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Abstract
The low-rank matrix recovery (LMR) arises in many fields such as signal and image
processing, statistics, computer vision, system identification and control, and it is
NP-hard. It is known that under some restricted isometry property (RIP) conditions
we can obtain the exact low-rank matrix solution by solving its convex relaxation, the
nuclear norm minimization. In this paper, we consider the nonconvex relaxations by
introducing 𝑀𝑝-norm (0 < 𝑝 < 1) of a matrix and establish RIP conditions for exact
LMR via 𝑀𝑝-minimization. Specifically, letting 𝒜 be a linear transformation from
ℝ𝑚×𝑛 into ℝ𝑠 and 𝑟 be the rank of recovered matrix 𝑋 ∈ ℝ𝑚×𝑛, and if 𝒜 satisfies

the RIP condition
√
2𝛿max{𝑟+ 3

2𝑘,2𝑘} +
(

𝑘
2𝑟

) 1
𝑝− 1

2 𝛿2𝑟+𝑘 <
(

𝑘
2𝑟

) 1
𝑝− 1

2 for a given positive
integer 𝑘 ≤ 𝑚 − 𝑟, then 𝑟-rank matrix can be exactly recovered. In particular, we
not only obtain a uniform bound on restricted isometry constant 𝛿4𝑟 <

√
2 − 1 for

any 𝑝 ∈ (0, 1] for LMR via 𝑀𝑝-minimization, but also obtain the one 𝛿2𝑟 <
√
2− 1

for any 𝑝 ∈ (0, 1] for sparse signal recovery via 𝑙𝑝-minimization.

AMS Subject Classification: 62B10, 90C26, 90C59

1 Introduction

The low-rank matrix recovery (LMR) is to find the lowest rank matrices based on fewer linear
measurements. Mathematically, it is the rank minimization problem (RMP) defined as follows:

min rank(𝑋) s.t. 𝒜𝑋 = 𝑏, (1)

where 𝑋 ∈ ℝ𝑚×𝑛 is the unknown matrix (information), and 𝒜 : ℝ𝑚×𝑛 → ℝ𝑠 is a linear trans-
formation (measurement ensemble) and 𝑏 ∈ ℝ𝑠. It has many applications and appeared in the
literature of a diverse set of fields including signal and image processing, statistics, computer
vision, system identification and control. For more details, see the recent survey paper by Recht,
Fazel and Parrilo [23]. Note that problem (1) is generally NP-hard and ill-posed. A well known
heuristic introduced by Fazel, Hindi and Boyd [17] is the famous convex relaxation of LMR,
which is called nuclear norm minimization (NNM):

min ∥𝑋∥∗ s.t. 𝒜𝑋 = 𝑏, (2)
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where ∥𝑋∥∗ is the nuclear norm of 𝑋, i.e., the sum of its singular values. When 𝑚 = 𝑛 and
the matrix 𝑋 ≜ 𝐷𝑖𝑎𝑔(𝑥)(𝑥 ∈ ℝ𝑚) is diagonal, the LMR reduces to the sparse signal recovery
(SSR):

min ∥𝑥∥0 s.t. 𝐴𝑥 = 𝑏, (3)

where 𝐴 : ℝ𝑚 → ℝ𝑠 is a measurement matrix, ∥𝑥∥0 is the 𝑙0-norm of 𝑥, i.e., the number of its
nonzero elements. (This is not a norm, as ∥ ⋅ ∥0 is not positive homogeneous.) Similarly, the
NNM reduces the 𝑙1-minimization:

min ∥𝑥∥1 s.t. 𝐴𝑥 = 𝑏, (4)

where ∥𝑥∥1 is the 𝑙1-norm of 𝑥, i.e., the sum of the absolute value of its entries. These are the
problems of compressive sensing (CS, see, e.g., [9, 10, 16]) and there are hundreds of literature
concerning them, see the survey paper by Bruckstein, Donoho and Elad [3] and reference therein.

