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Abstract We introduce a flexible, open source implementation that provides the optimal sen-

sitivity of solutions of nonlinear programming (NLP) problems, and is adapted to a fast solver

based on a barrier NLP method. The program, called sIPOPT evaluates the sensitivity of the

KKT system with respect to model parameters. It is paired with the open-source IPOPT NLP

solver and reusesmatrix factorizations from the solver, so that sensitivities to parameters are de-

termined with minimal computational cost. Aside from estimating sensitivities for parametric

NLPs, the program provides approximate NLP solutions for nonlinear model predictive control

and state estimation. These are enabled by pre-factored KKT matrices and a fix-relax strategy

based on Schur complements. In addition, reduced Hessians are obtained at minimal cost and

these are particularly effective to approximate covariance matrices in parameter and state esti-

mation problems. The sIPOPT program is demonstrated on four case studies to illustrate all of

these features.
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1 Introduction

Sensitivity analysis for nonlinear programming problems is a key step in any optimization

study. This analysis provides information on regularity and curvature conditions at KKT points,

assesses which variables play dominant roles in the optimization, and provides first order esti-

mates for parametric nonlinear programs. Moreover, for NLP algorithms that use exact second

derivatives, sensitivity can be implemented very efficiently within NLP solvers and provide

valuable information with very little added computation. In this study we discuss a capability

for sensitivity analysis that is coupled to IPOPT [1], a barrier NLP solver that incorporates a

filter-based line search.

The basic sensitivity strategy for NLP solvers is derived through application of the implicit

function theorem (IFT) to the KKT conditions of a parametric NLP. As shown in Fiacco [2], sen-

sitivities can be obtained from a solution with suitable regularity conditions, merely by solv-

ing a linearization of the KKT conditions. Nevertheless, relaxation of some of these regularity

conditions induces singularity and inconsistency in this linearized system, and may make the

sensitivity calculation much more difficult. Reviews of sensitivity analysis can be found in Fi-

acco [2], Fiacco and Ishizuka [3], and Büskens and Maurer [4]. More advanced cases have been

analyzed by Kyparsis [5], Kojima [6], Kojima and Hirabayashi [7], and Jongen et al. [8, 9]. An

early implementation of sensitivity analysis applied to barrier methods can be found in Fiacco

and Ghaemi [10].

For over 25 years, NLP sensitivity analysis has been applied to numerous applications in

process engineering, as these can be viewed as parametric programs, with parameters that rep-

resent uncertain data or unknown inputs. These applications include flowsheet optimization

[11, 12], steady state real-time optimization [13], robust optimization and parameter estimation,

nonlinear model predictive control [14], and dynamic real-time optimization [15].

With improvements in fast Newton-based barrier methods, such as IPOPT, sensitivity infor-

mation can be obtained very easily. As a result, fast on-line algorithms can be constructed where

more expensive optimization calculations can be solved in advance, and fast updates to the op-

timum can be made on-line. This has motivated algorithms for control, estimation and dynamic

optimization that execute large optimization models with very little on-line computation [16].

This has been especially successful for so-called advanced step strategies that work with large,

sparse NLP solvers. To obtain the sensitivity information, we exploit the full space information

available through the linearization of the KKT conditions that appears naturally in the solution

process. The resulting code that incorporates this strategy, called sIPOPT, is implemented in

C++ and appended to the NLP solver IPOPT.

This study is organized as follows. In Section 2, the optimal estimate is derived from the KKT

conditions of neighboring problems. The implementation of the numerical solution and the

handling of changes in the active set are discussed, based on a fix-relax strategy that modifies

the KKT system through a Schur complement strategy. A parametric programming case study is

presented at the end of this section to illustrate the strategy and the software. Section 3 presents
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two case studies that showcase different facets of the implementation. The first example is the

NMPC controller of a CSTR where set point changes occur. In the next example, the sensitivity

based update is applied to NMPC control of a large-scale distillation column model. Using

the advanced step approach, the controller stays close to the ideal case where it is assumed

that there are no computational delays. Section 4 then develops a straightforward procedure

to extract the inverse of the reduced Hessian from the pre-factored KKT system. As a useful

illustration, the last case study deals with a parameter estimation problem for a small dynamic

system. Here the sensitivity-based extraction of the inverse reduced Hessian leads to a quick

estimate of the covariance matrix for the estimated parameters. The paper then concludes with

a discussion of these contributions and future work.

2 Sensitivity Concepts and Derivation

The following are well known properties of nonlinear programs. They are shown here for con-

venience as they will be used for the derivations in the following sections.

Consider the parametric nonlinear program of the form:

minx f(x; p) (1a)

s.t. c(x; p) = 0, x ≥ 0 (1b)

with the vectors x ∈ R
nx , p ∈ R

np , and c(x; p) : Rnx+np → R
m. The IPOPT NLP algorithm

substitutes a barrier function for the inequality constraints and solves the following sequence

of problems with µℓ → 0:

minx B(x; p, µ) = f(x; p)− µℓ

nx
∑

i=1

ln(xi) (2a)

s.t. c(x; p) = 0 (2b)

At a solution with p = p0 (the nominal value) we compute the sensitivities dx∗(p0)
dp

and
df(x∗;p0)

dp
= ∂f(x∗;p0)

∂p
+ dx(p0)

dp

∂f(x∗;p0)
∂x

. To calculate these sensitivities, we first consider properties

of the solutions of (1) obtained by IPOPT when p = p0 [2, 17].

2.1 Sensitivity Properties

For the NLP (1), the Karush-Kuhn-Tucker (KKT) conditions are defined as:
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∇xL(x
∗, λ∗, ν∗; p0) = ∇xf(x

∗; p0) +∇xc(x
∗; p0)λ

∗ − ν∗ = 0 (3a)

c(x∗; p0) = 0 (3b)

0 ≤ ν∗ ⊥ x∗ ≥ 0 (3c)

For the KKT conditions to serve as necessary conditions for a local minimum of (1), con-

straint qualifications are needed, such as Linear Independence Constraint Qualification (LICQ)

or Mangasarian-Fromowitz Constraint Qualification (MFCQ). Note that in the following defi-

nitions Qj means the j-th column of a given matrix Q, and I represents the identity matrix of

appropriate dimensions.

