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Abstract

Call center scheduling aims to set-up the workforce so as to meet target service levels.
The service level depends on the mean rate of arrival calls, which fluctuates during the day
and from day to day. The staff scheduling must adjust the workforce period per period
during the day, but the flexibility in so doing is limited by the workforce organization by
shifts. The challenge is to balance salary costs and possible failures to meet service levels.
In this paper, we consider uncertain arrival rates, that vary according to an intra-day
seasonality and a global busyness factor. Both factors (seasonal and global) are estimated
from past data and are subject to errors. We propose an approach combining stochastic
programming and distributionally robust optimization to minimize the total salary costs
under service level constraints. The performance of the robust solution is simulated via
Monte-Carlo techniques and compared to the pure stochastic programming.

Keywords: Call centers; uncertain arrival rates; robust optimization; ambiguity; staff-
scheduling; totally unimodular.

1 Introduction

Over the past few years, call centers have emerged as an essential component of the customer
relationship management strategy for many large companies: for instance, [9] reports that
in 2002 more than 70% of all customer-business interactions were handled by call centers.
This customer service has become a key factor in gaining or maintaining companies market
shares. As a consequence, call centers performance indices, such as customer waiting times, are
considered now as important assets to be optimized, in particular through efficient workforce
management of skilled operators. For this sector of the service industry, the staffing cost is a
major component in the operating costs and can represent 70% of the labor cost (see [17]).

Due to the importance of the sector, an abundant literature has focused on call center
operations analysis, management and optimization. We refer the reader to the comprehensive
surveys in [1, 17]. A central feature in call centers performances is the significant randomness
and uncertainty plaguing the calls arrival and service processes. In this paper, we propose an
approach combining stochastic programming and distributionally robust optimization for call
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centers multi-shift staffing problems under service level constraints, in a setting of call centers
with uncertain calls arrival rates and an intra-day seasonality.

Most call center models in the literature assume that the calls arrive according to a Poisson
process with known and constant mean arrival rates. However, data from practice often reveal
that the process parameters are themselves subject to fluctuations, with a significant impact
on the different performance measures, see [2, 18, 21]. In this paper, we take the mean arrival
rate of calls to be uncertain and assume that it follows a compound of seasonal pattern and
purely random variation. The call arrival process is thus a doubly non-stationary stochastic
process, with random mean arrival rates that vary according to intra-day seasonality and a
random parameter called busyness factor of the day. The theoretical number of agents required
to efficiently handle the inbound calls calls can be computed as a function of the arrival rates,
and thus vary according to the period in the day and magnitude of busyness factor. Due to
the randomness of the busyness factor under-staffing may occur, but a constraint on the total
expected under-staffing across the day is set to limit its negative impact. The staff-scheduling
problem is modeled as a cost optimization-based problem with staffing constraints and an
expected value constraint. The cost criterion function is the agents salary cost. Our objective
is to find the optimal shift scheduling which minimizes the salary cost under condition of
respecting the total expect under-staffing limit. The stochastic programming model of [24] is
a rather straightforward application of the standard formulation [7]. The discrete distribution
on the arrival rates is obtained as the product of a discretization of the busyness factor and
the intra-day seasonal factors. Note that in [24], the total expected under-staffing is treated as
a component of the objective function through a penalty parameter rather than a constraint.

Errors in estimating the discrete probabilities entering the expectation value may affect
the quality of the solution. This issue has been addressed in the pioneering work [27]. There,
the simple newsboy-inventory problem is modeled as a continuous stochastic programming
problem with random demand. The only known characteristics of the distribution are the
mean and the variance. The suggested strategy is the one of minimizing the expected cost
with respect to the most unfavorable distribution having the prescribed mean and demand.
This minimax strategy with respect to a class of distributions defined by their moments has
been used in many subsequent papers, e.g., [32, 14, 8, 16, 11, 13]. In the light of the re-
vival of the concept of robust optimization in the late 1990s [23, 4, 15], minimax solutions to
stochastic programming with uncertain distributions are now named distributionally robust.
In a recent paper [6] the authors suggest another approach. Constraints involving expecta-
tions with respect to finite uncertain distributions could be viewed as standard constraints
affected by uncertain coefficients (the probabilities) in an affine way. The usual methodology
in Robust Optimization consists in associating an uncertainty set to these parameters and
look for solutions that enforce the uncertain constraint for all parameter values (in our case,
probabilities) in the uncertainty set. The key point in this approach is the design of efficient
and meaningful uncertainty sets. These sets should possess two essential properties: they
should encapsulate the available knowledge on the distribution of the parameters; and they
should lead to numerically tractable formulations. In the case of uncertain probabilities, the
knowledge often comes from a statistical estimation procedure and takes the form of point
estimates (the nominal probabilities) and some kind of confidence set around those values.
Those features are well captured by ϕ-divergence functionals, in particular by using them to
define distances from alternative distributions to a reference one [25].

In the present paper we use the well-known chi-squared statistic, which is a special case of
a ϕ-divergence statistic, to define uncertainty regions for the unknown demand distribution.
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The equivalent counterpart of the robust constraint with respect to such uncertain region is
conic quadratic. Because the staffing problem involves integer decision variables we chose to
approximate the ℓ2 norm of the conic quadratic constraint with a ℓ1 norm. The resulting
problem is easily recast into a mixed integer linear programming problem, which is easily
solved by available optimization software. The chi-squared statistic has been used by [22] in
the context of lot-sizing, while [10] uses the Kullback-Leibler divergence. In [28] the derivation
of the uncertainty set is based on the likelihood ratio. The paper [6] provides an extensive list
of ϕ-divergences leading to tractable equivalent robust counterparts.