It is well known that under a certain restricted isometry property (RIP) condition on the
linear transformation one can obtain the exact LMR via NNM (respectively, exact SSR via 𝑙0-
minimization). The RIP notion was introduced by Candès and Tao [10] for SSR and generalized
to LMR by Recht, Fazel and Parrilo [23]. Recall that the 𝑟-restricted isometry constant (RIC)
𝛿𝑟 of a linear transformation 𝒜 is defined as the smallest constant such that the following holds
for all 𝑟-rank matrix 𝑋 ∈ ℝ𝑚×𝑛 (i.e., the rank of 𝑋 is no more than 𝑟),

(1− 𝛿𝑟)∥𝑋∥2𝐹 ≤ ∥𝒜𝑋∥2 ≤ (1 + 𝛿𝑟)∥𝑋∥2𝐹 ,

where ∥𝑋∥𝐹 :=
√⟨𝑋,𝑋⟩ =

√
trace(𝑋𝑇𝑋) is the Frobenius norm of 𝑋, which is equal to the

𝑙2-norm of the vector of singular values. Although the RIP is difficult to verify for a given linear
transformation, it is one of the most important concepts in LMR via NNM (respectively, exact
SSR via 𝑙0-minimization). The research on RIC seems to be of independent interest, see, e.g.,
[4, 5, 6, 7, 8, 10, 21, 22] and reference therein.

Note that in the CS context, Chartrand [11] firstly show that fewer measurements are re-
quired for exact reconstruction if we replace 𝑙1-norm with 𝑙𝑝-norm (0 < 𝑝 < 1), and Chartrand
and Staneva [13] established 𝑝-RIP conditions for exact SSR via 𝑙𝑝-minimization, which is defined
as

min ∥𝑥∥𝑝𝑝 s.t. 𝐴𝑥 = 𝑏, (5)

where ∥𝑥∥𝑝𝑝 :=
∑

𝑖 ∣𝑥𝑖∣𝑝 and ∥𝑥∥𝑝 := (
∑

𝑖 ∣𝑥𝑖∣𝑝)1/𝑝 is the 𝑙𝑝 norm of 𝑥. As 𝑙0-norm, ∥ ⋅ ∥𝑝 is not a
norm when 𝑝 ∈ (0, 1), but ∥ ⋅ ∥𝑝𝑝 satisfies the triangle inequality and induces a metric. Moreover,
the numerical experiments in magnetic resonance imaging (MRI) showed that this approach
works very efficiently, see [12] for details. SSR and 𝑙𝑝-minimization have been the focus point
of some recent research, see, e.g., [1, 2, 12, 13, 14, 15, 18, 19, 20, 25, 26, 27, 28]. Most of them
deal with the performance of 𝑙𝑝-minimization and the random measurements with restricted
𝑝-isometry property introduced in [13]. For instance, Wang, Xu and Tang [28] studies the
performance of 𝑙𝑝-minimization for strong recovery and weak recovery where we need to recover
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all the sparse vectors on one support with one sign pattern; Saab, Chartrand and Yilmaz [25]
provides a sufficient condition for SSR via 𝑙𝑝-minimization and provides a lower bound of the
support size up to which 𝑙𝑝-minimization can recover all such sparse vectors, and Foucart and
Lai [18] improves this bound by considering a generalized version of RIP condition.

This paper deals with the nonconvex relaxation of LMR, (matrix) 𝑀𝑝-minimization (0 <
𝑝 < 1) , which is defined as follows:

min ∥𝑋∥𝑝𝑝 s.t. 𝒜𝑋 = 𝑏, (6)

where ∥𝑋∥𝑝 is the 𝑀𝑝 norm of the matrix 𝑋, i.e., ∥𝑋∥𝑝 := (
∑

𝑖 𝜆
𝑝
𝑖 (𝑋))1/𝑝 for its singular

value decomposition (SVD) 𝑋 = 𝑈𝐷𝑖𝑎𝑔(𝜆(𝑋))𝑉 𝑇 with 𝑈 ∈ ℝ𝑚×𝑚, 𝑉 ∈ ℝ𝑛×𝑛, and ∥𝑋∥𝑝𝑝 =∑
𝑖 𝜆

𝑝
𝑖 (𝑋). Note that ∥ ⋅ ∥𝑝 is not a norm when 𝑝 ∈ (0, 1) as in the vector case. Obviously, when

𝑋 is diagonal, 𝑀𝑝-minimization reduces to 𝑙𝑝-minimization.

The main result of this paper is to establish RIP condition for exact LMR via𝑀𝑝-minimization
(0 < 𝑝 < 1). Based on a block decomposition of the matrix, we obtain a general RIP conditions
as follows: if it holds for any positive integer 𝑘 ∈ {1, 2, ⋅ ⋅ ⋅ ,𝑚− 𝑟}

√
2𝛿max{𝑟+ 3

2
𝑘,2𝑘} +

(
𝑘

2𝑟

) 1
𝑝
− 1

2

𝛿2𝑟+𝑘 <

(
𝑘

2𝑟

) 1
𝑝
− 1

2

,

then 𝑟-rank matrix is guaranteed to be recovered exactly via 𝑀𝑝-minimization for any 𝑝 ∈ (0, 1).
Based on this result, we derive a uniform bound on RIC 𝛿4𝑟 <

√
2 − 1 for LMR via 𝑀𝑝-

minimization, which is independent with 𝑝 ∈ (0, 1]. To the best of our knowledge, these are the
first such bounds on RIC for LMR via nonconvex minimizations. We also get a RIP condition
𝛿2𝑟 <

√
2− 1 for exact SSR via 𝑙𝑝-minimization, which is independent on 𝑝 ∈ (0, 1].