Definition 1 (Linear Independence Constraint Qualification (LICQ)) Given a local solution

of (1), x∗ and an active constraint set, consisting of equalities and nb bound constraints with

ETx∗ = 0, where Ei = Ij if x
∗

i = 0 is the i-th bound constraint with j = 1, . . . , n, i = 1, . . . , nb.

LICQ is defined by linear independence of the active constraint gradients, i.e.

[∇c(x∗; p0) | E]

is full column rank. Satisfaction of LICQ leads to unique multipliers λ∗, ν∗ at a KKT point.

Definition 2 (Mangasarian-Fromowitz Constraint Qualification (MFCQ)) Given a local solu-

tion of (1), x∗ and an active set, MFCQ is defined by linear independence of the equality con-

straint gradients and the existence of a search direction d, such that:

ETd > 0,∇c(x∗; p0)
Td = 0.

Satisfaction of MFCQ leads to bounded (but not necessarily unique) multiplers λ∗, ν∗ at a KKT

point. As noted in [5], these multipliers lie in a bounded, polyhedral set denoted by P (x∗; p0).

For a KKT point x∗ that satisfies either of the above constraint qualifications the following

conditions are sufficient to guarantee a local solution to (1).

Definition 3 (Strong Second Order Sufficient Conditions (SSOSC)) Given x∗ and some mul-

tipliers λ∗, ν∗ that satisfy the KKT conditions (3). In addition,

dT∇xxL(x
∗, λ∗, ν∗; p0)d > 0 for all d 6= 0with ∇c(x∗)Td = 0, di = 0 for ν∗i > 0. (4)

Property 1 (Properties of the central path/barrier trajectory) Consider problem (1) with f(x; p) and

c(x; p) at least twice differentiable in x and once in p. Let x∗ be a local constrained minimizer of

(1) with the following sufficient optimality conditions at x∗:

1. x∗ is a KKT point that satisfies (3)

2. LICQ holds at x∗
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3. Strict complementarity (SC) holds at x∗ for the bound multipliers ν∗, i.e., x∗

i + ν∗i > 0

4. SSOSC holds for x∗, λ∗, and ν∗ that satisfy (3)

If we now solve a sequence of barrier problems (2) with µℓ → 0, then:

– There is at least one subsequence of unconstrainedminimizers (x(µℓ)) of the barrier function

converging to x∗

– For every convergent subsequence, the corresponding sequence of barrier multiplier ap-

proximations is bounded and converges to multipliers satisfying the KKT conditions for x∗.

– A unique, continuously differentiable vector function x(µ) of the minimizers of (2) exists for

µ > 0 in a neighborhood of µ = 0

– limµ→0+ x(µ) = x∗

– ‖x(µ)− x∗‖ = O(µ)

Proof: The proof follows by noting that LICQ implies MFCQ and invoking Theorem 3.12 and

Lemma 3.13 in [17].

This theorem indicates that nearby solutions of (2) provide useful information for bounding

properties for (1) for small positive values of µ. For such cases we now consider the sensitivity

of these solutions with respect to changes in values of p.

Property 2 (Sensitivity Properties) For problem (1) assume that f(x; p) and c(x; p) are k times dif-

ferentiable in p and k + 1 times differentiable in x. Also, let the assumptions of Property 1 hold

for problem (1) with p = p0, then at the solution:

– x∗ = x(p0) is an isolated minimizer and the associated multipliers λ∗ and ν∗ are unique.

– For some p in a neighborhood of p0 there exists a k times differentiable function

s(p)T = [x(p)T λ(p)T ν(p)T ]

that corresponds to a locally unique minimum for (1) and s(p0) = s∗.

– For p near p0 the set of binding inequalities is unchanged and complementary slackness

holds.

Proof: The result follows directly from Theorem 3.2.2 and Corollary 3.2.5 in [2].

We now consider the barrier formulation and relate sensitivity results between (1) and (2)

with the following result.

Property 3 (Barrier Sensitivity Properties) For the barrier problem (2) assume that f(x; p) and

c(x; p) are k times differentiable in p and k+1 times differentiable in x. Also, let the assumptions

of Property 1 hold for problem (1), then at the solution of (2) with a small positive µ:

– x(µ; p0) is an isolated minimizer and the associated barrier multipliers λ(µ; p0) and ν(µ; p0)

are unique.
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– For some p in a neighborhood of p0 there exists a k times differentiable function

s(µ; p)T = [x(µ; p)T λ(µ; p)T ν(µ; p)T ]

that corresponds to a locally unique minimum for (2).

– limµ→0,p→p0
s(µ; p) = s(0, p0) = s∗

Proof: The result follows from Theorem 6.2.1 and Corollary 6.2.2 in [2]. These were originally

proved for a mixed penalty function but the proofs are easily modified to deal with barrier func-

tions.

2.2 Barrier Sensitivity Calculation

Calculation of the sensitivity of the primal and dual variables with respect to p now proceeds

from the implicit function theorem (IFT) applied to the optimality conditions of (2) at p0. Defin-

ing the quantities:

M(s(µ; p0)) =







W (s (µ; p0)) A (x (µ; p0)) −I

A (x (µ; p0))
T

0 0

V (µ; p0) 0 X(µ; p0)






(5)

and

Np(s(µ; p0)) =







∇xpL(s(µ; p0))

∇pc(x(µ; p0))

0






, Nµ =







0

0

−µe






(6)

where W (s(µ; p0)) denotes the Hessian ∇xxL(x, λ, ν) of the Lagrangian function evaluated at

s(µ; p0), A(x(µ; p0)) = ∇xc(x) evaluated at x(µ; p0), X = diag{x} and V = diag{ν}, application

of IFT leads to:

M(s(µ; p0))
ds(µ; p0)

dp

T

+Np(s(µ; p0)) = 0. (7)