One of the attractive feature of robust optimization is that even though the uncertainty
sets do not involve probabilities and expectations in their definition, nice probabilistic results
can still be proved for the chance-constrained formulation [12] of the uncertain constraint.
These results are based on safe convex approximations of chance-constraints [5, chapter 4].
Similar results for uncertainty sets based on ϕ-divergence do not seem to be available. In
particular we have not been able to derive the result for the chi-squared (or modified chi-
squared) statistic, mainly because the proof techniques rely on an independence property that
the probabilities do not possess by essence (by construction they sum to 1). To get around
this difficulty, we have proposed an alternative construction of the uncertainty set for which
we could derive a bound on the probability of the constraint satisfaction. Unfortunately the
latter set is not related to a statistical definition of a confidence region.

The paper is organized as follows. In Section 2, we describe the call center model under con-
sideration and formulate the associated staff-scheduling problem. The stochastic programming
model of this problem is given. In Section 3, we propose two distributionally robust models
for the staff-scheduling problem. In Section 4, we conduct a numerical study to evaluate
these alternative formulations. We exhibit the impact of the uncertainty of the distributional
probability.

2 Problem formulation

We consider a call center with a single type of inbound calls in a multi-period multi-shift
setting. The service level depends on the current workforce (number of servers) and of the
inbound call arrival process. The latter is of the Poisson type; it essentially depends on the
mean arrival rate, which varies during the day and according to the random busyness of the
day. To account for these variations, [24] proposed a stochastic programming formulation of
the single shift problem. We present here a closely related formulation with an extension to the
multi-shift problem. A main difference with the paper quoted above concerns the handling of
understaffing. In the present paper, we put the constraint that understaffing does not exceed
a fraction of the required staff, while in [24] understaffing was simply part of the objective
with a penalty factor.

2.1 The inbound call arrival process

Several characteristics of the arrival process of calls have been underlined in the recent call
centers literature. First, it has been observed that the total daily number of calls has an
over-dispersion relative to the classical Poisson distribution. Second, the mean arrival rate
considerably varies with the time of day. Third, there is a strong positive correlation between
arrival counts during the different periods of the same day. We refer the reader to [2, 9] for
more details.
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In order to address uncertain and time-varying mean arrival rates coupled with significant
correlations, we model the inbound call arrival process by a doubly stochastic Poisson process
(see [2, 20, 29]) as follows. We assume that a given working day is divided into n distinct
periods of equal length T , so that the overall horizon is of length nT . The period length is 15
or 30 minutes in practice.

The inbound calls arrive following a stochastic process with a random arrival rate in each
period i, denoted by Λi. Furthermore, using the modeling in [2, 29], we assume that the arrival
rate Λi is of the form

Λi = Θfi, for i = 1, ..., n, (1)

where Θ is a positive real-valued random variable. The random variable Θ can be interpreted
as the unpredictable level of busyness of a day. A large (small) outcome of Θ corresponds to
a busy (not busy) day. The constants fi model the intra-day seasonality, i.e. the shape of the
variation of the arrival rate intensity across the periods of the day, and they are assumed to
be known. Formally, if a sample value in a given day of the random variable Θ is denoted
by θ, the corresponding outcome of the arrival rate over period i for that day is defined by
λi = θfi.

We assume that service times for inbound calls are independent and exponentially dis-
tributed with rate µ. The calls arrive to a single infinite queue working under the the first
come, first served (FCFS) discipline of service. Neither abandonment, nor retrials are allowed.

2.2 Shifts setting

We denote the set of periods of the day by I. Let J be the set of all the feasible work schedules,
each of which dictates if an agent answers calls in period i ∈ I. For i ∈ I and j ∈ J , we define
the |I| × |J | matrix A = [aij ], where

aij =

{
1, if agents in schedule j answer calls during period i,
0, otherwise.

We furthermore assume that each agent works during consecutive periods, without breaks.
Under this assumption, it is direct to see that every column of both matrix A has contiguous
ones and this kind of matrix is totally unimodular, i.e., for any integral vector b, every extreme
point of the feasible region {x | Ax ≥ b} is integral and thus the feasible region is an integral
polyhedron.

2.3 Service level and staffing methods

Queuing models are used to determine how many agents must be available to serve calls over
a given period. The M/M/N (Erlang C) queuing model is widely used to estimate stationary
system performance of short-half-hour or hour-periods. A standard service level constraint is
introduced for each time period, through which the waiting time is kept in convenient limits.
For period i, let the random variable WTi denote the waiting time of an arbitrary call. The
probability distribution of the waiting time of calls is computed using the classical results of
the Erlang C model. In doing so, the mean arrival rates and service rates are assumed to be
constant in each period of the day, as well as the system achieves a steady state quickly within
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each period. It is known (see for example [19]) that for a given staffing level N , which only
handles inbound calls, one has for period i,

Fi,θfi(N) = P{WTi ≤ AWT | θ}(N) =

1−

N−1∑
j=0

(θ fi/µ)
j

j!
+

(θ fi/µ)
N

N ! (1− θ fi/µ
N )

−1

(θ fi/µ)
N

N ! (1− (θ fi/µ)
N )

e−(Nµ−θ fi)AWT , (2)

where AWT represents the Acceptable Waiting Time. For a given value of the objective
service level in period i, say SLi%, and a given sample value of the arrival rate, θ fi, this
formula is used in the reciprocal way in order to compute the staffing level which guarantees
the required service level,

F−1
i,θfi

(SLi). (3)

2.4 Stochastic programming models for an optimal staffing

2.4.1 Model with deterministic seasonality factors f

We assume first that the fi are certain and that Θ follows a discrete probability distribution,
defined by the sequence of outcomes θl, l ∈ L with L as the set of outcomes set. The assumed
probability distribution is presented by ql, with constraint

∑
l∈L

ql = 1, ql ≥ 0. For period i ∈ I,

the parameters Nil = F−1
i,θlfi

(SLi), estimated via (3), represent the required number of agents
in period i associated with a particular busyness factor value θl.

