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Abstract

Stochastic dominance theory provides tools to compare random entities. When comparing ran-
dom vectors (say X and Y ), the problem can be viewed as one of multi-criterion decision making
under uncertainty. One approach is to compare weighted sums of the components of these ran-
dom vectors using univariate dominance. In this paper we propose new concepts of stochastically
weighted dominance. The main idea is to treat the vector of weights as a random vector V . We
show that such an approach is much less restrictive than the deterministic weighted approach. We
further show that the proposed new concepts of stochastic dominance are representable by a finite
number of (mixed-integer) linear inequalities when the distributions of X, Y and V have finite
support. We discuss two applications to illustrate the usefulness of the stochastically weighted
dominance concept. The first application discusses the effect of this notion on the feasibility re-
gions of optimization problems. The second application presents a multi-criterion staffing problem
where the goal is to decide the allocation of servers between two M/M/c queues based on waiting
times. The latter example illustrates the use of stochastically weighted dominance concept for a
ranking of the alternatives.

Key Words: Stochastic Programming, Stochastic Dominance, Risk Management, Chance Con-
straint, Integer Programming



1 Introduction

Stochastic dominance provides a way to compare the distributions of two random variables or
vectors, which is useful not only from a statistical but also from economics and decision-making
perspectives (see, e.g., Shaked and Shanthikumar 1994, Müller and Stoyan 2002 and Levy 2006
for comprehensive treatments of the topic). The concept of stochastic dominance can be framed
in terms of utility theory (von Neumann and Morgenstern 1947), which hypothesizes that for each
rational decision maker there exists a utility function u such that random gains X are preferred to
random benchmarks Y if E[u(X)] ≥ E[u(Y )]. Often the exact form of the utility function is not
known but we can still model risk attitudes; for example, we can model risk-averseness by saying
that X is preferred to Y if E[u(X)] ≥ E[u(Y )] for all non-decreasing and concave utility functions
u for which the expectations are finite. Different notions of stochastic dominance can be defined,
corresponding to different classes of functions u.

When X and Y are random vectors, stochastic dominance can be used as a tool for multi-
criterion decision making, since each component of X and Y can be interpreted as the uncertain
outcome of a given criterion. Zaras and Martel (1994) and Nowak (2004), however, expressed con-
cerns that the notion of stochastic dominance defined above, when applied to the case where X and
Y are random vectors, may be too conservative in practice, since it requires that E[u(X)] ≥ E[u(Y )]
for all multidimensional functions in a certain class U (e.g., nondecreasing concave functions). More-
over, testing for this notion of dominance can be difficult, although recent work by Armbruster and
Luedtke (2010) provides some new tools for that. Under the assumptions that the random outcomes
of the various alternatives are probabilistically independent and also satisfy additive independence
conditions for different criteria, Zaras and Martel (1994) and Nowak (2004) studied decomposition
and relaxation of the multivariate stochastic dominance relation. Unfortunately, those assumptions
are not easily satisfied in a real world, where alternatives usually have correlated attributes under
different criteria.

A different approach to compare random vectors, which is less restrictive than the multivariate
dominance condition defined above, uses the notion of multivariate linear stochastic dominance,
which compares linear combinations of the random vectors. In the context of multi-criterion decision
making, the coefficients of the linear combinations can be interpreted as criterion weights. Given
a vector of weights v and a vector of outcomes X, the information is summarized into a scalar by
a linear value function Ψv(X) := vTX. Then, Ψv(X) is compared with Ψv(Y ), using univariate
stochastic dominance, for all v in a certain set of weights V. More precisely, X dominates Y
in the multivariate linear sense if E[u(Ψv(X))] ≥ E[u(Ψv(Y ))] for all v ∈ V and u ∈ U . The
standard notion of multivariate linear dominance assumes that V = Rn

+ (see, e.g., Müller and
Stoyan 2002), but Homem-de-Mello and Mehrotra (2009) and Hu et al. (2010) allow V to be an
arbitrary polyhedral and a convex set, respectively. The advantage of allowing the set V to be
defined by the user is that it allows for the representation of the evaluation of the importance of
each criterion by different decision makers. In that sense, V can be viewed as a robust weight region
(Hu et al. 2011; Hu and Mehrotra 2010). Hu et al. (2010) discuss two natural ways to construct
a weight region — one that specifies the set V as a convex hull of a given set of weight vectors,
and another whereby the weights are treated as independent and identically distributed samples
from an unknown distribution, in which case V is an ellipsoidal confidence region for the expected
weight.
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The use of a robust weight region V implicitly assumes that the evaluations of all decision
makers are treated equally. In many practical settings, though, such a condition is not satisfied; a
hierarchical group decision is a typical example, since the decisions of the group leaders are often
emphasized. Thus, it is important to incorporate a measure of the relative importance of each
criterion weight vector, which represents the influence of each decision maker.

Another drawback of using a robust weight region V is that, even though it imposes less than the
notion of full multivariate stochastic dominance, it may still be too conservative. This is particularly
troublesome when the dominance relation is included as a constraint in an optimization problem —
a type of model has recently received great attention in the literature as it allows for control of risk
within an optimization framework, see for instance Dentcheva and Ruszczyński (2003, 2006, 2009);
Roman et al. (2006); Drapkin and Schultz (2007); Luedtke (2008); Homem-de-Mello and Mehrotra
(2009); Hu et al. (2010, 2011). In the optimization context, an overly conservative constraint may
lead to a small or even empty feasibility region. This was observed by Hu et al. (2011), who
proposed a stochastic dominance-constrained optimization model for a homeland security problem
using real data. Their computation results showed that the model had a small feasibility region.
In fact, the problem was infeasible when the notion of multivariate positive linear dominance (i.e.,
V = Rn

+ ) was used.
In this paper we propose alternative notions of stochastic dominance that address the shortcom-

ings discussed above. This is accomplished by introducing a probability distribution indicating the
relative importance of each vector of criterion weights, which is then viewed as a random vector.
In the case of the hierarchical group decision, the probability associated with a particular vector of
criterion weights may represent the influence of a member of the group. The introduction of such
a distribution motivates us to propose three new concepts of stochastically weighted dominance,
where the vector of weights is random. The new concepts yield more flexibility to the modeling
process in two ways: first, by allowing for a representation of the importance of each vector of
criterion weights; second, by providing a relaxation on the notion of multivariate linear stochastic
dominance, which in the context of optimization problems means enlarging the feasibility region.
In addition, we show that the proposed new concepts of stochastic dominance can be represented
by a finite number of (mixed-integer) linear inequalities when the distributions of X, Y and of the
criterion weight vector have finite support, which allows for easy verification of the dominance con-
ditions both in case of stand-alone comparisons as well as when dominance is used as a constraint
of an optimization problem. We also illustrate, by means of an example, how the proposed new
concepts can be valuable for multi-criterion decision making by allowing for a (partial) ranking of
the alternatives.

The remainder of this paper is organized as follows. In Section 2 we review some concepts of
stochastic dominance, including the notion of multivariate linear dominance under a robust weight
region, and provide some basic results. In Section 3 we describe new concepts of stochastically
weighted dominance and provide their equivalent utility representations. A numerical example is
presented in Section 4 to show the relationship between the previously studied robust approach and
the concepts of stochastically weighted dominance. In Section 5 we present linear and mixed-integer
linear systems of inequalities corresponding to the new dominance relationships. In Section 6 we
present two applications: the first one illustrates the effect of the various concepts of stochastic
dominance on the feasibility region of an optimization problem, whereas the second one describes
a staffing problem where the goal is to allocate workers between two M/M/c queueing stations to
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minimize waiting times. We show how the new concepts of stochastic dominance proposed in this
paper can be used to compare the various possible configurations.

2 (Robust Weighted) Stochastic Dominance

We start by reviewing the concept of nth order stochastic dominance (see e.g. Dentcheva and
Ruszczyński 2003). Consider an underlying probability space (Ω,F , P ) and denote by Lmn the
space of m-dimensional random vectors X such that E[‖X‖n] is finite (we omit the superscript if
m = 1). Consider a real-valued random variable ξ . We write the cumulative distribution function
(cdf) of ξ as

F1(ξ; η) := P (ξ ≤ η).

Furthermore, for ξ ∈ Ln−1 where n ≥ 2, define recursively the functions

Fj(ξ; η) :=
∫ η

−∞
Fj−1(ξ; t) dt, j = 2, . . . , n.

It is useful to note the equivalence (see Rachev et al. 2008)

Fj(ξ; η) =
1

(j − 1)!
E
[
((η − ξ)+)j−1

]
, j = 2, . . . , n, (2.1)

which will be helpful later. To see why (2.1) holds, consider the well-known identity F2(ξ, η) =
E[(η− ξ)+], which follows by changing the order of integration (see, e.g., Müller and Stoyan 2002).
Suppose Fj(ξ, η) = 1

(j−1)!E[((η − ξ)+)j−1]. It then follows that

Fj+1(ξ, η) =
∫ η

−∞

1
(j − 1)!

E
[
((t− ξ)+)j−1

]
dt

=
1

(j − 1)!
E
[∫ η

−∞
[(t− ξ)+]j−1 dt

]
=

1
(j − 1)!

E
[
1{ξ ≤ η}

∫ η

ξ
(t− ξ)j−1 dt

]
=

1
j!

E
[
((η − ξ)+)j

]
.

It follows from (2.1) that, for any n, the condition ξ ∈ Ln−1 suffices to ensure that Fn(ξ; η) < ∞
for all η.

A random variable ξ ∈ Ln−1 is said to stochastically dominate another random variable ζ ∈ Ln−1

in nth order if
Fn(ξ; η) ≤ Fn(ζ; η), ∀η ∈ R. (2.2)

We use the notation ξ D(n) ζ to indicate this relationship.
At this point it is useful to establish the connection between the notion of the first (second)

stochastic dominance just defined (for n= 1, 2) and the interpretation via utility functions described
in Section 1. It is well known that

ξ D(n) ζ ⇐⇒ E[u(ξ)] ≥ E[u(ζ)], ∀u ∈ Un, (2.3)
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whenever the expectations exist. In the above statement, U1 is the set of all nondecreasing functions
u : R 7→ R and U2 is the set of all nondecreasing concave functions u : R 7→ R. We refer to Müller
and Stoyan (2002), Dentcheva and Ruszczyński (2003) and Rachev et al. (2008) for a more detailed
discussion of stochastic dominance. To avoid repetition of the condition “whenever the expectations
exist” we shall always understand (2.3) in that context.