When the assumptions of Property 1 hold, M(s(µ; p0)) is nonsingular and the sensitivities

can be calculated from:

ds(µ; p0)

dp

T

= −M (s (µ; p0))
−1 Np (s (µ; p0)) . (8)

We note that at the solution of (2) these assumptions can be checked by the inertia of M as

well as other information in IPOPT (see [1]). Moreover, in IPOPT M(s(µ; p0)) is directly avail-

able in factored form from the solution of (2), so the sensitivity can be calculated through a
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simple backsolve. For small values of µ and ‖p− p0‖ it can be shown from the above properties

[2] that

s(µ; p) = s(µ; p0)−M(s(µ; p0))
−1Np(s(µ; p0))(p− p0) + o‖p− p0‖ (9)

or

s(0; p) = s(µ; p0)−M(s(µ; p0))
−1 [Np(s(µ; p0))(p− p0) +Nµ] + o‖p− p0‖+ o‖µ‖. (10)

Finally, the implementation of NLP sensitivity is simplified if the parameters can be localized

in the NLP formulation, so that we write:

minx,w f(x,w) (11a)

s.t. c(x,w) = 0, x ≥ 0 (11b)

w − p0 = 0 (11c)

Note that the NLP solution is equivalent to (1), and it is easy to see that the NLP sensitivity

is equivalent as well. Writing the KKT conditions for (11) leads to:

∇xf(x,w) +∇xc
T (x,w)λ − ν = 0 (12a)

∇wf(x,w) +∇wc
T (x,w)λ + λ̄ = 0 (12b)

c(x) = 0 (12c)

XV e = 0 (12d)

w − p0 = 0 (12e)

In this definition λ̄ represents the Lagrange multiplier corresponding to the equation w −

p0 = 0. For the Newton step we write:

















W ∇xwL(x,w, λ, ν) A −I 0

∇wxL(x,w, λ, ν) ∇wwL(x,w, λ, ν) ∇wc(x,w) 0 I

AT ∇wc(x,w)
T 0 0 0

V 0 0 X 0

0 I 0 0 0

































∆x

∆w

∆λ

∆ν

∆λ̄

















=

















0

0

0

0

∆p

















. (13)

Since ∆w = ∆p, the sensitivity computed by this matrix (without the second row) is the

same as the optimal ssensitivity stated in (7).
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2.3 Active Set Changes

From Property 1, existence of ds∗/dp requires SSOSC, SC and LICQ. Nevertheless, directional

derivatives can still be obtained even if these assumptions are relaxed. This issue becomes im-

portant if we want to approximate NLP solutions that result from perturbations (∆p = pf − p0)

that lead to active set changes for the perturbed solution of (1). When∆p provokes an active set

change, a positive variable may become active at zero or a zero variable may need to become

positive. Moreover, even if LICQ and SC hold at the solution at p0,∆pmay be too large to main-

tain the same active set for the perturbed estimate. This case requires special treatment in the

sensitivity calculation.

NLP sensitivity with active set changes has been considered through the stepwise applica-

tion of (7); this was developed and described in [4, 18]. On the other hand, a natural extension

of (7) to deal with active set changes, is through the solution of the quadratic programming

problem [11, 12, 15, 19]:

min∆x Φ = ∆xT∇xpL(s
∗(p0); p0)∆p+

1

2
∆xT∇xxL(s

∗(p0); p0)∆x (14a)

s.t. ∇pc(x
∗; p0)

T∆p+∇xc(x
∗; p)T∆x = 0, x∗ +∆x ≥ 0 (14b)

To justify this approach, we consider the following property due to Kyparsis [5], which al-

lows the calculation of directional derivatives.

Property 4 (Directional Derivatives)

Suppose that MFCQ holds at the solution of (1) and that SSOSC holds for all values of multi-

pliers that satisfy the KKT conditions for (1) (i. e., in P (x∗; p0)). Also, assume that for any subset

of the active constraints at the solution of (1), the rank of these constraint gradients remains

constant near (x∗; p0). and Kx is the set of extreme points of the multiplier values in P (x∗; p0).

Under these conditions, the following quadratic program:

min∆x Φ = ∆xT∇xpL(s(p0))∆p+
1

2
∆xT∇xxL(s(p0))∆x (15a)

s.t. ∇pc(x
∗; p0)

T∆p+∇xc(x
∗; p0)

T∆x = 0, ∆xj ≥ 0 for x∗

j = 0 (15b)

∆xj = 0, for some ν∗j > 0 ∈ Kx (15c)

uniquely determines the directional derivative∆x that corresponds to∆p.

This property provides the weakest conditions under which a unique directional derivative

can be shown [5, 6]. Therefore we note that if LICQ is not satisfied at s(p0) but the assumptions

of Property 4 hold, then two observations hold for (14) and (15).

– The solution, ∆xK , of (15) (with ‖∆p‖ sufficiently small) is also feasible for (14).
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– For the solution,∆xQP of (14), we have Φ(∆xK) ≥ Φ(∆xQP ), and therefore,∆xQP provides

the optimal first order perturbation for∆p.

Moreover, if the NLP (1) satisfies LICQ at p0, for p = p0 + t (pf − p0) , t ∈ (0, 1], we note

that there exists a t ∈ (0, 1] for which LICQ no longer applies at the solution of the NLP with

p = p0 + t∆p, due to an active set change. Nevertheless, we can still apply (14) directly, by

considering the following stepwise application of the sensitivity analysis. We first consider a

QP for∆p1 = p1−p0 with p1 corresponding to a solution where the active set of the QP changes

and LICQ no longer holds. Next, we solve the QP (14) at p1 with ∆p2 = pf − p1, and all other

quantities unchanged. Adding the solutions of these two QPs, i.e., ∆x = ∆x1 + ∆x2, can be

shown to be feasible for (14). Therefore, for this case, the solution of (14) provides an optimal

first order perturbation for ∆p.

2.4 Fix-Relax Strategy

The current version of sIPOPT does not include an implementation of (14). Nevertheless, from

the solution of the barrier problems, sIPOPT provides the elements of a QP-based sensitivity

approach through the use of a “fix-relax strategy” which accounts for active set changes [20, 21].