Let xj , j ∈ J , be the decision variables representing the numbers of agents assigned to the
various schedules implemented before the start of the day. Each agent assigned to shift j gets
a salary cj for the day. In order to optimize the call center operational cost, [24] proposed the
following stochastic programming model

min
∑
j∈J

cjxj

s.t.
∑
l∈L

∑
i∈I

qlMil ≤ M̄∑
j∈J

aijxj +Mil ≥ Nil, i ∈ I, l ∈ L

xj ∈ Z+, j ∈ J

Mil ≥ 0, i ∈ I, l ∈ L.

(4)

The objective of Problem (4) is to minimize the agents salary cost. The variables Mil repre-
sent the amount of under-staffing at period i in event l. The first constraint states that the
total expected under-staffing should not exceed the prescribed limit M̄ . The second constraint
bounds from below the understaffing amount at each period of day and for each level of the
busyness factor. When the first constraint on the expected understaffing is active at the opti-
mum, the second constraint will also be active and is equivalent to defining the understaffing
as Mil = max{0, Nil −

∑
j∈J aijxj}. The last two sets of constraints define the non-negativity

and integer conditions for program variables.
It is possible to take advantage of the totally unimodular structure of matrix A = (aij) and

make Problem (4) computationally much easier by adding auxiliary variables (yi ∈ Z+, i ∈ I)
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to represent the available work force
∑

j aijxj . Indeed, the variable x appears in equation∑
j aijxj = yi and in the objective, but nowhere else. Hence, the integrality condition on y is

sufficient to enforce integrality of the x in any solution produced by the Simplex algorithm.
The new formulation is

min
∑
j∈J

cjxj

s.t.
∑
l∈L

∑
i∈I

qlMil ≤ M̄∑
j∈J

aijxj = yi, i ∈ I

yi +Mil ≥ Nil, i ∈ I, l ∈ L

yi ∈ Z+, i ∈ I

xj ≥ 0, j ∈ J

Mil ≥ 0, i ∈ I, l ∈ L.

(5)

Clearly, Problem (5) is equivalent of Problem (4). Notice that the integer constraints on xj
are relaxed, Problem (5) contains |I| integer variables and |J |+ |I| × |L| continuous variables
while Problem (4) contains |J | integer variables and |I|×|L| continuous variables. The integer
constraints in Problem (5) are only to find the ceilings of some continuous values, they are
thus less computationally consuming than that in Problem (4).

2.4.2 Model with uncertain seasonality factors f

The seasonality factors may not be known with certainty. Their value is usually estimated
through some statistical scheme, and their true value may differ from the estimated one. We
can represent the true fi in period i as its estimator f̂i plus a white noise ϵi:

fi = f̂i + ϵi.

We assume that θ and the noises ϵi are independent. The theoretical staff size that is required
to meet the desired service level in period i also depends on the random noise ϵi. We now
replace the continuous distribution of the ϵi by a discrete one, or equivalently a discrete distri-
bution of the fi. Let fik, k ∈ Ki be the set of discrete values and let πik, with

∑
k∈Ki

πik = 1,
be the associated probabilities. For period i ∈ I, the parameters Nikl = F−1

i,θlfik
(SLi), esti-

mated via (3), represent the required number of agents associated with a particular busyness
factor value θl and seasonality factor fik. We can now formulate an extension of the base
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model of [24] to account for the stochastic variability of the seasonality factors fi:

min
∑
j∈J

cjxj

s.t.
∑
l∈L

ql
∑
i∈I

∑
k∈Ki

πikMikl ≤ M̄∑
j∈J

aijxj = yi, i ∈ I

yi +Mikl ≥ Nikl, i ∈ I, k ∈ Ki, l ∈ L

yi ∈ Z+, i ∈ I

xj ≥ 0, j ∈ J

Mikl ≥ 0, i ∈ I, k ∈ Ki, l ∈ L.

(6)

3 Distributionally robust model

In the above stochastic programming formulation, the true distribution of θ was assumed to
be known, and as a consequence the different constraints of the models are satisfied for any
outcome θl associated with this distribution.

At the end of the previous section we proposed an extension of [24] to account for the
stochastic variability of the seasonality factors. We now turn our attention to the busyness
factor θ. The same argument as for the seasonality factors holds concerning the imperfect
knowledge on the true distribution of θ. To make the solutions of models (5) and/or (6)
robust with respect to this imperfect knowledge, we substitute to the estimated probabilities
of the busyness values θ a family of alternative probabilities distributions compatible with the
observed values of θ. The distributionally robust solution is such that it solves the stochas-
tic programming staffing problem against the worst probability distribution in the class of
alternative distributions for θ.

A standard question in such an approach is size of the probability distribution set. It is well
known that too large sets, i.e., in our case, sets including all potential probability distributions,
can be extremely conservative in the sense that the robust solution has an objective function
value much worse than the objective function value of the solution of the nominal distribution.

It is thus necessary to consider partial uncertainty sets, in the sense that some potential
distributions are not included. The idea consists then of introducing, by tuning the size of the
uncertainty set, efficient tradeoffs between the probability of constraint violation and the ob-
jective function value. Our approach allows thus the modeler to vary the level of conservatism
of the robust solutions in terms of probabilistic bounds of constraint violations. Clearly, in such
a process, theoretical bounds linking uncertain sets size and constraints violation probabilities
are required.

3.1 Uncertainty set based on a statistical dispersion model

The true probability distribution of the random factor Θ is not known. It must be estimated
by some statistical mean. For instance, we can imagine that a set (θ̂1, . . . , θ̂N ) of historical
data is available. The maximum likelihood estimator of the true probability pl is the observed
frequency ql = nl/N . Moreover, the classical Pearson’s test of goodness of fit is based on the
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quantity

X2 =
∑
l

(nl −Npl)
2

Npl
=

∑
l

N
(ql − pl)

2

pl
.

