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Abstract

In this paper, we study 0—1 mixed-integer bilinear covering sets. We derive several families of facet-
defining inequalities via sequence-independent lifting techniques. We then show that these sets have
polyhedral structures that are similar to those of certain fixed-charge single-node flow sets. As a result, we
obtain new facet-defining inequalities for these sets that generalize well-known lifted flow cover inequalities
from the integer programming literature.

1 Introduction and motivation

Nonlinear branch-and-bound is a method to solve mixed-integer nonlinear programming (MINLP) problems to
global optimality; see [9, 17]. This method has been implemented in commercial solvers such as BARON [27]
and LINDO Global [18]. It requires that convex relaxations of the problem be recursively solved over smaller
and smaller subsets of the feasible region obtained by branching on variables. Most existing commercial
software use a method proposed by McCormick [21] to obtain these convex relaxations for factorable problems.
McCormick’s relaxation is an instantiation of a more general technique that relaxes (nonconvex) constraints
of the form g(z) > r into (convex) constraints of the form g(x) > r where g(z) is a concave overestimator
of g(z). This technique does not use the right-hand-side of the inequality in the process. As a result, the
relaxation obtained is typically not the strongest possible.

Some of the functional forms that appear most frequently in the formulation of nonlinear programs are
probably multilinear inequalities and equalities. In particular, bilinear inequalities of the covering type

Z a;jr;y; > d, (1)

JEN

where a; > 0, z; € S C Ry, and y; € §” C R, appear in the formulation of various practical problems
(including trimloss applications; see Harjunkoski et al. [16] for an example), and are among the simplest
nonconvex inequalities that can be studied. Therefore, sets of the form (1) provide an important test bed
for the derivation of new, stronger convexification methods that use right-hand-side information. When
variables do not have upper bounds, we have derived in [30] closed-form expressions for the convex hull of
feasible solutions of (1) over various subsets of the nonnegative orthant. For problems where variables are
continuous and have finite upper bounds, we also derived in [29] convex relaxations of (1) that are stronger
than McCormick’s.

In this paper, we study further the convex hull of feasible solutions to (1) when variables are bounded.
In particular, we consider 0—1 mixed-integer bilinear covering sets of the form

B = (ac,y) € {07 1}n X [Oa 1]n

n
D iy >dy,
j=1
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where n € Zyy, a; >0Vj € N :={1,...,n}, and d > 0. Results similar to those derived in this paper can
also be obtained for sets defined through constraints of the form Z?Zl(ajxjyj +bx;) + Z?=k+1 a;y; > d.
This generalization allows us to extend the applicability of our study to problems where the bounds on y are
not 0 and 1 and, in addition, to problems where some of the x variables are fixed. Our proofs extend easily
to such a setup because the two sets share strong relationships that are described in Proposition 5.1 and the
discussion following it.

In order to guarantee that B is not empty, we impose

Assumption 1. >77  a; > d.

On the theoretical side, we are interested in studying relaxation techniques for B that will take both
the right-hand-side d and upper bounds on the variables into account. On the one hand, it follows from
the separability of >,y ajx;y; over j that conv{(z,y,2z) € {0,1}" x [0,1]" xR | 2 < djeN a;z;y;} is
described by the McCormick constraints that overestimate each bilinear term separately [1]. Therefore, the
tightest relaxation of the type g(z) > d, where g(z) is a concave overestimator of ..y a;z;y; restricted
to {0,1}™ x [0, 1]™ over [0,1]?", is the relaxation described above that uses McCormick constraints. On the
other hand, if upper bounds on the variables are absent, the convex hull of the bilinear covering set can be
obtained explicitly [30]. Yet, as we will see in Proposition 1.1, it is difficult to optimize linear functions over B
and therefore the study of PB will help us understand better the difficulties that arise from the simultaneous
presence of a right-hand-side and upper-bounds on the variables.

On the practical side, we are interested in deriving convex relaxations of B since they directly yield convex
relaxations for problems with constraints of the form Z;L=1 fi(z)x; > d, where z € RP, by replacing f;(z) with
a;y; + b; where y; € [0,1]. We are also interested in studying B because of its relations to some important
mixed-integer linear sets. In particular, since the set B is a relaxation of the fixed-charge single-node flow
set without inflows

n
Zajyjzd, z; >2y; VjeN

Jj=1

F=q(z,y) €{0,1}" < [0,1]"

see Lemma 4.1 for a proof, valid inequalities for B will also be valid for F'. Further, we will show in Section 4
that facets of either F' or B can be easily identified if facet-defining inequalities for the other set are known.
As a result, the inequalities we derive for B also reveal new families of facet-defining inequalities for the
convex hull of F'.

We next argue that it is typically difficult to find globally optimal solutions to problems containing B as
a constraint by showing that it is NP-hard to optimize a linear function over B. To this end, consider the
following optimization problem (@) that seeks to minimize a linear objective function over the bilinear set
B:

Q) min Z bz + Y ¢y

where b € R™ and ¢ € R™.

(z,y) € B

Proposition 1.1. Problem (Q) is NP-hard.

Proof. The proof is by reduction from the 0—1 knapsack problem, which is proven to be NP-hard in [10].
Consider the following 0—1 knapsack instance:

Zajxj >d, z; €{0,1} Vj € N

j=1

(K) 2% = min Z bjx;

j=1

We define a corresponding instance of (Q) by setting ¢; = —1 for all j € N, i.e.

n n
(P) ZP = min ijl‘j — Zyj
j=1

j=1

n
Zajxjyj >d, z; € {0,1}, y; € [0,1]Vj € N

j=1
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The reduction from (K) to (P) is clearly polynomial. Observe further that if «* is a feasible solution to (K),
then (x*, 1) is feasible to (P), therefore showing that 2z < 2K —n. Similarly, if (z*, y*) is an optimal solution
to (P), then a* is feasible to (K) as >0, a;zf > 377, ajafy; > d. Therefore K <P 1Tyt < 2P 4.
We conclude that 2¥ = 2K —n and that 2* is an optimal solution to (K) if and only if (z*,1) is an optimal
solution to (P).

O

In this paper, we are interested in studying the convex hull of B, conv(B), that we denote by PB. Since
B is a finite union of polytopes, PB is polyhedral.

Proposition 1.2. PB is a polytope.

It follows that, when studying PB, it is sufficient to consider linear inequalities. Proposition 1.1 suggests
that finding a complete closed-form expression for the convex hull of B is difficult. As a result, we will
focus our efforts on constructing families of strong cutting planes for optimization problems containing the
constraints of B by studying the convex hull of B. To construct these inequalities, we will use lifting. Lifting is
a well-known integer programming technique that generates strong inequalities for a given set by transforming
an inequality valid for a restricted subset of the feasible region into a globally valid constraint. Early work on
lifting in integer programming can be found in Wolsey [32, 33]. A generalization to nonlinear programming
is given in Richard and Tawarmalani [24]. In particular, lifting is said to be sequence-independent if the
order in which the restrictions are removed does not change the derived inequality. Subadditivity of a certain
perturbation function, called the lifting function, is a sufficient condition for lifting to be sequence-independent
when the restrictions involve fixing the variables at their bounds; see Proposition 3.2 and [24]. In this paper,
we derive new tools to verify that functions are subadditive that we exploit to derive large families of facet-
defining inequalities for PB. These results illustrate that lifting can successfully use bounds on variables in
the generation of cuts for MINLPs. Further, the results have implications for fixed-charge flow models, a
family of problems both theoretically and practically important in mixed-integer linear programming.

The paper is structured as follows. In Section 2, we derive basic polyhedral results about PB. We provide
necessary and sufficient conditions for trivial inequalities to be facet-defining. Then, we derive a linear
description of PB for the special case where n = 2. This result is used to identify the seed inequalities that
will be used in lifting procedures. In Section 3, we show that for a general class of multi-dimensional functions,
it suffices to check the subadditivity condition at certain points to establish the subadditivity of the function
everywhere. Then, using this result, we derive, in closed-form, three families of facet-defining inequalities for
PB using sequence-independent lifting techniques. One requires the use of a subadditive approximation of the
lifting function. In Section 4, we prove that there are some tight connections between the facets of PB and
those of PF. In particular, we show that the lifted inequalities developed for PB generalize certain families
of flow cover cuts and yield new facet-defining inequalities for the fixed-charge single-node flow set without
inflows F. We summarize the contributions of our work and conclude with directions of future research in
Section 5.

2 Basic polyhedral results

In this section, we derive basic results about the polyhedral structure of PB. First, we provide necessary and
sufficient conditions for PB to be full-dimensional.

Proposition 2.1. PB is a full-dimensional polytope if and only if Z;;l aj —a; >d foralli € N.

Proof. First, we show that if Z;;l a; —a; > d for all i € N, then PB is full-dimensional. For all i € N,
construct p* = (1 —e;,1) and ¢* = (1,1 — ¢;). Also define » = (1,1). The points p, ¢*, and r belong to
B. These points are affinely independent because r — p* and r — ¢° for all i € N are linearly independent.
Since we have described 2n + 1 affinely independent points in PB, we have shown that PB is full-dimensional.
Next, we prove that if PB is a full-dimensional polyhedron, then -7, a; —a; > d for all i € N. Assume by
contradiction that 2721 a; —a; < d for some i € N. Since 2?21 a; > d from Assumption 1, B is nonempty
and so z; = 1 in every feasible solution of B, showing that PB is not full-dimensional. This is the desired
contradiction. O
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In the remainder of this paper, we will assume that PB is full-dimensional.
Assumption 2. >77_ a; —a; > d for alli € N.

Observe that Assumption 2 strictly dominates Assumption 1 and implies that n > 2. We next identify
some basic characteristics of the facet-defining inequalities of PB.

Proposition 2.2. Let
n n
> ajai+> By > 6 (2)
j=1 j=1
be a facet-defining inequality for PB that is not a scalar multiple of x; < 1 fori € N ory; <1 fori € N.
Then, (i) a; >0, Vi€ N, (ii) 3; >0, Vi€ N, and (i7i) § > 0.

Proof. Select i € N. Since (2) is a facet-defining inequality for PB that is not a scalar multiple of z; < 1,
there exists (z*,y*) € B with zf < 1 such that

doaai Y By =4 (3)
j=1 j=1

Consider now (Z,7) = (z*,y*) + (1 — xF)(e;,0). This point belongs to B and therefore satisfies (2), i.e.,

> oz + Y Biu; > 6. (4)
j=1 j=1
Subtracting (3) from (4), we obtain that «; > 0. The proof that 8; > 0 for all i € N is similar. The fact that
0 > 0 then follows from (3) after noting that all terms in the left-hand-side are nonnegative. O

The following proposition further studies facet-defining inequalities whose right-hand-sides are zero.
Proposition 2.3. Let
D i+ By >0 (5)
j=1 j=1
be a facet-defining inequality for PB. Then, (5) is a scalar multiple of z; > 0 for j € N or of y; > 0 for
jEN.

Proof. Assume for a contradiction that (5) is not a scalar multiple of z; > 0 for j € N or of y; > 0 for j € N.
Then, for each i € N, there exists (2%, y') € B such that z! > 0 and for which

Yo aai+ Y Biy;=0. (6)
j=1 j=1

Since we know from Proposition 2.2 that a; > 0 and 3; > 0 for all j € N, we obtain from (6) that

0= Zaﬂé- + Zﬂjy;- > aixﬁ > 0. (7)

j=1 j=1
We conclude that, for each i € N, a; = 0 since x! > 0. Similarly, we can establish that 3; = 0 Vi € N. This
is a contradiction to the fact that (5) is facet-defining for PB. O

We now focus on these inequalities that play a special role in Propositions 2.2 and 2.3 and characterize
when they are facet-defining for PB. We refer to these inequalities as bound inequalities.

Proposition 2.4. The upper bound inequalities x; < 1, y; < 1 are facet-defining for PB for all i € N.
Further, for 1 € N, the lower bound inequalities x; > 0, y; > 0 are facet-defining for PB if and only if
> i1 aj — a; — ays) > d where I(i) € argmax{a; | j € N\ {i}}.
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Proof. The validity of all these inequalities is trivial since they belong to the description of B. Assume for a
contradiction that x; <1 is not facet-defining for PB. Then, it follows from Proposition 2.2 that (e;,0) is a
recession direction of PB, a contradiction to the fact that PB is a polytope; see Proposition 1.2. The proof
that y; <1 is facet-defining for PB is similar.

Now, we show that z; > 0 is facet-defining if Z;;l a; —a; —ay;y > d by describing 2n affinely independent
points in B that satisfy 2; = 0. For k € N\ {i}, we construct the 2(n—1) points, p* = (1—e; —e, 1 —e; —ey)
and ¢* = (1 —e; —ex, 1 — ¢;). We also define 7! = (1 —e;,1 —¢;) and 72 = (1 — ¢;,1). Clearly, the points
rl, r2 and p*, ¢* for k € N\ {i} satisfy x; > 0 at equality and are feasible for B since Z?Zl a; — a; >
Z?:l aj — a; — ai > Z?Zl a;j — a; — ay; > d. These points are affinely independent since =t g —rt,
and 72 — r! can be easily verified to be linearly independent. To prove the reverse direction, assume now
that z; > 0 is facet-defining for PB. We claim that 2?21 a; — a; — ay;y > d. Assume for a contradiction
that Z?Zl aj — a; — ayy < d. This condition implies that every feasible solution (z,y) of PB with x; = 0
also must satisfy z;;) = 1. As a result, the dimension of the face defined by z; = 0 is less or equal to
2n — 2, which is a contradiction. Similarly, it can be proven that y; > 0 is facet-defining for PB if and only

if Z?:l aj; — G — al(i) > d. O

Observe that the above proofs are also valid when y; € {0, 1} instead of y; € [0, 1] for some subset J C N.
We next study another simple facet-defining inequality for PB.

Proposition 2.5. The inequality Z?Zl a;y; > d is facet-defining for PB.

Proof. Validity is easily verified since 3 7_, ajy; > >°7_, aja;y; > d. To prove that >0 a;y; > d is facet-
defining, we present 2n points (2*,y') in B that satisfy >7_, a;y} > d at equality and such that the system
ar®+ Byt = § for i = 1,...,2n only has solutions (c, 3,d) that are scalar multiples of (0,a,d). Consider the

2n points p* = (1, Ar(1 —e;)) and ¢*¥ = (1 — ex, Ap(1 — ;) where Ay = ﬁ for k € N. Note that

a
because of Assumption 2, 0 < Ay < 1for all k € N. Clearly, p* and ¢* belong to B and satisfy Z?Zl a;y; >d
at equality. These 2n points yield the system:

Sai+ A Y B8] =96 Vk € N, (8)
j=1 j=1

daj—ar+Ac [ D> B =B | =0 VkeN. (9)
Jj=1 j=1

By subtracting (8) from (9), we obtain that ay = 0 for kK € N. From (8) and the definition of Ay, we then
conclude that, for all k,l € N,

Zﬂj_gk:g Zaj—ak andZﬂj—ﬂl:g Zaj—az
j=1 j=1 J=1 =1

Subtracting these expressions yields O — %ak =06 — gal. After defining () — %ak =0 for k € N and using

these relations in (8), we obtain that § = 0, which implies 3}, = gak for k € N. Therefore, we conclude that
all solutions (o, 3, d) to the system (8) and (9) are scalar multiples of (0, a, d). O

In the remainder of this paper, we will often use the term facet to refer to a facet-defining inequality. We
will also refer to inequalities z; < 1, y; < 1, and 2?21 a;y; > d as trivial facets of PB. To illustrate the
richness of the polyhedral structure of PB, we present an example next. The linear inequalities describing
the convex hull of this set were obtained using PORTA; see Christof and Lébel [6].

Example 2.6. Consider the 0—1 mized-integer bilinear covering set

B:%%wemjﬁxMﬂ4wmm+ﬁmm+wmm+mmm>%}
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The linear description of PB has 58 inequalities that are presented in the Appendiz. They include:

50z, + 90x3 + 45x4 + T6y1 + 153ys > 135 (10)
701 + 90z, + 27x4 + 381 +  135ys > 117 (1 1)
1921 + 17z9 + 15ys + 10yy > 20 (12)
1729 + 15z3 + 19yp + 10ys > 20 (13)

9y + 17y2 +  1dys + 10ya = 20 (14)

14z, + 10z3 —+ 5Ty + 17y, > 15 (15)
1229 + 1023 + S5xy + 19y > 15 (15)

103 + bxry + 19y + 17y2 > 15 (17)

r1 + To + T3 + 10ys > 2 (18)
r, + T2 + r3 + T4 > 2 (19)
T 2 0 (20)
Y1 Z 0 (21)

T < 1 (22)
" < 1 (=)

Among the inequalities in Example 2.6, we recognize the upper bound inequalities (22) and (23) that
are shown to be facet-defining for PB in Proposition 2.4. In this example, the lower bound inequalities
(20) and (21) are also facet-defining, as can be established from Proposition 2.4. Further, (14) is the trivial
facet-defining inequality studied in Proposition 2.5. Our goal is now to discover families of valid inequalities
for PB that would explain (10) — (13) and (15) — (19).

To derive these nontrivial facet-defining inequalities, we first study the convex hull of B when n = 2 with
the goal of identifying seed inequalities for subsequent lifting procedures. We show that the linear description
of PB has at most three nontrivial inequalities. In this study, Assumption 2 requires that a; > d and as > d.

