 1763 289 23.0 314 1761 267 12.7 301 1761 9 0.3 323 1765 893 23.2
mac/conv
c-sched2 400 308 137 (-2.69e6) 94.2% (-5.12e6) 96.9% 16 34.4(-2.56e6) 93.9% 34 28.7 – – – – (-2.65e6) 94.1% 180 141.0
trimloss12 800 644 372 (1.765) 0.0% (4.069) 0.0% 9 5.1 (4.070) 0.0% 9 3.8 (3.277) 0.0% 1 0.6 (4.961) 0.0% 13 3.3
trimloss4 105 85 64 2366 17k 2117 9k 153 1.9 4696 24k 149 1.6 5015 96k 12 0.1 2855 11k 589 3.7
trimloss5 161 131 90 (5.692) – (5.918) – 65 1.3 (5.918) – 65 1.2 (6.1) – 4 0.0 – – – –
trimloss6 345 289 154 (4.184) – (4.633) – 15 1.1 (4.634) – 15 1.0 (4.4) – 5 0.2 (4.6) – 39 1.3
trimloss7 345 289 154 (4.184) – (4.633) – 15 1.1 (4.6) – 15 1.0 (4.3) – 5 0.1 (4.6) – 39 1.3
mac/nconv
space-25 893 750 235 (89.681) – (93.116) – 16 0.4 (93.281) – 14 0.2 (94.432) – 4 0.0 – – – –
space-960-ir 3617 960 3617 (6.49e6) – (6.49e6) – 1 9.3 (6.49e6) – 1 9.3 (6.49e6) – 1 5.5 – – – –
trimlon4 24 24 24 (5.895) 34.9% 4 1586 14 0.0 4 1586 14 0.0 (8.236) 0.7% 3 0.0 (7.078) 15.1% 35 0.0
trimlon5 35 35 30 (7.357) 35.2% 1381 833k 18 0.0 1357 833k 18 0.0 1595 894k 7 0.0 (9.513) 7.5% 1360 3.0
trimlon7 63 63 42 (6.267) 129.8% (7.212) 103.3% 6 0.0 (7.213) 103.3% 6 0.0 (6.593) 119.9% 3 0.0 – – – –
pooling
example4 26 0 35 17 6k 12 2617 85 3.9 13 3600 75 1.0 168 55k 18 0.1 7 1616 101 0.8
foulds3 168 0 48 (-71.274) 87.5% (-74.747) 88.1% 26 2.8(-74.747) 88.1% 26 2.2(-74.240) 88.0% 6 0.3(-73.908) 88.0% 171 7.8

Table 2 Comparison between five versions of Couenne, one without and four with TWOIMPL. We report: number of variables, integer variables, and constraints of each instance
(var, int, con); CPU time (t) in seconds and number of branch-and-bound nodes (nd) if the variant solved the instance withinthe two hour time limit, otherwise the lower bound
(lb) in brackets and the optimality gap (gp) measured w.r.t. the best integer solution found by any of the five variants. For the four variants using TWOIMPL, we also report the
number of iterations of TWOIMPL that reduced at least one bound (nbt) and the total time spent within the procedure (tbt) in seconds. These instances are from multiple sources.
