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Abstract

The low-rank matrix recovery (LMR) arises in many fields such as signal and image
processing, statistics, computer vision, system identification and control, and it is
NP-hard. It is known that under some restricted isometry property (RIP) conditions
we can obtain the exact low-rank matrix solution by solving its convex relaxation, the
nuclear norm minimization. In this paper, we consider the nonconvex relaxations by
introducing Mp-norm (0 < p < 1) of a matrix and establish RIP conditions for exact
LMR via M,-minimization. Specifically, letting A be a linear transformation from
R™*™ into R* and r be the rank of recovefed1 matrix X € ]1?’”?”, and if A satisfies
the RIP condition V20, (v 35,25y + (35) 7 “02rik < (35)7 ? for a given positive
integer £ < m — r, then r-rank matrix can be exactly recovered. In particular, we
not only obtain a uniform bound on restricted isometry constant 84, < v/2 — 1 for
any p € (0,1] for LMR via M,-minimization, but also obtain the one d, < v/2 — 1
for any p € (0, 1] for sparse signal recovery via l,-minimization.

AMS Subject Classification: 62B10, 90C26, 90C59

1 Introduction

The low-rank matriz recovery (LMR) is to find the lowest rank matrices based on fewer linear
measurements. Mathematically, it is the rank minimization problem (RMP) defined as follows:

min rank(X) s.t. AX =0, (1)

where X € R™*" is the unknown matrix (information), and A : R™*"™ — R® is a linear trans-
formation (measurement ensemble) and b € R®. It has many applications and appeared in the
literature of a diverse set of fields including signal and image processing, statistics, computer
vision, system identification and control. For more details, see the recent survey paper by Recht,
Fazel and Parrilo [23]. Note that problem (1) is generally NP-hard and ill-posed. A well known
heuristic introduced by Fazel, Hindi and Boyd [17] is the famous convex relaxation of LMR,
which is called nuclear norm minimization (NNM):

min [ X, s.t. AX =0, (2)



where || X ||« is the nuclear norm of X, i.e., the sum of its singular values. When m = n and
the matrix X £ Diag(z)(z € R™) is diagonal, the LMR reduces to the sparse signal recovery
(SSR):

min ||z|lo s.t. Az =, (3)

where A : R™ — R® is a measurement matrix, ||z||p is the lgp-norm of z, i.e., the number of its
nonzero elements. (This is not a norm, as || - ||o is not positive homogeneous.) Similarly, the
NNM reduces the Iy -minimization:

min |z]; s.t. Az =0, (4)

where ||z[|; is the l;-norm of z, i.e., the sum of the absolute value of its entries. These are the
problems of compressive sensing (CS, see, e.g., [9, 10, 16]) and there are hundreds of literature
concerning them, see the survey paper by Bruckstein, Donoho and Elad [3] and reference therein.

It is well known that under a certain restricted isometry property (RIP) condition on the
linear transformation one can obtain the exact LMR via NNM (respectively, exact SSR via ly-
minimization). The RIP notion was introduced by Candés and Tao [10] for SSR and generalized
to LMR by Recht, Fazel and Parrilo [23]. Recall that the r-restricted isometry constant (RIC)
0, of a linear transformation A is defined as the smallest constant such that the following holds
for all r-rank matriz X € R™*" (i.e., the rank of X is no more than r),

(1= o)l X7 < [AX]? < (1 + 0] X]E,

where || X | r := /(X,X) = \/trace(XTX) is the Frobenius norm of X, which is equal to the
lo-norm of the vector of singular values. Although the RIP is difficult to verify for a given linear
transformation, it is one of the most important concepts in LMR via NNM (respectively, exact

SSR via lp-minimization). The research on RIC seems to be of independent interest, see, e.g.,
[4, 5, 6,7, 8, 10, 21, 22] and reference therein.