The organization of this paper is as follows. In Section 2, by introducing a block decompo-
sition of a matrix and giving some 𝑀𝑝-norm inequalities we prove our main result for LMR. We
conclude this paper with the application of our approach to SSR in Section 3.

2 The main results

The main result in this paper is the following theorem.

Theorem 2.1 Let 𝒜 : ℝ𝑚×𝑛 → ℝ𝑠 be a linear transformation and 𝑏 ∈ ℝ𝑠. Let 𝑊 be a 𝑟-rank
matrix with 𝒜𝑊 = 𝑏, and 0 < 𝑝 < 1. For any positive integer 𝑘 ∈ {1, 2, ⋅ ⋅ ⋅ ,𝑚−𝑟}, if 𝒜 satisfies
the RIP condition

√
2𝛿max{𝑟+ 3

2
𝑘,2𝑘} +

(
𝑘

2𝑟

) 1
𝑝
− 1

2

𝛿2𝑟+𝑘 <

(
𝑘

2𝑟

) 1
𝑝
− 1

2

,

then the unique minimizer of problem (6) is exactly 𝑊 .

In order to prove our main result, we begin with the following lemma with respect to 𝑀𝑝-
norm.
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Lemma 2.2 Let 𝐵,𝐶 ∈ ℝ𝑚×𝑛 be matrices with 𝐵𝑇𝐶 = 0 and 𝐶𝑇𝐵 = 0. Let 0 < 𝑝 < 1. Then
the following holds:

i) ∥𝐵 + 𝐶∥𝑝𝑝 = ∥𝐵∥𝑝𝑝 + ∥𝐶∥𝑝𝑝;
ii) ∥𝐵 + 𝐶∥𝑝 ≥ ∥𝐵∥𝑝 + ∥𝐶∥𝑝.

Proof. i) Let the SVDs of 𝐵 and 𝐶 as follows:

𝐵 = (𝑈𝐵 𝑈𝐵0)

(
𝐷𝑖𝑎𝑔(𝜆(𝐵)) 0

0 0

)
(𝑉𝐵 𝑉𝐵0)

𝑇 ,

𝐶 = (𝑈𝐶 𝑈𝐶0)

(
𝐷𝑖𝑎𝑔(𝜆(𝐶)) 0

0 0

)
(𝑉𝐶 𝑉𝐶0)

𝑇 ,

where block matrices (𝑈𝐵 𝑈𝐵0), (𝑈𝐶 𝑈𝐶0) ∈ ℝ𝑚×𝑚, (𝑉𝐵 𝑉𝐵0), (𝑉𝐶 𝑉𝐶0) ∈ ℝ𝑛×𝑛, submatrices
𝑈𝐵, 𝑉𝐵, 𝑈𝐶 , 𝑉𝐶 have the corresponding size with the singular values 𝜆(𝐵), 𝜆(𝐶) of 𝐵 and 𝐶,
respectively. From the assumption, we obtain that 𝑉 𝑇

𝐵 𝑈𝐶 = 0 and 𝑈𝑇
𝐵𝑉𝐶 = 0. Therefore, there

exists submatrices 𝑈0 and 𝑉0 such that (𝑈𝐵 𝑈𝐶 𝑈0) and (𝑉𝐵 𝑉𝐶 𝑉0) are orthogonal matrices.
Then, we obtain the valid SVD of 𝐵 and 𝐶 as

𝐵 = (𝑈𝐵 𝑈𝐶 𝑈0)

⎛⎝ 𝐷𝑖𝑎𝑔(𝜆(𝐵)) 0 0
0 0 0
0 0 0

⎞⎠ (𝑉𝐵 𝑉𝐶 𝑉0)
𝑇 ,

𝐶 = (𝑈𝐵 𝑈𝐶 𝑈0)

⎛⎝ 0 0 0
0 𝐷𝑖𝑎𝑔(𝜆(𝐶)) 0
0 0 0

⎞⎠ (𝑉𝐵 𝑉𝐶 𝑉0)
𝑇 .