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plain twoRepeat twoStandard twoMinimal twoSparse
Name var int con t(lb) nd(gp) t(lb) nd(gp) nbt tbt t(lb) nd(gp) nbt tbt t(lb) nd(gp) nbt tbt t(lb) nd(gp) nbt tbt
du-opt5 18 11 6 959 1308 651 1009 4 2.8 650 1009 4 1.7 1384 2471 1 0.4 877 1528 11 2.5
du-opt 20 13 8 2407 11k (3.556) 0.0% 5 3.7 (3.556) 0.0% 5 2.6 (3.556) 0.0% 1 0.5 (3.556) 0.0% 214 51.4
fo8 ar4 1 144 56 347 (16.365) 47.7% (18.399) 32.2% 2626 210.9 (18.392) 32.3% 2604 150.3 (17.908) 35.7% 28 1.0 (16.236) 48.8% 49k 1569.4
fo7 2 112 42 211 (17.726) 0.1% (3.703) 298.7% 4298 224.3 (3.706) 298.4% 4304 136.5 (9.537) 77.9% 24 0.5 (3.264) 339.7% 13k 223.3
fo7 ar2 1 112 42 269 (20.737) 18.9% (22.080) 12.0% 18k 1123.5 (22.202) 11.4% 19k 815.6 (19.595) 25.5% 31 0.7 (20.324) 21.2% 63k 1444.9
fo7 ar251 112 42 269 (18.993) 20.7% (19.143) 19.8% 8632 482.2(19.160) 19.7% 8588 358.4 (18.871) 21.4% 31 0.7 (21.760) 6.0% 60k 1362.6
fo7 ar3 1 112 42 269 (18.48) 20.7% (18.512) 20.5% 5861 371.8(18.418) 21.1% 5706 241.2 (16.430) 34.9% 30 0.7 (21.495) 4.5% 16k 405.4
fo7 ar4 1 112 42 269 (18.561) 11.1% (18.682) 10.4% 6763 483.3(18.652) 10.6% 6713 292.3 6445 1483k 32 0.8 (17.993) 14.4% 66k 1607.3
fo7 ar5 1 112 42 269 (11.918) 45.1% (13.941) 25.5% 544 31.2 1530 381k 4604 194.5 (15.337) 14.8% 25 0.7 2597 566k 24k 596.4
fo7 112 42 211 (10.533) 114.3% (4.097) 384.8% 7678 361.8 (3.997) 394.6% 8557 266.4 (4.329) 363.7% 15 0.3 (7.223) 200.5% 88k 1524.5
fo8 ar2 1 144 56 347 (23.792) 26.4% (20.283) 47.3% 15k 1194.8 (20.395) 46.5% 15k 931.4 (19.548) 52.5% 38 1.3 (22.669) 32.4% 59k 1971.8
fo8 ar251 144 56 347 (20.566) 46.8% (20.087) 50.2% 12k 1064.5 (20.720) 45.8% 14k 904.0 (18.238) 64.6% 31 1.1 – – – –
fo8 ar3 1 144 56 347 (19.862) 28.3% (21.221) 20.5% 2167 202.2(21.225) 20.4% 2177 140.0 (20.032) 27.3% 19 0.7 (22.064) 16.1% 11k 388.3
fo8 ar5 1 144 56 347 (15.688) 98.4% (10.486) 188.3% 885 70.5 (10.486) 188.3% 885 54.5 (16.806) 86.0% 21 0.8 (11.010) 175.7% 8796 307.6
fo8 144 56 273 (4.802) 380.4% (2.133) 789.5% 11k 623.4 (2.185) 775.0% 12k 521.6 (6.038) 296.0% 27 0.8 (3.368) 538.1% 69k 1793.9
fo9 ar2 1 180 72 435 (22.884) 83.6% (24.602) 71.3% 2001 183.7 (24.601) 71.3% 1998 167.6 (24.345) 73.0% 27 1.3 (23.860) 76.4% 35k 1663.5
fo9 ar251 180 72 435 (21.808) 133.0% (16.332) 206.6% 452 39.6 (16.332) 206.6% 454 37.7 (17.788) 182.8% 32 1.5 (17.803) 182.6% 7275 356.1
fo9 ar3 1 180 72 435 (20.032) 178.0% (19.333) 187.6% 3464 372.7(19.351) 187.3% 3463 298.8 (20.032) 178.0% 21 1.1 – – – –
fo9 180 72 343 (2.584) 1355.4% (2) 1638.9% 3649 303.4 (2) 1638.9% 4013 261.8 (5.75) 672.9% 21 1.1 – – – –
gasnet 86 10 67 (3.357e6) 108.5%(3.406e6) 105.5% 119 0.8(3.436e6) 103.7% 123 0.6(3.484e6) 100.9% 24 0.1(3.512e6) 99.3% 739 2.9
m7 ar2 1 112 42 269 221 76k 3538 1185k 11k 578.9 3406 1185k 11k 454.5 1663 667k 21 0.5 993 330k 7623 159.9
m7 ar3 1 112 42 269 897 285k 92 18k 266 14.4 89 18k 266 11.2 349 96k 29 0.7 148 21k 2483 59.3