The concept of nth order dominance can be readily extended to the multivariate linear case as
defined below.

Definition 2.1 A random vector X ∈ Lmn−1 dominates another random vector Y ∈ Lmn−1 in the
linear nth order with respect to set V ⊆ Rm

+ if

Fn(vTX; η) ≤ Fn(vTY ; η) ∀η ∈ R, ∀v ∈ V. (RSD)

Since the above inequality must hold for all v ∈ V, we shall sometimes refer to this relationship as
“robust weighted” stochastic dominance.

In Theorem 2.4 below we show that without loss of generality we can assume that V ⊆ ∆ :=
{v ∈ Rm : ‖v‖1 ≤ 1}. This property generalizes the results in Homem-de-Mello and Mehrotra
(2009) who consider the case of second order dominance. Before we state the theorem, we prove
some auxiliary results.

Lemma 2.2 For any α > 0, any v ∈ V and X ∈ Lmn−1,

Fn(αvTX; η) = αn−1Fn(vTX; η/α), ∀η ∈ R.

Proof: It is trivial to confirm that the equality holds for first order dominance. Suppose that the
relationship is satisfied for the nth order dominance. We now prove this for the (n + 1)th order
dominance. Note that

Fn+1(αvTX; η) =
∫ η

−∞
Fn(αvTX; t)dt

=αn−1

∫ η

−∞
Fn(vTX; t/α)dt

=αn
∫ η/α

−∞
Fn(vTX; t)dt

=αnFn+1(vTX; η/α).

�

Lemma 2.3 For n ≥ 2, let X ∈ Lmn−1 and let {vk} ⊂ ∆ be a convergent sequence. Let v̄ denote
the limit point. Then for all η ∈ R,

lim
k→∞

Fn

(
(vk)TX; η

)
= Fn

(
v̄TX; η

)
.

Proof: For any v ∈ Ṽ, we have |vTX| ≤ ‖v‖1‖X‖∞ = ‖X‖∞ a.s. and thus vTX ≥ −‖X‖∞ a.s.. It
further follows that 0 ≤ Fj(vTX; t) ≤ Fj(−‖X‖∞; t) (j = 1, . . . , n− 1) for all t ∈ R. Note that, for
any fixed η ∈ R,

∫ η
−∞ Fj(−‖X‖∞; t) dt is finite since X ∈ Lmn−1.

Let us first consider the case with n = 2. Since vk → v̄, it follows that vkTX → v̄TX a.s. and
thus vkTX converge in distribution to v̄TX. Hence, F1(vkTX; η) → F1(v̄TX; η) for all continuity
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points of F1(v̄TX; ·). It follows from the Lebesgue’s dominated convergence theorem (see Billingsley
(1995)) that F2(vkTX; η)→ F2(v̄TX; η) for all η ∈ R.

Next, suppose that Fj(vk
T
X; η) → Fj(v̄TX; η) for all η ∈ R for some j, 2 ≤ j ≤ n − 1. Using

again the dominated convergence theorem, we have that Fj+1(vkTX; η) → Fj+1(v̄TX; η). The
proof is complete by induction. �

Theorem 2.4 Let V be a non-empty convex set and Ṽ := cone(V) ∩∆ (cone denotes the conical
hull). Then,

(i). vTX D(1) v
TY for all v ∈ V if and only if vTX D(1) v

TY for all v ∈ Ṽ.

(ii). For n ≥ 2, vTX D(n) v
TY for all v ∈ V if and only if vTX D(n) v

TY for all v ∈ cl(Ṽ) (cl
denotes the closure of a set).

Proof: For a given α > 0 and v ∈ Rm, we have vTX D(n) v
TY if and only if αvTX D(n) αv

TY by
Lemma 2.2. Since the conical hull of a convex set V can be written as cone(V) = {αv : v ∈ V, α ∈
R+}, it follows that vTX D(n) v

TY for all v ∈ V if and only if vTX D(n) v
TY for all v ∈ cone(V).

Thus, the proof of (i) for n = 1 is complete since cone(V) = cone(Ṽ).
When n ≥ 2 we can strengthen the result. To prove (ii), all we need to show is that X D(n) Y

for all v ∈ Ṽ is equivalent to X D(n) Y for all v ∈ cl(Ṽ). If X D(n) Y for all v ∈ cl(Ṽ), it follows
trivially that X D(n) Y for all v ∈ Ṽ. Let us prove the other direction. Suppose v̄ ∈ cl(Ṽ). Then

there exists a sequence {vk} ⊂ Ṽ such that vk → v̄. It follows that Fn(vkTX; η) ≤ Fn(vkTY ; η) for
all η ∈ R. By Lemma 2.3, this implies that Fn(v̄TX; η) ≤ Fn(v̄TY ; η) for all η, i.e., v̄TX D(n) v̄

TY .
�

3 Stochastically Weighted Dominance

We now introduce a few alternative notions of stochastically weighted linear stochastic dominance.
As mentioned in Section 1, the basic idea is to consider the vector of weights v as a random vector
with a known distribution. We shall use the notation V instead of v to emphasize that the weights
are random, and assume that V is an m-dimensional random vector defined on the same probability
space as X and Y . Define the conditional distribution function

F1(V TX; η |V ) := P (V TX ≤ η |V ).

Also for X ∈ Lmn−1, denote

Fj(V TX; η |V ) :=
∫ η

−∞
Fj−1(V TX; t |V ) dt, j = 2, . . . , n.

Note that Fj(V TX; η |V ) is a nonnegative random variable. Moreover, from (2.1) we have that

Fj(V TX; η |V ) = E
[(

(η − V TX)+
)j−1 |V

]
, ∀η ∈ R a.s.. (3.1)

Let X,Y ∈ Lmn−1. We first define the following relationship, which we call strong stochastically
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weighted nth order dominance. Under this definition, X dominates Y if

Fn(V TX; η |V ) ≤ Fn(V TY ; η |V ), ∀η ∈ R a.s.. (3.2)

Note that the above concept is similar to the robust notion in Definition 2.1. Indeed, vTX D(n) v
TY

for all v in the support set of V implies (3.2). However, in general, the robust condition is not
implied by (3.2) unless the support of V is finite. Since

lim
η→−∞

Fn(V TX; η |V ) = lim
η→−∞

Fn(V TY ; η |V ) = 0, a.s.,

it follows that supη∈R Fn(V TX; η |V )−Fn(V TY ; η |V ) ≥ 0 a.s. and hence (3.2) can be equivalently
represented as

E

[
sup
η∈R

Fn(V TX; η |V )− Fn(V TY ; η |V )

]
≤ 0. (3.3)

The strong stochastically weighted dominance does not provide much relaxation to the robust
relationship in Definition 2.1, which was one of the goals laid out in Section 1. This motivates the
study of weak versions of (3.2) and its equivalent representation (3.3).

We proceed now in that direction. Note that, by Theorem 2.4, definitions (3.2) and (3.3) remain
unchanged with respect to scaling the random vector V . That is, we can normalize V as V/‖V ‖1
if ‖V ‖1 > 0 and zero otherwise so that a nonnegative support of V can be projected onto ∆.
Thus, we shall assume henceforth that the support of V is a subset of ∆, which we will indicate by
V ∈ Lm(∆) in the sequel.

3.1 Weak Stochastically Weighted Dominance

The first relaxation of (3.3) we study arises from the observation that the supremum of an expec-
tation is less than or equal to the expectation of the supremum. Thus, we obtain a relaxed version
of (3.3) by switching the order of expectation and supremum. This is formally described in the
definition below.

Definition 3.1 A random vector X ∈ Lmn−1 is said to dominate another random vector Y ∈ Lmn−1

in weak stochastically weighted nth order with respect to a random vector V ∈ Lm(∆) (written
XIw

(n)Y ) if

E
[
Fn(V TX; η |V )

]
≤ E

[
Fn(V TY ; η |V )

]
, ∀η ∈ R. (SWD-Weak)

At a fixed realization v of V , the condition Fn(vTX; η)− Fn(vTY ; η) ≤ 0 indicates the dominance
of vTX over vTY . Thus, (SWD-Weak) requires that the dominance relationship hold on average
with respect to the distribution of V . This is a much weaker condition than (3.3), which requires
that vTX dominate vTY for almost all realizations v.

Note that, by applying identity (3.1) into (SWD-Weak) and using the fact that E[E[· |V ]] = E[·],
we obtain an important characteristic of the weak stochastically weighted dominance — namely,
that this multivariate dominance can be represented by a univariate relationship. For reference, we
state this result in Proposition 3.2 below.
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Proposition 3.2 For random vectors X,Y ∈ Lmn−1 and V ∈ Lm(∆), let ξ := V TX and ζ := V TY .
Then XIw

(n)Y if and only if ξ D(n) ζ.

Consequently, properties of univariate dominance can be used for (SWD-Weak). This is par-
ticularly important from an algorithmic perspective, since it is much easier to test for univariate
dominance than for robust multivariate linear dominance. We will discuss this issue in more detail
in Section 5.

By combining Proposition 3.2 with (2.3), we obtain the following equivalent utility representa-
tions of weak stochastically weighted dominance for the first and second order. Recall the definition
of U1 and U2 following (2.3).

Corollary 3.3 For random vectors X,Y ∈ Lm1 and V ∈ Lm(∆). Then, for n ∈ {1, 2}, XIw
(n)Y if

and only if E[u(V TX)] ≤ E[u(V TY )] for all u ∈ Un.