Clearly, 𝐵 + 𝐶 has the SVD as

𝐵 + 𝐶 = (𝑈𝐵 𝑈𝐶 𝑈0)

⎛⎝ 𝐷𝑖𝑎𝑔(𝜆(𝐵)) 0 0
0 𝐷𝑖𝑎𝑔(𝜆(𝐶)) 0
0 0 0

⎞⎠ (𝑉𝐵 𝑉𝐶 𝑉0)
𝑇 .

Thus,

∥𝐵 + 𝐶∥𝑝𝑝 = ∥
⎛⎝ 𝐷𝑖𝑎𝑔(𝜆(𝐵)) 0 0

0 𝐷𝑖𝑎𝑔(𝜆(𝐶)) 0
0 0 0

⎞⎠ ∥𝑝𝑝 = ∥𝐵∥𝑝𝑝 + ∥𝐶∥𝑝𝑝.

This proves the part i).

ii) Note that ∥𝐵 + 𝐶∥𝑝 = (∥𝐵∥𝑝𝑝 + ∥𝐶∥𝑝𝑝)1/𝑝 by part i). The desired inequality holds imme-
diately by 0 < 𝑝 < 1. □
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We below introduce a new block decomposition of a matrix, which is basic in our subsequent
analysis. For 𝑟-rank matrix 𝑊 ∈ ℝ𝑚×𝑛, we denote the singular value decomposition (SVD) of
𝑊 by

𝑊 = 𝑈

(
𝐷𝑖𝑎𝑔(𝜎𝑟(𝑊 )) 0

0 0

)
𝑉 𝑇 ,

where 𝑈 ∈ ℝ𝑚×𝑚, 𝑉 ∈ ℝ𝑛×𝑚, and 𝜎𝑟(𝑊 ) := (𝜎1(𝑊 ), ⋅ ⋅ ⋅ , 𝜎𝑟(𝑊 ))𝑇 . For 𝑊 given as above, we
give a block decomposition of 𝑍 ∈ ℝ𝑚×𝑛 with respect to 𝑊 as follows: let 𝑈𝑇𝑍𝑉 have the block
form as

𝑈𝑇𝑍𝑉 =

⎛⎝ 𝑍11 𝑍12 𝑍13

𝑍21 𝑍22 𝑍23

𝑍31 𝑍32 𝑍33

⎞⎠ ,

where 𝑍𝑖𝑗 ∈ ℝ𝑚𝑖×𝑛𝑗 with 𝑛1 + 𝑛2 = 𝑚1 +𝑚2 = 𝑟 and 𝑚3 = 𝑛3 = 𝑚− 𝑟. Thus, we decompose
𝑍 as

𝑍 = 𝑍1 + 𝑍2 + 𝑍3 = 𝑍(𝑟) + 𝑍(𝑟)
𝑐 , (7)

where 𝑍(𝑟) := 𝑍1 + 𝑍2, 𝑍
(𝑟)
𝑐 := 𝑍3 and

𝑍1 = 𝑈

⎛⎝ 𝑍11 𝑍12 𝑍13

𝑍21 0 0
𝑍31 0 0

⎞⎠𝑉 𝑇 ,

𝑍2 = 𝑈

⎛⎝ 0 0 0
0 𝑍22 𝑍23

0 𝑍32 0

⎞⎠𝑉 𝑇 ,

𝑍3 = 𝑈

⎛⎝ 0 0 0
0 0 0
0 0 𝑍33

⎞⎠𝑉 𝑇 .

Clearly, rank(𝑍1) ≤ 𝑚1 + 𝑛1, rank(𝑍2) ≤ 𝑚2 + 𝑛2 and rank(𝑍1 + 𝑍2) ≤ 2𝑟, and 𝑍1, 𝑍2, 𝑍3 are
orthogonal one another. In terms of the above decomposition, we have the following property.

Lemma 2.3 Let 𝑊 be a 𝑟-rank matrix such that 𝒜𝑊 = 𝑏 and let 𝑋∗ be the optimal solution

to the problem (6). Let 𝑍 := 𝑋∗ −𝑊 and 𝑍(𝑟), 𝑍
(𝑟)
𝑐 defined as above. Then

∥𝑍(𝑟)
𝑐 ∥𝑝𝑝 ≤ ∥𝑍(𝑟)∥𝑝𝑝.