Proposition 2.7. Let
B? = {(x,y) €{0,1}? x [0,1]* | arx191 + asways > d}»

where a1 > d, as > d and d > 0. Then,

1+ To Z 1
d$1+ asys Z d
a1yi+ dl’g > d
a1+ azyz >d

conv(B?) = X := ¢ (z,y) € 0,1]* x [0,1]?

Proof. We prove the result using disjunctive programming techniques; see [5]. We define
Xio:=B*N{z1 =122 =0} = {(L,y1,0,90) | £ <yn <1, 0 <y <13,
Xoi:=B*N{z1 =022 =1} = {(0,91,L,90) |0 <yn <1, L <o <13,
X =B N{z1 = Las =1} = {(Ly, L,ye) [ arys +agy2 >d, 0 <y <1, 0 < yp < 1}
It is easily verified that conv(B?) = conv(X1oU Xo1 U X11) = conv(Xo U X11) where X := conv(X10U Xo1).
We first use disjunctive programming techniques to obtain a linear description of X5 and then compute
conv(B?) as conv(Xs U X11). Using Theorem 2.1 in Balas [5], we write
(T1,y1,72,92) = (A, 21 + 21,1 — A, 22 + 22),
— A<z <N 0% <),

Xo = proj 4 (x1,y1, 22,2, 21, 22, 21, 22, A) | V1 d
(2.9) 0<zi<l-X L(1-N<iH<1-
as
0<A<1

We then use Fourier-Motzkin elimination [34] to compute the projection. We first eliminate the variables \,
21 and 25 using the equations A = x1, 21 = y1 — Z1, and 22 = y» — Z5. We obtain

x1+x2:170§x1§17
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and p
—x1 <
ay

1 +y1 —1<
0<

Yo — Lo <

from which we project variables z; and Z; to obtain

X2 = COHV(XlO U XOl) =

since 21 <1 and 25 < 1 are implied by 1 + 22 =1, 21 > 0 and 22 > 0. Now, compute conv(Xs U X11) as

_ d_ d_
) (@ y, e, Y2, U, | —an S0 <A, —ig < Uy <A,
PYOIN g, 01, 0o, 01, 02, A) | 41 2
(z,y) 2> V1, 72, V1, 25 a101 +a2@22d(1—)\),

0<A<1

We again obtain the projection using Fourier-Motzkin elimination. Using the equations xy = u; + 1 — A,
X9 = Uy +1—A\, and @; + Uz = A, we obtain that A = 2 — (1 +x2), 43 = 1 — 22, and 4y = 1 — 2. Using these

(9017?/173327?/2)

(1,y1,22,y2) = (1 + (1 = X), 01 + 01,02 + (1 — X), U2 + D2),
U+ Uz = A, U >0, ug >0,

0<d1<1—X 0<dp<1—A,

lea

Syla
S 1—21,'2,

d
S Y2~ T,

1 +22=1 2120, 22 >0,

d d
—x1 <y1 <1, —22 <y <1
aq as

relations together with o7 = y; — 01 and ¥ = yo — 02 to eliminate the corresponding variables, we obtain

$1§17 (E2§1,1§$1+.’E2427

and

y1+x1+x2 —2<

—L24y + Lz 2y — 1) <
0<

Yo+ 21 +x2 —2<

0<

b <y - Z(1 - ),
01,

0 <z 41,

by <yo— (1 —-m),
Uy <xp+wp—1,

where inequality < is clearly redundant. Projecting ¥1, we obtain

1 S]-a $2§17 1§.’£1+.’£2, Y1 S]-a 0%(17‘%2)§y1a
a1xr1 + (a1 —d)l‘g <2a; —d

and 4
ay
aatl — N <
(d—al)($1+$2—l) <
g <

az
Y2 + o1+ 132 —2 <
0<

where obviously redundant inequalities have been omitted. Again, inequalities < are redundant since z1 < 1,

@2 )
V2,
(%
U2

ng_G%(l_xl)a
<z +x32 — 1,

o < 1,21 +x2>1,a1 >dand as > d > 0. Projecting 92, we obtain the system

w1 <1, 20 <1, L<a +ag, gy <1, E(1—a2) <y,

and
d < a1y + azyz,

as % (ag — d)x1 + a1y1 + agwo,

(R)

(U,Q — d)l‘l + asxre X 2(12 — d,

Y2 S ]-7
L(1—x1) <y,
1 < Z1 + g,
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where inequalities < are either repeated or redundant. In particular, (R) is redundant since it can be obtained
as a conic combination with weights (az — d) and 1 of valid inequalities 1 + x2 > 1 and a1y1 + dze > d.
Therefore, conv(Xs U X77) is defined by bounds and the four inequalities given in the description of X,
concluding the proof. O

Next, we give generalizations of the nontrivial facets of conv(B?) that we prove are facet-defining for
more general instances of conv(B). In particular, we give a generalization of inequalities dz; + asys > d
and a1y + dxgy > d in Proposition 2.9 and of inequality x1 4+ 22 > 1 in Proposition 2.11. We will use these
generalizations as seed inequalities for lifting procedures in Section 3.

Lemma 2.8. Inequality
Z min{dz;,a;z;,a;y;} > d (24)
JEN

s valid for PB.

Proof. We first show that ..y min{dz;,a;x;y;} > d is valid for B. Consider (z,y) € B. If there exists
J € N such that dz; < a;jx;y; then £; = 1 and, consequently, the inequality is satisfied. Otherwise, the
inequality reduces to the defining inequality of B. Since (x;,y;) € [0, 1]? implies that x;y; < min{z;,y,} and
a; > 0, it follows that min{dz;, a;z,y;} < min{dz;,a;z,,a;y;} and, therefore, (24) is valid for PB. O

The set of solutions in [0,1]?" that satisfy (24) is a subset of the convex relaxations of B discussed in
Section 1. In particular, when each bilinear term is outer-approximated using McCormick envelopes, we
obtain the inequality > jen 4j min{x;,y;} > d, which is clearly implied by (24). Further, using orthogonal
disjunctions, see [30], it can be shown that

Z a;xiy; > d} {( RQ"

This convex relaxation is obtained without making use of the bounds or the integrality of the variables
z. It follows from the inequality relating elementary means (see Theorem 5 in [15]) that y/dajz,y; >
min{dxz;, a;y;}. Therefore, the feasible solutions to (24) are contained in O. However, when (z,y) € C C RY,
a procedure described in [29] permits strengthening relaxation O by restricting attention to C. When one
exploits the fact that (z,y) € C' = {0,1}" x [0,1]™, this construction yields (24).

0 := conv{ (z,y) € RY"

Z Va;Tiy; = \f}

Proposition 2.9. Let L C N be such that ZjeN\L a; > d. Define a = ZjeN\L aj — maxX;en\rz ;i and
assume that S = {(z,7) € {0, 1}/F x [0,1] | ¥, minf{a;, d}x; + ay = d} # 0. Then,

> minfaj,dz; + Y ajy; > d (25)

JjeL JEN\L

is facet-defining for PB. In particular, (25) is facet-defining for PB if (i) LNL> #0, or (ii) L =10, or (iii)
a > max;ecr, min{a;,d}, or as a special case (iv) a > d where L~ :={j € N | a; > d}.

Proof. Validity of (25) for PB follows from Lemma 2.8. We now prove that (25) is facet-defining for PB by
providing 2n affinely independent points (z%,3%) in B that satisfy (25) at equality. Assume without loss of
generality that L = {1,...,l}. Define n’ = [N \ L| and denote the points as (Tr, Tn\L, YL, YN\L)-

Let (2/,3’) € S and deﬁne a' =3 ienr - Let p° = (0,1,0, £1) and p/ = p®+¢(0,0,0, a%ej a1+161+1)

%%1)7 rt = p° 4+ (0,0,¢;,0) if a; < d, and

rt = (ei,l,a%ei,O) if a; >d. For j € {1,...,n'}, s = (2,1 — ej,l,gj’%(l —e;)). It can be

ieN\(LU{j}) ¥
easily verified that p°, ¢%, s7 and r* belong to B and that p? belongs to B when e is sufficiently small.

We now show that the above points are affinely independent. Clearly, for j € {0,...,n" —2}, p° ... p
satisfy ZJ +1 al( — y1+i) = 0, whereas p?*! does not. Therefore, p’ are affinely mdependent Further, for
i€ L, q" are aﬂinely independent of p’ since the latter satisfy (z;, yz) (0,0). For i € L, r* are independent
of p? and ¢’ since the latter satisfy y; = z;. Finally, s* are affinely independent of p’, ¢7, 7 since the latter
satisfy x; = 1. O

for j = 1,...,n' — 1. Fori € L, define ¢ = (e;,1,e;,
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The family of inequalities described in Proposition 2.9 is typically exponential in size. In the case of
Example 2.6, it contains multiple inequalities including (12-14). More generally, it can be verified that
inequalities (10)-(19) in the Appendix are of the form (25).

In the remainder of the paper, we use the following notation extensively. For Ny, Ny C N such that
Ny N Ny =0 and Ny, Ny C N such that Ny NNy = 0, we let

B(No, N1 No Nl):Z{(my)EB‘ z;j=0 forjeNo, 2;=1 foerNla}.

y; =0 for j € N, y; =1 for j € Ny

We also define PB(Ny, N1, Ny, N1) := conv(B(Ny, N1, No, N1)). In particular, B(0,0,0, N) is equivalent to
the classical 0—1 knapsack set
n
Zajxj > d},
j=1

whose polyhedral structure was first studied by Balas [4], Hammer et al. [14] and Wolsey [31]. The following
proposition describes, among other things, relations between the bilinear set B and the 0—1 knapsack set

B(0,0,0,N).

Proposition 2.10. Let

{x e {0,1}"

Zajxj +Zﬁjyj >4 (26)
JEN jeI
be an inequality for PB(0,0,0, N \ I) that is not a scalar multiple of a bound inequality. Then, (26) is
facet-defining for PB(0,0,0, N\ I) if and only if (26) is facet-defining for PB.

Proof. We first prove that if (26) is facet-defining for PB(0, 0,0, N \ I), then (26) is facet-defining for PB.
To show that (26) is valid for B, we assume for a contradiction that there exists a point (z/,y’) € B with
dojen QTG+ 30 5cp Biyy < 6. Since (2',y’) € B, we have that ),y a;ajy; > d. Next, we define (7,7)
as © = ', y; = y; for j € I, and g; = 1 for j € N\ I. Observe that (z,y) € B(0,0,0,N \ I) as
2 ier GTiYi + X e WT5 = Djen 4;23y; = d. Since (26) is valid for B(0,0,0, N\ I), (z,y) satisfies
dojen QTG+ e BV = jen €% + 251 395 = 0. This is the desired contradiction.

Next, we show that (26) is facet-defining for PB. Since (26) is facet-defining for PB((,0,0, N \ I) and
5 # 0 as (26) is not a bound, there exist n + |I| linearly independent points in B(0,0,0, N \ I), call them
(x,y¥), that satisfy (26) at equality. Clearly, these points belong to B and satisfy (26) at equality. Now, for
each j € N \ I, we construct one new point in B\ B(0,0,0, N \ I) that satisfies (26) at equality. Choose j

arbitrarily in N \ I. Since (26) is not a scalar multiple of z; <1, there exists k; € {1,...,n + |I|} such that

mfl = 0. Now define (z%i,7*i) such that i‘fj = fo Vi e N, g]fj = yfj Vie N\ {j} and ny = 0. Clearly, the

point (z%i, %) belongs to B and satisfies (26) at equality. Further, it is easily seen that the points (2, y*)
and (z%i,y%) for j € N\I are linearly independent and therefore show that (26) is facet-defining for PB.
To prove the reverse implication, we assume that (26) is a facet-defining inequality for PB that is not
a scalar multiple of a bound. Validity is trivial since for B(0,0,0, N \ I) C B. Now, we show that (26) is
facet-defining for PB((,0,0, N \ I). Since § # 0 as (26) is not a bound, the set of 2n affinely independent
points (¥, y¥) in B for k = 1,...,2n that satisfy (26) at equality are also linearly independent. Therefore,

1 1 1 1
i .. Ty YL e Yp
2 2 2 2
i R (N V: S )/ 20
2n 2n 2n 2n
i oyt L yn
Therefore, there must exist n + |I| rows 4y, ..., 4,4 7 Where I = {j1,..., 7} such that
i1 i1 i1 i1
y ce.oal Y e Y
12 12 12 12
xy el Y5 Y 40,
1| ntir] ) bnt1| bnt1]
x4 e ITnp i Y



328

329

330

331

332

333

334

335

336

337

338

339

340

341

342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

357

358

359

360

361

362

363

364

365

Hence, we see that the n+|I| points (:Ezlk, e, @iEs yj’f, . ,yjfﬂ) for k =1,...,n+|I| are linearly independent.
Now, define the points (', %) for k = 1,...,n + |I| such that 7% = z', g];’“ = y;k for j € I, and gj;’“ =1
for j € N\ I. The points (Z°*, jj'*) are feasible to B((),),), N \ I) and satisfy (26) at equality. Therefore, we
conclude that (26) is facet-defining for PB(0,0,0, N \ I). O

Observe that Proposition 2.10 implies that all nontrivial facets of the 0—1 knapsack polytope can be found
in B and that it is sufficient to study the facets of B to obtain the facets of the 0—1 knapsack polytope.
Next, we use Proposition 2.10 to generalize the inequality x; + o > 1 of Proposition 2.7 into an inequality
that will be used as a seed for lifting procedures in Section 3.4.

Proposition 2.11. Assume that ZJ.GN aj —ap — am < d for all k,m € N with k # m. The clique inequality

> @ >IN -1 (27)

JEN
1s facet-defining for PB.

Proof. Because of Proposition 2.10. it is sufficient to prove that (27) is facet-defining for PB(0, 0,0, N). To
prove validity, assume for a contradiction that there exists ' € B((),0,0, N) such that > jeN a;xy > d and
>jen T < IN[=2. Since >,y 2 < [N|—2, there exist k,m € N with k # m such that z} = 0 and 27, = 0.
Therefore, ZjeN aj—ap—am > ZjeN ajz; > d. This contradicts the assumption that ZjeN a;—a—am < d
for all k,m € N with k # m. We next show that (27) is facet-defining for PB(0,0,0, N). It can be easily
verified using Assumption 2 that the points p* = (1 — e;,1) for & € N belong to B(),0,), N). Since
these points are linearly independent and satisfy (27) at equality, we conclude that (27) is facet-defining for
PB(0,0,0,N). O

3 Lifted inequalities

In this section, we derive three families of strong valid inequalities for PB via lifting. The first two families
are obtained using sequence-independent lifting from (25) and are facet-defining for PB. In this case, lifting
is simple since the lifting function is subadditive. The third inequality is obtained by lifting (27). Although
the lifting function associated with this seed inequality is not subadditive, we obtain lifted inequalities using
approximate lifting. We then identify conditions under which these inequalities are facet-defining for PB.

3.1 Sequence-independent lifting for bilinear covering sets

Sequence-independent lifting is a well-known technique to construct strong valid inequalities for mixed-integer
linear programs; see Wolsey [33] and Gu et al. [13]. We next give a brief description of how this technique
can be used to derive strong valid inequalities for PB. A more general treatment of lifting in nonlinear
programming is given in Richard and Tawarmalani [24].

Given ) # S C N, we consider B(S,(,S, (), which is the restriction of B obtained when all variables
(xj,y;) for j € S are fixed to (0,0). Let S = {s,...,n} for some s > 2 and define S; = {i +1,...,n} for
1 € S. Assume that the inequality

s—1 s—1
i+ By >0 (28)
=1 j=1

is facet-defining for PB(S,0,S,0). In sequential lifting, we reintroduce the variables (z;,y;) for j € S one at
the time in (28). Assuming that variables (z;,y;) have already been lifted in the order j =s,...,i — 1, we
next review how to lift variables (z;,y;) in the inequality

i—1 i—1
Do+ By =6, (29)
j=1 j=1

10
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which is assumed to be facet-defining for PB(S;_1,0,5;_1,0). To perform this lifting, we first compute the
lifting function

i—1 i—1
Pi(w) = max §— Zajxj + Zﬁjyj
Jj=1 Jj=1
i—1

s.t. Zajxjyj >d—w
j=1

l‘jE{O,l}, ij[O,l] j=1...,i—1.

Once the lifting function P?(w) is computed, the lifting coefficients (o, 3;) are obtained from P!(w) as
follows.

Proposition 3.1 (Richard and Tawarmalani [24]). Let (29) be a walid inequality for B(S;—1,0,5;-1,0).
Assume that there exist (o, 3;) € R? such that

aizi + Biys > P'aiziy:)  for (zi,y:) € {0,1} x [0,1]\ {0, 0}. (30)
Then, the inequality
Zajxj + Zﬁjyj >0 (31)
j=1 j=1

is valid for B(S;,0,S;,0).