3.2 Stochastically Weighted Dominance with Chance

We now discuss another relaxation of (3.3), in which we require that the relationship in (3.2) hold
with some probability rather than almost surely. One can draw a parallel between this approach
and the traditional notion of chance constraints (also called probabilistic constraints) in stochastic
programming where, instead of imposing that a (random) constraint hold for almost every point
in the sample space, it is required that the constraint hold on a set of positive probability 1 − α.
Formally, we have the following definition:

Definition 3.4 A random vector X ∈ Lmn−1 is said to dominate another random vector Y ∈ Lmn−1

in stochastically weighted nth order with chance α ∈ [0, 1] with respect to a random vector V ∈
Lm(∆) (written XIc(α)

(n) Y ) if

P
(
Fn(V TX; η |V ) ≤ Fn(V TY ; η |V ), ∀η ∈ R

)
=: S(X,Y ) ≥ 1− α. (SWD-Chance)

The parameter α allows for the control of the degree of relaxation of (3.3). Indeed, α = 0 is the same
as (3.2); on the other extreme, α = 1 corresponds to complete relaxation, so that (SWD-Chance)
trivially holds regardless of the distributions of X, Y or V . In this paper, we call S(X,Y ) the
satisfaction level of preference of X over Y , since XIc(1−S(X,Y ))

(n) Y .
The following proposition gives an equivalent representation of stochastically weighted domi-

nance with chance α in terms of expected utilities. The proof follows directly from the equivalence
(2.3) applied to the univariate random variables v̂TX and v̂TY for a fixed realization v̂ of V.

Proposition 3.5 For random vectors X, Y ∈ Lm1 and V ∈ Lm(∆). Then, for n ∈ {1, 2}, XIc(α)
(n) Y

if and only if
P
(
E[u(V TX)|V ] ≥ E[u(V TY )|V ], ∀u ∈ Un

)
≥ 1− α.

In Section 5 we will discuss how to test for this type of dominance.

3.3 Relaxed Strong Stochastically Weighted Dominance

The third relaxation of (3.3) we present is obtained by allowing for a tolerance on the right hand
side of that inequality, as defined below.
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Definition 3.6 A random vector X ∈ Lmn−1 is said to dominate another random vector Y ∈ Lmn−1

in relaxed strong stochastically weighted nth order for a given parameter γ ≥ 0 with respect to a
random vector V ∈ Lm(∆) (written XIs(γ)

(n) Y ) if

E

[
sup
η∈R

Fn(V TX; η |V )− Fn(V TY ; η |V )

]
=: T(X,Y ) ≤ γ. (SWD-Relax)

We call T(X,Y ) the tolerance level for X to dominate Y since XIs(T(X,Y ))
(n) Y .

Further properties of (SWD-Relax) can be derived when both X and Y have bounded support.
Suppose this is the case, and without loss of generality assume that X,Y ∈ [0, 1]m a.s.. Then, the
supremum in T(X,Y ) can be taken over η in [0, 1], i.e.,

T(X,Y ) = E

[
sup
η∈[0,1]

Fn(V TX; η |V )− Fn(V TY ; η |V )

]
. (3.4)

Note that Fn(V TX; η |V ) ≤ 1 for all η ∈ [0, 1] a.s.. Thus, we see that, similarly to the case of
stochastically weighted dominance with chance α, the parameter γ allows for the control of the
degree of relaxation of (3.3). Obviously, γ = 0 is the same as (3.3), whereas (3.4) is always satisfied
with γ = 1.

In parallel with the other concepts of stochastically weighted linear stochastic dominance in-
troduced above, we now derive an equivalent representation of (3.4) in terms of expected utilities.
Theorem 3.7 below states the result.

Theorem 3.7 Let X, Y be random vectors with support in [0, 1]m and V ∈ Lm0 (∆). Then, for
n ∈ {1, 2}, XIs(γ)

(n) Y if and only if

E
[

inf
u∈Ũn

E
[
u(V TX)− u(V TY ) | V

]]
≥ −γ, (3.5)

where Ũ1 is the set of increasing functions u on [0, 1] with u(1) − u(0) ≤ 1 and Ũ2 is the set of
increasing continuous concave functions u on [0, 1] with u′(0+) ≤ 1 (u′(0+) is the right derivative
of u(·) at 0).

Proof:
Let us first prove the statement for n = 1. Note that, for a given realization v̂ of V ,

F1(V TX; η | V = v̂) = E
[
1
{
V TX ≤ η

}
| V = v̂

]
. (3.6)

Let Ev̂[·] denote the expectation with respect to the conditional distribution P (· |V = v̂), so the
term on the right hand side of (3.6) is written Ev̂

[
1
{
V TX ≤ η

}]
. We now claim that

sup
η∈[0,1]

Ev̂
[
1
{
v̂TX ≤ η

}
− 1
{
v̂TY ≤ η

}]
= sup

u∈Ũ1

Ev̂
[
u(v̂TY )− u(v̂TX)

]
. (3.7)
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It is easy to see that the right hand side of (3.7) is greater than or equal to the left hand side, since
the function uη(x) := 1− 1{x ≤ η} for η ∈ [0, 1] is in Ũ1. We now prove the other direction. Let

τ := sup
η∈[0,1]

Ev̂
[
1
{
v̂TX ≤ η

}
− 1
{
v̂TY ≤ η

}]
, (3.8)

and note that τ is clearly finite. We need to show

sup
u∈Ũ1

Ev̂[u(v̂TY )− u(v̂TX)] ≤ τ. (3.9)

Now construct a sequence of functions un to approximate u ∈ Ũ1. We introduce n+ 1 discrete
real points

ηj := j/n, j = 0, . . . , n,

and define
cn := u(1),

aj := u(ηj)− u(ηj−1), j = 1, . . . , n.

Note that aj ≥ 0 because u(·) is nondecreasing. Define the function

un(t) := cn −
n∑
j=1

aj1{t ≤ ηj}.

Then we have

un(v̂TX)− un(v̂TY ) = −
n∑
j=1

aj(1
{
v̂TX − ηj

}
− 1
{
v̂TY − ηj

}
).

By (3.8), it follows that

Ev̂
[
un(v̂TX)

]
≥ Ev̂

[
un(v̂TY )

]
−

n∑
j=1

ajτ

= Ev̂
[
un(v̂TY )

]
− τ(u(1)− u(0))

≥ Ev̂
[
un(v̂TY )

]
− τ.

Note that un is an approximation of u by the step function with points (ηj , u(ηj)) (j = 1, . . . , n).
Thus, it follows from the bounded convergence theorem (see Billingsley (1995)) that

lim
n→∞

Ev̂
[
un(v̂TX)

]
= Ev̂

[
u(v̂TX)

]
.

Therefore, it follows that (3.9) (and hence (3.7)) holds. Since (3.7) holds for each realization v̂ of
V , we have shown the equivalence between XIs(γ)

(1) Y and (3.5) for the case n = 1.
Next, we show that (3.5) holds for the case n = 2. By (2.1), we have, for any realization v̂ of

V ,
F2(V TX; η |V = v̂) = E

[
(η − V TX)+ |V = v̂

]
= Ev̂

[
(η − v̂TX)+

]
. (3.10)
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We claim that

sup
η∈[0,1]

Ev̂
[
(η − v̂TX)+ − (η − v̂TY )+

]
= sup

u∈Ũ2

Ev̂
[
u(v̂TY )− u(v̂TX)

]
. (3.11)

The proof of (3.11) is similar to that of (3.7), except that we use different constructions to approx-
imate the utility functions. It is easy to check that the right hand side of (3.11) is greater than or
equal to the left hand side, since the function uη(x) := −(η − x)+ is in Ũ2 for all η. We prove the
other direction. Let

τ := sup
η∈[0,1]

Ev̂
[
(η − v̂TX)+ − (η − v̂TY )+

]
. (3.12)

What we need is show
sup
u∈Ũ2

Ev̂
[
u(v̂TY )− u(v̂TX)

]
≤ τ. (3.13)

Again, to construct a sequence of of functions un to approximate u ∈ Ũ2, we introduce n + 1
discrete real points

ηj := j/n, j = 0, . . . , n,

and define
cn := u(1),

ai :=

{
u(ηj)−u(ηj−1)

ηj−ηj−1
j = n,

u(ηj)−u(ηj−1)
ηj−ηj−1

− u(ηj+1)−u(ηj)
ηj+1−ηj

j = n− 1, . . . , 1.

Define the function

un(t) := cn −
n∑
j=1

aj(ηj − t)+.

It follows from (3.12) that

Ev̂
[
un(v̂TX)

]
≥ Ev̂

[
un(v̂TY )

]
−

n∑
j=1

ajτ

≥ Ev̂
[
un(v̂TY )

]
− τn(u(1/n)− u(0)).

By construction, un is a piecewise linear approximation of u with points (ηj , u(ηj)) (j = 1, . . . , n).
Thus, it follows from the bounded convergence theorem that

lim
n→∞

Ev̂
[
un(v̂TX)

]
= Ev̂

[
u(v̂TX)

]
.

Moveover,
lim
n→∞

n(u(1/n)− u(0)) = u′(0+) ≤ 1.

Therefore, it follows that (3.13) holds and hence (3.11) holds as well. Thus, we have shown the
equivalence between XIs(γ)

(2) Y and (3.5) for n = 2. �

At first sight, it appears that Theorem 3.7 restricts the class of utility functions that can be
considered due to the conditions u(1)− u(0) ≤ 1 and u′(0+) ≤ 1. The corollaries below show that
this is not the case, since arbitrary utility functions in [0, 1] can be normalized to satisfy those
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conditions.

Corollary 3.8 Let X, Y be random vectors with support in [0, 1]m and V ∈ Lm0 (∆). Let U1(0, 1)
be the set of nondecreasing functions on [0, 1]. Define a functional l1 on U(0, 1) as

l1(u)(·) :=

{
u(·)

u(1)−u(0) u(1)− u(0) > 0
0 otherwise.

Then, XIs(γ)
(1) Y is equivalent to

E
[

inf
u∈U1(0,1)

E
[
l1(u)(V TX)− l1(u)(V TY ) | V

]]
≥ −γ. (3.14)

Proof: Let Ũ1 be as defined in Theorem 3.7. Given any u ∈ U1(0, 1), we have that l1(u) ∈ Ũ1.
It follows from Theorem 3.7 that the condition XIs(γ)

(1) Y guarantees (3.14). Let us again write

XIs(γ)
(1) Y as

E

[
sup
η∈[0,1]

E
[
1
{
V TX ≤ η

}
− 1
{
V TY ≤ η

}
|V
]]
≤ γ,

which is satisfied if (3.14) holds, since the function uη(x) = 1−1{x ≤ η} for η ∈ [0, 1] is in U1(0, 1)
and l1(uη)(x) ≡ uη(x). �

Corollary 3.9 Let X, Y be random vectors with support in [0, 1]m and V ∈ Lm0 (∆). Let U2(0, 1)
be the set of nondecreasing continuous concave functions on [0, 1]. Define a functional l2 on U2(0, 1)
as

l2(u)(·) :=

{
u(·)
u′(0+)

u′(0+) > 0
0 otherwise.