Proof. From the assumptions and the above decomposition, we have 𝑊 (𝑍
(𝑟)
𝑐 )𝑇 = 0 and

(𝑍
(𝑟)
𝑐 )𝑊 𝑇 = 0. By Lemma 2.2, we have ∥𝑊 + 𝑍

(𝑟)
𝑐 ∥𝑝𝑝 = ∥𝑊∥𝑝𝑝 + ∥𝑍(𝑟)

𝑐 ∥𝑝𝑝. Therefore, noting
that 𝑊 is the feasible solution to problem (6), we obtain

∥𝑊∥𝑝𝑝 ≥ ∥𝑊 + 𝑍∥𝑝𝑝 ≥ ∥𝑊 + 𝑍 − 𝑍(𝑟)∥𝑝𝑝 − ∥𝑍(𝑟)∥𝑝𝑝
= ∥𝑊∥𝑝𝑝 + ∥𝑍(𝑟)

𝑐 ∥𝑝𝑝 − ∥𝑍(𝑟)∥𝑝𝑝.
The desired conclusion holds immediately. □
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Lemma 2.4 Let 𝑚1,𝑚2, 𝑛1, 𝑛2 be positive integers such that 𝑛1 + 𝑛2 = 𝑚1 +𝑚2 = 𝑟. Then it
holds for given 𝑘 ∈ {1, 2, ⋅ ⋅ ⋅ ,𝑚− 𝑟}:

i) min𝑚1,𝑚2,𝑛1,𝑛2 max𝑘{𝑚1 + 𝑛1 + 𝑘,𝑚2 + 𝑛2 + 2𝑘} = max{𝑟 + 3
2𝑘, 2𝑘};

ii) min𝑛1,𝑛2 max{𝑛1 + 𝑘, 𝑛2 + 2𝑘} = max{ 𝑟
2 + 3

2𝑘, 2𝑘}.

Proof. i) Note that (𝑛1 +𝑛2 + 𝑘)+ (𝑚1 +𝑚2 +2𝑘) = 2𝑟+3𝑘. Clearly, max{𝑚1 +𝑛1 + 𝑘,𝑚2 +
𝑛2+2𝑘} ≥ 𝑟+ 3

2𝑘. If the equality holds, we must have 𝑚1+𝑛1 = 𝑟+ 1
2𝑘,𝑚2+𝑛2 = 𝑟− 1

2𝑘. This
means that the necessity of the above equality is 𝑘 ≤ 2𝑟. Also, when 𝑘 > 2𝑟, we easily obtain
that 𝑚1 + 𝑛1 + 𝑘 < 𝑚2 + 𝑛2 + 2𝑘 since 2𝑟 ≥ 𝑚1 + 𝑛1. In this case, we may set 𝑚2 = 𝑛2 = 0
and get max{𝑚1 + 𝑛1 + 𝑘,𝑚2 + 𝑛2 +2𝑘} = 2𝑘. Combining the above arguments, we obtain the
desired conclusion.

ii) Note that max{𝑛1 + 𝑘, 𝑛2 +2𝑘} ≥ 𝑟
2 +

3
2𝑘 because (𝑛1 + 𝑛2 + 𝑘) + 2𝑘 = 𝑟+3𝑘. Following

the similar arguments as in Part 1), we prove the desired result. □

We are ready to prove our main result for exact LMR via nonconvex 𝑀𝑝-minimization.

Proof of Theorem 2.1. Note that the function ∥ ⋅ ∥𝑝𝑝 is lower semi-continuous, level-bounded
and proper. By Theorem 1.9 in [24], we obtain that the solution set of 𝑀𝑝-minimization problem
(6) is nonempty and compact.

We remain to show that the solution set is a singleton {𝑊}. Without loss of generality,
let 𝑋∗ be a optimal solution to problem (6). Take 𝑍 = 𝑋∗ − 𝑊 . Clearly, 𝒜𝑍 = 0 since
𝑊 is a feasible solution to the problem (6). Let 𝑊 = 𝑈𝐷𝑖𝑎𝑔(𝜎(𝑊 ))𝑉 𝑇 , and let 𝑍 have the
decompositions with respect to 𝑊 as (7), i.e., 𝑍 = 𝑍1 + 𝑍2 + 𝑍3. In order to establish the RIP

condition, we need further to decompose 𝑍 by a decomposition of 𝑍
(𝑟)
𝑐 (= 𝑍3). Let SVD of 𝑍33