Asymptotically X2 follows a χ2 distribution with |L|− 1 degrees of freedom. This asymptotic
distribution probability makes it possible to define a first confidence region around q for the
true probability p. To this end, we define the dispersion measure

∑
l N

(ql−pl)
2

ql
and introduce

the set of alternative probabilities

Hα = {p ≥ 0 :
∑
l

N
(ql − pl)

2

ql
≤ α,

∑
l

pl = 1} (7)

that are somehow compatible with the observed frequencies ql.
The goal of the present analysis would be to incorporate this formulation into the stochas-

tic programming formulation (4). Namely, we shall try to solve (4) for the worst possible
distribution of p in the confidence region (7). The formal implementation of this idea consists
of replacing the constraint

∑
l∈L

∑
i∈I qlMil ≤ M̄ in (4) with its robust counterpart∑

l∈L

∑
i∈I

plMil ≤ M̄, for all p ∈ Hα. (8)

Note that (8) is equivalent to

max
p∈Hα

{∑
l∈L

∑
i∈I

plMil

}
≤ M̄.

However, it can be shown that this infinite dimensional robust counterpart has an equivalent
formulation as a conic quadratic constraint. Due to the presence of integer variables x, the
equivalent robust counterpart leads to a nonlinear mixed integer problem, possibly a difficult
one to solve. We shall not use this test in our analysis, but we shall be inspired by it to define
a kind of confidence level set for the true probability p. We shall see that we can replace (8)
by a more restrictive constraint that is equivalent to a set of linear inequalities. In this way
we remain in the realm of linear programming with integer variables.

In order to remain in the realm of mixed integer linear programming for which powerful
commercial solvers exist, we shall replace the maximization over the confidence region Hα, by
the maximization over a larger, but linear, set

Pβ = {p ≥ 0 :
∑
l∈L

pl = 1,
∑
l∈L

|pl − ql|√
q
l

≤ β}. (9)

The larger β, the larger the admissible dispersion and the higher is the protection against the
unfavorable probability distributions. Clearly, in order to be coherent with (7), the set size
factor β has to be chosen to enforce Hα ⊂ Pβ . From the simple inequality on norms, we have
for any θ ∈ R|L| ∑

l∈L
|θl| ≤

√
|L|

√∑
l∈L

θ2l .

It follows that for βα =
√
|L|

√
α/N the set Pβα contains the set Hα. Therefore, one has

βα =
√

|L|
√

α

N
⇒ Hα ⊂ Pβα .
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Hence

max
p∈Hα

{∑
l∈L

∑
i∈I

plMil

}
≤ max

p∈Pβα

{∑
l∈L

∑
i∈I

plMil

}
and (9) implies (8). Let us now derive the equivalent counterpart of (9). Let

F = max
p∈Pβ

∑
l∈L

pl
∑
i∈I

Mil

= max
p

{
∑
l∈L

pl
∑
i∈I

Mil :
∑
l∈L

|pl − ql|√
ql

≤ β,
∑
l∈L

pl = 1, pl ≥ 0,∀l ∈ L}. (10)

We shall now explicit problem (10) as a linear programming problem. Define the new variables

δl = pl − ql,

the problem becomes

max
δ

∑
l∈L

ql
∑
i∈I

Mil +
∑
l∈L

∑
i∈I

Milδl

s.t.
∑
i∈L

|δl|√
ql

≤ β (11)∑
l∈L

δl = 0

δl ≥ −ql, l ∈ L.

We consider the dual of Problem (11),

min
v,w,z

∑
l∈L

ql
∑
i∈I

Mil +
∑
l∈L

qlwl + βz

s.t. z ≥ √
ql

[∑
i∈I

Mil + v + wl

]
, l ∈ L (12)

z ≥ −√
ql

[∑
i∈I

Mil + v + wl

]
, l ∈ L

wl ≥ 0, l ∈ L.

By strong duality, since Problem (11) is feasible and bounded, then the dual Problem (12) is
also feasible and bounded and their objective values coincide.

Back to the global formulation of the staffing problem with uncertain busyness daily fac-
tors, we obtain the following mixed integer linear programming problem in the original vari-
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ables (x,M) and the auxiliary variables (v, w, z)

min
∑
j∈J

cjxj

s.t.
∑

l∈L ql(
∑

i∈I Mil) +
∑

l∈L qlwl + βz ≤ M̄

−z ≤ √
ql

[∑
i∈I

Mil + v + wl

]
≤ z, ∀l ∈ L∑

j∈J
aijxj +Mil ≥ Nil, i ∈ I, l ∈ L

xj ∈ Z+, j ∈ J

Mil ≥ 0, i ∈ I, l ∈ L

wl ≥ 0, l ∈ L.

(13)

Problem (13) is the equivalent robust counterpart of the robust version of Problem (4)
with uncertainty set (9) for the underlying business factor probability distribution. It is
worth elaborating on the first constraint in Problem (13). The first term on the left-hand
side is the expected under-staffing taken with respect to the reference, or nominal, probability
distribution q. The other two components are safety factors the extra under-staffing that could
occur when the true probability distribution is the worst possible in the uncertainty set. Note
that the safety term βz is proportional to the immunization factor β. The larger β, the larger
the admissible dispersion and the higher is the protection against the risk of incurring an extra
under-staffing if the distance between the true distribution p and the nominal distribution q
increases.

Similar to that we proposed in Problem (5), a possible way to make Problem (13) easier
to be solved is to add some auxiliary variables (yi ∈ Z+, i ∈ I), Problem (13) can then be
reformulated as

min
∑
j∈J

cjxj

s.t.
∑
l∈L

∑
i∈I

qlMil +
∑
l∈L

qlwl + βz ≤ M̄

−z ≤ √
ql

[∑
i∈I

Mil + v + wl

]
≤ z, ∀l ∈ L∑

j∈J
aijxj = yi, i ∈ I

yi +Mil ≥ Nil, i ∈ I, l ∈ L

yi ∈ Z+, i ∈ I

xj ≥ 0, j ∈ J

Mil ≥ 0, i ∈ I, l ∈ L

wl ≥ 0, l ∈ L.