Note that in the CS context, Chartrand [11] firstly show that fewer measurements are re-
quired for exact reconstruction if we replace [1-norm with {,-norm (0 < p < 1), and Chartrand
and Staneva [13] established p-RIP conditions for exact SSR via l,-minimization, which is defined
as

min [|z|} s.t. Az =0, (5)
where ||z|} := 3, |z:[P and ||2||, := (3, |2i|P)V/? is the I, norm of x. As lp-norm, || - ||, is not a
norm when p € (0,1), but || - ||} satisfies the triangle inequality and induces a metric. Moreover,

the numerical experiments in magnetic resonance imaging (MRI) showed that this approach
works very efficiently, see [12] for details. SSR and l,-minimization have been the focus point
of some recent research, see, e.g., [1, 2, 12, 13, 14, 15, 18, 19, 20, 25, 26, 27, 28]. Most of them
deal with the performance of /[,-minimization and the random measurements with restricted
p-isometry property introduced in [13]. For instance, Wang, Xu and Tang [28] studies the
performance of [,-minimization for strong recovery and weak recovery where we need to recover



all the sparse vectors on one support with one sign pattern; Saab, Chartrand and Yilmaz [25]
provides a sufficient condition for SSR via [,-minimization and provides a lower bound of the
support size up to which /,-minimization can recover all such sparse vectors, and Foucart and
Lai [18] improves this bound by considering a generalized version of RIP condition.

This paper deals with the nonconvex relaxation of LMR, (matriz) M,-minimization (0 <
p < 1), which is defined as follows:

min || X st. AX =0, (6)

where | X|, is the M, norm of the matrix X, i.e., |X|, := (3, \V(X))/? for its singular
value decomposition (SVD) X = UDiag(A(X))VT with U € R™™ V € R and | X||) =
>, AP(X). Note that || - ||, is not a norm when p € (0,1) as in the vector case. Obviously, when
X is diagonal, M,-minimization reduces to l,-minimization.

The main result of this paper is to establish RIP condition for exact LMR via M,,-minimization
(0 < p < 1). Based on a block decomposition of the matrix, we obtain a general RIP conditions
as follows: if it holds for any positive integer k € {1,2,---,m —r}

1
kE\» kE\r
\/E(smaX{TJr%k’Qk} + (2T‘> 52r+k < <27"> ’

then r-rank matrix is guaranteed to be recovered exactly via M,-minimization for any p € (0, 1).
Based on this result, we derive a uniform bound on RIC 44, < v2 — 1 for LMR via M,,-
minimization, which is independent with p € (0, 1]. To the best of our knowledge, these are the
first such bounds on RIC for LMR via nonconvex minimizations. We also get a RIP condition
Sar < V2 —1 for exact SSR via l,-minimization, which is independent on p € (0, 1].

N |=
3 =
N|—=

The organization of this paper is as follows. In Section 2, by introducing a block decompo-
sition of a matrix and giving some M,-norm inequalities we prove our main result for LMR. We
conclude this paper with the application of our approach to SSR in Section 3.

2 The main results
The main result in this paper is the following theorem.

Theorem 2.1 Let A : R™*"™ — R® be a linear transformation and b € R®. Let W be a r-rank
matriz with AW = b, and 0 < p < 1. For any positive integer k € {1,2,---,m—r}, if A satisfies

the RIP condition ) )
k\r k\r~
\/§5max{r+gk,2k} + <2T) Oortk < (2r> )

then the unique minimizer of problem (6) is exactly W.
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In order to prove our main result, we begin with the following lemma with respect to M,,-
norm.



Lemma 2.2 Let B,C € R™*" be matrices with BTC =0 and CTB =0. Let 0 < p < 1. Then
the following holds:

i) | B+ Cllp = IBllp + ICI5;
iW) | B+ Cllp = || Bllp + |C]lp-

Proof. i) Let the SVDs of B and C as follows:

B— (UB UBo) ( DZCLQE))\(B)) 8 ) (VB VB0>T7
O — (UC UC()) < Dmg(o)\(c)) 8 ) (VC’ VCO)T7

where block matrices (Up Upy), (Uc Uco) € R™* ™ (Vg Vio), (Vo Veo) € R™*™, submatrices
Up,Vp,Uc, Vo have the corresponding size with the singular values A(B), A\(C) of B and C,
respectively. From the assumption, we obtain that VBT Uc =0 and UEVC = 0. Therefore, there
exists submatrices Uy and Vj such that (Up Uc Up) and (Ve Vo V) are orthogonal matrices.
Then, we obtain the valid SVD of B and C as

Diag(\(B)) 0 0
B = (Ug Uc Up) 0 00 | (Vg Ve W),
0 0 0
0 0 0
C=(Up Uc Up) | 0 Diag(X(C)) 0 | (Vs Ve Vo).
0 0 0
Clearly, B 4 C has the SVD as
Diag(\(B)) 0 0
B+ C = (Ug Uc Up) 0 Diag(M\(C)) 0 | (Vs Vo V)T,
0 0 0
Thus,
Diag(A\(B)) 0 0
1B+ Cl =l 0 Diag(A(C)) 0 ) [[5 =Bl + ICIl5-
0 0 0

This proves the part i).

ii) Note that | B + C||, = (|| B||h + [|C[|)/? by part i). The desired inequality holds imme-
diately by 0 < p < 1. O



We below introduce a new block decomposition of a matrix, which is basic in our subsequent
analysis. For r-rank matrix W € R™*" we denote the singular value decomposition (SVD) of

W by
WU Diag(o™(W)) 0 VT,
0 0
where U € R™™ V € R™™ and o"(W) := (o1(W),---,0,(W))T. For W given as above, we
give a block decomposition of Z € R™*" with respect to W as follows: let U7 ZV have the block
form as

Z11 Zio Z13
UTZV = Zoy Zas Zos |,
431 Z3o Z33

where Z;; € R"™*" with ny 4+ ng = my + mg = r and mg = ng = m — r. Thus, we decompose
7 as

Z =7+ 2o+ Z3=2" 4+ 71, (7)

where Z(") .= Z1+ Zo, Zér) := Z3 and

Zn Zia Zi3

Zy = U| Zn 0 0 |V,
Zsi 0 0
0 0 0

Zy = U| 0 Zyn Zo |VT,
0 Zsz O
00 0

Zs = Ul oo o |V
0 0 Zss

Clearly, rank(Z1) < mq + nq, rank(Z2) < mg + no and rank(Z; + Zs) < 2r, and Zy, Zs, Z3 are
orthogonal one another. In terms of the above decomposition, we have the following property.

Lemma 2.3 Let W be a r-rank matriz such that AW = b and let X* be the optimal solution
to the problem (6). Let Z := X* — W and Z(”),ZC(T) defined as above. Then

1ZEE < 12,
Proof. From the assumptions and the above decomposition, we have W(ZC(T))T = 0 and

(ZSYWT = 0. By Lemma 2.2, we have |[W + Z((;T)Hg = |W|5 + HZ(ST)HQ Therefore, noting
that W is the feasible solution to problem (6), we obtain

W= W+ 2|5 > [W+2Z =205 27
= WL+ 1200 — 12718,

The desired conclusion holds immediately. O



Lemma 2.4 Let mq,ma,n1,ng be positive integers such that n1 +ng = my +mo = r. Then it
holds for given k € {1,2,---,m —r}:

i) MiNpy; gy mo Maxg{my + nq + k, ma + ng + 2k} = max{r + 3k, 2k};

it) miny, ,,, max{n, + k, no + 2k} = max{% + 3k, 2k}.

Proof. i) Note that (ny +no + k) + (m1 +ma + 2k) = 2r 4+ 3k. Clearly, max{mj +nj + k, mo +
no+2k} >r+ %k If the equality holds, we must have mi+ny =r+ %k, mo+ng =1r— %k This
means that the necessity of the above equality is & < 2r. Also, when k& > 2r, we easily obtain
that m1 + n1 + k < mg + no + 2k since 2r > my + ni1. In this case, we may set mo = ngs = 0
and get max{mj + ni + k, ma + ny + 2k} = 2k. Combining the above arguments, we obtain the
desired conclusion.

ii) Note that max{ni + k,na + 2k} > £ + %k because (ny +na + k) + 2k = r + 3k. Following
the similar arguments as in Part 1), we prove the desired result. O

We are ready to prove our main result for exact LMR via nonconvex Mp-minimization.