The result of Proposition 3.1 can be applied recursively to construct a valid inequality for PB from
(28). Note that, at each step, the lifting function P?(w) must be recomputed to account for the changes
in the lifted inequality. Further, if B(S,0,5,0) is full-dimensional, the seed inequality (28) is facet-defining
for B(S,0,5,0), and for each ¢ € S, the lifting coeflicients (o, 8;) of the variables (x;,y;) are chosen so
that (30) is satisfied at equality by two points (z},y}) and (2?,4?) such that (0,0), (z},y}) and (z2,y7)
are affinely independent (a feature we refer to as mazimal lifting), then the final lifted inequality will be
facet-defining for PB. In this scheme, (re)computing the lifting functions P?(w) for each i € S is often the
most computationally demanding task. However, this computational work is unnecessary when the lifting
function P*#(w) is subadditive. This observation, first made by Wolsey [33], leads to the following result.

Proposition 3.2 (Richard and Tawarmalani [24]). Assume that (28) is valid for B(S,0,S,0). Assume also
that (i) P*(w) is subadditive over Ry, i.e, P*(w1) 4+ P*(w2) > P*(wy + we2) Ywi,ws € Ry, and (i) there
exist (o, B;) € R? for all i € S such that

;i + By > PP(a;wy;)  for (i, y:) € {0,1} x [0, 1]\ {0, 0}. (32)
Then, the inequality

Z ;T + Zﬂjyj >0 (33)
j=1 j=1

is valid for PB. Further, if (i) Inequality (28) is facet-defining for B(S,0,S,0), (ii) B(S,0,S,0) is full-
dimensional and (iit) coefficients («;,3;) are chosen in a way that two linearly independent points satisfy
(32) at equality, then (33) is facet-defining for PB.

The fundamental difference between Proposition 3.1 and Proposition 3.2 lies in equations (30) and (32).
In the latter, the lifting coefficients of all variables (z;,y;) are obtained from the same lifting function P*(w)
while in the former, they are obtained from P?(w) for i € S. Although this difference might seem minor, it
has important practical implications. In particular, the subadditivity of lifting functions typically permits
the derivation of closed-form expressions for lifting coefficients that would otherwise be difficult to obtain.
Observe also that in Proposition 3.2, the subadditivity of P*(w) is required only over R since all coefficients
a; in PB are assumed to be nonnegative.
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Proposition 3.1 describes how to perform lifting when then variables (x;,y;) for j € S are fixed at (0,0).
When variables (x;,y;) are fixed at (1,1), similar results can be obtained. In this case, condition (30) must
be changed to

ai(x; — 1) + Bi(y; — 1) > Pi(ail'iyi —a;) for (zs,y;) € {0,1} x [0, 1]\ {1,1}. (34)

Similarly, Proposition 3.2 can be adapted to allow sequence-independent lifting for variables (z;,y;) fixed at
(1,1) by replacing P*(w) with P*(w) in (34) and by requiring that the lifting function P*(w) is subadditive
over R_. Subadditive lifting can also be used to generate facets of PB if B((), S, (), S) is full-dimensional, the
seed inequality (28) is facet-defining for B((, S, 0, S), and for each i € S, the lifting coefficients (o, 8;) of the
variables (z;,y;) are chosen so that (34) is satisfied at equality by two points (z},y}) and (27, y?) such that
(1,1), (z},y}) and (22, y?) are affinely independent.

We next show in the following proposition that all interesting lifted inequalities that can be obtained by
fixing variables (z;,y;) at (0,1) or (1,0) can also be obtained by fixing variables (x;, ;) at (0, 0).

Proposition 3.3. Assume that (29) defines a nonempty face of PB(S;_1,0,S;_1,0) = PB(S;_1,0,0,S;_1) =
PB(G,S;—1,8;-1,0). Then any inequality obtained from mazimally lifting (29) in PB(S;—1,0,0,5;_1) or
PB(0,S;-1,Si—1,0) could have been obtained by mazimally lifting (29) in PB(S;_1,0,S;-1,0).

Proof. First, we consider the case when (z;,y;) is fixed at (1,0). In this situation, valid lifting coefficients
must satisfy

ai(w; —1) + By > P'agaiy;)  for (zi,;) € {0,1} x [0,1]. (35)
We next show that maximal lifting coefficients (a;, 8;) in (35) must also satisfy
i + Biyi > Plagwsy;)  for (z4, ;) € {0,1} x [0,1] (36)

and be maximal for (36). This is sufficient to prove the result since restricting (z;,v;) = (0,0) instead of
(1,0) does not change the restricted set and, therefore, the seed inequality is still a face of same dimension.
Let (0,yr) satisfy (35) at equality. Such a point exists since lifting is assumed to be maximal. Then,

0> i =By} > P(ay)) >0,

where the first inequality follows from (35) by setting (z;,y;) = (0,0), the equality holds since (0, y}) satisfies
(35) at equality, the second inequality is satisfied from (35) with (z;,v;) = (1,¥}) and the last inequality
is verified since a;y; > 0. Therefore, equality holds throughout and, in particular, o; = 0. It follows that
a;(z; — 1) + Biy; = ayx; + Byy; and, consequently, (ay, 5;) is valid and maximal to (36).

Now, we fix (z;,y;) at (0,1). Then, we show that any (a;, 5;) that is valid and maximal to

oz + Bi(ys — 1) > P(aziy:) (37)

is also valid and maximal to (36). Let y; = min{y; € [0,1] | a; + Bi(yi — 1) = P¥(aiys)}, i-e., (1,y}) satisfies
(37) at equality. It follows that

0< Bily; — 1) = P'(ay;) — ai < P'(awy;) — P'(a;) <0,

where the first inequality follows from (37) by substituting (x;,y;) = (0,y)), the equality is satisfied since
(1,yF) satisfies (37) at equality, the second inequality is verified by substituting (1,1) in (37), and the last
inequality holds since P(-) is non-decreasing and a;y; < a;. Therefore, the equality holds throughout and,
in particular, 5;(y; — 1) = 0. It follows that either 5; = 0 or y = 1. We show that §; = 0 in the latter case
as well. If y7 = 1, because lifting is assumed to be maximal and because of the definition of y, there is a
y: € 10,1) such that (0,y}) satisfies (37) at equality. Therefore, 3;(y; — 1) = 0 and so §; = 0. It follows that
oz + Bi(y; — 1) = ayx; + Biy; and, consequently, («y, 5;) is valid and maximal for (36). O
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3.2 Subadditivity of lifting functions

In this section, we provide a general result that helps in proving subadditivity of functions. For specific
functions, it has been observed (see Proposition 3.10 in [23], Theorem 7 in [11], Proposition 4.2 in [8], and
Lemma 21 in [25]) that subadditivity of a function over R™ can often be established by checking it at a small
subset of points. The corresponding proofs are often detailed and are the key step in proving subadditivity.
In Theorem 3.4, we identify a fairly large class of functions for which a similar result holds. We use this
result to prove subadditivity of functions that arise during lifting of inequalities for mixed-integer 0—1 bilinear
covering set. The scope of applications of Theorem 3.4 is, however, much larger and we provide this general
result with the hope that it may be useful in other applications.

Theorem 3.4. For i€ N ={1,...,n}, letb; e R™, f; € R, and h;(z) : R™ — R be subadditive functions.
Let h(z) : R™ — R be a function with h(0) = 0 that magjorizes h;(z) for alli. Let B; = {x € R™ | hi(z—b;) =
h(z — b;)}. Define f(z) : R™ — R as f(z) = min]_, {f; + hi(z — b)) }. Then, f(z)+ h(y —z) > f(y) for
each (z,y) € R™ x R™. For x € R™, let i(x) € N be such that f(x) = fiz) + hi@)(z — biz)). If x € Bi(y)
then f(biz)) — f(bizy +y) < f(x) = f(x +y). Further, if y € By, as well, then

Fig)) + f(biy)) = Fbiga) +biy)) < F(2) + f(y) = F(z +y).

Proof. Let (z,y) € R™ x R™. Then,

f@)+h(y—2) > f(2)+hi@)(y—2) = fi@) i) (@ —bi)) +hi@)(Y—2) = fie)+hi@) (Y—biw)) = f(y), (38)

where the first inequality follows since h(-) > hj(y)(-), the second inequality holds since h;(,) is a subadditive
function, and the third since the minimum defining f(y) includes a term that equals f;z) + hi(z)(y — bi(z))-
Note that 0 < h;(4)(0) < h(0) = 0 where the first inequality follows from subadditivity of h;(,). Therefore,
hi(z)(0) = 0. Further, if x € B;(,):

(@) = fitz) + i) (@ = bigw)) = (i) + higa) (@ = b)) = [(bigw)) + Mz — b)) > f(),

where the first inequality holds since h;(,)(0) = 0 implies f(b;;)) < fi(z) @ fi(z) is one of the terms in
minimum defining f(b;(,)), the second equality since 2 € Bj;(,) and the last inequality by (38). Therefore,
equality holds throughout and, in particular, f;,) = f(biz)). Now, consider (z,y) € R™ xR™ with 2 € Bj(,).
Then,

f(biay) = (i) +y) = f(@) = h(@ = biz)) — fbi@) +y) < f(z) = f(z+y), (39)

where the equality follows from the definition of i(x), x € By, and fij) = f(bi()), and the inequality
follows from (38) since f(b;(z) +¥y) + h(x — byg)) > f(x +y). Further, if y € By,

figay) + [ (i) = fbigay + biy)) < fbigay) + (W) = Fbiw) +y) < f2) + fy) = fz +y),
where each of the inequalities follows from (39). O

Any function, say g(z), that is subadditive and satisfies g(0) = 0 can be expressed as f(z), defined in
Theorem 3.4, by setting n = 1, by = 0, f; = 0, and h(z) = hi(z) = g(z). Observe that lifting functions
derived from seed inequalities that are tight on the restricted set always satisfy the condition g(0) = 0. In
other words, Theorem 3.4 can be interpreted as a recursive tool for proving subadditivity of such lifting
functions, f(x), that exploits the subadditivity of the constituent simpler functions, h;(-). For example,
Theorem 3.4 shows that it suffices to check the subadditivity of f(x) at a small subset of points if f(x) can be
expressed as a minimum of finitely many translates of a subadditive function. Since positively-homogenous
convex functions belong to the class of subadditive functions, see Theorem 4.7 in [26], they can be used as
building blocks in the application of Theorem 3.4. In Corollaries 3.5 and 3.6, we apply Theorem 3.4 to prove
subadditivity of two functions that will be used in Sections 3.3 and 3.4 to derive inequalities for the 0—1
mixed-integer bilinear covering set. In both cases, functions h; are univariate positively-homogenous convex
functions.

13



487

488

489

491

492

493

494

496

497

498

499

500

501

502

503

504

505

506

507

508

509

510

511

512

513

514

515

516

517

518

519

520

521

522

523

Corollary 3.5. Let v and D; for v = 0,1,...,r be nonnegative integers that satisfy v > 0, Dy = 0, and
D;>D; 1+v fori=1,...,r. Then the function

0 if w< Dy
(w) = w—iv if D;<w<Diy1—v, i=0,...,7r—1,
g T D;,—iv if D;—v<w<Dy, 1=1,...,7r—1,

D.—rv if D,—v<w
is subadditive over R if and only if D; + Dj > D;pj for 0 <i < j <r withi+j <r.

Proof. First note that g(w) = min]_q{D; —iv+h;(w—D;)}, where h;(w) = max{0,w} fori =0,...,r—1 and
h(w) = 0. We observe that i(z) =0 for x < Dy —v,i(z) =iforx € [D; —v,Djy1 —v)and i =1,...,r — 1,
and i(x) = r for ¢ > D, —v. Let h(w) = max{0,w}. We also see that By = By = ... = B,_; = R and
B, —R._.

Assume that D; + D; > Dy for 0 < ¢ < j < r with i + j < r. Consider z,y € R with x <y. We
argue next that g(z) + g(y) > g(x +y). Define i = i(z) and j = i(y). Clearly, i < j. We consider two cases.
Assume first that j = r. Then, g(y) = D, —rv > g(x + y) and therefore g(z) + g(y) > g(z + y) as g(z) > 0.
Assume next that j <r —1. Since z <y < D, — v, it follows that x € B; and y € B; and, therefore, from
Theorem 3.4 that

9(Di) +9(Dj) — g(Di + Dj) < g(x) + g(y) — g(z +y)

We next argue that the left-hand-side of the above expression is nonnegative, which proves the result. Let
t = min{j,r — i}. Then,

9(Di+Dj) = g(Di+Dy) = g(Dit+Di+Di—Diyy) < g(Divi)+Di+Dy—Digy = g(Di)+9(Dy) < g(Di)+9(Dj),

where the first equality holds since ¢ = r — ¢ implies D; + D; > D; + Dy > D, the first inequality follows
from (38) and D;y; < D; + Dy, the second equality since g(D;) = D; —iv, and the last inequality from (38)
since Dy < D;.

We now prove the reverse implication. For w > 0,

g(Dr — w) > g(Dg — v) — max{0,w — v} = g(Dg) — max{0,w — v} > g(Dy) — w, (40)

where the first inequality follows from (38) and the last inequality since v > 0 and w > 0. If i + j < r and
D;+Dj <Dy then

9(D;) + g(Dj) — g(Di + Dj) < g(D;) + 9(D;) — g(Diyj) — Di = Dj + Dy =0,

yields a contradiction to subadditivity of g, where the strict inequality follows from (40) where k = i 4 j and
w = D;y;—D;—Dj since D;+D; < D;;; and the equality holds since g(Dy) = Dy, —kv for k € {i, j,i+j}. O

Corollary 3.5 equivalently shows the superadditivity of w — g(w), generalizing prior similar results in the
literature. In particular, see Lemmas 6 and 7 in [3] and Definition 4 in [19].

Corollary 3.6. Let A and C; for i = 0,1,...,s be nonnegative integers that satisfy A > 0, Co = 0 and
Cic1+ AL fori=1,...,s. Then the function

0 if w<Cy
) issS i G <w<Ci+A, i=0,...,s,
9w) =19 ; if Coi+A<w<Ci i=1,...,s,
s+1 if Cs4+A<w.

is subadditive over R if and only if C; +C; < Cijyj for 0 <i < j<swithi+j<s.

Proof. Let Cspy = max{C; + Cj | i +j = s+ 1}. Note that g(w) = min{¥j{i + hi(w — C;))} where
hi(w) = max{0, ¥} for i = 0,...,s and hsy1(w) = 0. Let h(w) = max{0, {}.

Assume that C; + C; < Cjyj for 0 <4 < j < s with i +j < 5. Consider z,y € R with z < y. We
argue next that g(x) + g(y) > g(z + y). Define i = i(z) and j = i(y). Assume first that j = s + 1. Then
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g(y) = s+ 1> g(x + y) and therefore, g(z) + g(y) > g(x +y) as g(x) > 0. Next assume that j < s. Since
z <y < Cs+ A it follows that + € B; and y € B; and therefore, from Theorem 3.4 that

9(Ci) + 9(C;) — g(Ci + Cy) < g(z) + g(y) — g9(x + y).

We next argue that the left-hand-side of the above expression is nonnegative, which proves the result. Let
t = min{j,s + 1 —i}. Then,

9(Ci + Cj) < g(Ciye) =i+t <i+j=g(Ci) + g(Cj),

where the first inequality follows from (38) and C;y+ > C; + C; when ¢t = j and from hgyi(w) = 0 when
t < j, and the last equality holds because ¢g(Cy) = k for k € {i,j}.
We now prove the reverse implication. For w > 0 and i < s,

9(Cr+w) > g(Cy) +max {0, T | > g(C), (41)

where the first inequality follows from (38) and the strict inequality from w > 0 and A > 0. If i + j < s and
C; + Cj > Ci+j then

9(Ci) +9(Cy) — g(Ci + Cj) < g(Ci) + 9(C;j) — 9(Citj) = 0,
yields a contradiction to subadditivity of g(-) where the strict inequality follows from (41) where k = i + j
and w = C; + C; — C;4; and the equality holds since g(C) = k for k € {7,7,i+ j}. O
3.3 Lifted inequalities by sequence-independent lifting

In this section, we derive strong inequalities for PB through lifting using (25) as seed inequality. To describe
the general form of these inequalities, we use the notion of a cover, which is adapted from the definition of a
cover for the 0—1 knapsack polytope; see Balas [4], Hammer et al. [14], and Wolsey [31].

Definition 3.7. Let C C N. We say that C is a cover for B if >
of the cover as p=73 ;. ca; —d > 0.

jec @ > d. Further, we define the excess

We create lifted inequalities by first partitioning the set of variables N into (C,{l}, M,T) in such a way
that:

(A1) C:=C"U{l} is a cover for B with excess p,
(A2) a; > aj, Vje

(A3) a; > u,

(A4) ZjECUT a; > d+a, ie., ZjeT a; > a; — .

Note that (A1) and (A3) might be reminiscent of conditions that make a cover minimal for the 0—1 knapsack
polytope. We note however that minimal covers require a; > p for all j € C' and not simply a; > p. Note
also that (A4) implies that T # (). To obtain lifted inequalities from (C’, {l}, M, T'), we first fix the variables
(xj,y;) for j € M to (0,0) and the variables (z;,y;) for j € C’ to (1,1). The resulting (full-dimensional) set
B(M,C", M,C") is then defined by the inequality

aT1y + Z a;riy; > d— Z a; = a; — [

JET jec!
Since a; > pand 3~ a; > a; — p from Conditions (A3) and (A4), we conclude from Proposition 2.9(i) that
(= + Y ay; > a—p (42)
JjeT
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is facet-defining for PB(M,C’, M,C"). We will create two different families of lifted inequalities for PB by
reintroducing the variables (z;,y;) for j € M U C’ in different orders. To derive both families, we use the
lifting function

)= max (ar— )~ (@~ pa+ Y agy,
JET
st.  apmyy + Z Ty > ap— ph—w (43)
jeT

xj € {0’1}’ yj € [Oal] vj e {I}UT
We next derive a closed-form expression for P(w).