(14)

Problem (14) is equivalent to Problem (13). Notice that the integer constraints on xj are
relaxed, since yi are restricted to be integers, thanks to the total unimodularity property
of matrix A, xj are automatically integers. Problem (14) contains |I| integer variables and
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|J |+ |I| × |L|+ |L|+ 2 continuous variables while Problem (13) contains |J | integer variables
and |I| × |L|+ |L|+ 2 continuous variables.

Model (14) is easily extended to the case with uncertain seasonality factors as it was done
in Section 2.4. The equivalent robust counterpart is then

min
∑
j∈J

cjxj

s.t.
∑
l∈L

∑
i∈I

ql
∑
k∈Ki

πikMikl +
∑
l∈L

qlwl + βz ≤ M̄

−z ≤ √
ql

∑
i∈I

∑
k∈Ki

πikMikl + v + wl

 ≤ z, ∀l ∈ L∑
j∈J

aijxj = yi, i ∈ I

yi +Mikl ≥ Nikl, i ∈ I, k ∈ Ki, l ∈ L

yi ∈ Z+, i ∈ I

xj ≥ 0, j ∈ J

Mikl ≥ 0, i ∈ I, k ∈ Ki, l ∈ L

wl ≥ 0, l ∈ L.

(15)

3.2 Standard uncertainty set: an alternative formulation

A statistical dispersion measure, like Pearson’s, is a sensible choice for the design of an effi-
cient uncertainty set. Unfortunately, it does not seem possible, via such a measure, to compute
a reasonable estimate of the probability that the robust solution satisfies the uncertain con-
straint. In this subsection, we propose an alternative uncertainty set formulation enabling such
calculation for constraint violation probability. The derivation is based on the equivalence{ ∑

l∈L plMl ≤ M̄∑
l∈L pl = 1, p ≥ 0

⇔

{ ∑
l∈L p′l(Ml − M̄) ≤ 0

p′ ≥ 0,
(16)

which holds in the following sense: if the left part holds for some p, the right part holds for
p′ = p; if the right part holds for p′ ̸= 0, the left part holds for p = p′/

∑
l∈L p′l. This naturally

leads to the following uncertainty model
p′l = ql(1 + ξl), ∀l ∈ L

ξl ∈ [−1, 1], ∀l ∈ L

p = p′/
∑

l∈L p′l.

(17)

The definition is meaningful if maxl∈L ql ≤ 0.5 and p′l ̸= 0. A sufficient condition for the latter
is ξl > −1 for all l ∈ L.

With this model of probability, the condition on the uncertain constraint (16) becomes∑
l∈L

p′l(Ml − M̄) =
∑
l∈L

ql(Ml − M̄) +
∑
l∈L

ξlql(Ml − M̄) ≤ 0.
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Define the uncertainty set
Ξ = {ξ : ||ξ||∞ ≤ 1, ||ξ||2 ≤ k}.

The robust counterpart of the uncertain constraint is thus∑
l∈L

qlMl +
∑
l∈L

ξlql(Ml − M̄) ≤ M̄, ∀ξ ∈ Ξ.

The equivalent robust counterpart (see [3]) is the inequality∑
i∈I

qlMl + k||Q(M − M̄) + w||2 + ||w||1 ≤ M̄, for some w, (18)

where Q is a diagonal matrix with main diagonal (ql)l∈L.
The bound on the probability of constraint satisfaction is given by the following theorem

(see [5])

Theorem 1 Assume ξl, l ∈ L, are independent random variables with range [−1, 1] and
common expectation E(ξl) = 0. Then, for any z ∈ R|L|

Prob(
∑
l∈L

zlξl ≥ k||z||2) ≤ e−
k2

2 .

The theorem directly applies to a formulation with the ellipsoidal uncertainty set {ξ : ||ξ||2 ≤
k}. Because the theorem holds under the hypothesis ||ξ||∞ ≤ 1, we can replace the ellipsoidal
uncertainty set by Ξ, which is the intersection of the two balls in the l2 and l∞ norms. We
thus have

Corollary 1 Assume ξl, l ∈ L, are independent random variables with range [−1, 1] and
common expectation E(ξl) = 0. Then for any solution to the equivalent robust counterpart
(18)

Prob(
∑
l∈L

plMl ≥ M̄) ≤ e−
k2

2 .

Because our problem involves integer variables, it is computationally more efficient (for
the time being) to replace the ellipsoidal uncertainty set by on in the l1-norm. Because the
following inequalities hold for any a ∈ R|L|

1√
|L|

||a||1 ≤ ||a||2 ≤
√

|L|||a||∞

we can replace Ξ by the larger uncertainty set

{ξ : ||ξ||∞ ≤ 1, ||ξ||1 ≤ k
√
|L|} ⊇ Ξ

and the equivalent robust counterpart (18) by the stricter inequality∑
l∈I

qlMl + k
√

|L| ||Q(M − M̄) + w||∞ + ||w||1 ≤ M̄, for some w.
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Finally, as shown in Proposition 1 of [3], the above inequality is equivalent to the set of
inequalities ∑

l∈I
qlMl + k

√
|L|z +

∑
wl ≤ M̄

z + wl ≥ ql(Ml − M̄), l ∈ L

z + wl ≥ ql(M̄ −Ml), l ∈ L

w ≥ 0, z ≥ 0,

where w ∈ R|L| and z ∈ R are auxiliary variables.
In order to have a model associated with a theoretical bound for the constraint violation

probability, we plug this inequalities in our distributionally robust call center model, we obtain
a new model, similar to (15). Namely

min
∑
j∈J

cjxj

s.t.
∑

l∈I ql(
∑

i∈I
∑

k∈Ki
πikMikl) + k

√
|L|z +

∑
wl ≤ M̄

z + wl ≥ ql(
∑
i∈I

∑
k∈Ki

πikMikl − M̄), ∀l ∈ L

z + wl ≥ ql(M̄ −
∑
i∈I

∑
k∈Ki

πikMikl), ∀l ∈ L∑
j∈J

aijxj = yi, i ∈ I

yi +Mikl ≥ Nikl, i ∈ I, k ∈ Ki, l ∈ L

yi ∈ Z+, i ∈ I

xj ≥ 0, j ∈ J

Mikl ≥ 0, i ∈ I, k ∈ Ki, l ∈ L

z ≥ 0, wl ≥ 0, l ∈ L.