Proof of Theorem 2.1. Note that the function || - ||} is lower semi-continuous, level-bounded
and proper. By Theorem 1.9 in [24], we obtain that the solution set of M,-minimization problem
(6) is nonempty and compact.

We remain to show that the solution set is a singleton {W}. Without loss of generality,
let X* be a optimal solution to problem (6). Take Z = X* — W. Clearly, AZ = 0 since
W is a feasible solution to the problem (6). Let W = UDiag(c(W))VT, and let Z have the
decompositions with respect to W as (7), i.e., Z = Zy + Zy + Z3. In order to establish the RIP

condition, we need further to decompose Z by a decomposition of ZC(T)(: Z3). Let SVD of Z33
in R(m=7)x(m=7) he specified by

Zs3 = PDiag(o(Z33))Q"

where P,Q € R("=7)X(m=") "and 0(Zs3) = (01(Z33), - - -, om—r(Z33))7 is the vector of the singular
values of Zs3 with 01(Z33) > -+ > 0m—r(Z33) > 0. We decompose o(Z33) into a sum of vectors
or,(Z33)(i = 1,2,---), each of sparsity at most k (1 < k <m —r), where T} corresponds to the
locations of the k largest entries of 0(Z33), and T5 to the locations of the next k largest entries,
and so on. We define

0 0 0
0 0 PDiag(or,(Z33)QT

Zr,

k3

Then, Z7, is the part of Z3 corresponding to the k largest singular values, Zp, is the part
corresponding to the next k largest singular values, and so on. Clearly, 7, Z, Z7, are all
orthogonal one another, and rank(Zr,) < k.

We proceed the proof in two steps: the first step shows that || Z3 — Zp||F is essentially
bounded by ||Z1 + Z2 + Z7, || ; The second shows that Z; + Z2 + Zp, = 0, and hence Z = 0.



Step 1: From the above decomposition, we easily obtain that for j > 2,

2

1 Z2;_, [\
122, < Mz 2 <k (5)
where || Z7;| is the spectral (operator) norm of a matrix Z7, € R™*", i.e., the largest singular

value of Zr,. Then
1 1

| Zr,|lF < k27 || Z7,_, [lp-

By Lemma 2.2, it follows

1_1 1_ 1
S N Zelle < k272 N Z1y_ llp < k277 Zs]lp, (8)
i>2 i>2
This yields
1_1
1Zs = Zr\lr = 11D Zr)lle <D 125l < k277 )| Zs]], (9)
7>2 i>2

Noting that rank(Z; + Z2) < 2r, we obtain that

120+ Zallp = D N (Z1+ Zs)
1<i<2r
5 1-5
2
< | X W@z | 30
1<i<2r 1<I<2r

= (@)% 2+ Zolf,
where the inequality holds from Hélder’s inequality. By Lemma 2.3, it holds
123l < 121 + Za|l}- (10)

By (9) and (10), it holds that

k
12~ znle < (5) 120+ 2l 1)

=
B =

Step 2: Notice that AZ =0 and

NA(Z1 + Zo + Z7) > = (A(Z1 + Zo + Z1)), A(Z1 + Zo + Z7,))
(A(Zy+ Zo+ Z7)), AZ) — (A(Z1 + Za+ Z1, ), A(Z3 — Z7y))

= —( (Z1+ZQ+ZT1)>-A(Z3_ZT1)>'



Direct calculation yields

(A(Z1 + Z2 + Zmy), A(Z3 — Z1y))|
|<AZ1,A(Z3 - ZT1)> + <-’4(Z2 + ZTl)a'A(Z3 - ZT1)>|