Proposition 3.8.

-0 i w< = cra; —p,

wtp i = pa;—p<w< —p,
Pw) = 0 if —p<w<0,

w if 0<w<a —pu,

aj—p if ap—p <w.

Further, P(w) is subadditive over R_ and R, respectively.

Proof. We first derive a closed-form expression for P(w). Observe that, if (43) is feasible, there exists an

optimal solution (z*,y*) to (43) for which 27 = 1 for j € T and y; = 1 since the coefficients of z; for

EjeT a;y;
a

j € T and y; in the objective are equal to 0. Defining a = > , we can simplify the

formulation of P(w) in (43) as:

jer aj and § =

Pw) = max (a —p)—{(a — p)a +ay}
st. wrptay>a—p—w (44)
x; € {0,1}, g € [0,1].

When w < —a — p, (44) is infeasible and so P(w) = —oo. When w > a; — p, the optimal solution is z} =0
and g* = 0 with P(w) = a; —p. For —a—p < w < a; — u, there are two cases. When —a—pu < w < a;—a—p,
then every feasible solution (z7,%*) has z; = 1. Further, the optimal solution has §* = max{=£—=,0}. It
follows that P(w) = min{w + u, 0}. When a; —a — p < w < a; — u, an optimal solution must be found among
the solutions (1, @) and (0, “~£—=). It follows that P(w) = max{(w + )~ ,w} from which we obtain
the desired expression for P(w) after considering both the cases where a; —a < 0 and a; —a > 0.

Subadditivity of P(w) over R_ and Ry follows from Karamata/Hardy-Littlewood-Polya inequality [15],
concavity of P(w) over these domains and P(0) = 0. O

We note that, although P(w) is subadditive over Ry and over R_, P(w) is not subadditive over R as
PQa—p)+ P(—ar) = (@ —p) + (—ar + p) =0 < ay — p = Pla; — p).
3.3.1 Lifted bilinear cover inequalities

To obtain lifted bilinear cover inequalities, we will lift first the variables (z;,y;) for ¢ € C’ from (1,1) and
then lift the variables (x;,y;) for i € M from (0,0). Since P(w) is subadditive over R_, we can apply
sequence-independent lifting for the variables (z;,y;) for i € C'.

Proposition 3.9. Under Conditions (A1), (A2), (A3) and (A44),
Dl —wFa 4D iy =) (e — ) (45)

jeC JET JjeC

is facet-defining for PB(M, 0, M, ().
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Proof. The seed inequality (42) is facet-defining for the full-dimensional polytope PB(M,C’, M,C"). Since
P(w) is subadditive over R_, we obtain from the remark following Proposition 3.2 that the lifting coefficients
(i, B;) for (z;,y;) for i € C”" are valid if they satisfy

ai(z; — 1) + Bi(yi — 1) > P(agwy; — a;)  for (x;,y;) € {0,1} x [0,1]\ {1,1}. (46)

This condition can be also written as

. —P(a;¢p — a;)
B < ogl{ql&fa ﬁv (47)
a;+ sup Bi(l—¢) < —P(—a;). (48)
0<¢<1

From Conditions (A2) and (A4), we know that a; < a; < > ,cra; + p, Vi € C'. Therefore, in (47)
ai¢ —a; € (=2 jera; — p,0) for all ¢ € 0,1). Since P(w) <0 for w <0, we conclude that

—P(ai¢ — a;)

1-9¢
and therefore choosing 3; = 0 for ¢ € C’ satisfies (47). Further, as 3; = 0, it is simple to verify that choosing
a; = —P(—a;) = (a; — )T satisfies (48). Finally, observe that (46) is satisfied at equality by the two
points (0,0) and (17 ('ll;i”ﬁ) that are affinely independent of (1,1). Therefore, we conclude that (45) is
facet-defining for PB(M, 0, M, (). O

>0, VO<o<1,

Now, we lift the variables (z;,y;) for j € M in (45). The corresponding lifting function is

Pc(w) = max Z(aj — )t - Z(aj — )tz + Z a;y;

JjeEC jec jJET
s.t. Z a;x;y; > Z a; —p—w (49)
jecuT jeC

LL’jE{O,l}, yj€[071} Vjie CUT.

We next derive a closed-form expression for P¢(w). To this end, we assume without loss of generality that
C ={1,...,p} and that a3 > as > ... > a,. We also let ¢ € C be such that a; > p > ag+1. We define

Ag=0and A; =37 a; foralli e {1,...,q}.
Proposition 3.10. For w > 0,

w—ip if A <w<Ajp1—p, 1=0,...,q—1,
PCw)={ A;j—ip if Aj—p<w<A;, i=1,...,q—1,
Ag—qu if Ag—p<w.

Proof. First, observe that there exists an optimal solution (z*,y*) of (49) in which z7 = 1 for j € T and
y; = 1 for j € C since the corresponding objective coeflicients are zero. Since ag > p > agt1, we have
(aj —p)t =0for j = ¢+1,...,p, which similarly implies that we can assume z;=1forj=q+1,...,p

Defining a = ZjeT a; and § = w, we simplify the expression of P¢(w) as

[

POw)= max > (a; - p) -

j=1 J

(aj — p)z; +ay
1

s.t. a;x;+ay > » a;—p—w (50)

M-
M-

<
I

—
<
Il

—

z;€{0,1}, Vi=1...,q, 5<€]0,1].

Next, we solve (50). When w > A, — pu, it is clear that z; =0for j =1,...,¢g and y* = 0 is an optimal

solution for (50), showing that P (w) = A, — qu. It is therefore sufficient to consider w € [0, A, — u). We
consider two cases:
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1. Assume that A;—p <w < Ajp—pforie {1...,q—1}. Let 0 = (A;41 —p) —w. Clearly, 0 < 6 < a;y1.

Define first the solution (z*,y*) where 27 = 0 for j =1,...,i+1, 2 =1forj =i+2,...,q,and §* = %
When 6 < a, (z*, §*) is a feasible solution to (50) with objective value z* = A; ;1 — (i+1)p—0 = w—ip.
Next consider the solution (z/,3’) where 2, =0 for j =1,...,i, 2}, =1for j=i+1,...,¢, and §' = 0.
Solution («/, ") is feasible to (50) and has objective value 2z’ = A; —iu. It is clear that z* > 2’ when
0 < a;41 — p and that 2/ > z* when a;41 — p < 0 < a;41. Further, solution (z*,3*) is feasible when
0 < aj41 —pas ajy1 —p < ap —p < a because of Condition (A4). Therefore, we conclude that
PC(w) > w —ip if Ay <w < Ajyq —pand PO(w) > A; —ip if A; —p <w < A,
We now prove that the proposed solutions are optimal. Pick any feasible solution (z°,g°) to (50).
Define Ny = {j € {1,...,q} | z; = 1}. Consider first the case where |N1| = ¢ —i+k for k € {0,...,i}.
Since Z?Zl ajzs +ay® > Z;J.:l aja; > Ag— Ai—, the objective 4va1ue associated with (z°,7°) satisfies
20 =30 1(aj—p)(1—23)—ayg® < Ajp—(i—k)p=Ai—ip—>""_; ;1 (aj—p) < 2. Second, consider
the case where |[Ny| =q—¢—k for k € {1,...,q9 —i}. Since Z?Zl a;jzi +ay® > Ay — Aiy1 + 0 from
feasibility, the corresponding objective value is 2° = 3 9_, (a;—p)(1—25)—ay® < Ajp1—0—(i+k)pu < z*.
Since whenever the solution (x*,7*) corresponding to z* is infeasible, z* < 2/, the result is proven.

2. Assume that 0 < w < A; — . An argument similar to that presented above shows that the feasible
. N . . e Ai—p—w - . L .
solution z7 = 0, 27 = 1 for j = 2,...,¢, and §* = “=2== is optimal for (50), which implies that
P (w) = w.

O

In the following result, we argue that P (w) is subadditive. This result enables us to use Proposition 3.2
to perform sequence-independent lifting for the variables in M.

Corollary 3.11. The lifting function PC(w) is subadditive over R

Proof. In Corollary 3.5, define v = u, r = ¢q, and D; = A;. Since a; > p for i = 1,...,¢q, it is clear that
A; > A;_1 + p. Further, since A; is defined as the sum of the largest i coefficients in C, it is clear that
A +A; > Ay for 0 <i,j < ¢ with i+ j < g. Therefore, Corollary 3.5 shows that PC(w) is subadditive
over R, . O

We next illustrate the results of Proposition 3.9, Proposition 3.10, and Corollary 3.11 on an example.

Example 3.12. Consider the 0—1 mixed-integer bilinear covering set
B= {(x,y) € {0,1}° x [0,1]° | 21z1y1 + 1929y5 + 1723y3 + 152434 + 10z5y5 > 20}.

Let (C",{i},M,T) = ({6},{4},{1,2},{3}). Clearly, (C'",{l}, M,T) satisfies Conditions (A1)-(A4}) since
C =C"U{l} is a cover with u =15, ay > as, ag > pu and ZjECUTaj =174+15+10>20+15=d+a;. By
Proposition 3.9, the inequality

17ys + 10x4 + dxs > 15 (51)

is facet-defining for PB(M, (), M, (). Using Proposition 3.10, the lifting function PC(w) is given by

w if 0<w <10,
10 if 10 <w < 15,
w—>5 if 15 <w < 20,
15 if 20 <w.

PC(w) =

Function PC(w) is represented in Figure 1. Corollary 3.11 shows that this function is subadditive over R .

We now compute the lifting coefficients of variables (z;,y;) for i € M from P¢(w). It follows from
Proposition 3.2 that lifting coefficients (v, 5;) for i« € M must be chosen to satisfy

oz + Biyi > P (aiwiy;)  for (zi,y:) € {0,1} x [0,1]\ {0,0}. (52)
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Figure 1: Lifting function P (w) of (51)

For the problem described in Example 3.12, P¢(a;z;y;) is represented in Figure 2(a) for 4 = 1. In this figure,
we observe that P (a;x;y;) is equal to zero when x; = 0 and is equal to P (a;y;) when x; = 1. Condition (52)
requires that the lifting coefficients («;, 3;) be chosen in such a way that the plane a;x; + 5;y; (passing through
the origin (0,0)) overestimates the function P (a;x;y;) over {0,1} x [0,1]. Possible overestimating planes
are represented in Figure 2(b). A similar geometric interpretation was used in Richard and Tawarmalani [24]
to obtain lifted inequalities for 0—1 mixed-integer bilinear knapsack sets. It is clear from Figure 2 that good
overestimating planes a;z; + 3;y; are in direct correspondence with the concave envelope p(w) of P¢(w) over
[0, a;]. This observation motivates the following result.

Lemma 3.13. Fori e M, define

0 if a; S Al — W,
q; ‘= J if Aj—u<ai§Aj+1—/¢, j=1,...,9—1,
qg if A;—p<a;.
Let Q% =0, Q; =A;—pu forcj = 1,.. .C,qi Aand inﬂ = a;. Further, define A} = ;-&-1 — Q; forj=0,...,q.
Define p;(w) = PC(Q;) + %{P@j)(w — Q;) for j=0,...,q;. Then, the function
p(w) = min {p(w) | j € {0} } (53)
is a concave overestimator of P¢(w) over [0, a;].

Proof. Clearly, p'(w) is concave since it is defined as the minimum of affine functions. Observe that, for
j = O,...,qi,‘ pé(w) > pPjyr(w) when w > @4, pi(w) < pjyq(w) when w < Q;H’ and ph(w) > PC(w)
when w € [Q, Q% ,]. Now, consider j € {0,...,¢;} and k # j. Then, for w € [Q}, Q% 4], PC(w) < ph(w) <
Pi(w). O

Observe that the concave overestimator of P¢(w) derived in Lemma 3.13 has ¢;+1 linear pieces. Also note
that the definition of ¢; implies that A; > 0forall j =0,...,q;. Next, we compute maximal lifting coefficients

for the variables (x;,y;) where ¢ € M using the sequence-independent lifting result of Proposition 3.2 and
Lemma 3.13.

Theorem 3.14. Under Conditions (Al), (A2), (A3) and (A4), the lifted bilinear cover inequality

Z(aj — )tz + Z a;jy; + Z i + Z Biyi > Z(aj — )" (54)

jec jerT ieM ieM jec
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Figure 2: Deriving lifting coefficients for Example 3.15

1s facet-defining for PB if

L POQi) — PO@) , PO(@L.) — POQY)

(ai, Bi) € (P%(a:),0) U (PC(Qé') - jHAi Q5 jHAZ I a;
§=0 J j

forie M in (54) where Q;-, A;-, and q; are as defined in Lemma 3.13.

Proof. Because P (w) is subadditive over R, , we know that (54) is valid for PB if the lifting coefficients
(v, B;) of (x4, ;) for i € M are chosen to satisfy the condition

axi + Biyi > P (aimy;)  for (z4,y:) € {0,1} x [0,1]\ {0,0}. (55)

Condition (55) can be rewritten as

Bi¢ > PC(0) for 0<¢<1, (56)
i + Bip > P9 (a;¢) for 0< o<1 (57)
To prove that (54) is facet-defining for PB, we also need to show two linearly independent points (z;,y;)

for which (55) is satisfied at equality. First, consider the case where (;, 3;) = (P%(a;),0). Condition (56)
is satisfied since 3; = 0 and P®(0) = 0. Condition (57) also holds because a; = P%(a;) and P (w) is
non-decreasing over Ry. Further, (55) is satisfied at equality at the two points, (0,1) and (1,1). Finally,

consider o o o o
(i, ;) = <PC’(Q§)P ( j+1)Ai—P (Qj) é’P ( j+1)Ai—P (Qj)ai>

J J

for any j € {0,...,q}. Clearly, (a;, 3;) satisfies (56) since 3; > 0 and PY(0) = 0. From Lemma 3.13, we
have that

) PC(Qi,)-PY(Q! i
PC(a;9) < PC(Q;‘) + Q)P @) (ai¢p — Qj)

A;
i PYQLL)-PUQY i PY(Q}11)—P(Q]
= PC(Q;)_ ( ]+1A); ( ])Q;') + ( J+A); ( ])ai¢

=qa; + ﬂzﬂs»
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showing that («;, 3;) satisfy (57) for j = 0,...,¢q;. Further, (55) is satisfied at equality at the two points
(1, %) and <1, %) Therefore, we conclude that (54) is facet-defining for PB. O

The concave overestimator of Lemma 3.13 is in fact the concave envelope of P®(w) over w € [0, a;]. The
concave envelope of PY(a;xy) over {0,1} x [0, 1] implicit in the proof of Theorem 3.14 can also be obtained
using the technique for constructing envelopes of functions that satisfy pairwise complementarity described
in [28]. We refer to Section 3 of [28] for definitions and, in particular, Proposition 3 therein for relevant
constructions. The same construction also yields the concave envelope of ¥(a;zy) over {0,1} x [0,1] proved
later in Theorem 3.26 using the concave overestimator of ¥(w) derived in Lemma 3.25.

Recall that Figure 2(a) depicts PY(a121y;) for inequality (51). Observe that in Figure 2(b), lifting
coefficients (0,a;) define the plane passing through (0,0) and (1,0) while lifting coefficients (P (a;),0)
define the plane passing through (0,0) and (0, 1) (which is identical to the plane obtained when j = ¢; = 2).
Since there are several choices for the values of each of the pair of lifting coefficients («;, 3;), the family
of inequalities (54) contains an exponential number of members. Theorem 3.14 therefore provides a new
illustration that sequence-independent lifting from a single seed inequality can produce exponentially large
families of inequalities, a property that was discussed in a more general setting in Section 2 of [24]. We
illustrate this characteristic of lifted bilinear cover inequalities in Example 3.15.

Example 3.15. In Fxample 3.12, we established that (51) is facet-defining for PB(M, 0, M, () and described
the corresponding lifting function P€(w). We compute that q; = 2 (with Q} =0, Q1 =10, Q3 = 20, Q% =21)
and gz = 1 (with Q3 =0, Q? =10, Q3 = 19). Applying Theorem 3.1/, we obtain the nine inequalities

21y 19y,
Se1 +2y 4+ Ras +Lys p 4 1Tys + 1024 + 525 > 15
151‘1 14x2

which are all facet-defining for PB. The three possible choices for the lifting coefficients of (x1,y1) are depicted
in Figure 2(b). The fact that there are three possible choices for (x2,y2) follows similarly with the exception
that coefficient as falls in the second interval (Ay — p, As — pl.

Another look at Figure 2 also suggests that if we had fixed (x1,y1) at (0,1) or (1,0), we would only have
been able to obtain a single lifted inequality and so fixing variables at (0, 0) in this case is crucial in discovering
the exponential family of lifted inequalities. This provides a graphical illustration of Proposition 3.3, which
states that all interesting lifting coefficients that can be obtained from fixing variables at (0,1) or (1,0) can
also be obtained from fixing variables at (0,0).