(19)

We conclude this subsection by showing that the uncertainty set Ξ could be viewed as a
form of dispersion measure. Namely, we define the set of probability distributions

Pk =

{
p : p =

p′∑
l∈L p′l

,
∑
l∈L

(
p′ − q

q

)2

≤ k2, p′ ≥ 0

}
. (20)

This definition is compatible with an assumption of independence of the variables p′l. It leads
us to assume that the quantities (p′l − ql)/ql are independent random variables with range
[−1, 1]. Note that it does not imply that the pl are independent. Thanks to the independence
assumption, we have been able to compute a bound on the probability of satisfaction of the
uncertain constraint. The alternative formulation (20) bypasses the difficulty we’ve met with
Hα. There, p only enters the definition and the condition

∑
l∈L pl = 1 creates an explicit

dependence among the variables.
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4 Numerical experiments and results

The numerical results reported in this section aim at assessing empirically the merit of the dis-
tributionally robust approach as compared with the plain stochastic programming approach.
A robust, or stochastic programming, solution consists in a set of shifts x. The behavior of
this solution is analyzed on large samples of daily operations scenarios.

In this section, we conduct a numerical study in order to evaluate and compare between
the classic stochastic programming approach and the distributionally robust programming
approach. In Section 4.1, we describe the numerical experiments. In Section 4.2, we analyze
the results and derive various insights.

4.1 Setting of the experiments

We describe in this section the data used in the numerical examples first, and then the design
of experiments.

4.1.1 Parameter values

Inbound calls. In the experiments, we use real data from a Dutch hospital which exhibits
a typical and significant workload time-of-day seasonality. To give an idea of the pattern of
the mean arrival rate, we consider three days, a normal one, a busy one and a not so busy
one. The solid line in Figure 1, represents arrival in a normal day, while the dashed lines
represent the two other cases. Clearly the three lines have a similar pattern, with low values
at the beginning and at the end of the day, with a two peaks one in late morning and one
in the afternoon, and a relative decrease in-between during the lunch break. This illustrates
the choice of the model, with (almost) fixed seasonality factors and a multiplicative busyness
factor. The day starts at 8:00 am, finishes at 8:30 pm, and is divided into |I| = 50 periods of
15 minutes each.
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busy day

average day

not busy day

Figure 1: (Solid line),average day; (higher dashed line), a busy day; (lower dashed line), a low
busyness day
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Table 1: Average seasonality factors estimated from a sample of n = 400 working days
f1 f2 f3 f4 f5 f6 f7 f8 f9 f10 f11 f12 f13

6 6.35 8.5 10 11.5 13.5 14 14.5 14.5 14.75 15 15 15.5

f14 f15 f16 f17 f18 f19 f20 f21 f22 f23 f24 f25 f26

15 14.5 14 13.5 13.25 13.25 13 13.1 13.05 12.5 13 12.5 13

f27 f28 f29 f30 f31 f32 f33 f34 f35 f36 f37 f38 f39

12.5 12.5 13 13.5 14 14.35 14.5 15.1 14 13.25 11.5 10.3 10

f40 f41 f42 f43 f44 f45 f46 f47 f48 f49 f50

9.75 8.5 8.5 7.8 7.5 6.75 6 6 5.6 5 4.85

From this observation, we construct an illustrative example as follows. The average rate of
arrivals at each period of the day is supposed to have been estimated by statistical analysis on
a record of n = 400 working days. The estimated seasonal factors are given in Table 1. Note
that the seasonal factors could have been normalized because the true arrival rate is obtained
by multiplying those values by the busyness day factor.

The uncertain environment of the problem is built as follows. First we consider that each
individual seasonal factor is subject to an independent noise. For the sake of the illustration, we
selected a discrete distribution for each seasonal factor with three outcomes fi−fi/10, fi, fi+
fi/10, with respective probabilities 0.25, 0.5, 0.25. This choice is arbitrary, but can be easily
replaced by an alternative one. In the numeric experiments, we analyze the general case with
uncertain seasonal factors. The seasonal factors known with certainty can be considered as a
special case of uncertain seasonal factors.

The second element that introduces uncertainty is the distribution of Θ, the random
busyness factor. It is estimated by comparing the record of the mean arrival rate of each
working day with the average of all these means. We assume that the distribution of Θ has
been estimated from past records by a discrete distribution with |L| = 41 outcomes θl and
probabilities ql. To construct a plausible distribution, we choose to discretize a continuous
distribution. In [2], the authors postulate in their Model 1 that Θ follows a gamma distribution
with shape parameter γ > 0 and scale parameter 1. In this paper, we assume that Θ can take
values from interval [0.00, 12.00], we take 41 equidistant points including the two endpoints
0.00 and 12.00, which gives |L| = 41 possible values of θl. And we consider 3 types of estimate
probability distributions q: distributions A, B and C, which are discretized from a gamma
distribution with scale parameter 1 and shape parameter γ (consequentially the mean E[Θ])
as 2, 4 and 6, respectively. For each type of estimate probability distributions q, we have∑

l∈L ql = 1, ql ≥ 0. Figure 2 shows the three probability density functions.
Finally, for each value of the arrival rate at period i with busyness factor θl and seasonal

factor (given by one of the three values fi − fi/10, fi, fi + fi/10) we compute the staffing
requirement that is needed to meet the service level. To this end, we start with the assumption
that mean service time is 1/µ = 5 minutes. We use the classical service level corresponding to
the well-known 80/20 rule: the probability that a call waits for less than 20 seconds has to be

15
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larger or equal to 80 percent. Using Condition (3) and Definition (1), we deduce the required
number of agents Nikl during period i, associated to the values θl and fik.