< [(AZ, A(Zs = Zmy))| + [(A(Z2 + Z1,), A(Z3 = Z1,))
< Syt 4kl 201 P YN 23| + Smpnaronl| Ze + Zm e Y N1 21 |1
j=2 j>2
=< 5max{7'+gk,2k}(||21“F + HZ? + 27 HF) Z HZT]HF
7>2
< V2 g sra| 20+ Zo + Zr e Y |1 21, |1, (12)
i>2

where the first inequality follows from the triangle inequality, the second follows from Lemma
3.3 in [8], and the third follows from Lemma 2.4 and the monotonicity of the RIP constant. It
follows that

M(Z1+ Zo+ Z5) 1P < V20 3120 > N2 llel 21 + Za+ Zr || .
=2

Combining with | A(Z1 + Z2 + Z7,)||> > (1 = Sorsk)| Z1 + Z2 + Z1, || %, we obtain

V26 3

max{r+<k,2k

120+ 2o+ Zrlle < R S
2r+-k j>2

This together with (9) and (10) yields

\/Q(Smax{r-i-%kﬂk} k1/2*1/p

121+ Zo+ Zry||[F < s 1Z3][ (13)
— 02r+k
< Bz + Zs||p
< B2+ Zo+ Zn||F,
V26 _
where [ := %ﬁ:’m(g)lm 1/p. Therefore,
1= Z1+ Zo+ ZnlFr < 0. (14)

Since 1 — 8 > 0 from the assumption, |21 + Z2 + Zp,||F = 0. Then Z; = Zy = Zp, = 0 and
hence Zr;, = 0. Thus, Z = 0 and we complete the proof. O

Clearly, from the above proof we know that Theorem 1 is still true for p = 1. Moreover, by
setting k = 2r we get a RIP condition d4. < v/2 — 1, which is independent on p € (0,1]. We
below state this uniform bound result.



Theorem 2.5 Let A : R™*"™ — R® be a linear transformation and b € R®. Let W be a r-rank
matrixz with AW =0b. If A satisfies the RIP condition

547» < V2 - 1,
then the unique minimizer of problem (6) for any p € (0,1] is exactly W.

Furthermore, by choosing different values of k, we easily obtain some bounds on restricted
11 11 1_1
isometry constant for any p € (0, 1] such as V266, + (%) P 255, < (%) P2 07, +6p 2 V261 5, < 1,
3

2.1
0250 + 27 201 75, < 1.

3 Uniform bound for SSR

We proceed to analyze the RIP conditions in SSR via l,-minimization.

Theorem 3.1 Let A € R**™ be a matriz and b € R®. Let w € R™ be a r-rank matriz with
Aw =b, and 0 < p < 1. For any positive integer k € {1,2,---,m —r}, if A satisfies the RIP
k

condition
N
\/i(smax{%+%k,2k} + <7“> Ortl < <7“> )

then the unique minimizer of problem (5) is exactly w.

S =
[ I
-
D=

Proof Let z = 2* — w. Clearly, Az = 0 since w is a feasible solution to the problem (5). Let
Z,X* and W be the diagonal matrix with Z := Diag(z), X* := Diag(xz*) and W := Diag(w),
respectively. and Observe that in this case we only need Z; € Ry xn,; 22 € Ryyxn,. Thus,
rank(Zy+ Z3) < nq+ng = r. Following the same analysis in the proof of Theorem 2.1, we then
obtain the desired result. O

By setting k = 7 in the above theorem, we obtain a RIP condition 8y, < v/2 — 1 for SSR,
which is clearly independent on p € (0, 1].

Theorem 3.2 Let A € R**™ be a matriz and b € R®. Let w € R™ be a r-rank matriz with
Aw = b. If A satisfies the RIP condition

Oor < V21,
then the unique minimizer of problem (5) for any p € (0,1] is exactly w.

Note that the RIP condition in Theorem 3.1 is different from those in [11, 13]. To the
best of our knowledge, our result gives the first such bound on RIC for LMR via nonconvex
minimizations which is independent of p .
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