Then XIs(γ)
(2) Y is equivalent to

E
[

inf
u∈U2(0,1)

E
[
l2(u)(V TX)− l2(u)(V TY ) | V

]]
≥ −γ. (3.15)

Proof: Let Ũ2 be as defined in Theorem 3.7. Given any u ∈ U2(0, 1), we have that l2(u) ∈ Ũ2.
It follows from Theorem 3.7 that the condition XIs(γ)

(2) Y guarantees (3.15). Let us again write

XIs(γ)
(2) Y as

E

[
sup
η∈[0,1]

E
[
(η − V TX)+ − (η − V TY )+|V

]]
≤ γ,

which is satisfied if (3.15) holds, since the function uη(x) = −(η − x)+ for η ∈ [0, 1] is in U2(0, 1)
and l2(uη)(x) ≡ uη(x). �

4 An Illustrative Example

We present now a simple example to compare the robust weighted dominance in (2.1) with the
various stochastically weighted dominance relations proposed in Section 3. We use the first order
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version of all dominance relationships for the calculations.
Consider a two-dimensional random vector X(θ) parameterized by θ ∈ [0, 1]. Let its two

components, X1(θ) and X2(θ), be independent random variables uniformly distributed in (0, θ)
and (θ, 1) respectively (for θ = 0, X1(θ) has point mass at 0; for θ = 1, X2(θ) has point mass at 1).
Let Y1 and Y2 be i.i.d. random variables with uniform distribution in (0, 1). Figure 1 depicts the
cumulative distribution functions for the components of X(θ) and Y , which can be expressed as

F1(X1(θ); η) =


0 η < 0
η
θ 0 ≤ η < θ

1 otherwise
(4.1)

F1(X2(θ); η) =


0 η < θ
η−θ

(1−θ) θ ≤ η < 1
1 otherwise

(4.2)

F1(Y1; η) = F1(Y2; η) =


0 η < 0
η 0 ≤ η < 1
1 otherwise

(4.3)

Figure 1: Probability Distribution Functions of X and Y

We are interested in comparing the random vectors X(θ) and Y . More precisely, the goal of
the study is to determine the set Θ of values of θ for which X(θ) dominates Y in terms of the
dominance relationships described in Section 3. By comparing the size of the set Θ obtained for
the various dominance concepts we can then illustrate the differences between them.

We start with the notion of robust weighted dominance described in Section 2. Let V be the
set {v1, v2}, where v1 = (1 0)T and v2 = (0 1)T . It is easy to see that the first order dominance
X(θ) DV(1) Y — which translates as X1(θ) D(1) Y1 and X2(θ) D(1) Y2 — is satisfied only when
θ = 1, since F1(X1(θ); η) > F1(Y1; η) for η ∈ (0, 1). Thus, Θ = {1} in this case.

Let us look at the conditions for the stochastically weighted dominance relations proposed in
Section 3. Suppose we choose the distribution of the random weight vector V as V = v1 with
probability p ∈ (0, 1) and V = v2 with probability 1− p, where v1 and v2 are defined as above.

Consider initially the weak stochastically weighted dominance relation X(θ)Iw
(1)Y . When 0 <
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θ < 1, inequality (SWD-Weak) is written as

sup
η∈[0,1]

p(F1(X1(θ); η)− F1(Y1; η)) + (1− p)(F1(X2(θ); η)− F1(Y2; η))

= sup
η∈[0,1]

{ (p
θ − 1

)
η 0 ≤ η < θ

θ−p
1−θη −

θ−p
1−θ θ ≤ η ≤ 1

≤ 0.

One can verify that the above inequality holds if and only if p ≤ θ < 1. Additionally, it is easy
to see that X(θ)Iw

(1)Y when θ = 1, since in that case X1(θ) has the same distribution as Y1 and
X2(θ) ≡ 1. Therefore, X(θ)Iw

(1)Y holds if and only if p ≤ θ ≤ 1, so Θ = [p, 1].

Next, we look at the stochastically weighted dominance relation with chance α, denotedX(θ)Ic(α)
(1) Y .

Then, (SWD-Chance) becomes

p1{F1(X1(θ); η) ≤ F1(Y1; η) ∀η ∈ [0, 1]}+ (1− p)1{F1(X2(θ); η) ≤ F1(Y2; η) ∀η ∈ [0, 1]} ≥ 1− α.

It is easy to see that the first term on left hand side of the above inequality is equal to zero unless
θ = 1, in which case it is equal to p. The second term is equal to 1 − p for any θ ∈ [0, 1]. The
parameter α then plays a key role: if α ≥ p, then X(θ)Ic(α)

(1) Y holds for all θ ∈ [0, 1]; otherwise,

X(θ)Ic(α)
(1) Y only for θ = 1. So, we see that, if α is “too small” (i.e., below the threshold p), then

we have Θ = {1}, so the stochastically weighted dominance relation with chance α does not provide
any relaxation to robust weighted dominance. On the other hand, when α is above the threshold
p we have Θ = [0, 1], i.e., the dominance constraint does not impose any restriction on θ.

Finally, we discuss the case of the relaxed strong stochastically weighted dominance relation for
a given index γ ≥ 0, denoted X(θ)Is(γ)

(1) Y . Then, (3.4) becomes

p

[
max
η∈[0,1]

F1(X1(θ); η)− F1(Y1; η)
]

+ (1− p)
[

max
η∈[0,1]

F1(X2(θ); η)− F1(Y2; η)
]
≤ γ.

Note that the maximum of F1(X1(θ); η)−F1(Y1; η) is equal to 1− θ (achieved at η = θ), while the
maximum of F1(X2(θ); η)−F1(Y2; η) is 0 (at η = 0 and 1). Hence, the above inequality is equivalent
to p(1−θ) ≤ γ, so we conclude that X(θ)Is(γ)

(1) Y if and only θ ≥ 1−γ/p, i.e., Θ = [(1−γ/p)+, 1]. We
see here how the parameter γ directly controls the degree of relaxation — for γ = 0 we obtain the
same set Θ = {1} as in the robust case; for 0 < γ < p we obtain an enlarged set Θ = [1−γ/p, 1]; for
p ≤ γ ≤ 1 the dominance constraint does not imposes any restriction on θ. Note that the particular
choice γ = p(1−p) yields the same set as in the weak stochastically weighted dominance case. Thus,
in this particular case the relaxed strong stochastically weighted dominance relation subsumes the
other dominance notions; however, as we shall see in the numerical example in Section 6.1 this is
not a general property.

5 Formulations for Stochastically Weighted Dominance

The formulation of univariate nth order stochastic dominance, either in terms of integrals of cu-
mulative distribution functions or in terms of expected utilities (as in (2.2) and (2.3)) does not
lend itself to a practical method for testing that relationship. For the case when the random vari-
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ables being compared (say, X and Y ) have finite support, Fishburn and Vickson (1978) propose a
linear program that can be used to test for second order dominance. Dentcheva and Ruszczyński
(2003) describe an alternative representation based on a set on linear inequalities, which is partic-
ularly useful in the context of optimization problems with stochastic dominance constraints, which
was introduced in that paper. Luedtke (2008) proposes yet another representation, involving a
smaller number of linear inequalities. Inequalities for univariate first order dominance are studied
in Luedtke (2008), Noyan et al. (2006) and Noyan and Ruszczyński (2008).

The situation becomes much more complicated in the case of multivariate stochastic dominance.
Armbruster and Luedtke (2010) propose a representation for “full” multivariate first and second or-
der dominance, i.e., E[u(X)] ≥ E[u(Y )] for all multidimensional functions nondecreasing (concave)
functions u : Rn 7→ R. The result is a linear program for the case of second order dominance, and
an integer program for the case of first order. As mentioned in Section 1, however, full multivariate
dominance can be a very conservative notion. Homem-de-Mello and Mehrotra (2009) study the case
of robust multivariate linear second order dominance defined in (RSD) (with n = 2) and show that
there exists a representation with finitely many linear inequalities. Since the number of inequalities
may be large, they propose a cut generation method to selectively obtain these inequalities when
solving optimization problems. A concave minimization problem is solved to generate the cuts.

In what follows, we discuss formulations for the three concepts of stochastically weighted domi-
nance described in Section 3 for first and second orders. We present easy-to-check inequalities that
can be used to test for dominance. These inequalities are convenient when the goal is simply to
compare two random vectors.

We also consider the case situation where the dominance relationship appears as a constraint
in an optimization problem. This is an attractive approach for managing risks in an optimization
setting. While optimizing an objective function, one avoids high risks by choosing options that
are preferable to a random benchmark. In general, we write a stochastic dominance constrained
optimization model as

min
z∈Z

f(z)

s.t. X(z) D•(n) Y,
(5.1)

where z represents a decision vector, Z ⊂ Rd represents a deterministic feasible region, f : Z → R
is the objective to be minimized, X maps the decision vector to a random vector in Rm, Y is a given
reference random vector, and D•(n) indicates some nth order stochastic dominance relationship. We
show that the three concepts of stochastically weighted dominance described in Section 3 (for first
and second orders) can also be written in terms of systems of linear (integer) inequalities, which
are more easily incorporated into an optimization algorithm that can be used to solve (5.1).

We assume throughout this section that the distributions of X, Y , and V are finite as described
by

P (X = xi) = pi, i ∈ I := {1, . . . , I}, (5.2)

P (Y = yj) = qj , j ∈ J := {1, . . . , J}, (5.3)

P (V = vk) = µk, k ∈ K := {1, . . . ,K}. (5.4)

In the context of the optimization problem (5.1), X(·) can be viewed as a discrete function-valued
random vector taking values xi(·), i = 1, . . . , I, where each xi(·) is a mapping from Z to Rm. Thus,
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the random vector X(z) takes on values xi(z) ∈ Rm, i = 1, . . . , I. In what follows we shall use the
notation X to represent both an arbitrary random vector and the random vector X(z) for a given
z.