The understaffing bound M̄ . The quantity is user dependent. We chose it as follows. We
compute the average or the size N =

∑
i,k,l qlπikNikl of ideal staff. We consider three values

for M̄ : 0, 1% × N and 2% × N . Note that the value M̄ imposes that all Mikl ≥ 0 in the
constraint ∑

l∈L

∑
i∈I

∑
k∈Ki

plπikMikl ≤ M̄ = 0

are zero. This case corresponds to the conservative position of 100% protection.

Cost parameters. Agents work 4 or 8-hour days, with neither break nor overtime. Full-
time shifts (8-hour) start at the hour or the hour and a half. Part-time shifts (4-hour) start
at the hour between 8 am to 2 pm. There are 17 part-time and full-time feasible schedules.
Without loss of generality, we use a normalized cost of 1 for each period an agent works
at full-time shifts. The part-time shifts unit cost, assumed to be larger, is equal to 1.4 per
period. Therefore the agent salary is cj =

∑
i∈I aij for full-time shifts and cj = 1.4

∑
i∈I aij

for part-time ones.

4.1.2 The distributionally robust solution

The DR solution is obtained from Problem (15) with parameters values as described above.
In this formulation, one critical factor remains to be determined, namely the immunization
factor β or, in other words, the size of the uncertainty set considered in the distributionally
robust model. Ideally, its value would be chosen so that the robust solution ensures that the
constraint ∑

l∈L pl
∑

i∈I
∑

k∈Ki
πikMikl ≤ M̄ (21)
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is satisfied with a given probability α, say 95%. A seemingly natural approach would be to
use the probability that the true distribution belongs to the uncertainty set

Pβ = {p ≥ 0 :
∑
l∈L

pl = 1,
∑
l∈L

|pl − ql|√
q
l

≤ β}

as a lower bound of the probability of satisfaction of the constraint by the robust solution.
Indeed, suppose the p’s are obtained by making a Monte-Carlo of n from the probabilities
q. One could argue the Pearson indicator

∑
l n

(ql−pl)
2

ql
is asymptotically approximated by a

χ-square distribution with |L| − 1 degrees of freedom. Using the property that the confidence
region Hα is included in Pβ we compute a value β, ensuring that Hα has a large enough
probability. Unfortunately this path leads to a gross over estimation of β. Indeed, the values
of β computed in this way are much too large and the robust solution is overly conservative.
This phenomenon is well-known. The fact is clear when one considers the critical value β = 0
implying an uncertainty set reduced to a singleton with probability zero. The DR solution
with β = 0 still enforces the constraint (21) half of the time. This just says that only one
half of the possible distributions p, close to or far from q are harmful. This phenomenon is
discussed in [3].

The literature proposes much stronger approximations of chance programming (see, e.g.,
chapter 2 of the book by [5]). Those approximations strongly rely on the assumption that
the random coefficients in the uncertain equation, namely the p’s in the constraint (21) are
independent random variables. This is not the case here, because the condition

∑
l pl make

them dependent. It is not clear to us that the known techniques can be extended to handle
our case.

Our approach to determine the β will be purely empirical. We shall let β vary from
0 to 1 and observe the behavior of the robust solution on simulations, as described in the
next subsection. This approach is quite common in robust optimization. We conclude this
discussion by pointing out that the DR solution with β = 0 is nothing else than the SP solution.
A similar approach can be considered with the uncertainty set (20) and the parameter k. It is
worth noting that the bound appears to be loose in our setting for most numerical applications
due to the monotonic structure of the under-staffing process with respect to the θl values.

4.1.3 Simulations

The idea of simulation is to create K scenarios of day operations. To this end, we first draw
by Monte-Carlo sampling, a value for p. This is done as follows. We perform n independent
random trials with respect to the probability distribution q. For each θl we record the frequency
of occurrence of θl; this frequency defines pl. Next we draw a value for each seasonal factor
among the 3 possibilities with respect to the given probabilities (here, 0.25, 0.5 and 0.25).
Given the day operation conditions, we can compute the understaffiing of the DR for that
day. We have thus K realizations of the understaffing of the DR solution.

We compute three types of statistics

1. The proportion of times the constraint on understaffing is violated, i.e., the expected
understaffing M =

∑
l∈L

∑
k∈Ki

∑
i∈I plπikMilk exceeds M̄ .

2. The conditional expectation value of (M − M̄) conditionally to M − M̄ > 0.

3. The worst case for (M − M̄) .
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4.2 Analysis of the numerical results

In this section, we comment on the numerical results and derive the main insights. Four cri-
terions are considered in order to evaluate the performance of both SP and DR methods: The
salary cost, the probability of violation of the constraint M ≤ M̄ , the conditional expectation
value of (M−M̄) for M that exceeds M̄ , and the maximum (M−M̄) among all the K = 10000
trials. We compare the performance between SP and DR with different sizes of uncertainty
sets Pβ (defined by (9)) and Pk (defined by (20)), for different under-staffing bound M̄ . We
analyse the trade-off between salary cost and the other three criterions, and show the necessity
of taking into account the uncertainty in the probability distribution. These comparison are
done based on the 3 types of estimate probability distributions presented previously.