m7 ar4 1 112 42 269 959 260k 266 46k 1498 79.6 454 101k 2292 87.1 26 3615 20 0.5 292 48k 4021 94.2
m7 ar5 1 112 42 269 1528 447k 934 250k 2664 151.8 894 254k 2676 105.2 505 144k 24 0.6 1262 304k 12k 279.4
m7 112 42 211 485 199k 236 92k 478 23.0 204 90k 462 13.2 118 47k 29 0.6 210 74k 1215 20.5
minlphix 37 7 38 (−∞) – 13 50 10 0.0 1 30 13 0.0 13 50 5 0.0 1 40 16 0.0
no7 ar2 1 112 42 269 (92.367) 16.5% 3906 635k 12k 850.4 3800 644k 12k 607.6 (85.399) 25.9% 17 0.5 5582 894k 39k 1126.8
no7 ar251 112 42 269 (82.171) 34.8% (82.953) 33.6% 6966 474.0(83.188) 33.2% 7444 343.0(104.758) 6.0% 23 0.7 (69.598) 58.8% 52k 1283.6
no7 ar3 1 112 42 269 (81.070) 37.6% (76.54) 45.6% 2279 165.5 (76.720) 45.3% 2285 103.7 (69.749) 59.6% 20 0.6 (74.602) 49.3% 11k 282.4
no7 ar4 1 112 42 269 (55.436) 90.5% (55.383) 90.6% 278 19.8 (55.383) 90.6% 279 12.9 (76.137) 39.3% 22 0.7 – – – –
no7 ar5 1 112 42 269 (73.313) 23.5% (61.807) 46.2% 5210 400.3(61.906) 45.9% 5288 260.1 (60.654) 48.9% 18 0.6 (61.728) 46.3% 40k 1058.5
nous1 48 2 41 (1.149) 22.3% (1.1802) 20.6% 103 0.9 (1.398) 9.6% 372 1.6 (1.235) 17.6% 12 0.0 (1.396) 9.7% 8241 30.5

Table 3 Comparison between five versions of Couenne, one without and four with TWOIMPL. We report: number of variables, integer variables, and constraints of each instance
(var, int, con); CPU time (t) in seconds and number of branch-and-bound nodes (nd) if the variant solved the instance withinthe two hour time limit, otherwise the lower bound
(lb) in brackets and the optimality gap (gp) measured w.r.t. the best integer solution found by any of the five variants. For the four variants using TWOIMPL, we also report the
number of iterations of TWOIMPL that reduced at least one bound (nbt) and the total time spent within the procedure (tbt) in seconds. These instances are from theminlplib
instance library.
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plain twoRepeat twoStandard twoMinimal twoSparse
Name var int con t(lb) nd(gp) t(lb) nd(gp) nbt tbt t(lb) nd(gp) nbt tbt t(lb) nd(gp) nbt tbt t(lb) nd(gp) nbt tbt
nvs17 7 7 7 22 18k (-1102.23) 0.2% 40 0.7(-1102.23) 0.2% 40 0.7 26 5k 5 0.0 32 3051 134 1.5
nvs23 9 9 9 1433 628k 1692 746k 14 0.6 1644 746k 14 0.6 3976 1873k 5 0.1 823 355k 1912 45.4
nvs24 10 10 10 (-1791.2) 42.3% (-1188.61) 13.1% 12 0.7(-1189.37) 13.1% 12 0.7(-1106.94) 6.7% 7 0.2 5059 1627k 5602 212.4
o7 2 112 42 211 (53.975) 120.9% (67.381) 77.6% 3333 191.7 (67.7163) 76.7% 3376 112.6 (49.795) 139.0% 21 0.5 (56.416) 111.5% 17040 314.1
o7 ar2 1 112 42 269 (114.388) 22.6% (104.495) 34.0% 1384 80.8(104.495) 34.0% 1393 62.0(104.914) 33.5% 29 0.8 – – – –
o7 ar251 112 42 269 (106.138) 32.0% (106.996) 30.9% 8151 584.8(107.368) 30.5% 8624 381.2 (95.547) 46.5% 30 0.8 (99.720) 40.4% 59024 1473.8
o7 ar3 1 112 42 269 (89.810) 53.3% (98.098) 40.5% 3137 231.9 (99.565) 38.4% 4377 189.3(102.007) 35.1% 25 0.7 (94.306) 46.1% 12165 298.5