This is illustrated for two cases.

– When the perturbed variable violates its bound, i.e., xi = x∗

i +∆xi < 0, an additional condi-

tion is introduced that sets the perturbed variable xi to its bound (i.e., we writeET
xi
∆x+x∗

i =

0). At the same time, the corresponding complementarity condition in (7) has to be relaxed

with the addition of a new variable∆ν̄.













W A −In 0

AT 0 0 0

V 0 X Exi

ET
xi

0 0 0

























∆x

∆λ

∆ν

∆ν̄













= −













∇pxL∆p

∇pc
T∆p

0

x∗

i













(16)

– Similarly in case a perturbed bound multiplier becomes negative because of the new step,

the bound multiplier is set to zero (i.e.,Eνi∆νi+ν∗i = 0), the complementarity condition has

to be relaxed, and again a new variable∆ν̄ is added.













W A −In 0

AT 0 0 0

V 0 X Eνi

0 0 ET
νi

0

























∆x

∆λ

∆ν

∆ν̄













= −













∇pxL∆p

∇pc
T∆p

0

ν∗i













(17)

With suitable definition of E, rs and r1, the systems (16) and (17) can be written in the

following form:
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[

K∗ E

ET 0

][

∆s

∆ν̄

]

= −

[

rs

r1

]

(18)

and can be solved using a Schur decomposition for ∆s. This system can be solved in two steps

by defining a Schur Matrix C:

C = −ETK∗−1E (19)

and solving two linear systems

C∆ν̄ = ETK∗−1rs − r1 (20)

K∗∆s = − (rs + E∆ν̄) (21)

An example for relaxing a bound is given by [20], and the process of activating a bound is

illustrated in Section 2.8.

2.5 Implementation and Software

The sIPOPT library is implemented in C++, and is appended to the IPOPT solver. The library

takes full advantage of the factorized matrix used by IPOPT without regard for the sparse ma-

trix solver or particular decomposition used. When the optimal solution is found, the factorized

KKTmatrix at the solution is held, and it then becomes available to sIPOPT as well as the sparse

linear solver used. Moreover, the library provides a basic implementation of the Schur Comple-

ment required by the fix-relax strategy.

The code can be obtained directly from the IPOPTwebsite https://projects.coin-or.org/Ipopt

as part of the contributed software section, and the simplest way to access the sIPOPT library

is through the AMPL [22] interface. This is done by way of creating suffixes that communicate

the parameter values and perturbations to IPOPT. AMPL also provides exact first and second

derivatives of the NLP, which are necessary to obtain the sensitivity based updates. A C++ in-

terface is also provided, but in this case the derivatives must be provided by the user. More

details on the implementation via AMPL and C++ are described in the documentation found in

[23].

2.6 General Upper and Lower Bounds

For simplicity the derivations above were described using problems with only lower bounds.

However, as shown in [1], the extension for the case with general upper and lower bounds is

straightforward. For this case, the barrier function will be
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min B(x; p, µ) = f (x; p)− µ
n
∑

i=1

ln
(

xi − xL
i

)

− µ
n
∑

i=1

ln
(

xU
i − xi

)

(22a)

s.t. c (x; p) = 0. (22b)

For this case we define the following quantities:

M (s (µ; p)) =













W (s (µ; p0)) A (x (µ; p0)) −I I

A (x (µ; p0))
T

0 0 0

VL (µ; p0) 0 X −XL 0

VU (µ; p0) 0 0 XU −X













(23)

and

Np (s (µ; p)) =













∇xpL (s (µ; p0))

∇pc (x (µ; p0))

0

0













, Nµ =













0

0

−µe

−µe













(24)

where νL and νU are bound multipliers associated with the lower and upper bounds respec-

tively. Also, here we define XL = diag
{

xL
}

, XU = diag
{

xU
}

, VL = diag
{

νL
}

and VU =

diag
{

νU
}

, and we use the same definitions for W (s (µ; p0)), A (x (µ; p0)) and X as in (5) and

(6). Thus, with Equations (23), (24), along with (9) or (10) we can obtain the perturbed update

when there are both upper and lower bounds. Moreover, since IPOPT handles both upper and

lower bounds, this is the way sIPOPT calculates the updates.

2.7 Multiple Sequential Parameter Perturbations

In the derivations in the previous sections we considered changes to the parameter vector. How-

ever, in some cases we may be interested in making multiple parameter perturbations in a se-

quential manner. For example we may want to perturb the current solution s (µ; p0) using the

parameter vectors p1, . . . , pnpert . This amounts to solving system (7) with different right hand

sides Np (s (µ; p0)) (Eq. (6)). Note that, because we already have (5) factorized at the solution,

it is very cheap to obtain the npert sensitivities. From these and Equation (9) (or (10)) we can

determine the approximated solutions s (µ; p1), . . . , s
(

µ; pnpert

)

.

2.8 Example Problem

To conclude this section we consider a small parametric optimization problem from [11] and

also considered in [20]. Here we discuss in detail the updating procedure, and also cover a
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change in the active set. This problem illustrates the capabilities of the fix-relax strategy de-

scribed above.

Consider the parametric programming problem:

min x2
1 + x2

2 + x2
3 (25)

s.t. 6x1 + 3x2 + 2x3 − p1 = 0

p2x1 + x2 − x3 − 1 = 0

x1, x2, x3 ≥ 0,

with variables x1, x2, and x3 and parameters p1, and p2. As programmed, the IPOPT code does

not distinguish variables from parameters, but the problem can be reformulated as (11) by in-

troducing equations that fix the parameters p1, p2 to their nominal values p1,a, p2,a.

min x2
1 + x2

2 + x2
3 (26a)

s.t. 6x1 + 3x2 + 2x3 − p1 = 0 (26b)

p2x1 + x2 − x3 − 1 = 0 (26c)

p1 = p1,a (26d)

p2 = p2,a (26e)

x1, x2, x3 ≥ 0. (26f)

The KKT conditions for this problem are
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2x1 + 6λ1 + p2λ2 − ν1 = 0 (27a)