3.3.2 Lifted reverse bilinear cover inequalities

In Theorem 3.14, we derived lifted bilinear cover inequalities by first lifting the variables (z;,y,) for j € C’
and then lifting the variables (z;,y;) for j € M. Here, we derive another family of lifted inequalities that we
call lifted reverse bilinear cover inequalities by changing the lifting order: we start the lifting procedure with
the same seed inequality (42), but we now lift the variables (x;,y;) for j € M before the variables (z;,y;)
for j € C’. In this case, we do not assume that a; > a; for ¢ € C, i.e., we do not require Condition (A2).

Proposition 3.16. Under Conditions (A1), (A3), and (A4), the inequality

(a — )+ Z min{a;, a; — pjz; + Z ajy; = ar — p (58)
jEM jer

is facet-defining for PB(0,C’,0,C").

Proof. Tt follows from Proposition 2.9 that

(ar — p)z + Zajyj Za;— W
JET
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is facet-defining for the full-dimensional polytope PB(M,C’, M,C"). Tts lifting function P(w) is derived in
Proposition 3.8 where it is also proven to be subadditive over R;. Therefore, Proposition 3.2 shows that
lifting coefficients (o, 3;) for (z;,y;) for i € M are valid if they satisfy the condition

;i + By > Plaz;y;)  for (x4,y;) € {0,1} x [0,1]\ {0, 0}. (59)
Condition (59) can be rewritten as

Bi¢ > P(0) for 0<o¢<1, (60)
a; + Bid > Pla;p) for 0< ¢ <1. (61)

We now show that (o, ;) = (P(a;),0) are valid lifting coefficients. Clearly, §; = 0 satisfies (60) since
P(0) = 0. Further, since P(a;¢) = min{a;¢,a; — p}, it is also clear that «; = P(a;) = min{a;,a; — p} >
min{a;p,a; — p} = P(a;$). To show that (58) is facet-defining for PB(0, C’,0,C"), it suffices to verify that
the two points (0,1) and (1, 1) satisfy (59) at equality. O

Proposition 3.16 also follows directly from Proposition 2.9. We provided a proof of Proposition 3.16 based
on lifting techniques to emphasize that the cover and reverse-cover inequalities are obtained by reversing the
order of lifting of M and C’. We remark that the above result does not require Condition (A2). Also,
note that lifting coefficients («;, 8;) = (0,a;) for i € M are valid for (59). These coeflicients yield facet-

defining inequalities for PB(Q, C’, 0, C") because (59) is satisfied at equality for (1,0) and (1, min {1, Lk })

i

However, these variables could have been treated directly as elements of T in (42) since adding more elements
to T' will not violate Condition (A4).

To obtain facet-defining inequalities for PB, we lift the remaining variables (z;,y;) for j € C" in (58). To
this end, we first compute the function

PM(w):= max (a;—p)— < (e — p)x; + Z min{a;,a; — plx; + Z a;y;
JEM JET
st apryy + Z Ty > ap— fh— W (62)
jeMuUT
T; € {0,1}, Y; € [0,1] Vj € {l}UMUT.

Let M = My U My where My = {i € M | a; > a; — u} and My = M \ M;. Assume without loss of
generality that {{} UM; = {1,...,q} and a1 > a2 > ... > ay where ¢ = |M;| + 1. Further, define Ag =0
and A; = 370 aj fori =1,...,q. Observe that a; + 3=, prp @5 = Ag + 3 5c0p, @5 + 2 jep aj. We derive a
closed-form expression for PM (w) in the following proposition.

Proposition 3.17.

—00 i w<—p—3cmor %

PM(w) = wAHAg—qlar—p) i —p =3 epura; Sw < —Ag+ (@ — p),
_Z(al_:u) if _Ai+1+(a’l_:u)gw<_Ai7 i:O7"'7q_17
w+ A —ilag —p) U -4, <w<—A;+ (a — p), i=1,...,q—1,

Proof. First, we observe that, if (62) has a feasible solution, then it has an optimal solution (z*,y*) that
satisfies z7 =1 for j € T'and yj =1 for j € MU {l} since the objective coefficients corresponding to these

variables are zero. Using the notation @ = 3 jeT and 4y = M, we simplify the expression of PM (w)
as
PMw)= max (a—p)—{ D>, (u—pr;+ Y az;+ay
Je{iyuM, JEM>
s.t. Z a;x; + Z a;T; +ay > a — p—w (63)

Jje{l}UM; JEM,
:cje{O,l} VjG{Z}UMluMQ, g€[071]
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ZjeMQ ajx;+ay

After introducing a = Z]EM2 aj +aand § = = , we claim that PM(w) can be written as

q
PM(w) = max Z wx; + ay
j=1
s.t. Zaj:rj +ag>a —p—w (64)
j=1

z; €{0,1} Vje{l,....q}, y€[0,1].

We next prove that (63) and (64) are equivalent. To do so, we show that (63) has a feasible solution

(w7, 3y, 23y,, ") with objective value ¢* if and only if (64) has a feasible solution (x},z},,,4*) with objective

value ¢*. On the one hand, given (x},z},,,};,,¥"), we can obtain (z}, x}, ,9*) directly from the definition of

3} The objective values of these two solutions are identical. On the other hand, let M = {g+1,...,m}. Define

Ag=0and 4; = ZJ gr1j fori=1,....m—q. E[‘hen, for a given (z7, 2%, ,9%), we build (z}, 2}, 23,,7")

as follows. Deﬁr}e m =max{i € {0,...,m —q} | A; < ag*} and set z;, ; = 1 for j <, x},
4y —Am

and §* = =—=2. We argue next that this solution is feasible. First observe that ay* — Am < Agtmtt

when 1 < m — ¢ — 1 and that ag* — Ay, < @ when i = m — q. Since a = )

;=0for j >m

jer @i > — [ = a for all

i € Mj because of Condition (A4) and the definition of My, we easily conclude that 0 < W%‘le < 1. Also,
Y jeqiyon BT+ X ien, 4T + YT = Yicqpon, % + Am + 4" — Am = 3 cqyonr, 950 + 6. This
shows that the proposed solution is feasible for (63) and has the same objective value as (x},z},,, gj*)

Next, we study (64). It is clear that this problem is infeasible if and only if w < a; — p — A, =
—pu— deMUT a;. Therefore assume that w > —p— 3./, a;. Consider now any optimal solution ( )
for which zf < zf and 7 < ¢ for some ¢,¢ € {1...,¢}. Then the solution (Z,§*) where Ty = z} if k ;é i
and k # ¢, T; = x7, and Ty = x is also feasible for (64) since a; > a; and has the same objective value as
(z*,9*). It follows that (64) has an optimal solution that satisfies 77 = ... =z} =land 2}, = ... =2, =0
for some i € {1,...,¢}. Consider such a solution further. On the one hand, if 23:1 a; > a; — p — w, then

Z; :; aj < @ —p—w and y* = 0 otherwise the solution z7

4° = 0 would be feasible and would have a better objective value. On the other hand if Z;zl a; < ap—p—w

=1lforj=1,...,i—1,2;=0forj=4,...,qand

for i < ¢ — 1 then _1 a; > a; — p — w. Otherwise the solution a:o =1forj=1,....i+1, a:;’ = 0 for
j=1i+2,...,qand §° = §* — “ would be feasible and would have an objective value a;41 — (a; — 1) larger
than that of (z*,y*). This is a contradiction since Qi1 > ap — p.

We consider two situations. First, assume —A; + (o — p) — & < w < —Ay + (a; — p), it follows from
the above discussion that there is an optimal solution (z*,§*) with 2* = 1. Then §* = 2=£=*=4s (Clearly,

a

g* € 10,1] and so PM(w) = w+ A, — q(a; — p). Second, assume —A; 1 + (@, — p) < w < —A; + (ay — ) for

some i € {0,...,q — 1}, it follows from the above discussion that one of the following two solutions
¥y =ap =...=xp, =1, xi*+2:...:9:;:0, 9" =0, and
ap—p—w—A;
oY =ay =...=ax7 =1, x7,=...=z7 =0, T

a

with objective values z* = —i(a; — ) and z* = —i(a; — p) + (w + A;) is optimal for (64) since a; —p —w €
(4;, A;y1]. Note that the second solution is feasible only when a; — p — w — A; < a. We now consider two
cases. When w < —A; then 2* > 2* and so PM(w) = —i(a; — p). When w > —A;, then z* > 2*. Further,
solution (x*,§*) is feasible since a; — pp — w — A; < a; — o < & because of Condition (A4). It follows that
PM(w) = —i(ag — p) + (w + Ay). O

To perform sequence-independent lifting for the variables (z;,y;) for j € C’, we verify that the function
PM (w) is subadditive over R™.

Proposition 3.18. The lifting function PM (w) is subadditive over R_.
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Proof. First, note that P (w) is subadditive over R_ if it is subadditive over I = [—u — > jenur 455 0]

Consider Corollary 3.5 and define D; = A;, v = a; — u, r = ¢, and notice that PM (w) = g(—w) +w. Clearly,
Ai+A; > Ay for 0<i < j<gwith i+ j < g since A; is the sum of the largest ¢ coefficients in M; U {{}.
It then follows from Corollary 3.5 that P (w) is subadditive over I, proving the result. O

We next illustrate the results of Propositions 3.16, 3.17, and 3.18 via an example.

Example 3.19. For the set B of Example 3.12, consider the partition (C', {1}, M,T) = ({3}, {4}, {5}, {1, 2}).
This partition satisfies Conditions (A1), (A3), and (A4) since C is a cover with p = 12, ay > p, and
> jecur @5 =21+19+17+15> 20415 = d + a;. We obtain from Proposition 3.16 that

3x4 + 3x5 + 21y + 19y, > 3 (65)
is facet-defining for PB(0,C",0,C"). Further, the lifting function PM (w) over R_ is given by

—00 if w< —62
w+19 if —-62<w<-22

PMw)={ -3 if —22<w<-15
w+12 if —15 <w < —12
0 if —12<w<0,

as described in Proposition 3.17 since ¢ =2, Ag =0, A1 = 15 and As = 25.

Similar to Theorem 3.14, we compute the lifting coefficients for the variables (z;,y;) for ¢« € C’ using
sequence-independent lifting; refer to the discussion following Proposition 3.2.

Theorem 3.20. Suppose that Conditions (A1), (A3), and (A4) hold. Then, the lifted reverse bilinear cover
inequality

(@ — o — Y PM(=a)z;+ Y min{aj,a — pla; + Y ajy; > (a—p) — Y PM(—a;) (66)
jec’ JjeEM jeT jec!
1s facet-defining for PB.

Proof. Since PM(w) is subadditive over R_, the lifting coefficients (s, 3;) of the variables (x;, ;) for i € C’
are valid if they are chosen to satisfy

ai(z; =)+ Bi(yi — 1) > PM(aixiyi —a;) for (z;,y;) € {0,1} x [0,1]\ {1, 1}. (67)

Condition (67) can be rewritten as

. —PY(a;¢p — ay)
ﬂiioglgil—l_qﬁ , (68)
ai+ sup fi(1—¢) < —PY(-a;). (69)
0<g<1

Because of Assumption 2, we know that a; <3 ey aj—d =3 coionmor @~ (Qjec @ — 1) = 1+ e pur 4
for all i € C" C N and so PM(a;¢ — a;) > —oo for all ¢ € [0,1). Choosing 3; = 0 satisfies (68) since
PM(a;¢ —a;) <0 for all ¢ € [0,1). Moreover, as 3; = 0, it is easily verified that choosing o;; = — P (—a;)
satisfies (69). Finally, note that (67) is tight at the points (0,0) and (1, W), which proves that
(66) is facet-defining for PB. O

Note that the lifted reverse bilinear cover inequality (66) we obtained through lifting is unique. This is a
significant difference from lifted bilinear cover inequalities (54). We next illustrate in an example the reason

that we obtain a single lifted reverse bilinear cover inequality and show that not all lifted reverse bilinear
cover inequalities (66) can be derived as lifted bilinear cover inequalities (54).
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Example 3.21. For the partition (C',{l}, M,T) = ({3},{4},{5},{1,2}), we established in Example 3.19
that (65) is facet-defining for PB(0,C’,0,C"). Applying Theorem 3.20, we obtain the following lifted reverse
bilinear cover inequality

3x3 4+ 3x4 + 325 + 21y; + 19y > 6, (70)

which is facet-defining for PB. We represent in Figure 3(a), the function PM (asz3ys — a3) that was overes-
timated to construct valid lifting coefficients. We represent in Figure 3(b) the only choice of coefficients that
yields an overestimating plane to PM (agz3ys —as) over (z3,ys) € {0,1} x [0, 1] and is tight at (1,1). Further,
Inequality (70) cannot be obtained as a lifted bilinear cover inequality (54). In fact, if (70) was of the form
(54), it should be that C C {3,4,5}. However, none of the four possible covers C; = {3,4}, Co = {3,5},
Cs3 ={4,5} and Cy = {3,4,5} yield (70).

Figure 3: Deriving lifting coefficients for Example 3.21

3.4 Inequalities through approximate lifting

We now derive another family of lifted inequalities from the seed inequality (27) developed in Proposition 2.11.
To this end, we first identify a partition (K, M) of the set of variables IV that satisfies the following conditions

(C1) Yjexaj—ar >dforal ke K,
(C2) ZjEKaj—ak—am<df0rallk7ém€K, i.e., ag + ay > pfor all k #m € K|

where = >, jca; — d is the excess of K. Note that Condition (C1) implies that K is a cover. Further,
Condition (C1) requires that K \ {k} is also a cover for all k € K and so ap < p for all k € K. Tt also follows
from Condition (C1) that |K| > 2. We refer to a set K satisfying Conditions (C1) and (C2) as a clique. After
fixing the variables (z;, ;) for i € M to (0,0), it follows from Proposition 2.11 that the clique inequality

> x> K| -1 (71)

JEK

is facet-defining for PB(M, (), M, ).

We now lift the remaining variables (z;,4;) for i € M in two steps. We assume without loss of generality
that K = {1,...,r} and that a1 < as < ... < a,. We define i = a1 +as—pu. We assume that a,1 < --- < a,
and define p such that Y7 . a; < p/ < Zfirl 41 @i~ (More generally, M can be taken to be any subset of
M such that Y-, e @ < p/ without altering the form of the derived inequality.) Let M= {ary1,...,ap}

We show that (71) is facet-defining for PB (M\M\ ,@,M\JT/[\ ,0). First, we show by contradiction that the
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inequality is valid. Let (x,y) be such that > x; < r—1. Then,

jEK

Za]xjyj <Zajfd o+ Z a; <d,
j=r+1

where the first inequality holds since a1 < --- < a, and > jerx T <T— 1 and the last inequality follows since
> _.i1a; < p/. This inequality implies that (z,y) ¢ B(M\M\,@,M\M\,@), the desired contradiction. By
Proposition 2.10, it suffices to show that (71) is facet-defining for PB(M\]\//I, 0, M\]\//f, KUM\). Define y such
that x; =1for j € K and x; =0 for j € M. Then, by (C1), p¥ = x — ey, for k € K and ¢¥ = x — e; + ¢, for
ke M , are feasible. Since these points are linearly independent, (71) is facet-defining.

We now lift variables (x;,y;) for i € M = M\]\//f . The lifting function corresponding to (71) is defined as

®(w) := max (|K|-1) Z z;

JEK
s.t. Z a;T;y; + Z a;x;y; > d—w (72)
JEK jebi

z; €{0,1}, y; €[0,1] Vje K.

We define a’ = Zje]\?f aj, i =p —a’', By =0, and B; = E;Zl ajyo—a fori=1,...,7—2. It follows from
the definition of M that i > 0. Observe that By < Bj because az—a’ > az—p' = ag—a;—as+p > —as+u > 0,
where the last inequality follows from (C1). Also, observe that B,_o + i = d — a’ and, for all i € M,
a; > ap11 > ' —a’ = [, where the last inequality follows from the definition of M.

Proposition 3.22. For w > 0,

0 if 0<w<p,
P(w) =4 i if Bii+pa<w<Bi+p i=1,...,r—2,
7"—1 lf BT—2+/7/§U}-

Proof. Problem (72) is feasible for w > 0 and has an optimal solution (z*,y*) that satisfies (z},y;) = 1 for

jE M and y; =1 for j € K since the objective coeflicients of these variables are zero. Hence, ®(w) can be
rewritten as

O(w)= max (|K|-1)— Zx]
JjEK
s.t. Z ajr; >d—a —w (73)
jeK
z; €{0,1} VjeK.

Further, we claim that there exists an optimal solution z* to (73) in which
] <zy<...<z (74)

This is because, given any solution z* to (73) with z} > 7% for i < j, the solution Z defined as z) = zj, if
k #iand k # j, 7; = 2}, and T; = z

is feasible and has the same objective value. It follows from (74)
that, given w € [0, d—a ] the solution

. {0 it j=1,...,tw)—1,

LTV i j=tw),.. .