5.1 Formulations for Weak Stochastically Weighted Dominance

Recall from Theorem 3.2 that the weak stochastically weighted dominance (SWD-Weak) XIw
(n)Y

can be reformulated as a univariate stochastic dominance relationship. Define again ξ := V TX and
ζ := V TY . Denote the distribution of ξ and ζ as

P (ξ = ξi) = νi, i ∈ A := {1, . . . , A}, (5.5)

P (ζ = ζj) = ρj , j ∈ B := {1, . . . , B}. (5.6)

Also suppose without loss of generality that ζ1 < · · · < ζB. It follows from Proposition 3.2 that
XIw

(n)Y if and only if ξ D(n) ζ.
Proposition 5.1 below shows that inequality (2.2) only needs to be tested for finitely many

values of η. A similar result is shown in Dentcheva and Ruszczyński (2003), but we present it here
for reference.

Proposition 5.1 Let ξ and ζ be random variables with distributions given by (5.5) and (5.6).
Then for n = 1 or 2, the finite set {ζ1, . . . , ζB} contains an optimal solution of

max
η∈R

Fn(ξ; η)− Fn(ζ; η).

Proof: Since F1(ξ; ·) and F1(ζ; ·) are step functions and ζk are all break points of F1(ζ; η), it is
obvious that the proposition holds for n = 1.

Let us now prove the case for n = 2. Let η ∈ R be chosen arbitrarily.
Case 1: If η ≤ ζ1, F2(ζ; η) = 0. Then we have

F2(ξ; η)− F2(ζ; η) = F2(ξ; η) ≤ F2(ξ; ζ1) = F2(ξ; ζ1)− F2(ζ; ζ1).

Case 2: If ζk ≤ η ≤ ζk+1 for some k, then it follows from the convexity of F2(ξ; ·) and from the lin-
earity of F2(ζ; ·) on [ζk, ζk+1] that F2(ξ; ·)−F2(ζ; ·) is convex on [ζk, ζk+1]. Thus, maxη∈[ζk,ζk+1] F2(ξ; η)−
F2(ζ; η) is achieved at one of the extremes of the interval [ζk, ζk+1].
Case 3: If η ≥ ζB, we have

F2(ξ; η)− F2(ζ; η) = F2(ξ; η)− (η − ζB)− F2(ζ; ζB) ≤ F2(ξ; ζB)− F2(ζ; ζB).

�

Recall that we can write F2(ξ; η) = E[(η− ξ)+] and F1(ξ; η) = E[1{ξ ≤ η}]. By Proposition 5.1,
we have that ξ D(2) ζ if and only if∑

i∈A
νi(ζk − ξi)+ ≤

∑
j∈B

ρj(ζk − ζj)+, ∀k ∈ B, (5.7)
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and ξ D(1) ζ if and only if ∑
i∈A

νi1
{
ξi ≤ ζk

}
≤
∑
j≤k

ρj , ∀k ∈ B. (5.8)

Inequalities (5.7) and (5.8) can easily be checked to test for weak stochastically weighted dom-
inance between two vectors. As discussed above, though, these inequalities are not convenient in
the context of the optimization problem (5.1) — where each ξi is a function of the decision vector
z — as they contain nonlinearities (in the case of (5.7)) and discontinuities (in the case of (5.8)).
We can, however, reformulate those inequalities so that we obtain a system of linear (integer) in-
equalities as a function of the ξi’s. The complexity of the resulting problem, of course, depends
on the particular dependence of ξ on z — which is determined by the dependence of X on z. For
example, if each xi is a linear function of z then problem (5.1) becomes a standard optimization
problem with linear (integer) constraints.

We proceed now with the reformulation. By introducing continuous variables tik to represent
the terms (ζk−ξi)+, (5.7) can be used to derive a linear formulation of ξ D(2) ζ with |A||B| variables
and (|A|+ 1)|B| constraints (see Dentcheva and Ruszczyński 2003):∑

i∈A
νitik ≤

∑
j∈B

ρj(ζk − ζj)+, ∀k ∈ B,

ξi(z) + tik ≥ ζk, ∀i ∈ A, k ∈ B,
tik ≥ 0, ∀i ∈ A, k ∈ B.

(5.9)

Similarly, using binary variables tik for the terms 1
{
ξi ≤ ζk

}
, we obtain the mixed integer linear

formulation from (5.8) ∑
i∈A

νitik ≤
∑
j<k

ρj , ∀k ∈ B,

ξi(z) +Miktik ≥ ζk, ∀i ∈ A, k ∈ B,
tik ∈ {0, 1}, ∀i ∈ A, k ∈ B.

(5.10)

Here, Mik is sufficiently large to guarantee that the corresponding constraints are redundant when
tik = 1. Note that the constant Mik must ensure feasibility for all z ∈ Z. We assume that for each
i there exists a constant li such that vTxi(z) ≥ li for all z ∈ Z and all v ∈ ∆ (such an assumption
is satisfied, for example, if xi(·) is continuous and Z is compact). Then, we can take Mik = ζk − li
for all i and k. Although this formulation was presented in Noyan et al. (2006) and Noyan and
Ruszczyński (2008), the authors do not recommend using this formulation for computation, since
the linear programming relaxation bounds are too weak.

We introduce next more efficient representations of the weak stochastically weighted first or
second order dominance. It follows from Theorem B.1 — due to Armbruster and Luedtke (2010)
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and stated in Appendix B for completeness — that ξ D(2) ζ is equivalent to∑
j∈B

ζjtij ≤ νiξ
i(z), ∀i ∈ A,

∑
j∈B

tij = νi, ∀i ∈ A,

∑
i∈A

tij = ρj , ∀j ∈ B,

tij ≥ 0, ∀i ∈ A, j ∈ B.

(5.11)

The system (5.11) consists of |A||B| variables and 2|A| + |B| inequalities. Similarly, we rewrite
XIw

(1)Y as a mixed integer linear system of inequalities by Theorem B.3 as follows:∑
j∈B

tijζ
j ≤ ξi(z), ∀i ∈ A,

∑
j∈B

tij = 1, ∀i ∈ A,

∑
i∈A

νi

k−1∑
j=1

tij ≤
k−1∑
j=1

ρj , ∀k ∈ B/{1}.

tij ∈ {0, 1}, ∀i ∈ A, j ∈ B.

(5.12)

5.2 Formulations for Stochastically Weighted Dominance with Chance

We turn now to the stochastically weighted dominance relationship with chance α (SWD-Chance),
denoted XIc(α)

(n) Y (n = 1 or 2). To derive an inequality that represents that dominance concept, we
use again the identities F2(ξ; η) = E[(η−ξ)+] and F1(ξ; η) = E[1{ξ ≤ η}], together with Proposition
5.1, to write XIc(α)

(2) Y as

∑
k∈K

µk1

sup
l∈J

∑
i∈I

pi(vk
T
yl − vkTxi)+ −

∑
j∈J

qj(vk
T
yl − vkT yj)+ ≤ 0

 ≥ 1− α, (5.13)

which can be alternatively expressed as

∑
k∈K

µk sup
l∈J

1

∑
i∈I

pi(vk
T
yl − vkTxi)+ >

∑
j∈J

qj(vk
T
yl − vkT yj)+

 ≤ α. (5.14)

Similarly, we write XIc(α)
(1) Y as

∑
k∈K

µk1

sup
l∈J

∑
i∈I

pi1
{
vk
T
xi ≤ vkT yl

}
−
∑
j∈J

qj1
{
vk
T
yj ≤ vkT yl

}
≤ 0

 ≥ 1− α. (5.15)
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which can be alternatively expressed as

∑
k∈K

µk sup
l∈J

1

∑
i∈I

pi1
{
vk
T
xi ≤ vkT yl

}
>
∑
j∈J

qj1
{
vk
T
yj ≤ vkT yl

} ≤ α. (5.16)

As before, the above inequalities can easily be checked to test for stochastically weighted dom-
inance with chance α. To derive inequalities that are more suitable for the optimization prob-
lem (5.1), we use Theorem B.1. By introducing binary variables sk so that sk is equal to 0 if
vkX D(2) v

kY and equal to 1 otherwise, it follows that (5.14) can be formulated as∑
j∈J

(
vk
T
yj
)
tijk ≤ piv

kTxi(z) + piMiksk, ∀i ∈ I, k ∈ K, (5.17)

∑
j∈J

tijk = pi, ∀i ∈ I, k ∈ K, (5.18)

∑
i∈I

tijk = qj , ∀j ∈ J , k ∈ K, (5.19)∑
k∈K

µksk ≤ α, (5.20)

tijk ≥ 0, ∀i ∈ I, j ∈ J , k ∈ K, (5.21)

sk ∈ {0, 1}, ∀k ∈ K. (5.22)

Again, Mik is a large enough number to ensure that the system (5.17)-(5.22) is feasible when
sk = 1. Under the assumption discussed earlier that xi(·) is bounded from below, we can choose
Mik = maxj∈J vk

T
yj − φik, where φik ≤ vk

T
xi(z) for all z ∈ Z.

To obtain an alternative formulation to (5.16), we can use Theorem B.3 — due to Luedtke
(2008) and stated in Appendix B for completeness — to obtain∑

j∈J

(
vk
T
yj
)
tijk ≤ vk

T
xi(z) +Miksk, ∀i ∈ I, k ∈ K, (5.23)

∑
j∈J

tijk = 1, ∀i ∈ I, k ∈ K, (5.24)

∑
i∈I

pi

l−1∑
j=1

tijk ≤
l−1∑
j=1

qj , l ∈ J /{1}, k ∈ K, (5.25)

∑
k∈K

µksk ≤ α, (5.26)

tijk ∈ {0, 1}, ∀i ∈ I, j ∈ J , k ∈ K, (5.27)

sk ∈ {0, 1}, ∀k ∈ K. (5.28)

A disadvantage of formulations (5.17)-(5.22) and (5.23)-(5.28) is that they involve “big M”-type
constraints in (5.17) and (5.23), which are likely to lead to weak linear programming relaxations.
We now provide alternative formulations avoiding the “big M” in the following theorems.