2x2 + 3λ1 + λ2 − ν2 = 0 (27b)

2x3 + 2λ1 − λ2 − ν3 = 0 (27c)

−λ1 + λ3 = 0 (27d)

λ2x1 + λ4 = 0 (27e)

6x1 + 3x2 + 2x3 − p1 = 0 (27f)

p2x1 + x2 − x3 − 1 = 0 (27g)

p1 − p1,a = 0 (27h)

p2 − p2,a = 0 (27i)

ν1x1 − µ = 0 (27j)

ν2x2 − µ = 0 (27k)

ν3x3 − µ = 0 (27l)

x1, x2, x3, ν1, ν2, ν3 ≥ 0. (27m)

The corresponding Newton step is
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(28)

where the right hand side is zero at the solution (note that the ordering of the variables is now as

in Eq. (13)). Also, note that this Newton step can easily be transformed into (13) by rearranging

rows and columns. Now consider the exact solutions of two neighboring parameter sets pa =

[p1,a, p2,a] = [5, 1] and pb = [4.5, 1]. The corresponding NLP solutions are

s(pa) = [0.6327, 0.3878, 0.0204, 5, 1, |− 0.1633,−0.2857, |0, 0, 0, |− 0.1633, 0.1808] ,
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and

s(pb) = [0.5, 0.5, 0, 4.5, 1, |0,−1, |0, 0, 1, |0, 0.5] .

Clearly, there is a change in the active set, when changing the parameters from pa to pb. This

is easily verified from the decrease of x3 to zero. When using pb the bound is active, while it is

inactive when the parameters are set to pa. This change in the active set is not captured by the

linearization of the KKT conditions. For example, using (9) would require that we first solve the

linear system (8), and use the solution to update the values of the variables. In this example we

would solve the linear system
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, (29)

where∆p1 = p1,a − p1,b = 5− 4.5. This Newton step yields an updated iterate of

s(pb) = [0.5765, 0.3775,−0.0459, 4.5, 1, |− 0.1327,−0.3571, |0, 0, 0, |− 0.1327, 0.2099]+ o(‖∆p‖)

(30)

which violates the bounds on x3. On the other hand, taking into consideration this active set

change, we use (16) and augment the KKT system fixing the variable to the bound, and relaxing

the complementarity condition. The Newton step is now
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, (31)

which yields an updated iterate of

s(pb) = [0.5, 0.5, 0, 4.5, 1, |0,−1, |0, 0, 0, |0, 0.5948]+ o(‖∆p‖), (32)

and this is a very good approximation to the optimal solution to the problemwith problem data

pb. Some differences are expected for the linear system, as λ4, x1 and λ2 appear in the nonlinear

constraint (27e) in the KKT conditions.

3 Advanced Step NMPC

In this section we describe the advanced step nonlinear model predictive control (asNMPC)

strategy that makes direct use of IPOPT coupled with the sensitivity code, sIPOPT. Following a

brief description of this strategy, we apply the advanced step control scheme to the CSTRmodel

proposed by Rajaraman et al. [24]. A similar case study was used by Zavala [20] to illustrate

stability and optimality results for sensitivity based NMPC. In addition, we then consider a

large scale case study where a distillation column is modeled.

In this section we assume that the dynamics of the plant can be described with the following

discrete time dynamic model

zk+1 = f (zk, uk) , (33)

with initial condition z0, andwhere zk ∈ R
Nz are the state variables and uk ∈ R

Nu are the control

inputs. In order to drive the system to a desired operating condition we solve a dynamic opti-

mization problem that generates the needed optimal input trajectory. The NMPC formulation

used here solves a dynamic optimization problem over a predictive horizon of the following

form:
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min

N
∑

l=0

(zl − ẑl)
T
P (zl − ẑl) +

N−2
∑

l=0

(ul − ul+1)
T
Q (ul − ul+1) (34a)

s.t. zl+1 = f (zl, ul) ∀ l = 0, . . . , N − 1 (34b)

z0 = z̄(k) (34c)

zl ∈ X, ul ∈ U, (34d)

where ẑ is the desired value of the state and P and Q are diagonal positive definite weight

matrices of appropriate dimensions. Also, we have considered a zero order hold on the inputs,

that is the input variables are constant at each sampling time.

At the k-th sampling time, after the actual state of the system (z̄(k)) is obtained (either mea-

sured or estimated), we solve problem (34) using this state as the initial condition (z0 = z̄(k)).

This generates the optimal control trajectory for the predictive time horizon. From this, we take

the value from the first sampling time, u0, and inject it into the plant as the actual input, ū(k).

Once the plant reaches the next sampling time the NLP is solved again, with the initial condi-

tion set to the current state of the system. However, by the time we obtain the next NLP solution

the plant has moved away from z̄(k). This computational delay could potentially destabilize the

system, and this motivates the need for faster NMPC methods that generate the input online

with as little delay as possible.

To address this issue Advanced Step NMPC was proposed by Zavala and Biegler [16]. At

sampling time k− 1, this strategy generates a prediction of the state of the system at time k (i.e.,

z1 from (34b)) using the injected input, ū(k − 1) and the model of the plant. The prediction z1

is used instead of z̄(k) as the initial condition of the plant in the NLP (34), and an approximate

problem is solved in background between sampling times. Once the new state of the system is

measured or estimated at sampling time k, Equation (9) or (10) is used to update the solution

with the perturbed state, i.e.,∆z = z̄(k)−z1. Since, we have the factorized KKT matrix from the

NLP solved with z1, the only online computational cost comes from solving the linear system

given by Equation (14) using a new right hand side.

In the following subsections, two case studies are described to illustrate the use of asNMPC

with sIPOPT. The first one consists of a small CSTR, and the second one considers a large scale

distillation column.