79

J

where t(w max{z ‘ Ej ;05 >d—a —w=DB,_ o+ [i— w} is optimal for (73) and has an objective value
of t(w )—2 When w € [0, i), d—a — w € (By_2, Br_2 + fi] showing that t(w) = 2 and ®(w) = 0. When
w € [Bi—y + i, Bi+p) for i =1,...,r =2, d—ad —w e (35_; 305, ,a;] showing that t(w) =i+ 2
and ®(w) = i. Finally, when w > d —d, it is clear that ®(w ) |[K|—1=r—1. O
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In Section 3.3.1, all lifting functions were subadditive over appropriate ranges. As a result, strong valid
inequalities for PB were easily obtained using sequence-independent lifting. The lifting function ®(w) derived
in Proposition 3.22, however, is not subadditive. To circumvent the difficulties associated with sequence-
dependent lifting in such a situation, Gu et al. [13] proposed to use approximate lifting. Following their
approach, we say that ¥(w) is a valid subadditive approzimation of ®(w) if ¥(w) > ®(w) for all w € Ry and
U(w) is subadditive. We say that a valid subadditive approximation ¥(w) is nondominated if there is no
other valid subadditive approximation ¥’ (w) of ®(w) with ¥/ (w) < ¥(w) for all w € R4 and ¥/ (w’) < ¥(w')
for some w’ € Ry. We also define the notion of maximal set £ = {w € Ry | ®'(w) = ®(w) Vi €
M, for all coefficients a; € R, and for all lifting orders}. A valid subadditive approximation ¥(w) of ®(w) is
called mazimal if ¥(w) = ®(w) for all w € E. Tt is clear that a maximal nondominated approximation of ®
leads to strong inequalities that can be obtained efficiently for PB. The approximation of ®(w) we use has
the form presented in Corollary 3.6.

We next describe in Proposition 3.23 a subadditive, nondominated and maximal approximation of ®(w)
over R,.

Proposition 3.23. The function

i+w;*if1%gw<BH¢L i=0,...,7—2,
U(w):=<% 1 if Bii+p<w<B;, i=1,...,r—2

r—1 if Br_o+p<w,
is a valid subadditive approzimation of ®(w) that is nondominated and maximal over R .

Proof. Note that ¥(w) = ®(w) when w € [B;—1 + i, B;] for i € {1,...,7 — 2} and when w > B,_s + [i.
Further,

>

U(w) = &(w) + D (w)

I

when w € (B;, B;+p) fori € {0,...,7—2}. Next, we show that ¥(w) is subadditive over R. In Corollary 3.6,
let s=r—2,C; = B; and A = [i. Since B; is the sum of the smallest ¢ coefficients in K\{1,2}, it is clear
that B; + Bj < By for 0 < i <j <r —2 with i + j <r — 2. Therefore, ¥(w) is subadditive over R. We
now argue nondominance and maximality over Ry. To this end, we first observe that for all w’ € Ry there
exists w” € Ry such that

U(w') + ¥(w”) = &(w +w"). (75)
In particular, w” can be chosen to be B;+a—w’ when w’ € (B;, B;+f) and w” can be chosen to be 0 otherwise.
If U’ dominates ¥ strictly at w’ then ¥'(w’+w”) < ¥'(w')+ ¥ (w"”) < U(w')+¥(w") = &(w'+w") yielding
a contradiction to the assumption that ¥’ is an overestimator of ®. Similarly, if ®(w’) < ¥(w') then (75)
implies that ®(w’' +w") —®(w’) > ¥(w”) > &(w”). Therefore, (w’) does not yield a valid lifting coefficient
for the sequential perturbation of w’ after w’. O

Example 3.24. For the bilinear set B studied in Example 3.12, consider K = {3,4,5}. Set K satisfies
Conditions (C1) and (C2) with p = 22. It follows from Proposition 2.11 that

T3+ x4+ x5 > 2 (76)

is facet-defining for B({1,2},0,{1,2},0). Let M = 0. The lifting function of (76) obtained using Proposi-
tion 3.22 and its valid subadditive approximation W(w) obtained in Proposition 3.23 are given by

. w if 0<w<3
3 ! = ;
0 ¥f 0<w<3, 1 if 3<w<17,
w)=4q 1 if 3<w<20,  and W(w)=q | w17 ¢ 17< <920
2 if 20<w o P i 20<w

asr=3,n=3, Bp =0, and By, = 17.
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In Figure 4, we present the lifting function ®(w) of the clique inequality derived in Proposition 3.22 and
its valid subadditive approximation ¥(w) obtained in Proposition 3.23 for the particular case of inequality
(76) discussed in Example 3.24. The function ®(w) is depicted with a dotted line while ¥(w) is represented
using a solid line. Observe that, for 0 < w < i = 3, the approximation is exact only when w = i = 3, i.e.,
U(n) = ®(m). For w > i = 3, the approximation is exact when 3= <w < By =17 and w > By + i = 20.
Next, we obtain a concave overestimator of ¥(w) in Lemma 3.25 that we will use in Theorem 3.26 to compute
lifting coefficients for the variables in M.

251

15}

051

=
=
+
=

Figure 4: A valid subadditive approximation ¥(w) of ®(w) for Example 3.24.

Lemma 3.25. Fori e M, define
0 if aigﬂ,
qi = j+1 if Bj+ﬂ<ai§Bj+1+ﬂ, jZO,...,T’—?),
r—1 if B._o+pn<a.
Let Wi =0, W; =Bj_1+pforj=1,...,q; and W;iﬂ = a;. Define A;- = VV]?_|r1 —W; forj=0,...,q.
Define also i (w) = U (W}) + W(w —Wj) for j=0,...,q;. Then, the function

¥ w) i=min {gi(w) | j € 0. a:} (77)
is a concave overestimator of ¥(w) over [0, a;].

Proof. First, W(w) is concave since it is obtained as the minimum of affine functions. Observe that, for
i=0,...,q, z/};(w) > i (w) when w > Wiy, ¢i(w) < ¢y (w) when w < W;J@, and 9} (w) > U (w)
when w € [W;, Wi, ]. Now, consider j € {0,...,q;} and k # j. Then, for w € [W}, W} 4], ¥(w) < j(w) <
U, (w). O

The concave overestimator 1¢(w) of Lemma 3.25 can be used to obtain lifting coefficients in a manner
similar to that of Theorem 3.14. Because of the way the concave overestimator is built, it can be observed that
all of its affine pieces (except possibly zbéi) touch the original lifting function ® at two points and therefore
can be used to generate strong lifting coefficients. To describe whether wéi touches ® in two points, we define
I(a;) to be the function that returns 0 if ®(a;) = ¥(a;) and returns 1 otherwise, i.e.,

I(a) o 0 if qu_l +p<a; < qu ora; > B,_o+ i,
v 1 if By, <a; < By, + [i.

We observe that, when I(a;) = 0, it is possible to derive maximal lifting coefficients (with respect to ®) from
all affine pieces of ¥*. When I(a;) = 1, however, we can only guarantee the derivation of maximal lifting
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coefficients (with respect to ®) from ¢® for i = 0,...,¢q; — 1. This intuitive observation is formally proven in
the following theorem.

Theorem 3.26. Under Conditions (C1) and (C2),
Dozt Y afwit Yy By > K| -1 (78)
jEK ieM ieM
defines a face of PB of dimension at least (2n — 1) — >,y 1(a;) X 1gj,54,) for all j; € {0,...,¢; + 1} and
for all i € M where

<az,ﬁ{>=(wII(W;)_‘I’(Wﬁl)qu’(Wf)W;, Rin) j)ai) forj =0, (T9)

J J

(o T, 1) = (¥(ar), 0)

and [, W;, A;- and q; are as defined in Lemma 3.25. For a given inequality of the form (78), let L = {i €
M| j; > qi,I(a;) = 1}. In particular, (78) is facet-defining for PB if one of the following conditions holds:

1. L=20.
2. Jv € M such that j; = 0.

Proof. Tt follows from Proposition 3.23 that U(w) is a valid subadditive approximation of ®(w) for w > 0.
Hence, lifting coefficients (v, 5;) of (z;,y;) for i € M are valid if they satisfy the condition

;i + By > V(az;y;)  for (x4,y;) € {0,1} x [0,1]\ {0, 0}. (80)
Condition (80) can be restated as

b6 > W(0) for 0< o<1, (81)
a; + Bid > U(a;p) for 0< ¢ <1. (82)

To prove that (78) defines a face of PB of dimension at least (2n — 1) — 37,5, I(a;) X 1yj,>4,} when lifting
coefficients are chosen according to (79), we will show that, for each i € M,

;i + Biyi = Plaxiy;) (83)

is satisfied at equality by at least 2 — I(a;) X 1f;,>4,) independent points.

First, consider the case where (ay, ;) = (¥(a;),0). Observe that (81) is satisfied since §; = 0 and
U(0) = 0. Further, (82) holds as a; = «; + ;¢ = ¥(a;) > ¥(a;¢) since ¥ is a nondecreasing function. It is
easily verified that (83) is satisfied at equality at the point (0,1). Further, when I(a;) = 0, then (83) is also
satisfied at equality at the point (1,1).

Second, consider the case where

(0 1) = <m<w;‘> - D) Z OOy 2O) — 0O )ai> |

Clearly, («y, 8;) satisfies (81) since 8; > 0. From Lemma 3.25, we have that

®(a;¢) < U(aig) < W(W))+ w(w — W)
= a; + Gio.

We now present points that satisfy (83) at equality. Observe first that, for j = 0,...,¢;, the point (z7,y;) =

i

(1, V;/j) satisfies (83) at equality since W(a;z}y;) = W(W}) = W(B;_1 + i) = ®(B;_1 + j1). Similarly, for
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j=0,...,q9; — 1, the point (z},y}) = (1, Wé—f) satisfies (83) at equality. For j = ¢;, the point (1, Wé—fl)
reduces to (1,1) which satisfies (83) at equality when ¥(a;) = ®(a;), i.e., when I(a;) = 0. Therefore, we
conclude that (78) defines a face of PB of dimension at least (2n — 1) — > o5, I(ai) X 1gj,>4.3-

We conclude from the above derivation that when, for all i € M, either j; < ¢; or I(a;) = 0, then the
face of PB that (78) defines has dimension 2n — 1 showing that (78) is facet-defining for PB and proving 1.
Now, we show that (78) is also facet-defining if j; = 0 for some 7 € M. We first lift (27, ;). Since a; > [
(see discussion preceding Proposition 3.22) it follows that (a2, 5%) = (0, %) Then, we lift the variables
in M\{L U {7}} and choose any j; < ¢; + 1 for these variables. The above proof shows that the resulting
inequality is facet-defining for PB(L\{2}, 0, L\{z},0). Since PB(L\{1}, 0, L\{z},0) C PB, all the points tight
for (78) are feasible to PB. Now, we lift a variable i € L\{7}. Let

Zaixiyizdfa’fwand in|K|1a}.

€K €K

F(w,a) - {(‘T,y) € {Oa 1}n X [07 1]n

We show that there exists p € F(By,, + i, g + 1) which is feasible to PB and tight on (78). First note that
F(By, + it,qs + 1) # 0 because ®(By,, + p) = g + 1. Let p = (2/,y'). By the definition of F'(w,a), we are
free to redefine (2,y]) for i ¢ K. Let o, =y} = 0 for i € M\{L U {z}} and let 2} =y, = 1 for i € M. Let

B [L—a;r . _ _ . .
2t =1and ¢y = m;i Since a; > ji and By, < ay < Bg,, + i it follows that 0 < y; < 1. Finally, we set
(z},yi) = (1,1). Note that axly; + ayxj,y;, = By, + i and

jis jir By, + o —ay ay — By,
R - =4+ 1=U(Bq, + ) = 2(Bq, + ),

il

qui/ 1 4’i2

where the first equality holds since (a2, 3%) = (0, %), (agf', ff') = (qy —0—= ,0) when jy = ¢ and

(ag;’” Zj/u) = (¥(ay),0) when ji = gy + 1 where § = (@i)=0% anq §(a;) = gy + 9= Bas  Therefore,

ai’qui/—lfll' Iz ’
p € PB and is tight for (78). For j; = g, we have already demonstrated that there exists a point of PB

i

W

tight for (78) that sets (z;, ) = (1, - ) and for j; = g; +1, there is a point of PB tight for (78) such that

(zir,y#) = (0,1). For j = g, affine independence follows since a;; > sz’/ implies that (0,0), (1,1), and
wi

(1, a]j” ) are affinely independent. For j;; = ¢;/41, affine independence follows from the affine independence

of (0,0), (1,1), and (0, 1). O

Inequalities (78) can be facet-defining depending on the value of the coefficients a; and the choice of lifting
coefficients («;, 3;) for i € M. As mentioned before, M may be chosen to be any subset of M that satisfies
> ieni @ < i In this case, (78) will be facet-defining if max{a; | i € M,j; = 0} > [ but it may not be
facet-defining otherwise. The next example illustrates the use of (78) in deriving facets of PB.

Example 3.27. Consider the clique inequality (76) of Example 3.24 and its corresponding approzimate lifting
function. We have ¢ = 2 and g = 1 with W} =0, Wi =3, Wt =20, Wi = 21, and WZ =0, W = 3,
W3 =19. Applying Theorem 3.26, we obtain the following nine inequalities

21 19
14 gyl 21 17392/2
=T Ty o+ 2472 +53Y2 ¢+ T3+ a4+ 25 > 2,
231‘1 §!L‘2

which define faces of PB of dimension at least 8 since I(a;) = 0 and I(az) = 1. It follows from the first
condition of Theorem 3.26 that following three inequalities
271311

ey +3y +§yz+$3+$4+1‘522

are facet-defining for PB since jo < q3. The two inequalities

E3J1 +{ %xz +£y2

+ax3+ x4 +5 > 2
: bt aatas 2
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are also facet-defining for PB since they satisfy the second condition for facet-defining inequalities in Theo-
rem 3.26 as j; = 0.

4 Relations to fixed-charge single-node flow model without inflows

In Section 3, we derived strong valid inequalities for the bilinear set B using lifting. In this section, we show
that many of these lifted inequalities are also facet-defining for the convex hull of the fixed-charge single-node
flow model without inflows

Zajyjzd $j>ijjEN}.

F = {(x,y) € {0,1}" x [0,1]"
j=1

In the following lemma, we show that F' C B.
Lemma 4.1. The bilinear covering set B is a relaxation of the flow set F.

Proof. We prove that FF C B. Let (z,y) € {0,1}"™ x [0,1]™ be an arbitrary point of F. It suffices to show
that Z;‘L=1 a;zjy; > d. Let No={j € N|z; =0} and Ny ={j € N | z; = 1}. Since (z,y) € F, y; =0 for

all j € Ny. Then,
> ajmiyy =Y ajyi =Y ay; > d,
jEN JEN, jEN

where the last inequality holds because (x,y) € F. O

Fixed-charge single-node flow sets are important in practice since they can be used as a source of cutting
planes for 0—1 mixed-integer programs. Further, they naturally arise in the formulation of fixed-charge
network problems; see [2, 12, 19, 20, 22]. The fixed-charge single-node flow set F' without inflows was first
studied by Padberg et al. [22] under the assumptions that (i) a; < d and (i) > 7_, a; > d +a; for alli € N.
In the following, we relate the facets of PF to those of PB without assuming that the sets are full-dimensional.

Lemma 4.2 (Adapted from Proposition 8 in Padberg et al. [22]). Every facet-defining inequality of PF that
s mot a multiple of y; < x; can be expressed as ax + By > §, where 3 > 0.

Proof. If for some i, 3; < 0 then the only points tight on this inequality are such that y; = x;. If F satisfies
this equality then we may rewrite the facet-defining inequality as ax + B;z; + By — Biy; > 9. O

In the following, we refer to the facet-defining inequalities of PF' that are not a multiple of y; < z; as
non-trivial facet-defining inequalities.

Lemma 4.3. aff(F) = aff(B).

Proof. Clearly, aff(F') C aff(B) since F C B by Lemma 4.1. It therefore remains to prove that aff(B) C
aff(F'). Consider any point (z,y) € B. If (z,y) € F, then clearly (z,y) € aff(F'). We may therefore
assume that (z,y) € B\F. Define p = (2/,y’) where (z},y;) = (z;,z;y;) for i € N. It is easy to see that
DN @il = D ien @ixiy; > dand y; < xf fori € N andsop e F. Let I' = {i € N | y; > x;}. We show next
that for each i € I, p* = p+(0,¢;) € aff (F). To this end, observe that =} = 0 for each ¢ € I'. It follows easily
that ¢ = p+ (e;,0) and r® = p + (e;, €;) belong to F. Therefore, p* = p + (r* — ¢*) € aff(F). Now, observe
that (z,y) =p+ Y ,cp vi(p' — p) € aff(F). It follows that B C aff(F) and therefore aff(B) C aff(F). O

Proposition 4.4. Assume that
ar+ By >0 (84)

is valid for PF and, for each i € N, either a; <0 or 3; > 0. Then, (84) is valid for PB. Further, for every
non-trivial facet (84) of PF with 3 > 0, (84) is facet-defining inequality for PB.
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Proof. We first show that (84) is valid for B. Consider (z,y) € B. Let I = {i € N | a; < 0}. Define (2/,y’)
such that (z},y;) = (1,y;) for i € I and (z},y}) = (x;, z;y;) for i € N\ I. Then,

Sy, => ayi+ Y amiyi > awy; > d,

ieN il iEN\I ieN
where the last inequality holds because (x,y) € B. Further, since y; < z}, it follows that (z’,3’) € F. Then,
6 <ax' 4 By < ax+ Py,

where the first inequality holds because (2/,y’) € F and the second inequality is satisfied since, by construc-
tion, a(z’ — ) + By’ —y) < 0. It follows that (84) is valid for PB.