Theorem 5.2 For each i ∈ I and k ∈ K, suppose we can choose φik such that φik ≤ vk
T
xi(z) for
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all z ∈ Z. Then, X(z)Ic(α)
(2) Y if and only if there exist variables tijk and sk for i ∈ I, j ∈ J , and

k ∈ K such that (5.20)-(5.22) hold and∑
j∈J

(
vk
T
yj − φik

)
tijk ≤ pi

(
vk
T
xi(z)− φik

)
, ∀i ∈ I, k ∈ K, (5.29)

∑
j∈J

tijk = pi(1− sk), ∀i ∈ I, k ∈ K, (5.30)

∑
i∈I

tijk = qj(1− sk), ∀j ∈ J , k ∈ K. (5.31)

Proof: We claim that, for each k ∈ K, inequalities (5.17)- (5.19) hold with sk = 0 if and only if
(5.29)-(5.31) hold with sk = 0, and similarly for sk = 1. To see that, fix k ∈ K. From Theorem
B.1, we have that vkTX(z) dominates vkTY in the second order if and only if there exist tijk ≥ 0
for i ∈ I and j ∈ J such that (5.18)-(5.19) hold and∑

j∈J

(
vk
T
yj
)
tijk ≤ piv

kTxi(z), ∀i ∈ I, (5.32)

which, by (5.18), is equivalent to∑
j∈J

(
vk
T
yj − φik

)
tijk ≤ pi

(
vk
T
xi(z)− φik

)
, ∀i ∈ I.

Suppose sk = 0. Then, since (5.30)-(5.31) are identical to (5.18)-(5.19), and (5.32) coincides with
(5.17), the claim follows. Suppose now that (5.17)-(5.19) can only hold with sk = 1, which means
that (5.32) cannot be satisfied. Then, by taking tijk = 0 for all i and j, we see that (5.29)-(5.31)
hold with sk = 1. Conversely, suppose that (5.29)-(5.31) can only hold with sk = 1. Then, (5.17)-
(5.19) can only hold with sk = 1 as well, for if those inequalities held with sk = 0 then as seen
above (5.29)-(5.31) would hold with sk = 0 as well.

In summary, sk is equal to 1 if and only if vkTX(z) does not dominate vkTY in the second
order. Constraint (5.20) then completes the formulation. �

Theorem 5.3 For each i ∈ I and k ∈ K, suppose we can choose φik such that φik ≤ vk
T
xi(z)

for all z ∈ Z. Then, X(z)Ic(α)
(1) Y if and only if there exist binary variables tijk and sk for i ∈ I,

j ∈ J , and k ∈ K such that (5.26)-(5.28) hold and∑
j∈J

(
vk
T
yj − φik

)
tijk ≤

(
vk
T
xi − φik

)
, ∀i ∈ I, k ∈ K (5.33)

∑
j∈J

tijk = 1− sk, ∀i ∈ I, k ∈ K (5.34)

∑
i∈I

pi

l−1∑
j=1

tijk ≤
l−1∑
j=1

qj , ∀l ∈ J /{1}, k ∈ K. (5.35)

Proof: A proof can be constructed in the same way as in Theorem 5.2. �

Remark 5.4 If X(z) ≥ 0 a.s. for all z ∈ Z, we can let φik = 0 in Theorems 5.2 and 5.3.
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5.3 Formulations for Relaxed Strong Stochastically Weighted Dominance

Finally, we discuss the case of relaxed strong stochastically weighted dominance (SWD-Relax),
denoted XIs(γ)

(k) Y . By using again the identities F2(ξ; η) = E[(η− ξ)+] and F1(ξ; η) = E[1{ξ ≤ η}],
together with Proposition 5.1, we can derive an inequality for that dominance relationship. We
write XIs(γ)

(2) Y as

∑
k∈K

µk

max
l∈J

∑
i∈I

pi

(
vk
T
yl − vkTxi

)
+
−
∑
j∈J

qj

(
vk
T
yl − vkT yj

)
+

 ≤ γ, (5.36)

and XIs(γ)
(1) Y as

∑
k∈K

µk

max
l∈J

∑
i∈I

pi1
{
vk
T
xi < vk

T
yl
}
−
∑
j∈J

qj1
{
vk
T
yj < vk

T
yl
} ≤ γ. (5.37)

To derive inequalities that are more suitable for the optimization problem (5.1), we introduce
intermediate variables sk and tilk, so that (5.36) can be represented as∑

k∈K
µksk ≤ γ,

sk ≥
∑
i∈I

pitilk −
∑
j∈J

qj

(
vk
T
yl − vkT yj

)
+
, l ∈ J , k ∈ K,

vk
T
xi(z) + tilk ≥ vk

T
yl, i ∈ I, l ∈ J , k ∈ K,

tilk ≥ 0, i ∈ I, l ∈ J , k ∈ K.

(5.38)

Analogously, using continuous variables sk and binary variables tilk, we reformulate (5.37) as∑
k∈K

µksk ≤ γ,

sk ≥
∑
i∈I

pitilk −
∑
j∈J

qj1
{
vk
T
yl − vkT yj

}
, l ∈ J , k ∈ K,

vk
T
xi(z) +Milktilk ≥ vk

T
yl, i ∈ I, l ∈ J , k ∈ K,

tilk ∈ {0, 1}, i ∈ I, l ∈ J , k ∈ K.

(5.39)

As before, the constants Milk must be large enough numbers to ensure feasibility of the system;
for example, we can define Milk := vk

T
yl − φik, where φik ≤ vk

T
xi(z) for all z ∈ Z. As mentioned

earlier, large constants likely yield weak linear programming relaxations of (5.39). Below, we
propose alternative formulations of XIs(γ)

(2) Y and XIs(γ)
(1) Y .

Theorem 5.5 For each i ∈ I and k ∈ K, suppose we can choose φik such that φik ≤ vk
T
xi(z) for all

z ∈ Z. Let πk1 ≤ · · · ≤ πkJ be a sorting permutation of vkT y1, . . . , vk
T
yJ and πk0 := min {φik, πk1}.
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Then, X(z)Is(γ)
(2) Y if and only if ∑

k∈K
µksk ≤ γ, (5.40)

J∑
j=0

πkjtijk ≤ vk
T
xi(z), i ∈ I, k ∈ K, (5.41)

J∑
j=0

tijk = 1, i ∈ I, k ∈ K, (5.42)

I∑
i=1

pi

l−1∑
j=0

(πkl − πkj)tijk − sk ≤
l−1∑
j=1

qj(πkl − πkj), l ∈ J , k ∈ K, (5.43)

tijk ≥ 0, i ∈ I, j ∈ J ∪ {0}, k ∈ K. (5.44)

Proof: For a fixed k ∈ K, define Lk0 := 0 and Lkl :=
∑l−1

j=1 qj(πkl − πkj) + sk for all l ∈ J . Here,
sk is nonnegative. By Theorem B.2 — also due to Luedtke (2008) and stated in Appendix B for
completeness — we have that (5.41)-(5.44) hold if and only if∑

i∈I
pi

(
πkl − vk

T
xi(z)

)
+
≤ Lkl , l ∈ J ∪ {0},

which is equivalent to

sk ≥ max
l∈J

∑
i∈I

pi

(
πkl − vk

T
xi(z)

)
+
−
∑
j∈J

qj (πkl − πkj)+ . (5.45)

It is easy to see that, together, inequalities (5.40) and (5.45) (for all k ∈ K) are equivalent to (5.36).
�

For the case of first order dominance, we can directly adapt the proof of Theorem B.3 to our
setting. For completeness, the proof of the following theorem is given in Appendix C.

Theorem 5.6 For each i ∈ I and k ∈ K, suppose we can choose φik such that φik ≤ vk
T
xi(z) for all

z ∈ Z. Let πk1 ≤ · · · ≤ πkJ be a sorting permutation of vkT y1, . . . , vk
T
yJ and πk0 := min {φik, πk1}.

Then, X(z)Is(γ)
(1) Y if and only if (5.40)-(5.42) hold and

∑
i∈I

pi

l−1∑
j=0

tijk − sk ≤
l−1∑
j=1

qj , l ∈ J , k ∈ K, (5.46)

tijk ∈ {0, 1}, i ∈ I, j ∈ J ∪ {0}, k ∈ K. (5.47)

6 Applications to Optimization and Multi-Criterion Decision Mak-

ing

In this section we discuss the application of the ideas laid out in the previous sections to optimization
problems. We also illustrate the usefulness of those concepts in multi-criterion decision making by
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describing a queueing problem where the goal is to decide on an appropriate allocation of servers
between two parallel systems, based on the average waiting times of each queue.

6.1 Enlarging Feasibility Regions in Optimization

As mentioned earlier, one of the benefits of three proposed concepts of stochastically weighted dom-
inance is that they provide some relaxation to the notion of robust weighted stochastic dominance, a
property that was illustrated by the example given in Section 4. When stochastic dominance is used
as a constraint in an optimization problem as in (5.1), such relaxation translates into a reshaping of
the feasibility region. To illustrate that impact, we describe next a simple two-dimensional problem
so we can graphically depict the feasibility regions under the various dominance relationships. Let

A(ω) :=

 1 + 0.25ω 0.5
0.5 0.5− 0.25ω
0.25 0.03

 , l(ω) :=

 0.5− 0.0025ω
0.4

0.1 + 0.013ω

 , g(ω) :=

 0.05
0.2− 0.025ω
0.05 + 0.013ω

 ,
where ω is a random variable with equally likely outcomes ±1. Consider a feasibility region defined
by the following two stochastic dominance constraints:

−A(ω)z D•(2) −l(ω), (6.1)

A(ω)z D•(2) g(ω), (6.2)

where z is a two-dimensional nonnegative decision vector. Recall that D•(2) means some multivari-
ate linear second order stochastic dominance. The vectors l(ω) and g(ω) are two given random
benchmarks. For example, l(ω) can be regarded as losses and g(ω) as gains. Constraint (6.1)
requires that random outcomes of a decision policy be no worse than l(ω) in a situation of loss,
while constraint (6.2) requires the decision policy to be at least as good as g(ω) when there are
gains.