3.1 Example 1: Control of a CSTR

The first example is a non-isothermal Continuously Stirred Tank Reactor (CSTR) where the

exothermic reaction between thiosulfate and hydrogen peroxide takes place. For this example

the states are the concentration of thiosulfate (CA), the reactor temperature (TR), and the cool-
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ing water temperature (Tcw). The model, as reported by Rajaraman et al. [24], is given by the

following index one system of differential-algebraic equations.

dCA

dt
=

F

V

(

Cin
A − CA

)

− 2k (TR)C
2
A (35a)

dTR

dt
=

F

V

(

T in
R − TR

)

+
2(−∆HR)k (TR)C

2
A

ρCP

−
UA

V ρCp

(TR − Tcw) (35b)

dTcw

dt
=

Fcw

Vcw

(

T in
cw − Tcw

)

+
UA

VcwρcwCpcw

(TR − Tcw) (35c)

k (TR) = ko exp

(

−
Ea

RTR

)

(35d)

CA ∈ [0, 1], TR ∈ [200, 420], Tcw ∈ [200, 420]. (35e)

For the NMPC formulation given by (34) a discrete time model is generated using orthog-

onal collocation on finite elements. For more details on this, the reader is referred to Biegler

[25]. The control variables considered here are the feed (F ) and cooling water (Fcw) flow rates.

In the objective function (34a) the desired concentration and temperatures are considered, as

well as the penalization of the inputs. In addition, zero mean Gaussian noise has been added

to the plant behavior, and the variance associated with it is given in Table 1. The values of the

desired set points, as well as the objective function weights, and variance of each of the states

are summarized in Table 1.

Objective function weight Set point 1 Set point 2 Set point 3 Variance
CA [mol/L] 103 7.4699×10−1 7.2222×10−1 7.2222×10−1 10−4

TR [K] 103 264.5327 253.0397 268.5262 10−2

Tcw [K] 1 262.2587 252.5121 265.3109 10−2

F [L/min] 103 – – – –
Fcw [L/min] 103 – – – –

Table 1: Objective function weights, set points, and variances used in the CSTR example.

Figure 1 shows the closed loop behavior of the CSTR. Two cases are shown for comparison:

the ideal NMPC (NMPCi) where no computational delay is assumed and the asNMPC. In this

case the average solution time was 0.05 CPU s, while the the sensitivity update takes practically

no time. Moreover, in this example the sensitivity update is very close to the optimal solution,

and because of this the responses shown in Figure 1 are all overlapping.
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Fig. 1: asNMPC control of a CSTR (a) concentration of main component, (b) reactor temperature,
(c) cooling water temperature, and (d) manipulated variables

3.2 Example 2: Large-scale binary distillation column

In this section we present the application of asNMPC to a large scale binary distillation problem

proposed by [19]. The column is used to separate Methanol and n-Propanol, and it consists of

40 trays, a total condenser, and a reboiler.

The column is modeled with an index 1 system of differential algebraic (DAE) equations

consisting of the so calledMESH equations (Mass balances, Equilibrium, Summation of compo-

sitions, and energy balances). In this case the vapor molar hold up is assumed negligible. This

assumption is well known to yield high index DAEs, and thus index reduction was performed.

More details on this can be found in López-Negrete and Flores-Tlacuahuac [26] and Cervantes

and Biegler [27]. Moreover, the equilibrium is modeled using Raoult’s law, and non-ideal be-

havior is added through tray efficiencies. Finally, the liquid flow rate from the trays is modeled
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using Francis’ weir equation. In total, the model consists of 84 differential equations and 168

algebraic equations. The reader is referred to Diehl [19] for more details on the model.

For this example we considered 60 s sampling times, and 10 sampling times in the predictive

horizon. As described in the CSTR example, the continuous time model is transformed into a

discrete time model using collocation. Thus, using 3 point Radau collocation, the NLP consists

of 19814 variables and 19794 equality constraints. To account for, plant model mismatch we

added noise to the differential variables (total molar holdup and liquid compositions at each

tray). The noise was assumed uncorrelated, zero mean and Gaussian with variance 10−4 for the

holdups and 10−6 for the compositions.

The control variables of this problem are the reboiler heat QR and the reflux rate of the top

product R. In the objective function for the NLP we consider only temperatures from trays

14 and 28, since they are much more sensitive to changes than the head and bottom product

streams. We also include the distillate flow rate and condenser heat duty in the objective. Note

that we have numbered the trays from top to bottom. Also, we consider the penalization to

changes in the inputs. Finally, set point information and objective function weights are summa-

rized in Table 2.

Objective function weight Set point 1 Set point 2
T14 [K] 104 351.0321 356.6504
T28 [K] 104 337.4470 346.9235
D [mol/s] 10−1 1.1152 18.3859
QC [J] 10−1 8.9955×105 1.6221×106

R [-] 102 - -
QR [K] 102 - -

Table 2: Set point information and objective function weights for the distillation column exam-
ple.

Figure 2 shows the simulation results comparing the advanced step NMPC with the ideal

case. The average solution time of the NLP was 9.4 CPU s. Both the ideal and advanced step

NMPC strategies were able to perform the set point change, however the latter adds practically

no computational delays which is important for real time optimization schemes.

4 Parameter Estimation

In this last section, we consider the capabilities of sIPOPT for recovery of reduced Hessian

information, and this is of particular importance for parameter estimation problems to estimate

the covariance of the calculated parameters. We begin with the extraction of reduced Hessian

information from the solution of (1) with IPOPT. Following this, we consider the parameter

estimation problem directly.
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Fig. 2: asNMPC control of a binary distillation column (a) Temperature of tray 14, (b) Tempera-
ture of tray 28, (c) Reboiler heat, and (d) Reflux rate

4.1 Extraction of Reduced Hessian Information

An important byproduct of the sensitivity calculation is information related to the Hessian of

the Lagrange function pertinent to the second order conditions. At the solution of (1) we con-

sider a sensitivity system, MS = Nrh, with M defined in (5), and partition the variables into

free and bounded variables, i.e., x∗ = [xT
f xT

b ] where x∗

f > 0, x∗

b = 0. Assuming strict comple-

mentarity (SC), the IFT sensitivity system using (5) can be partitioned with:
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M =

