in ℝ(𝑚−𝑟)×(𝑚−𝑟) be specified by

𝑍33 = 𝑃𝐷𝑖𝑎𝑔(𝜎(𝑍33))𝑄
𝑇

where 𝑃,𝑄 ∈ ℝ(𝑚−𝑟)×(𝑚−𝑟), and 𝜎(𝑍33) = (𝜎1(𝑍33), ⋅ ⋅ ⋅ , 𝜎𝑚−𝑟(𝑍33))
𝑇 is the vector of the singular

values of 𝑍33 with 𝜎1(𝑍33) ≥ ⋅ ⋅ ⋅ ≥ 𝜎𝑚−𝑟(𝑍33) ≥ 0. We decompose 𝜎(𝑍33) into a sum of vectors
𝜎𝑇𝑖(𝑍33)(𝑖 = 1, 2, ⋅ ⋅ ⋅), each of sparsity at most 𝑘 (1 ≤ 𝑘 ≤ 𝑚− 𝑟), where 𝑇1 corresponds to the
locations of the 𝑘 largest entries of 𝜎(𝑍33), and 𝑇2 to the locations of the next 𝑘 largest entries,
and so on. We define

𝑍𝑇𝑖 := 𝑈

⎛⎝ 0 0 0
0 0 0
0 0 𝑃𝐷𝑖𝑎𝑔(𝜎𝑇𝑖(𝑍33)𝑄

𝑇

⎞⎠𝑉 𝑇 .

Then, 𝑍𝑇1 is the part of 𝑍3 corresponding to the 𝑘 largest singular values, 𝑍𝑇2 is the part
corresponding to the next 𝑘 largest singular values, and so on. Clearly, 𝑍1, 𝑍2, 𝑍𝑇𝑖 are all
orthogonal one another, and rank(𝑍𝑇𝑖) ≤ 𝑘.

We proceed the proof in two steps: the first step shows that ∥𝑍3 − 𝑍𝑇1∥𝐹 is essentially
bounded by ∥𝑍1 + 𝑍2 + 𝑍𝑇1∥𝐹 ; The second shows that 𝑍1 + 𝑍2 + 𝑍𝑇1 = 0, and hence 𝑍 = 0.
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Step 1: From the above decomposition, we easily obtain that for 𝑗 ≥ 2,

∥𝑍𝑇𝑗∥2𝐹 ≤ 𝑘∥𝑍𝑇𝑗∥2 ≤ 𝑘

(∥𝑍𝑇𝑗−1∥𝑝𝑝
𝑘

) 2
𝑝

,

where ∥𝑍𝑇𝑗∥ is the spectral (operator) norm of a matrix 𝑍𝑇𝑗 ∈ ℝ𝑚×𝑛, i.e., the largest singular
value of 𝑍𝑇𝑗 . Then

∥𝑍𝑇𝑗∥𝐹 ≤ 𝑘
1
2
− 1

𝑝 ∥𝑍𝑇𝑗−1∥𝑝.
By Lemma 2.2, it follows∑

𝑗≥2

∥𝑍𝑇𝑗∥𝐹 ≤ 𝑘
1
2
− 1

𝑝

∑
𝑗≥2

∥𝑍𝑇𝑗−1∥𝑝 ≤ 𝑘
1
2
− 1

𝑝 ∥𝑍3∥𝑝. (8)

This yields

∥𝑍3 − 𝑍𝑇1∥𝐹 = ∥
∑
𝑗≥2

𝑍𝑇𝑗∥𝐹 ≤
∑
𝑗≥2

∥𝑍𝑇𝑗∥𝐹 ≤ 𝑘
1
2
− 1

𝑝 ∥𝑍3∥𝑝. (9)

Noting that rank(𝑍1 + 𝑍2) ≤ 2𝑟, we obtain that

∥𝑍1 + 𝑍2∥𝑝𝑝 =
∑

1≤𝑙≤2𝑟

𝜆𝑝
𝑙 (𝑍1 + 𝑍2)

≤
⎡⎣ ∑
1≤𝑙≤2𝑟

(𝜆𝑝
𝑙 (𝑍1 + 𝑍2))

2
𝑝

⎤⎦
𝑝
2
⎡⎣ ∑
1≤𝑙≤2𝑟

1

⎤⎦1− 𝑝
2

= (2𝑟)1−
𝑝
2 ∥𝑍1 + 𝑍2∥𝑝𝐹 ,

where the inequality holds from Hölder’s inequality. By Lemma 2.3, it holds

∥𝑍3∥𝑝𝑝 ≤ ∥𝑍1 + 𝑍2∥𝑝𝑝. (10)