Using the different concepts of stochastic dominance proposed in this paper in constraints (6.1)
and (6.2), we obtain feasibility regions shown in Figure 2. Figure 2a describes the case of posi-
tive linear stochastic dominance, i.e., −vTA(ω)z D(2) −vT l(ω) and vTA(ω)z D(2) v

T g(ω) for all
v ∈ ∆ = {(v1, v2) ∈ R2

+ : v1 + v2 = 1}. Choosing V as a random vector uniformly distributed
on ∆, we draw the feasibility regions corresponding to the cases of the three proposed stochasti-
cally weighted dominance relationships in Figures 2b-2d. It is clear that all three stochastically
weighted dominance relationships yield larger feasibility regions than the one given by positive
linear stochastic dominance. In addition, Figure 2c shows expanding regions for the parameter α
in the stochastically weighted dominance relationship with chance α, when α increases from 0.05
to 0.1 to 0.15. Figure 2d shows the enlarged regions for the case of relaxed strong stochastically
weighted dominance relationship with parameter γ, when γ increases from 0.001 to 0.002, to 0.003.
Note that even reasonably small values of α and γ yield significant enlargement of the original
feasibility region. Thus, these alternative notions of dominance can potentially lead to solutions
with better objective value while still controlling for risk.
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(a) Positive Linear Dominance (b) Weak Stochastically Weighted Dominance

(c) Stochastically Weighted Dominance with Chance (d) Relaxed Strong Stochastically Weighted Dominance

Figure 2: Feasible Regions
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6.2 A Queueing Staff Allocation Problem

We study now an application of the stochastically weighted dominance in multi-criterion decision
making (see Keeney and Raffa (1993) and Dyer and Sarin (1979)). An example of two M/M/c

queues in parallel is used to illustrate the effectiveness of using the concepts of stochastically
weighted dominance.

Consider a system in which services are provided separately to (a) regular and (b) VIP cus-
tomers, where the quality of each type of service is measured by the steady-state waiting time of
the corresponding queue. Suppose there is a certain number of employees that must be allocated
between the two queues. We assume that, due to the need for special training, the workers are
dedicated to the queue they are allocated to, i.e., they cannot move to the other queue even if
their queue is empty. Also, it is reasonable to assume that the waiting times of regular and VIP
customers (denoted Wa and Wb, respectively) have different levels of importance.

How to allocate the workers between the two queues? A standard approach is to define
weights va and vb representing the importance of each type of customer, define a value function
Ψv(Wa,Wb) := vaWa + vbWb, and then find the allocation that minimizes E[Ψv(Wa,Wb)]. There
are however two issues with such an approach:

(i) How to decide on the values of va and vb? Clearly, the allocation that minimizes E[Ψv(Wa,Wb)]
depends on the particular choice of v. Such dependence can be very sensitive, i.e., a small
change in v may lead to a different solution;

(ii) The minimization of the expected waiting times does not take into account the risk asso-
ciated with the uncertainty of waiting times. For example, a solution in which the values
of Ψv(Wa,Wb) vary wildly may not be desirable, due to the customer dissatisfaction it may
generate.

These issues can be addressed by the models proposed in this paper. Risk is taken into account
by comparing alternatives in terms of stochastic dominance of Ψv(Wa,Wb). For example, second
order dominance, which corresponds to risk aversion, can be used. Ideally, we would like to rank
the feasible allocations in terms of dominance, though this may not always be possible — indeed,
it is possible that no alternative dominates the others. The uncertainty in the weights can be
modeled by defining a random vector of weights V = (Va, Vb). As mentioned earlier, using a
random vector of weights allows us to represent not only the existence of multiple decision makers
— each corresponding to one value of V — but also the relative importance of each decision
maker, which corresponds to the probability of each value of V . The corresponding value function
ΨV (Wa,Wb) := VaWa + VbWb is then used for the stochastic dominance comparisons.

We study now the application of the concepts of stochastically weighted dominance to a par-
ticular instance of the above problem. Suppose that the total number of workers to be allocated
is five. The arrival and service rates for regular customers are λa = 15 and µa = 8, while the
rates for VIP customers are λb = 3.5 and µb = 4. Since the queues must be stable, it follows
that there are three alternatives: (4, 1), (3, 2), and (2, 3). The numbers in each pair indicate the
number of workers allocated to regular and VIP customers, respectively. The distribution of the
random vector of weights V is given in Table 1. Note that the distribution gives more importance
to the weight vectors emphasizing the VIP queue as expected. However, it also allows, with low
probability, larger weights for the regular queue.
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Table 1: Distribution of Random Weight Vector V

Probability 0.05 0.1 0.25 0.35 0.15 0.05 0.03 0.01 0.01
Weight (0.1, 0.9) (0.2, 0.8) (0.3, 0.7) (0.4, 0.6) (0.5, 0.5) (0.6, 0.4) (0.7, 0.3) (0.8, 0.2) (0.9, 0.1)

It is well known (see, e.g., Tijms 2003) that the cumulative distribution function of the steady-
state waiting time of an M/M/c queue is given by

F1(W ; t) = 1− Pwaite
−cµ(1−ρ)t, t ≥ 0,

where c is the number of servers, ρ := λ
cµ , and

Pwait :=
(cρ)c

c!

(
(1− ρ)

c−1∑
n=0

(cρ)n

n!
+

(cρ)c

c!

)−1

is the steady-state probability that an arriving customer must wait in queue because all servers are
busy.

In order to use the inequalities presented in Section 5 to compare the waiting times in terms
of stochastic dominance, we need to discretize the distributions of Wa and Wb. We can do that by
approximating the c.d.f. by a step function:

F̂1(Wa; t) =

{
F1(Wa; iT/N), iT/N ≤ t < (i+ 1)T/N, i = 0, . . . , N − 1,
1, otherwise,

and similarly for Wb. In the numerical experiments reported below, we used N = 100 and T = 30.
Also, we used the second order form for all notions of dominance. Below, we use the notation W (k,l)

to denote the random vector (−Wa, −Wb) for the alternative with k workers allocated to the regular
queue and l workers to the VIP queue (note the minus sign since the notions of dominance defined
earlier assume that larger values are preferred).

Results

When using the weak stochastically weighted dominance as the judgement rule, configuration (3,
2) is the best choice since W (3,2)Iw

(2)W
(4,1) and W (3,2)Iw

(2)W
(2,3). Although using this dominance

relationship suggests a preferred alternative, this approach does not give the decision maker clear
guidance on how much better (3, 2) is, compared to (4, 1) and (2, 3).

Recall the quantities S(X,Y ) and T(X,Y ), which were defined in (SWD-Chance) and (SWD-Relax)
as the satisfaction level and the tolerance level of preference of X over Y , respectively. Tables 2
and 4 list the satisfaction level and the tolerance level for the comparisons. Tables 3 and 5 show
the same results but from a different perspective — for fixed values of α and γ, the tables show
the results of the comparisons between all pairs. In those tables, we use the notation “N/C” to
indicate that the elements of the pair are not comparable, in the sense that neither vector dom-
inates the other. On the other hand, we use the notation =c(α)

(2) and =s(γ)
(2) to indicate that the

elements of the pair are indistinguishable from the perspective of the corresponding dominance
relationship since they dominate each other. We also use the latter notation when a cycle occurs,
i.e., XIc(α)

(2) YI
c(α)
(2) ZI

c(α)
(2) X and similarly for the Is(γ)

(2) order.
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The results indicate that an “optimal” tolerance level α or γ exists in both cases — if the
tolerance is too low, some pairs are not compared; if it is too high, the pairs become indistinguishable
and so the dominance relationship does not convey any information. In this particular example we
are able to obtain a complete order when 25% ≤ α < 95% or 0.0159 ≤ γ < 0.3010 since in that case
(3,2) is preferable to (2,3) which is preferable to (4,1). In general, however, a complete order may
not exist for any value of α or γ, although typically a proper choice of α or γ allows for more pairs
to become comparable than under the robust weighted dominance relationship (which corresponds
to α = 0 and γ = 0).

Table 2: Satisfaction index

(4, 1) (3, 2) (2, 3)
(4, 1) 100% 0 5%
(3, 2) 100% 100% 95%
(2, 3) 75% 0 100%

Table 3: Comparisons for fixed α

(3,2) vs. (4, 1) (3, 2) vs. (2,3) (4,1) vs. (2, 3)
0 ≤ α < 5% W (3,2)Ic(α)

(2) W
(4,1) N/C N/C

5% ≤ α < 25% W (3,2)Ic(α)
(2) W

(4,1) W (3,2)Ic(α)
(2) W

(2,3) N/C

25% ≤ α < 95% W (3,2)Ic(α)
(2) W

(4,1) W (3,2)Ic(α)
(2) W

(2,3) W (2,3)Ic(α)
(2) W

(4,1)

95% ≤ α < 100% W (3,2)Ic(α)
(2) W

(4,1) W (3,2)Ic(α)
(2) W

(2,3) W (2,3) =c(α)
(2) W (4,1)

α = 100% W (3,2) =c(α)
(2) W (4,1) W (3,2) =c(α)

(2) W (2,3) W (2,3) =c(α)
(2) W (4,1)

Table 4: Least tolerance level

(4, 1) (3, 2) (2, 3)
(4, 1) 0 1.0652 0.7824
(3, 2) 0 0 0.0011
(2, 3) 0.0159 0.3010 0

Table 5: Comparisons for fixed tolerance level γ

(3,2) vs. (4, 1) (3, 2) vs. (2,3) (4,1) vs. (2, 3)
0 ≤ γ < 0.0011 W (3,2)Is(γ)

(2) W
(4,1) N/C N/C

0.0011 ≤ γ < 0.0159 W (3,2)Is(γ)
(2) W

(4,1) W (3,2)Is(γ)
(2) W

(2,3) N/C

0.0159 ≤ γ < 0.3010 W (3,2)Is(γ)
(2) W

(4,1) W (3,2)Is(γ)
(2) W

(2,3) W (2,3)Is(γ)
(2) W

(4,1)

0.3010 ≤ γ < 0.7824 W (3,2)Is(γ)
(2) W

(4,1) W (3,2) =s(γ)
(2) W (2,3) W (2,3)Is(γ)

(2) W
(4,1)

0.7824 ≤ γ W (3,2) =s(γ)
(2) W (4,1) W (3,2) =s(γ)

(2) W (2,3) W (2,3) =s(γ)
(2) W (4,1)

The analysis based on the satisfaction level and the tolerance level, in addition to the approach
using weak stochastically weighted dominance, provides more comprehensive information to help
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decision makers to understand the preference between alternatives. Both the satisfaction level and
the tolerance level can be used in a case study, since these two indices test different aspects of the
dominance relationship.