Wff (x
∗, λ∗) Wfb(x

∗, λ∗) Af (x
∗) −If 0

Wbf (x
∗, λ∗) Wbb(x

∗, λ∗) Ab(x
∗) 0 −Ib

Af (x
∗)T Ab(x

∗))T 0 0 0

0 0 0 X∗

f 0

0 V ∗

b 0 0 0

















, S =

















Sxf

Sxb

Sλ

Sνf

Sνb

















, and Nrh =

















E

0

0

0

0

















(36)

where E is defined below. From (36) it is easy to see that Sxb
= 0, Sνf = 0. These variables and

the last two rows can therefore be removed, leading to:







Wff (x
∗, λ∗) Af (x

∗) 0

Af (x
∗))T 0 0

Wbf (x
∗, λ∗) Ab(x

∗) −Ib













Sxf

Sλ

Sνb






=







E

0

0







We now define Sxf = ZSZ + Y SY , with Af (x
∗)TZ = 0, and Af (x

∗)TY and R = [Y | Z]

nonsingular. Using the similarity transform, HTMHS̃ = HTNrh withH =







R 0 0

0 I 0

0 0 I






leads to:













Y TWff (x
∗, λ∗)Y Y TWff (x

∗, λ∗)Z Y TAf (x
∗) 0

ZTWff (x
∗, λ∗)Y ZTWff (x

∗, λ∗)Z 0 0

Af (x
∗))TY 0 0 0

Wbf (x
∗, λ∗)Y Wbf (x

∗, λ∗)Z Ab(x
∗) −Ib

























SY

SZ

Sλ

Sνb













=













Y TE

ZTE

0

0













. (37)

From (37) we have SY = 0 and SZ = (ZTWffZ)−1ZTE. Choosing ZTE = I reveals SZ as

the inverse of the reduced Hessian matrix HR = ZTWffZ . Convenient choices for this trans-

form arise frompartitioning xT
f = [xT

D xT
I ]with dependent and independent variables xD ∈ R

m,

xI ∈ R
nI , so that AT

f = [AT
D | AT

I ] with AD square and nonsingular. This leads to Y T = [Im | 0],

ZT = [−AI(AD)−1 | InI
].

Note that the transformation of the sensitivity system (37) need not be implemented. Instead,

for a chosen set of nI ≤ nx −m independent variables, AD nonsingular, ET = [0 | InI
] and the

matrices defined in (36), the reducedHessian can be found directly by solvingMS = Nrh. From

the choice of Z , Sf = ZSZ and SZ = HR, the reduced Hessian can be extracted easily from the

rows of S. In the next section we will see that this property provides an efficient approach to

extract an estimate of the covariance matrix for parameter estimation problems.

4.2 Reduced Hessian/Covariance Relation

Consider the parameter estimation problem given by:

minθ,γ,y
1

2

[

(y − ŷ)T V̂ −1
y (y − ŷ) + (θ − θ̂)T V̂ −1

θ (θ − θ̂)
]

(38a)

s.t. c(θ, γ, y) = 0 (38b)
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where we define the variables x = [θT , γT , yT ]T , y are state variables and θ and γ represent es-

timated parameters with and without prior measurement information, respectively. Measure-

ments for the state variables y and parameters θ are denoted by ŷ and θ̂, respectively, and co-

variance of these measurements is given by V̂y and V̂θ , respectively. KKT conditions for (38) are

given by:

V̂ −1
y (y∗ − ŷ) +∇yc(x

∗)λ∗ = 0 (39a)

V̂ −1
θ (θ∗ − θ) +∇θc(x

∗)λ∗ = 0 (39b)

∇γc(x
∗)λ∗ = 0 (39c)

c(x∗) = 0 (39d)

As inequality constraints do not appear, problem (38) is a simplification of (1). Consequently,

the set of bounded variables described in Section 4.1 is empty and the system (37) is simplified.

Also, from (39a)-(39c) and from the LICQ assumption we define λ∗ as:

λ∗ = −(ATA)−1AT







V̂ −1
y (y∗ − ŷ)

V̂ −1
θ (θ∗ − θ̂)

0






(40)

where A = ∇c(x∗). For suitable maximum likelihood assumptions on (38), E [y∗ − ŷ] = 0,

E

[

θ∗ − θ̂
]

= 0, Equation (40) leads to E [λ∗] = 0.

Using the multiplier estimate λ∗ = 0 we now consider the sensitivity of x∗ to perturbations

of the data, δŷ and δθ̂. Application of IFT to (39), as in (7) leads to the following sensitivity

system:













V̂ −1
θ 0 0 Aθ

0 0 0 Aγ

0 0 V̂ −1
y Ay

AT
θ AT

γ AT
y 0

























δθ

δγ

δy

δλ













=













V̂ −1
θ δθ̂

0

V̂ −1
y δŷ

0













. (41)

where AT = [AT
θ |A

T
γ |A

T
y |0], and we assume that Ay is nonsingular. From

AT δx = AT
θ δθ +AT

γ δγ +AT
y δy = 0 (42)

we can define δy = −A−T
y (AT

θ δθ +AT
γ γ) and δx = Z

[

δθ

δγ

]

with ATZ = 0 and the choice:

Z =







I 0

0 I

−A−T
y AT

θ −A−T
y AT

γ






.

Substituting δx into (41) leads to:
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




ZT







V̂ −1
θ 0 0

0 0 0

0 0 V̂ −1
y






Z







[

δθ

δγ

]

= ZT







V̂ −1
θ δθ̂

0

V̂ −1
y δŷ






, (43)

where the matrix on the left hand side is the reduced Hessian, HR. Solving for δθ and δγ leads

to:

[

δθ

δγ

]

= H−1
R

[

V̂ −1
θ δθ̂ −AθA

−1
y V̂ −1

y δŷ

−AγA
−1
y V̂ −1

y δŷ

]

. (44)

We can now recover the covariance for the parameters δθ and δγ by noting the following

expected values: V̂y = E
[

δŷ δŷT
]

, V̂θ = E

[

δθ̂ δθ̂T
]

, and E

[

δŷ δθ̂T
]

= 0. Taking expected values

of

[

δθ

δγ

]

[δθT δγT ], using (44), and simplifying the matrix algebra, leads to:

E

{[

δθ

δγ

]

[

δθT δγT
]

}

= Vθ,γ = H−1
R . (45)

Consequently, finding the inverse of the reducedHessian, as described in Section 4.1 directly

determines an estimate of the covariance matrix for the parameter estimates.