o7 ar4 1 112 42 269 (90.24) 52.4% (79.025) 73.7% 12k 912.0 (79.208) 73.3% 13k 589.8 (72.076) 90.2% 20 0.7 (89.811) 53.1% 57892 1508.5
o7 ar5 1 112 42 269 (89.380) 34.3% (77.172) 55.3% 8974 626.1 (77.069) 55.5% 9007 410.8 (73.908) 62.1% 28 0.8 (84.746) 41.6% 53898 1437.9
o7 112 42 211 (29.7) 379.4% (28.824) 393.5% 14k 700.6 (29.381) 384.5% 15k 486.6 (48.788) 195.6% 19 0.4 (48.719) 196.0% 90112 1692.3
o8 ar4 1 144 56 347 (92.973) 192.9% (103.621) 163.1% 7483 702.4 (103.846) 162.5% 7759 503.9 (96.516) 182.2% 23 1.0(101.071) 169.6% 40986 1564.1
o9 ar4 1 180 72 435 (84.620) – (59.276) – 545 66.7 (84.1074) – 4500 416.6 (77.283) – 27 1.6 – – – –
parallel 152 20 96 444 3033 28 88 20 1.9 28 88 20 1.6 43 172 8 0.3 22 66 23 1.1
spectra2 70 30 40 (12.936) 7.5% 2053 1271k 10 0.1 1956 1271k 10 0.1 (13.419) 3.9% 5 0.0 5220 3499k 5980 24.2
st e35 29 7 33 1070 495k 700 267k 82 0.5 640 223k 91 0.3 31 192 12 0.0 176 64k 398 0.9
tln4 24 24 24 (5.895) 34.9% 4 1586 14 0.0 4 1586 14 0.0 (8.235) 0.7% 3 0.0 (7.078) 15.1% 35 0.0
tln5 35 35 30 (7.357) 35.2% 1369 833k 18 0.0 1369 833k 18 0.0 1639 894k 7 0.0 (9.513) 7.5% 1360 3.1
tln6 48 48 36 (8.690) 70.3% (11.457) 32.5% 10 0.1 (11.456) 32.5% 10 0.1 (12.334) 23.7% 6 0.0 (12.296) 24.1% 3722 13.4
tln7 63 63 42 (6.267) 129.8% (7.212) 103.3% 6 0.0 (7.212) 103.3% 6 0.0 (6.592) 119.9% 3 0.0 – – – –
tloss 48 48 53 (16.3) 0.0% 4 110 12 0.1 4 110 12 0.1 1 29 6 0.0 4 105 15 0.1
tls12 792 648 372 (6.164) – (7.330) – 5 2.8 (7.330) – 5 1.9 (7.280) – 1 0.4 (7.486) – 16 3.6
tls4 105 89 64 2681 8k 3621 14k 150 1.7 1657 12k 156 1.6 3647 7k 14 0.0 1907 7k 434 2.6
tls5 161 136 90 (5.961) – (6.35) – 39 0.7 (6.35) – 41 0.6 (6.5) – 3 0.0 (6.5) – 212 2.1
tls6 213 177 120 (7.736) – (8.6) – 22 0.6 (8.6) – 22 0.6 (8.5) – 4 0.0 (8.3) – 167 3.1
tls7 342 293 154 (4.3) – (4.5) – 13 0.7 (4.5) – 14 0.7 (4.6) – 2 0.0 (4.7) – 59 1.5
water4 195 126 137 (767.51) 22.1% (574.254) 63.2% 60 0.8 (573.25) 63.5% 58 0.6 (725.465) 29.2% 10 0.0(746.823) 25.5% 3997 25.7
waterx 70 14 54 (639.234) 42.7% (874.43) 4.4% 42 0.4 3258 131k 31 0.3 (644.874) 41.5% 5 0.0(639.637) 42.6% 1287 6.6
waterz 195 126 137 (659.638) 56.4% (630.313) 63.6% 115 1.3(623.511) 65.4% 106 1.0 (679.59) 51.8% 12 0.0 – – – –

Table 4 Comparison between five versions of Couenne, one without and four with TWOIMPL. We report: number of variables, integer variables, and constraints of each instance
(var, int, con); CPU time (t) in seconds and number of branch-and-bound nodes (nd) if the variant solved the instance withinthe two hour time limit, otherwise the lower bound
(lb) in brackets and the optimality gap (gp) measured w.r.t. the best integer solution found by any of the five variants. For the four variants using TWOIMPL, we also report the
number of iterations of TWOIMPL that reduced at least one bound (nbt) and the total time spent within the procedure (tbt) in seconds. These instances are from theminlplib
instance library.