Consider a non-trivial facet-defining inequality o’z + 8’y > ¢’ of PF with 8’ > 0. Then, by the first part
of this result, it follows that o’z + 3’y > 4’ is valid for PB. Since, by Lemmas 4.1 and 4.3 respectively, B O F
and dim(B) = dim(F), it follows that o’z + 5’y > ¢ defines a facet of B. O

In Proposition 4.4, the assumption that 3 > 0 for a facet-defining inequality is without loss of generality
because of Lemma 4.2. As an immediate consequence of Proposition 4.4, it can be shown that lifting functions
associated with inequalities cx+ By > d, such that for each ¢ either o; < 0 or 3; > 0 are identical when they are
computed over B or over F. Since the inequalities derived in Section 3 as well as the seed inequalities satisfy
these assumptions, many of our results in Section 3 extend to the study of F. We record this observation in
the following corollary.

Corollary 4.5. Let (o, 3) € R?" and, for each i € N, assume that either a; < 0 or 3; > 0. Let B(w) =
{(aj,y) e {0,1}" x [0,1]™ ‘ D ien @ity > d — w}, and F(w) = {(m,y) e {0,1}™ x [0,1]™ ’ dien Gili >
d—w and y; < x; for alli € N}, where a; > 0 for all i € N. Let zg(w) = min{az + Sy ‘ (z,y) € B(w)}
and zp(w) = min{ax + By | (z,y) € F(w)}. Then, zp(w) = zp(w).

Proof. By Lemma 4.1, B(w) 2 F(w). It follows that zp(w) < zp(w). We now argue that zp(w) > zp(w). By
the definition of zp(w), ax+ By > zp(w) is valid for F(w), which is a flow-set. Let (z/,y') € argmin{az+ Sy |
(z,y) € B(w)}. Then, zp(w) = az’ + By’ > zp(w), where the inequality follows from Proposition 4.4. We
conclude that zp(w) = zp(w). O

Now, we illustrate Proposition 4.4 via an example.

Example 4.6. Consider the fized-charge single-node flow set without inflows
F = {(m,y) € {0,1}* x [0, 1]* | 19y; + 17yo + 15y3 + 10ys > 20, 2; > y;, Vj=1,... ,4},

corresponding to the bilinear covering set B discussed in Example 2.6. We obtained a complete linear de-
scription of PF using PORTA; see Christof and Lébel [6]. This linear description is given in the Appendiz.
We observe that inequalities (10), (11), (17), and (18) are facets for both PB and PF. However, it can be
verified that inequalities (12), (13), (15), and (16) are facet-defining for PB but not for PF. We mention
that the inequalities of PF described in the Appendiz have been numbered according to their counterparts in
PB.

Proposition 4.4 is surprising in light of Lemma 4.1 because on the one hand F' C B and on the other hand
the nontrivial facets of PF are facets of PB. In other words, a polyhedral description of PF' can be derived
from that of PB by adding the trivial facets of PF. The converse, however, is not true. As an illustration,
inequality (20) in the Appendix is a non-trivial facet-defining inequality of PB that is not facet-defining for
PF. Surprisingly, a partial converse to Proposition 4.4 does hold.

We will show that an inequality description of PB can be obtained given the facet-defining inequalities
for PF'. The key to this construction is the result of Lemma 4.7 which shows that F' and B can be viewed as
projections of the same set onto different subspaces. Let

S =1 (z,y,2) €{0,1}" x [0,1]" x R" Zajzj >d,z; = xjy;,Vj €N
j=1
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Lemma 4.7. The projection of S onto the (x,z) space is F' while the projection of S onto (x,y) space is B.
Consequently, proj, .y conv(S) = PF and proj, , conv(S) = PB.

Proof. First, we show that proj, .y S = F. If (z,y,2) € S, it is clear that (z,2) € F since 0 < z; < x; and
doioiajzp > d. If (2,2) € F, then 0 < 2z; < j and z; € {0, 1} imply that 2; = x;2;. Therefore, (z,2,2) € S.
Second, we show that proj(, .S = B. This follows by substituting z;y; for z; in ijl a;jz; > d. The last
statement follows since conv(AS) = A conv(S) for any linear transformation A. O

Surprisingly, conv(S) can be described using facet-defining inequalities for PF. We write that (o, 3,7) €
F(PF) if ax + Oy > 7 is a facet-defining inequality of PF that is not a multiple of y; < x;. Define

G=A{(z,y,2) | ax + Bz > vV (e, B,7) € F(PF),z <min{z,y}t,y < z+1—z}.
Theorem 4.8. G = conv(S).

Proof. (2) To show that conv(S) C G, it suffices to show that S C G because G is convex. Consider
(z,y,2) € S. Then, by Lemma 4.7, (z, z) € F and, therefore, ax + 3z > ~ for all («, 8,7v) in F(PF). Further,
by McCormick inequalities, z; +y; — 1 < x;y; < min{xz;,y;}. Therefore, (x,y,2) satisfies the defining
inequalities of G.

(C) Now, we show that G C conv(S). If (z,y,2) € G, then (z,z) € PF and z < y < z+ 1 — x. Therefore,
there exists I such that (z,z) = Y,.; Ai(2, 2) where (2°,2') € F, \; > 0 fori € I, and > ,.; Xy = 1. We
define f] = J_zj if zj < 1 and 0 otherwise. Let I} = {z € I |z =1}. Now, consider (2,3, 2") where

yj =zjifi € I1 and y] fiifiel\ I]1 Then, z; < x] and x] € {0 1} imply that z] = xjy; Further,

DoNyi =Y Nzi+ Y Nfi=z+ (1 —x)f =y

i€l iel] i€I\I}

where the second equality follows since z; = Y7, ; Az} = Ziel; Aizh, Ziel; Ai =xj,and Y7, ;A =1, and

the last equality since z; = 1 implies that z; = y;. Therefore, (z,y,2) = > ,c; Mi(z", ¥, 2*) € conv(S). O

Finally, we show that the projections of G to (z,z) space and (z,y) space are not altered even if G is
relaxed in a certain way. Let

R=A{(z,y,2) | ax + Bz > yVY(e, B8,7) € F(PF),z <min{z,y},y < 1}.
Corollary 4.9. PF = proj, .y R and PB = proj, , R.

Proof. We will show that proj, .y R = proj., )G and proj R = proj , G. Then, the result follows
from Lemma 4.7 and Theorem 4.8. Since z —|— 1 -z < 1, it follows that R D G. First, we show that
Proje, .y i C proj, .y G. Assume that (z,y,2) € R. Then, define y’ = 2+ 1 — 2. Since 2 +1 -2 > z it
follows that (z,y’,2) € G. Second, we show that proj, ,) R C proj, ,) G. Assume that (z,y,z) € R. Then,
let 2’ = max{z,x+y—1}. By Lemma 4.2, for all («, 3,7) € F(PF), 8 > 0. Therefore, az+3z" > ax+pz > .
Further, 2/ = max{z,z +y — 1} < min{xz,y} since z < min{z,y} and z,y € [0,1]. Finally, by construction,
y <z’ + 1 —z. Therefore, (z,y,2') € G. O

Corollary 4.9 implies every non-trivial facet of PB arises as a conic combination of a single non-trivial
facet of PF' and (possibly multiple) trivial facet-defining inequalities y; < x;.

Corollary 4.10. Let ax + Sy > v be a facet-defining inequality for PB where 3 > 0. Then, ax + By > 7y
defines a non-empty face of F. Further, there exists (¢, ") and A > 0 such that (o, 8) = (¢ + X\, 0" — ),
where o/ x + 'y > v is facet-defining for PF and for j=1,...,n, \;8; =0.

Proof. Let § = min{ax + By | (x,y) € PF}. Since, by Lemma 4.1, F C B, it follows that § > v. By
Proposition 4.4, ax + By > § is valid for PB. Therefore, § < . In other words, § = v and ax + By > ~
defines a non-empty face of F'. By Corollary 4.9 and Fourier-Motzkin elimination of z from R it follows that,

PB={(z,y) |z + 8"z + 8"y >V, 3,4 € F(PF) and J C N,y < 1},

there exists J C N and (o, 3',~') € F(PF) such that (o, 8) = (o/ + 87,8 — 38'7). O

where ﬁ’j =B if j € J and ﬁ’j = 0 otherwise. Since (a, 3,7) is not a multiple of y; < 1, it follows that
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Example 4.11. Consider the inequality 126x1+90x3+4524+153y2 > 135 that is facet-defining for the bilinear
covering set of Example 2.6 but not facet-defining for the corresponding flow set presented in Example 4.6; see
Appendix for a complete description of facet-defining inequalities of PB where this inequality is numbered (20).
Then, as Corollary 4.10 proves, this inequality can be expressed as a sum of 50x14+90x34+45x4+76y1 +153y> >
135 and 76x1 — 76y; > 0, which are the facet-defining inequalities of the corresponding flow-set numbered (1)
and (f1) in the Appendiz.

Proposition 4.4 and Corollary 4.9 show that a polyhedral description of either PF' or PB can be derived
explicitly given the facet-defining inequalities of the other. In fact, Proposition 4.4 also shows that an affine
function over either B or F' can be optimized if we have an oracle for optimizing an affine function over the
other set. We discuss the reduction below. Let I(z,y) = axz+ Oy —~ and define I = {i € N | a;; > 0, 5; < 0}.
Let z5(l) = min{i(z,y) | (z,y) € B} and zp(l) = min{l(z,y) | (z,y) € F}. Define I'(z,y) = ax +
ZieN\[ Bivi + > _icr Bi — - While minimizing I(w, y) over B, y; can be set to 1 whenever 3; < 0. Therefore,
it follows that zp(l) = zp(I"). However, by Proposition 4.4, zp(I') = zg(l"). Therefore, zp(l) = zp('). If
(z,y) is the optimal solution to zp(l’), the optimal solution to zg(l) is (z,y’) where y; = 1 if i € I and
y; = yi otherwise. Now, we consider the converse. Define " (z,y) = ax+ )", ; Biz; —i—ZieN\I Biy; —v. While
minimizing I(x,y) over F, y; can be set to x; whenever 3; < 0. Therefore, zp(l) = zr(l”). But, then by
Proposition 4.4, zp(I") = zg(I""). Therefore, zp(l) = zp(I""). The optimal solution can be obtained as in the
proof of Proposition 4.4.

Given the relationships between the polyhedra PB and PF, it is reasonable to expect that the inequalities
we developed in Section 3 reveal facets of PF. We now provide a detailed discussion of which inequalities are
facet-defining for PF'. For the remainder of this section, we assume, as we did for PB, that

Assumption 3. >77_  a; > d+a; for alli € N.
Under Assumption 3, it follows from Lemma 4.3 that PF is a full-dimensional polytope.
Theorem 4.12. A lifted bilinear cover inequality (54) is facet-defining for PF if and only if

qi i PC( i )_PC(QZ) : PC( i )_PC(Qz)
(as, Bi) € U (PC(Qj) _ J+1A§ J 3 ]+1A§ J a¢>

=0

forallie M.

Proof. The proof of Proposition 2.9 already shows that (42) is facet-defining for PF(M,C’, M,C") since all
the points considered are feasible to the flow set.

Now, it suffices to show that sufficiently many of the tight points added when lifting variables (z;,y;) for
i € MUC" also belong to PF. When we lifted variables (z;,y;) for ¢ € C’ in the proof of Proposition 3.9, we

added the two affinely independent points (0,0) and <17 (‘“;7”)+) that both correspond to feasible solutions
of F; see (42) and Corollary 4.5. When lifting the variables (z;,y;) for ¢ € M in Theorem 3.14, we added the

two points (1, %) and (1, Qijl

Next, we show that if (54) is facet-defining for PF, then («;, 8;) must be chosen as in (85). It suffices to
show that if (ay, 3;) = (P (a;),0) for some i € M and if at least one of the coefficients pair (P (a;),0) does
not reduce to coefficients studied before (which happens when P (a,) # PC(Q;“) for some v), then (54) is
not facet-defining for PF. We will do so by showing that in such a case, (54) can be obtained by combining
a different (facet-defining) inequality of the form (54) for PF with trivial facets y; < x; of PF. Let V. C M
be the set of lifting coefficients (av,, 3,) chosen to be (P (a,),0). Inequality (54) then reduces to

Z PC(ay)z, + Z(ai — )tz + Z a;y; + Z oy + Z Biyi > Z(ai - (86)

veV icC JET i€EM\V ieEM\V icC

) that both correspond to feasible solutions of F'; see (45) and Corollary 4.5.

Using the first part of this proof, we know that choosing lifting coefficients

. POQy ) - PYQy) PEQy 1) — PO(Qy)
(- g (o, )
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for v € V yields the following facet-defining inequality

C (v _ pC(Nv C (v _ pC (v
Z (PC( sv)_P ( qvﬂiv d ( qv)Q;v> Ty + <P ( qurl) P ( qU)av> Yu (87)

v
veV Qv 13KQU

> (e — T+ gyt Y it > By =D (ai—p)T

ieC JjET 1EM\V 1EM\V ieC

for PF. Summing (87) with

P(Q,1) = P9(Q3,)
Ag.

av> (Ty —Yo) >0, Yo €V (88)

we obtain (86) since Qp ,; = a, and A = a, — Qg . Since we assumed that PC(a,) — PC(Q;’U) > 0 for
some v € V and because it is easy to see that (88) does not define the same face of PF' that (87) defines, we
conclude that (86) is not facet-defining for PF. O

We remark that in the proof of Theorem 4.12, we proved that a few inequalities of the type (54) are facet-
defining for PB but not for PF. This was shown by expressing these inequalities using another non-trivial
facet of PF' and the inequalities y; < x;. We have already shown in Corollary 4.10 that this construction
can be used to describe all facet-defining inequalities of PB that are not facet-defining for PF. We will use
similar constructions later in the section. As a consequence of Theorem 4.12, we obtain the following result
initially obtained by Padberg et al. [22].

Corollary 4.13. (Adapted from Proposition 12 in Padberg et al. [22]) Assume that (i) C is a cover with
excess L = ) iccaj —d such that a = maxjec a; > i and (ii) L C N\C is chosen so that 0 <a—fi < ax < a
forallk € £ and 3,y pa; > d+a. Then

oy =)z + Y (a—pai+ >, ay; =Y (o, —p)t (89)

jec jeL JEN\(CUL) jec
1$ facet-defining for PF.

Proof. Let C and £L C N \ C be given that satisfy conditions (¢) and (i7) of Corollary 4.13. Select | €
argmax{a;|j € C}. Define C' =C\{l}, M =L, and T = N \ (CUL). Clearly, u = i. Observe further that
ar =a > pand that }°, . a; > a — jisince 3o\ o a; > d+a. It follows that (C', {l}, M,T) is a partition
of N that satisfies Conditions (A1), (A2), (A3), and (A4) of Theorem 3.14. We obtain from Assumption (i)
that Ay — pu < a; < A; < Ay — p for i € M, which implies that ¢; = 1 for all i € M in Lemma 3.13. Further,
since Q) = A; — p and Qb = a; for i € M, we can select (o, 3;) as (A1 — p,0) in (54), yielding

Sl —mwTai+ > ayi+ > (A —pa; > (e — w7,

jec JjeT JEM jec
which is exactly (89) after performing the substitutions C = C, T = N\ (CUL), M = L, A; = a and
p= fi. [

Observe that in (89), for each j € N, either the coefficient of x; or that of y; is zero, whereas this is not
the case for (54). Therefore, the facet-defining inequalities obtained via (89) are strictly contained in the
facet-defining inequalities obtained via (54). In Padberg et al. [22], the authors did not explicitly impose the
condition ) JEN\L @5 > d + a. However, in its absence, the inequalities are not necessarily facet-defining as
we show in Example 4.14. The authors’ proof implicitly made use of this assumption during an induction
step. The next example illustrates that without this assumption (89) may not define a facet of the flow set.

Example 4.14. Consider the flow set defined by

F= {(x,y) €{0,1}* x [0,1]* | Ty1 + 6y2 + 5ys + 4ys > 10, z; ZijJ':l,--.A}.
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Define C = {1,3} and L = {2} where a =7 and i = 2. Clearly a — i < ag < a. However, the assumption
that 3 ey aj > d+ a does not hold. Inequality (89) takes the form

5x1 + bxo + 3xs + 4yy > 8. (90)

Observe that whenever (90) is satisfied at equality by a point of F, the inequality x1 + xo > 1 is also tight.
Since x1 + x2 > 1 is clearly valid for F, it follows that (90) is not facet-defining for PF.

We next show that the family of lifted bilinear cover inequalities that are proven to be facet-defining for
PF in Theorem 4.12 is larger than the family given by (89).

Example 4.15. As established in Example 4.6, (10) and (11) are facet-defining lifted bilinear cover in-
equalities (54) for both PB and PF. They are obtained by choosing (C',1, M,T) = ({4}, {3}, {1},{2}) and
(C')1, M, T) = ({4},{2}, {1}, {3}) respectively in Theorem 8.14. However, as mentioned above, (10) and (11)
cannot be obtained using Corollary 4.183.