4.3 Parameter Estimation Case Study

To illustrate the approximation of the covariance via the Reduced Hessian, as described above,

we use the CSTR model described in equations (35a)-(35c). For this case study, we generated

14 datasets that were corrupted with Gaussian noise. These were then used to estimate two

parameters, θ = [∆HR, UA] the heat of reaction and the heat transfer coefficient multiplied by

the area of the reactor, respectively. The values of these parameters used in the simulation to

generate data were −∆HR = 5.9662× 105 J/mol and UA = 1.2× 106 J/min·K. The parameters

were estimated by solving a least squares problem gradually increasing the number of data sets

used. The least squares problem has the following form:

min
θ

Φ =
1

2

Nd
∑

j=1

N
∑

l=0

(yl,j − ŷl,j)
T
V −1
y (yl,j − ŷl,j) (46a)

s.t. zl+1,j = f (zl,j , ul,j, θ) ∀ l = 0, . . . , N − 1, j = 1, . . . , Nd (46b)

yl,j = g (zl,j) (46c)

z0,j = z(0, j) (46d)

zl,j ∈ X, ul,j ∈ U, yl,j ∈ Y, , (46e)
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Number of datasets −∆HR [J/mol] σ−∆HR
[J/mol] UA [J/min·K] σUA [J/min·K]

2 6.0480× 105 8.4236× 102 1.2248× 106 1.1067× 103

4 6.0851× 105 5.9101× 102 1.2297× 106 1.1089× 103

8 6.1762× 105 4.1208× 102 1.2529× 106 1.1193× 103

14 6.3153× 105 3.0222× 102 1.2835× 106 1.1329× 103

Table 3: Estimated parameters and the calculated standard deviation.

whereNd is the number of datasets, θ represents the parameters (in this case time independent),

equation (46c) represents themodel prediction of themeasurement, Vy = diag
(

10−4, 10−2, 10−2
)

is the covariance matrix associated with the measurements, and ŷl are the measurements. For

this example we consider that g (zl) = zl, i.e., all three states were measured.

Having the covariance of the estimates allows us to quantify their reliability by analyzing

the confidence region. Thus, following Bard [28], we consider the Taylor series expansion of the

objective function (46a)

1

2
(θ − θ∗)

T
V −1
θ (θ − θ∗) ≈ Φ(θ) − Φ(θ∗) ≤ c. (47)

Thus, we can form contours of the objective function for constant values of c. These will be

ellipsoids defined by the covariance of the estimated parameters. Moreover, it can be shown

that, for large numbers of datasets, and, if the measurement errors are independent and Gaus-

sian with known covariance Vy , then c is determined for the confidence level of a chi-square

distribution χ2 (nθ, β), where nθ is the number of degrees of freedom, and β is the confidence

level.

Equation (47) allows us to get order-of-magnitude estimates of the parameter confidence

levels under different scenarios of practical interest. However, this inference analysis only ap-

plies to standard least squares formulations.

Table 3 shows the estimated parameters and the variance associated with them. Here we

see that there is good agreement between the estimated parameters and the ones used for gen-

erating the datasets. Moreover, we can also note that the standard deviation of the estimates

improves as more data are used.

In Figure 3 shows the 95% confidence ellipsoids for the estimated parameters. The largest of

these is for the case when only two datasets are used, the second largest for four datasets, and

the innermost ellipse when 14 datasets are used. This figure shows clearly that as more data are

used, the confidence region shrinks, and therefore our estimated parameters have less variance.

5 Conclusions

Sensitivity analysis is an essential component of any optimization study. It provides information

on regularity and curvature conditions at KKT points and provides first order estimates of the

minimizer to parametric variations in nonlinear programs. With the availability of fast large-
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Fig. 3: Error ellipses for the estimated parameters, for when 2, 4, 8, and 14 datasets are used.

scale nonlinear programming solvers, it is also possible to integrate sensitivity capabilities to

these solvers. This study discusses the development of sIPOPT, a program for NLP sensitivity

that is paired with the IPOPT solver. Here we review properties of barrier methods and sensi-

tivity analysis derived from the implicit function theorem. These require well-known regularity

conditions including strict complementarity, strong second order conditions and LICQ.We also

relax the last condition and extend our method to include a fix-relax strategy, which is useful to

handle active set changes; this is illustrated with a small example.

The sIPOPT program is also demonstrated on three large-scale case studies for real-time op-

timization and control. The first two case studies deal with the nonlinear control of chemical

process units, where IPOPT solves a nonlinear program in background and sIPOPT provides

an estimate of a neighboring solution, with initial states perturbed by noise or model mismatch.

The third case study deals with parameter estimation of a dynamic system solved with IPOPT;

this demonstrates how sIPOPT directly retrieves the covariance matrix of the estimated param-

eters (i.e., the reduced Hessian) in order to approximate the confidence region.

Written in C++, sIPOPT is an open source code that can be obtained directly from the con-

tributed software section of the IPOPT website, and the simplest way to access it is through the

AMPL interface. Future extensions to this code will deal with additional features that rely on

Schur complement decompositions, including systematic treatment of active set changes. This

will be especially useful for applications in nonlinear state estimation and control, as well as

real-time optimization.
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1. Wächter, A. and Biegler, L.T., On the Implementation of a Primal-Dual Interior Point Filter

Line Search Algorithm for Large-Scale Nonlinear Programming. Mathematical Programming

106(1), 2006, pp. 25–57.



26 Hans Pirnay et al.

2. Fiacco, A.V., Introduction to Sensitivity and Stability Analysis in Nonlinear Programming, vol-

ume 165 ofMathematics in Science and Engineering. Academic Press, 1983.

3. Fiacco, A.V. and Ishizuka, Y., Sensitivity and Stability Analysis for Nonlinear Programming.

Annals of Operations Research 27, 1990, pp. 215–236.
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