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plain twoRepeat twoStandard twoMinimal twoSparse
Name var int con t(lb) nd(gp) t(lb) nd(gp) nbt tbt t(lb) nd(gp) nbt tbt t(lb) nd(gp) nbt tbt t(lb) nd(gp) nbt tbt
a1c1s1 3567 192 3231 (9913.8) 19.7% (9888.26) 20.0% 58 22.6(9700.91) 22.4% 2296 158.2(9934.52) 19.5% 675 44.9(9700.91) 22.4% 2337 162.7
air04 7673 7673 615 101.3 582 289.4 1950 1 104.5 399.2 1950 1 212.5 279.7 1950 1 94.7 398.5 1950 1 212.4
air05 6200 6200 343 78.0 982 87.8 357 1 48.4 145.8 359 6 103.1 89.7 357 2 47.8 140.9 359 6 101.7
mod011 6762 112 1422 42.7 92 106.6 218 72 38.6 153.7 198 213 90.9 105.6 204 47 36.8 155.3 198 213 91.2
momentum1 2957 1304 14019(88797.4) 30.1%(88808.3) 30.1% 28 101.2(94683.4) 22.0% 82 177.6 (88801.1) 30.1% 25 95.1(96254.1) 20.0% 183 169.2
mzzv11 9027 9027 8404 262.4 562 665.2 777 1 371.3 1120.8 534 5 819.8 673.6 777 1 370.0 819.5 557 2 529.7
mzzv42z 11046 11046 9818 113.6 10 707.0 17 1 577.4 859.1 17 1 742.4 690.0 17 1 573.4 861.2 17 1 744.7
noswot 120 95 171 3222.0 2.1m 1853.1 1.43m 15 3.1 1975.7 1.77m 5482 12.7 1585.7 1.58m 2150 5.0 1950.5 1.77m 5482 12.5
nw04 46190 46190 36 18.1 0 104.7 0 1 86.5 107.8 0 1 89.1 105.2 0 1 86.6 104.9 0 1 88.2
roll3000 877 738 1510 (12739.9) 1.1% (12879) 0.0% 26 480.5(12789.9) 0.7% 108 647.5 5388.4 43553 121 515.4(12785.2) 0.8% 106 606.6
rout 555 315 290 465.8 85670 379.3 67079 15 20.6 840.5 150249 919 35.0 605.8 108904 190 22.4 846.9 153373 868 34.8
set1ch 643 235 423 1182.8 89981 1722.8 108098 59 55.3 685.0 53318 428 38.5 1919.9 123042 574 58.3 2455.5 181092 2517 59.5
timtab1 295 146 166 (575936) 29.3% (583952) 27.5% 44 41.6(581635) 28.0% 6437 229.0(600954) 23.9% 2580 83.2 (584003) 27.5% 6528 220.3
timtab2 524 255 287 (519324) 105.4% (489607) 117.9% 34 150.0(475677) 124.2% 3146 310.6(466557) 128.6% 1434 181.6(473370) 125.3% 2796 287.7
tr12-30 1052 352 722 (114597) 16.5% (117524) 13.6% 47 209.7 (117069) 14.0% 669 320.0(117598) 13.5% 566 251.5 (117069) 14.0% 664 320.3

Table 5 Comparison, over MILP instances, of five versions of Couenne,one without and four with TWOIMPL. We report: number of variables, integer variables, and constraints
of each instance (var, int, con); CPU time (t) in seconds and number of branch-and-bound nodes (nd) if the variant solved theinstance within the two hour time limit, otherwise the
lower bound (lb) in brackets and the optimality gap (gp) measured w.r.t. the best integer solution found by any of the five variants, if any. For the four variants using TWOIMPL,
we also report the number of iterations of TWOIMPL that reduced at least one bound (nbt) and the total time spent within the procedure (tbt) in seconds. These instances are from
themiplib3 andmiplib2003 instance library.
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