Next, we show that the lifted reverse bilinear cover inequalities (66) that were shown to define facets of
PB in Section 3 also define facets of PF.

Theorem 4.16. Lifted bilinear reverse cover inequalities (66) are facet-defining for PF if and only if a; >
a;— p foralli € M.

Proof. Assume first that a; > a; —p for all i € M. Tt is clear that (66) is valid for F since F' C B. Recall that
(66) is obtained in Section 3 by lifting the seed inequality (42) which is facet-defining for PB(M,C’, M, C").
We have shown in the proof of Theorem 4.12 that (42) is facet-defining for PF(M,C’, M,C"). Now, we show
that the tight points added when lifting variables (x;,y;) for i € M U C” also belong to PF. When we lifted
the variables (z;,y;) for i € M in the proof of Proposition 3.16, we added the two linearly independent
points (0,1) and (1,1). The first of these points is not feasible for F' and cannot be used for the present
derivation. However, when a; > a; — u, the solution (1,1 — ¢€) for € sufficiently small is feasible for F' and
satisfies (59) at equality. Therefore, (1,1) and (1,1 — ¢) provide the desired two tight independent feasible
solutions of F; see (42) and Corollary 4.5. When lifting the variables (z;,y;) for i € C’ in Theorem 3.20, we
added the two points (0,0) and (1, %) which are affinely independent of (1,1) and correspond
to feasible solutions of F’; see (58) and Corollary 4.5. This proves that (66) is facet-defining for PF.

Assume now that a; < a; — p for some ¢ € M. Define My = {i € M |a; < a; — p} # 0 and My = M\ M.
Inequality (66) can be written as

(@ —mz— Y PM(=aj)a;+ Y (o —mz+ > ajej+ Y ay; > (e —p)— Y PM(=ay).  (91)
jec’ JEM; JEMo JET jec’

Observe next that partition (C', {I}, M1, TUM,) satisfies Conditions (A1), (A2) and (A4) since (C’, {I}, M, T)
does. Further, since a; > a; — p for i € My, it follows from the first part of this proof that the lifted reverse
bilinear cover inequality

(= mz— Y PMi(=ap)a;+ > (@ —paj+ Y, ay; > (a—p)— Y P (—a;) (92)

jec’ JjeM JETUM Jjec’

is facet-defining for PF, where it is easy to verify that PM1(w) = PM(w) for w < 0. Now, observe that (91)
can be obtained by summing (92) and inequalities

aj(zj —y;) >0 (93)

for j € Ms. Since (92) and (93) define different facets of the full-dimensional polyhedron PF, we conclude
that (91) is not facet-defining for PF'. O

The inequalities of Theorem 4.16 are known to be valid for PF, as first shown in Gu et al. [12].
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Corollary 4.17 (Adapted from Theorem 12 in Gu et al. [12]). Assume that (i) C C N is a generalized cover
for F such that }~ ;o aj = d—A with A > 0 and (it) L # 0 and 3~y aj > d where £ = {j € N\C | a; > A}.
Assume also that L = {j1,j2,...,jr} with a;, > a;,., fori =1,....r —1. Letr = |L|, Ap = 0, and
A = 22:1 a;, fori=1,...,r. Further, let d' = ZjeN\C a; — . Define

i if AiSZSAi+1_)\, iZO,...7T—1,
f(Z): z—A;+iN if A - A< z<A;, 1=1,...,r—1, (94)
z—A.+rXA if A - A<z<d.

Then, the lifted simple generalized flow cover inequality (LSGFCI)

Doz + > flajri+ > ajy; = A+ Y flay) (95)

JjeL jec JEN\(CUL) jec
1s facet-defining for PF.

Proof. For a given generalized cover C of F, we define C = C U {l} where | € £ # (). Set C is a cover
since a; > A for all j € £. Further, Zjec aj =d+a —A>dandsop =a —A>0,ie C satisfies
Conditions (A1) and (A3) in Theorem 3.20. Now set M = L\ {l} in (66). Condition (A4) in Theorem 3.20
also holds since } - ey o\ @ — 4 =2 jenc @ + @ — d > 0. Next, we observe that C UM =CU L and
that min{a;,a; — p} = min{a;, A} = X = a; — p for all ¢ € M. Substituting a; — ¢ = X in Proposition 3.17,
we obtain that f(w) = —PM(—w) since M U {I} = £. Therefore, we conclude that (95) is a lifted reverse
bilinear cover inequality (66). O

Because in Gu et al. [12] the fixed-charge single-node flow set studied is more general than F', the authors
focused mainly on the derivation of valid inequalities and discussed only indirectly whether the resulting
inequalities are facet-defining. The result of Corollary 4.17 is therefore different from that of Theorem 12 in
Gu et al. [12] in two ways. First we added the condition }_ . n\,a; > d. This condition guarantees that
the simple generalized flow cover inequality (SGFCI) that is used as seed inequality for lifting procedures in
Gu et al. [12] is facet-defining for the problem restriction. Second, we replaced the statement that inequality
(95) is valid for PF' with the stronger statement that it is facet-defining for PF.

We conclude this section by presenting conditions under which the lifted clique inequalities (78) are
facet-defining for the flow set PF'.

Theorem 4.18. A lifted clique inequality (78) is facet-defining for PF if (i) ZjeK a; —ar >d forallk € K
and (ii) lifting coefficients are chosen according to (79) and (iii) one of the following conditions holds:

1. L=0.
2. Ft € M such that j; = 0 and, for all i € L\{7}, j; = ¢;.

Proof. Using a proof technique similar to that used in Theorems 4.12 and 4.16, we show that seed inequality
(71) is facet-defining for PF'(M\M,(, M\M, () and that lifting (x;,y;) for i € M adds two tight independent
points in (78) that belong to F. Let K = {1,...,l} and M= {l+1,...,h}. Define x such that x; =1 for
j<land 0 for [+ 1< j <k. Consider p' = (x —e;,x —¢€;) fori=1,....1, ¢ = (x — e;,x — e; — €e;41) for
i=1,...,1—1,¢ = (x—ei, x — e, —€e1) where € is positive, and, for j =[+1,... . h, 77/ = (X—el—i—ej,x—el)
and s = (x —e1 +e;,x —e1 + ¢;). These points satisfy (71) at equality, are affinely independent and,
because of Assumption (¢), belong to F' when ¢ is sufficiently small. This shows that (71) is facet-defining
for PF(M, 0, M, (). Assume first that L = () and consider now the lifting of variables (x;,y;) for ¢ € M in the

proof of Theorem 3.26. For j; € {0,..., ¢}, lifting adds the two independent points (1, VZJ) and (17 W;“)

that both correspond to feasible solutions of F' because of (71) and Corollary 4.5, proving the result. Then
it follows from the first part of this proof that the inequality obtained after lifting the variables in M\L is
facet-defining for PF(L\{z},0, L\{z},0). Consider now the lifting of variables (x;,y;) for ¢ € L\{z}. When
Ji = qi, we derived in the proof of Theorem 3.26 that lifting adds the two independent points (1,1) and

i By, +i—a; ) 7

az

(1, ) that both correspond to feasible solutions of I because the first point sets (7, ;) = (1,

and the structure of (71) satisfies the assumptions of Corollary 4.5.

To the best of our knowledge, Theorem 4.18 presents a new family of facet-defining inequalities for fixed-
charge single-node flow models without inflows.
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5 Discussion and Conclusion

Many of the results presented in this paper extend to 0—1 mixed integer sets defined by constraints of the
form Zle(aiwiyi + b)) + Z?:kﬂ a;y; > d, i.e. bilinear covering sets where a linear term has been added

to the left-hand-side. The primary reason the inequalities extend without significant changes is summarized
in the next simple observation.

Proposition 5.1. Consider an inequality ax + By > v such that for each i, a;B; = 0. Let HY = {(z,y) €
R? | az+ By >~}. Let I ={i € N|a; =0} and I° = N\ I. Let a; € R and (b;,c;) € R2 be such that,
for each i € N, a; +min{b;,¢;} > 0. Consider the sets A(w) = {(x,y) € {0,1}" x [0,1]™ | i, (aiziy; +
bir; + ciy;) > d —w} and B(w) = {(z,y) € {0,1}" x [0,1]" | Y7 ci(as + ci)miys + ;e pe(as + bi)wiys >
d—> icrbi = icre ci —w}. Then, min{ax + By | (z,y) € A(w)} = min{ax + By | (x,y) € B(w)}. Further,
HT D A(w) if and only if HT 2 B(w).

Proof. Consider a point (z/,y’) with 2 = 1 for ¢ € I and y, = 1 for i € I¢. Then, for i € I, a;zly; +
bzl + ciyi = (a; + ¢;)xly, + b;. Similarly, for ¢ € I¢, a;ziy) + bzl + ¢yl = (a; + b)zly}l + ¢;. In other
words, 31 (0 + €yl 4+ Xy re (@ + BTy — Ycy bi— Sopepe € = 0y (@il +bias + ). Therelore,
(«,y') € A(w) if and only if (z/,y") € B(w). Now, it easy to see that

ZA@w) = min{ax + By | (z,y) € A(w)} = min{ax + By | (z,y) € A(w),z; = 1Vi € I,y; = 1Vi € I}
= min{ax + By | (,y) € B(w),z; = 1Vi € I,y; = 1Vi € I°} = min{ax + By | (z,y) € B(w)} = 2(w),

where the second and the second last equality follow from the assumptions which imply that a;z;y; + b;x; +
ciyi < minfa;z; +biv; + ¢, aiyi + bi + ciyi}, (@i + ci)wiyi < (ai +¢i)yi, and (a; + bi)wy; < (a; + bi)w;. Since

ZA(w) = ZB(w) and HT D A(w) (resp. HT D B(w)) if and only if z4(,) > v (resp. zp(,) > 7), it follows that
H* D A(w) if and only if HT 2 B(w). O

Note that the seed inequalities and the intermediate inequalities we derive during lifting satisfy the
condition «;03; = 0 for all 7. Then, Proposition 5.1 essentially shows that the lifting functions derived for the
problem with only bilinear terms on the left-hand-side also carry over to problems containing a linear term.
For detailed derivations of facet-defining inequalities for bilinear covering sets with linear terms, we refer the
reader to [7].

In this paper, we study the polyhedral structure of the 0—1 mixed-integer bilinear covering set. We give
a complete linear description of its convex hull when n = 2. We also show that, for a fairly large class of
functions, it is sufficient to check that subadditivity holds on a subset of points of the domain to show that the
function is subadditive over R™. This result enables short subadditivity proofs for many practically useful
functions. In particular, we use this result to derive three families of strong inequalities for PB that can
be obtained using sequence-independent lifting. Among them, two families have an exponential number of
members. We study relations between 0—1 mixed-integer bilinear covering sets and fixed-charge single-node
flow sets without inflows. We show that valid inequalities for bilinear sets are also valid for flow sets and
prove that all nontrivial facets of PF' can be obtained through the study of facets of PB. We then show that
the inequalities we derive generalize two classical families of lifted flow cover inequalities for PF' and provide
a new family for PF. Future research will focus on evaluating the computational benefits of using these lifted
cuts in branch-and-bound frameworks for both linear and nonlinear mixed integer programming.
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Appendix

Linear descriptions of conv(B) and conv(F)

The linear description of the convex hulls of the bilinear set B and the flow set F' are obtained by PORTA
as the following:

B = {(x,y) € {0,1}* x [0, 1]* | 192191 + 1722y> + 1533y3 + 1024y4 > 20}

(1) 50z +90x3 +4bx4 +76y1  +153y2 > 135
(2) 70x1 +90xo +27x4  +38y; +135y3 > 117
(3) 2514 +6bx3 +4bxy  +76y;  +153ye > 110
(4) +50xy +70x35 +35z4 +133y;  +34ys > 105
(5) +25x9 +4bx3 +3bxy +133y1  +34ye >80
(6) 21zy +4lzy +27x4 +38y1 +135y3 > 68
(7) 30x1 +35x9 +21x3 +1911 +70y4 > 56
(8) 18$1 ‘+23I2 ‘+21I3 ‘+19y1 ‘+70y4 > 44
(9) 1921 +17x +15y3  +10y, > 20
(10) 19z, +15x3 +17ys +10ys > 20
(11) 1924 +1024 +17ya  +15y3 > 20
(12) 1924 +17y2 415y +10ys > 20
(13) 417z +15z3 +1911 +10y, > 20
(14) +17x4 +10x4  +19y; +15y3 > 20
(15) +17x9 +19y; +15y3 +10yy > 20
(16) +15z3 +10xy +19y;  +17y > 20
(17) +1523 +19y1  +17y2 +10ys  >20
(18) +10z4  +19y1  +17y>  +15y3 >20
(19) +19y1  +17y2  +15ys +10ys > 20
(20) 14a, +10x3  +bxy +17ys >15
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1456 (21) +12z5 +10z3 +5x4 +19y1 > 15
1457 (22) +10x3 +5x4 +191; +17y, > 15
1458 (23) 1227 410z, +3x4 +15y3 > 13
1450 (24) +10z2 +10z3 +3x4 +19y; > 13
1460 (25) +10z4 +3x4 +1911 +15y3 > 13
1461 (26) 107 410z, +x4 +15y3 > 11
1462 (27) 102, +10z3 +x4 +17ys >11
1463 (28) 10x +xy4 +17y,  +15ys > 11
1464 (29) Tx1 +5xo +3x3 +10yy > 8
1465 (30) +5x9 +3x3 +1911 +10yy > 8
1466 (31) +5x9 +3x3 +5x4 +19y1 >8
1467 (32) +3£L’2 +3£E3 +3.’E4 +19y1 2 6
1468 (33) YA +x3 +17ys +10yy > 6
1469 (34) 511 +5x9 +x3 +10yy >6
1470 (35) bxq +x3 +5x4 +17yo >6
1471 (36) 3Z1 +x2 +15y3 +10y4 Z 4
1472 (37) 3%1 +x9 +3£L’3 +1Oy4 > 4
1473 (38) 3x1 +x9 +3z4 +15y3 >4
1474 (39) X1 “+xo +x3 +10yy > 2
1475 (40) X1 “+xo “+x4 +15y3 >2
1476 (41) X +x3 “+x4 +17y2 Z 2
1477 (42) 1 “+x9 +x3 “+x4 >2
1478 (43) xr1 >0
1479 (44) X9 >0
1480 (45) xs >0
1481 (46) T4 >0
1482 (47) U1 Z 0
1483 (48) Y2 >0
1484 (49) Y3 >0
1485 (50) Yy >0
1486 (51) Yy <1
1487 (52) Y3 <1
1488 (53) Y2 § 1
1489 (54) Y1 <1
1490 (55) Ty <1
1401 (56) T3 <1
1492 (57) T9 S 1
1493 (58) X1 § 1
1494 F = {(aj,y) € {0, 1}* x [0, 1]* | 19yy + 17ys + 15y3 + 10yy > 20,2; > y; Vi =1,... ,4}
1495 (1) 5011 +90x3 +45bx4 +76y1  +153ys > 135
1496 (2) 70z1 490z, +27x4 +38y1 +135y3 > 117
1497 (3) 2514 +6bx3 +4bx4 +76y1  +153ys > 110
1498 4) +50z2 +70z3 +35z4 +133y; +34y- > 105
1499 (5) +25z9  +45x3 +35z4 +133y1  +34yo > 80
1500 (6) 21y +41x, +27x4 +38y1 +135y3 > 68
1501 (7) 30z +35x2 +21xj +19y; +70y4 > 56
1502 (8) 18x1 +23x2 +21x3 +19y; +70yy > 44
1503 (19) +1911 +17y,  +15ys +10ys > 20
1504 (22) +10x3 +5x4 +19y1 +17ys > 15
1505 (24) +10x2 +10x3 +3x4 +19y1 > 13
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1506

1507

1508

1509

1510

1511

1512

1513

1514

1515

1516

1517

1518

1519

1520

1521

1522

1523

1524

1525

1526

1527

1528

1529

1530

1531

1532

1533

1534

e o o e e e e S N e e e e e e S S e S N e S e e N N e e

10$1
10%1
10%1

55(}1
5.%‘1
5.731
3501
3.’[1
3.’E1
31
Ty
Z1
z1

Z1
1

+10:L’2
+10$2

+5JC2
+5l’2
+3£L’2

+5x2
+Io
+Io
+x2
+xo
+T2

+x9

T2

€2

+10x3
+3ZL'3
+3£173
+3£C3
+x3
+x3
+x3
+3£L’3
+x3

+x3
+.’L’3

zs3

zs3

+3.’£4
+I4
+x4
+x4
+5$4
+3£U4
+5x4

+3£L'4

“+x4
+xy4
+x4

Tyq

Lyq

+19y1

+19y1
+19y1
+19y1

Y1

!
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+17y2
+17y2

+17y2

+17y2

+17y2

Y2

—Y2

+15y3

+15y3

+15y3
+15y3

+15y3

Y3

—Y3

+10y4

+10y4
+10y4

+10y4
+10y4

+10y4

Ya

—Ya

> 13
> 11
> 11
> 11
> 8
> 8
> 6
> 6
> 6
> 6
>4
>4
>4
>2
>2
>2
>2
>0
>0
>0
>0
<1
<1
<1
<1
>0
>0
>0
>0