By (9) and (10), it holds that

∥𝑍3 − 𝑍𝑇1∥𝐹 ≤
(

𝑘

2𝑟

) 1
2
− 1

𝑝

∥𝑍1 + 𝑍2∥𝐹 . (11)

Step 2: Notice that 𝒜𝑍 = 0 and

∥𝒜(𝑍1 + 𝑍2 + 𝑍𝑇1)∥2 = ⟨𝒜(𝑍1 + 𝑍2 + 𝑍𝑇1),𝒜(𝑍1 + 𝑍2 + 𝑍𝑇1)⟩
= ⟨𝒜(𝑍1 + 𝑍2 + 𝑍𝑇1),𝒜𝑍⟩ − ⟨𝒜(𝑍1 + 𝑍2 + 𝑍𝑇1),𝒜(𝑍3 − 𝑍𝑇1)⟩
= −⟨𝒜(𝑍1 + 𝑍2 + 𝑍𝑇1),𝒜(𝑍3 − 𝑍𝑇1)⟩.
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Direct calculation yields

∣⟨𝒜(𝑍1 + 𝑍2 + 𝑍𝑇1),𝒜(𝑍3 − 𝑍𝑇1)⟩∣
= ∣⟨𝒜𝑍1,𝒜(𝑍3 − 𝑍𝑇1)⟩+ ⟨𝒜(𝑍2 + 𝑍𝑇1),𝒜(𝑍3 − 𝑍𝑇1)⟩∣
≤ ∣⟨𝒜𝑍1,𝒜(𝑍3 − 𝑍𝑇1)⟩∣+ ∣⟨𝒜(𝑍2 + 𝑍𝑇1),𝒜(𝑍3 − 𝑍𝑇1)⟩∣
≤ 𝛿𝑚1+𝑛1+𝑘∥𝑍1∥𝐹

∑
𝑗≥2

∥𝑍𝑇𝑗∥𝐹 + 𝛿𝑚2+𝑛2+2𝑘∥𝑍2 + 𝑍𝑇1∥𝐹
∑
𝑗≥2

∥𝑍𝑇𝑗∥𝐹

≤ 𝛿max{𝑟+ 3
2
𝑘,2𝑘}(∥𝑍1∥𝐹 + ∥𝑍2 + 𝑍𝑇1∥𝐹 )

∑
𝑗≥2

∥𝑍𝑇𝑗∥𝐹

≤
√
2𝛿max{𝑟+ 3

2
𝑘,2𝑘}∥𝑍1 + 𝑍2 + 𝑍𝑇1∥𝐹

∑
𝑗≥2

∥𝑍𝑇𝑗∥𝐹 , (12)

where the first inequality follows from the triangle inequality, the second follows from Lemma
3.3 in [8], and the third follows from Lemma 2.4 and the monotonicity of the RIP constant. It
follows that

∥𝒜(𝑍1 + 𝑍2 + 𝑍𝑇1)∥2 ≤
√
2𝛿max{𝑟+ 3

2
𝑘,2𝑘}

∑
𝑗≥2

∥𝑍𝑇𝑗∥𝐹 ∥𝑍1 + 𝑍2 + 𝑍𝑇1∥𝐹 .

Combining with ∥𝒜(𝑍1 + 𝑍2 + 𝑍𝑇1)∥2 ≥ (1− 𝛿2𝑟+𝑘)∥𝑍1 + 𝑍2 + 𝑍𝑇1∥2𝐹 , we obtain

∥𝑍1 + 𝑍2 + 𝑍𝑇1∥𝐹 ≤
√
2𝛿max{𝑟+ 3

2
𝑘,2𝑘}

1− 𝛿2𝑟+𝑘

∑
𝑗≥2

∥𝑍𝑇𝑗∥𝐹 .

This together with (9) and (10) yields

∥𝑍1 + 𝑍2 + 𝑍𝑇1∥𝐹 ≤
√
2𝛿max{𝑟+ 3

2
𝑘,2𝑘}𝑘

1/2−1/𝑝

1− 𝛿2𝑟+𝑘
∥𝑍3∥𝑝 (13)

≤ 𝛽∥𝑍1 + 𝑍2∥𝐹
≤ 𝛽∥𝑍1 + 𝑍2 + 𝑍𝑇1∥𝐹 ,

where 𝛽 :=

√
2𝛿

max{𝑟+3
2 𝑘,2𝑘}

1−𝛿2𝑟+𝑘

(
𝑘
2𝑟

)1/2−1/𝑝
. Therefore,

(1− 𝛽)∥𝑍1 + 𝑍2 + 𝑍𝑇1∥𝐹 ≤ 0. (14)