It is worthwhile comparing the above conclusions with that obtained from using the robust
weighted dominance relationship, where the robust weight region is defined by the support V of
the random vector V . It is clear from the previous discussion that robust dominance holds if and
only if the satisfaction level is 100% and the tolerance level is zero. Hence, under robust weighted
dominance, the only conclusion we can draw is that (3, 2) is preferred to (4, 1).

Thus, the above example suggests that the new stochastic dominance relationships introduced
in this paper provide valuable tools to compare multiple criteria under uncertainty. In particular,
the notions of satisfaction level and tolerance level may allow for a ranking of the alternatives,
which is typically not possible under standard concepts of stochastic dominance.

7 Concluding Remarks

We have introduced three new concepts of stochastically weighted dominance — weak stochas-
tically weighted dominance, stochastically weighted dominance with chance, and relaxed strong
stochastically weighted dominance. The equivalent utility presentations of the first or second order
stochastic dominance and integer and linear programming formulations have been presented. Ex-
amples are used to compare these concepts of stochastically weighted dominance with each other,
and with the deterministic weighted dominance definitions. These examples show that the use of
uncertainly weighted approaches allow larger feasible regions, when used as constraints in opti-
mization. Another application is presented for a multi-criterion staffing problem. In this problem
the goal is to decide the allocation of servers between two M/M/c queues based on waiting times.
Using this example we illustrate the value of additional concepts of dominance satisfaction level,
and dominance tolerance level when using stochastically weighted dominance concepts for a ranking
of the alternatives. In conclusion, we have provided decision makers with a valuable tool for com-
paring multivariate risk, define more tractable optimization problems using stochastic dominance,
and a tool to choose among the possible alternative configurations. An interesting extension of
the optimization formulations given here would be to develop them for the case where the random
vectors have continuous distributions. A possible approach can be developed based on combining
sampling in the current framework. This will allow the stochastic weighted dominance based opti-
mization and decision models to become more widely applicable, particularly for use in simulated
systems.
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A Relaxed Almost Sure Stochastically Weighted Dominance

In this Appendix we discuss another relaxation of robust weighted dominance. It is interesting
to notice that, although (3.2) and (3.3) are equivalent, the relaxations of those inequalities yield
different results. Indeed, the relaxation of (3.2), which we call the relaxed almost sure stochastically
weighted dominance, is

Fn(V TX; η |V )− Fn(V TY ; η |V ) ≤ γ, ∀η ∈ R, a.s., (A.1)

which is clearly more conservative than the relaxed strong stochastically weighted dominance since
in (SWD-Relax) the left hand side of (A.1) is allowed to be greater than γ with positive proba-
bility for some η. The relaxed almost sure stochastically weighted dominance is analogous to the
relaxation of robust weighted dominance given in Hu et al. (2011) as

Fn(vTX; η)− Fn(vTY ; η) ≤ γ, ∀η ∈ R, ∀v ∈ V. (A.2)

Note that (A.1) and (A.2) are the same when the support of V is finite.
For the sake of comparison with the other concepts of stochastically weighed dominance de-

fined in Section 3, we apply (A.1) to the two examples in Section 6, where we find the enlarged
feasible region in optimization and the decision policy in the staff allocation problem related to the
parameter γ.

Figure 3 shows the feasible regions when the constraints (6.1) and (6.2) represent the relaxed
almost sure stochastically weighted dominance relationship with parameter γ. The comparison of
Figures 2d and 3 shows the difference between the relaxed strong stochastically weighted dominance
and the relaxed almost sure stochastically weighted dominance. When we use the same values of
γ (i.e., 0.001, 0.002 and 0.003) used in Figure 2d, the relaxed almost sure stochastically weighted
dominance relationship yields little change to the original feasible region.
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Figure 3: Feasible Region of Relaxed Almost Sure Stochastically Weighted Dominance

We call
R(X,Y ) := sup

(η,v)∈R×V
Fn(vTX; η)− Fn(vTY ; η)

the robust tolerance level. Table 6 lists the values of R(X,Y ) for comparisons between all pairs of
alternative allocations, whereas Table 7 lists the results of pairwise comparisons for fixed values of
that tolerance. We see that, although an “optimal level” of tolerance exists again in this case, the
corresponding values (0.7195 ≤ γ < 0.8243) are larger than those for tolerance level given in Table
5, i.e., higher tolerance is required if one wants robust weighted dominance to hold.

Table 6: Robust tolerance level

(4, 1) (3, 2) (2, 3)
(4, 1) 0 1.5909 1.5769
(3, 2) 0 0 0.0224
(2, 3) 0.7195 0.8243 0

Table 7: Comparisons for fixed robust tolerance level γ

(3,2) vs. (4, 1) (3, 2) vs. (2,3) (4,1) vs. (2, 3)
0 ≤ γ < 0.0224 W (3,2)Is(γ)

(2) W
(4,1) N/C N/C

0.0224 ≤ γ < 0.7195 W (3,2)Is(γ)
(2) W

(4,1) W (3,2)Is(γ)
(2) W

(2,3) N/C

0.7195 ≤ γ < 0.8243 W (3,2)Is(γ)
(2) W

(4,1) W (3,2)Is(γ)
(2) W

(2,3) W (2,3)Is(γ)
(2) W

(4,1)

0.8243 ≤ γ < 1.5769 W (3,2)Is(γ)
(2) W

(4,1) W (3,2) =s(γ)
(2) W (2,3) W (2,3)Is(γ)

(2) W
(4,1)

1.5769 ≤ γ W (3,2) =s(γ)
(2) W (4,1) W (3,2) =s(γ)

(2) W (2,3) W (2,3) =s(γ)
(2) W (4,1)

B Theorems

In this section, we summarize some known theorems which are used in this paper.
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Theorem B.1 (Armbruster and Luedtke (2010)) Let ξ and ζ be random variables with dis-
tributions given in (5.5) and (5.6) respectively. ξ D(2) ζ if and only if there exists tij ≥ 0 for i ∈ A,
j ∈ B such that ∑

j∈B
ζjtij ≤ νiξ

i, ∀i ∈ A,

∑
j∈B

tij = νi, ∀i ∈ A,

∑
i∈A

tij = ρj , ∀j ∈ B.

Theorem B.2 (Luedtke (2008)) Let ξ be a random variable with distribution given in (5.5), let
ζ1 ≤ · · · ≤ ζB and let 0 = L1 ≤ · · · ≤ LB. Denote the set B as {1, . . . , B}. Then

E[(ζl − ξ)+] ≤ Ll, ∀l ∈ B

if and only if there exists tij ≥ 0 for i ∈ A, j ∈ B such that∑
j∈B

ζjtij ≤ ξi, ∀i ∈ A,

∑
j∈B

tij = 1, ∀i ∈ A,

∑
i∈A

νi

l−1∑
j=1

(ζl − ζj)tij ≤ Ll, ∀l ∈ B.

Theorem B.3 (Luedtke (2008)) Let ξ and ζ be random variables with distributions given in
(5.5) and (5.6) respectively. ξ D(1) ζ if and only if there exists binary variables tij for i ∈ A, j ∈ B
such that ∑

j∈B
ζjtij ≤ ξi, ∀i ∈ A,

∑
j∈B

tij = 1, ∀i ∈ A,

∑
i∈A

νi

l−1∑
j=1

tij ≤
l−1∑
j=1

ρj , l = 2, . . . , B.

C Proof of Theorem 5.6

We now adapt the proof of Theorem B.3 into our case. For the sake of convenience, let Ĵ := J ∪{0}
and vki := vk

T
xi. For a fixed k ∈ K, denote Πkl := {i ∈ I : vki < πkl}. By (5.37), XIs(γ)

(1) Y can be
written as a combination of (5.40) and

µ(Πkl) =
∑
i∈I

pi1{vki < πkl} ≤
∑
j∈J

qj1{πkj < πkl}+ sk =
l−1∑
j=1

qj + sk, ∀l ∈ Ĵ . (C.1)
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Note that sk ≥ 0 for l = 0. Let us now prove that (C.1) holds if and only if (5.41), (5.42), (5.46),
and (5.47) are satisfied.

Now suppose that (C.1) is satisfied. For i ∈ I, denote l∗k(i) := max{l ∈ Ĵ : i /∈ Πkl}. l∗k(i)
always exists since i /∈ Π0 for all i. Note that l∗k(i) < l if and only if i ∈ Πkl. For each i ∈ I,
choose tijk = 1 for j = l∗k(i) and otherwise tijk = 1. By definition, we have that t satisfies (5.42)
and (5.47). For l ∈ J ,

∑l−1
j=0 tijk = 1 if and only if l∗k(i) < l and also

∑l−1
j=0 tijk = 1 if and only if

i ∈ Πkl. Hence, µ(Πkl) =
∑

i∈I pi
∑l−1

j=0 tijk. Thus, by (C.1), we obtain (5.46). As well, for each
i ∈ I, we have

∑
j∈Ĵ πkjtijk = πkl∗k(i) ≤ vki since, by definition, i /∈ Πl∗k(i), thus establishing that t

satisfies (5.41).
Now suppose t satisfies (5.41), (5.42), (5.46), and (5.47). For l ∈ J , let Π′kl := {i ∈ I :∑l−1
j=0 tijk = 1}. Note that if i /∈ Π′kl then

∑l−1
j=0 tijk = 0 and by (5.42)

∑J
j=l tijk = 1, and so∑J

j=0 πkjtijk ≥ πkl. Using (5.41) we have that if i ∈ Πkl, then
∑J

j=0 πkjtijk ≤ vki < πkl and hence
also i ∈ Π′kl. Therefore, by (5.46), we have for l ∈ J ,

µ(Πkl) ≤ µ(Π′kl) =
∑
i∈I

pi

l−1∑
j=0

tijk ≤
l−1∑
j=1

qj + sk.
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