Since 1 − 𝛽 > 0 from the assumption, ∥𝑍1 + 𝑍2 + 𝑍𝑇1∥𝐹 = 0. Then 𝑍1 = 𝑍2 = 𝑍𝑇1 = 0 and
hence 𝑍𝑇𝑗 = 0. Thus, 𝑍 = 0 and we complete the proof. □

Clearly, from the above proof we know that Theorem 1 is still true for 𝑝 = 1. Moreover, by
setting 𝑘 = 2𝑟 we get a RIP condition 𝛿4𝑟 <

√
2 − 1, which is independent on 𝑝 ∈ (0, 1]. We

below state this uniform bound result.

8



Theorem 2.5 Let 𝒜 : ℝ𝑚×𝑛 → ℝ𝑠 be a linear transformation and 𝑏 ∈ ℝ𝑠. Let 𝑊 be a 𝑟-rank
matrix with 𝒜𝑊 = 𝑏. If 𝒜 satisfies the RIP condition

𝛿4𝑟 <
√
2− 1,

then the unique minimizer of problem (6) for any 𝑝 ∈ (0, 1] is exactly 𝑊 .

Furthermore, by choosing different values of 𝑘, we easily obtain some bounds on restricted

isometry constant for any 𝑝 ∈ (0, 1] such as
√
2𝛿6𝑟+

(
3
2

) 1
𝑝
− 1

2 𝛿5𝑟 <
(
3
2

) 1
𝑝
− 1

2 , 𝛿 7
3
𝑟+6

1
𝑝
− 1

2
√
2𝛿1.5𝑟 < 1,

𝛿2.5𝑟 + 2
2
𝑝
+ 1

2 𝛿1.75𝑟 < 1.

3 Uniform bound for SSR

We proceed to analyze the RIP conditions in SSR via 𝑙𝑝-minimization.

Theorem 3.1 Let 𝐴 ∈ ℝ𝑠×𝑚 be a matrix and 𝑏 ∈ ℝ𝑠. Let 𝑤 ∈ ℝ𝑚 be a 𝑟-rank matrix with
𝐴𝑤 = 𝑏, and 0 < 𝑝 < 1. For any positive integer 𝑘 ∈ {1, 2, ⋅ ⋅ ⋅ ,𝑚 − 𝑟}, if 𝐴 satisfies the RIP
condition

√
2𝛿max{ 𝑟

2
+ 3

2
𝑘,2𝑘} +

(
𝑘

𝑟

) 1
𝑝
− 1

2

𝛿𝑟+𝑘 <

(
𝑘

𝑟

) 1
𝑝
− 1

2

,

then the unique minimizer of problem (5) is exactly 𝑤.

Proof Let 𝑧 = 𝑥∗ − 𝑤. Clearly, 𝐴𝑧 = 0 since 𝑤 is a feasible solution to the problem (5). Let
𝑍,𝑋∗ and 𝑊 be the diagonal matrix with 𝑍 := 𝐷𝑖𝑎𝑔(𝑧), 𝑋∗ := 𝐷𝑖𝑎𝑔(𝑥∗) and 𝑊 := 𝐷𝑖𝑎𝑔(𝑤),
respectively. and Observe that in this case we only need 𝑍1 ∈ ℝ𝑛1×𝑛1 , 𝑍2 ∈ ℝ𝑛2×𝑛2 . Thus,
𝑟𝑎𝑛𝑘(𝑍1+𝑍2) ≤ 𝑛1+𝑛2 = 𝑟. Following the same analysis in the proof of Theorem 2.1, we then
obtain the desired result. □

By setting 𝑘 = 𝑟 in the above theorem, we obtain a RIP condition 𝛿2𝑟 <
√
2 − 1 for SSR,

which is clearly independent on 𝑝 ∈ (0, 1].

Theorem 3.2 Let 𝐴 ∈ ℝ𝑠×𝑚 be a matrix and 𝑏 ∈ ℝ𝑠. Let 𝑤 ∈ ℝ𝑚 be a 𝑟-rank matrix with
𝐴𝑤 = 𝑏. If 𝐴 satisfies the RIP condition

𝛿2𝑟 <
√
2− 1,

then the unique minimizer of problem (5) for any 𝑝 ∈ (0, 1] is exactly 𝑤.

Note that the RIP condition in Theorem 3.1 is different from those in [11, 13]. To the
best of our knowledge, our result gives the first such bound on RIC for LMR via nonconvex
minimizations which is independent of 𝑝 .
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