For the 3 types of estimate probability distributions, the value of the under-staffing bound
M̄ , defined as 1% of the total required workforce is 64.97, 120.77 and 179.19 respectively. That
defined as 2% of the total required workforce is M̄ = 129.94, 241.54 and 358.38. For the models
with uncertain seasonal factor fi, uncertainty set Pβ , and M̄ as 1% ( 2%)of the total required
workforce, Table 2 (Table 3) displays for each type of estimate probability distribution, the
four evolutional criterions mentioned above. Table 4 (Table 5) has similar structure, but it is
related to models with uncertainty set Pk.

In order to examine the trade-off between the salary cost and the protection against risk,
we consider for DR different values of β (or k), which correspond to uncertainty sets with
different sizes. The higher the β (or k) value, the higher the degree of protection against the
uncertainty in probability distribution. An extreme case can be considered, namely β = 0
(or k = 0), which can be viewed as equivalent to SP. For information, given the uncertainty
set Pβ (Pk) chosen in the following tables, we have observed the percentage that the sampled
true probability distribution p falls outside the uncertainty set. We find that almost 100% of
p falls outside the uncertainty set Pβ (Pk), but numeric results show that not all of them lead
to constraint violation.

From Table 2 to 5, we can observe a trade-off between the salary cost and the other three
criterions which present the protection against risk. By increasing the β(ork) value, which
increases the uncertainty set size, the constraint violation percentage, the conditional expec-
tation of (M − M̄), and the max case (M − M̄) are eliminated progressively, with an increase
in salary cost. Figure 3 shows the trade-off between salary cost and the constraint violation
percentage. And Figure 4 shows the decreasing tendency of the other two criterions in total
cost. As expected, SP has the lowest salary cost. However, the constraint violation percentage
for the method SP is remarkable. For the 3 types of estimate probability distribution, the
solutions of SP tend to violate the constraints by about half chance. The performance of DR
is quite nice. For example, given β = 0.2, both Table 2 and 3 show that, for the estimate
probability distribution A, B and C, DR reduces the constraint violation percentage more than
33%, 34% and 40% by only increasing about 11%, 4% and 3% the salary cost, respectively.
Similar remarks can be found from the results in Table 4 and 5.

In general, the method SP which does not take into account the uncertainty on the proba-
bility distribution, leads to violation of constraint (infeasibility) with a quite high proportion.
While the DR method we proposed avoids this trouble, by only paying a relatively small in-
crease on the salary cost. This illustrates the necessity of taking into account the uncertainty
on the probability distribution.

For both M̄ equals to 1% and 2% of the required total workforce, we find similar perfor-
mance for both SP and DR, as presented above. An extreme value of M̄ is 0, with all Mikl
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of both SP and DR are zero. Consequently, SP and DR behave the same. The salary cost
is the upper bound for all further results. As M̄ grows, it is likely that SP and DR diverge
more and more. For both models with uncertainty set Pβ and Pk, Table 6 displays the upper
bound salary cost for the 3 types of estimate probability. We observe that given the model
with uncertain fi, the upper bound costs are the same for the 3 types of probability distribu-
tion. The reason is simply that in our numeric example, the random variable Θ takes values
from the same interval [0.00, 12.00], and all fik are defined by the same way, then the largest
required agents number Nikl are the same for the 3 types of probability distribution.

β Salary Constr. Expectation Worst case
cost violation (%) (M - M̄ |M > M̄) M − M̄

Set A of probabilities q, M̄ = 64.97

0 21500.8 45.46 28.96 168.88
0.01 21660.8 43.13 27.82 164.58
0.05 22313.6 33.55 24.16 147.87
0.1 23164.8 22.73 20.47 126.14
0.2 24896.0 8.77 14.96 88.56
0.5 29372.8 0.11 7.62 21.54
0.8 32361.6 0 NaN -12.08

1 33673.6 0 NaN -23.40

Set B of probabilities q, M̄ = 120.77

0 27481.6 47.19 29.73 162.76
0.01 27555.2 44.76 28.57 157.71
0.05 27849.6 35.95 24.72 142.81
0.1 28220.8 25.11 21.42 126.20
0.2 28953.6 10.25 16.03 94.16
0.5 30998.4 0.13 7.11 24.62
0.8 32713.6 0 NaN -20.22

1 33667.2 0 NaN -39.90

Set C of probabilities q, M̄ = 179.19

0 32752.0 48.97 28.1 150.00
0.01 32809.6 46 26.81 145.28
0.05 33030.4 34.44 22.64 129.64
0.1 33302.4 21.56 18.56 110.80
0.2 33814.4 6.09 12.82 77.82
0.5 35171.2 0.01 4.29 4.29
0.8 36243.2 0 NaN -41.17

1 36841.6 0 NaN -62.68

Table 2: Models with uncertain fi, uncertainty set Pβ and M̄ is 1% of total required workforce
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β Salary Constr. Expectation Worst case
cost violation (%) (M - M̄ |M > M̄) M − M̄

Set A of probabilities q, M̄ = 129.94

0 18134 45.91 40.39 271.99
0.01 18227 43.62 39.58 268.08
0.05 18605 35.2 36.19 249.23
0.1 19098 26.03 31.9 224.26
0.2 20157 12.33 25.66 178
0.5 23578 0.4 13.11 62.66
0.8 26611 0 NaN -3.36

1 28342 0 NaN -36.14

Set B of probabilities q, M̄ = 241.54

0 24438 47.42 44.8 236.19
0.01 24493 45.66 43.31 231.43
0.05 24704 37.55 38.82 212.71
0.1 24973 28.1 34.18 190.61
0.2 25504 13.4 27.41 148.93
0.5 27059 0.38 13.22 49.83
0.8 28550 0 NaN -20.39

1 29466 0 NaN -56.78

Set C of probabilities q, M̄ = 358.38

0 29891 48.66 46.11 223.46
0.01 29939 46 44.43 217.43
0.05 30125 35.34 39.02 197.46
0.1 30352 23.59 34.13 173.81
0.2 30800 8.44 26.49 128.4
0.5 32035 0.05 11.72 20.55
0.8 33120 0 NaN -59.46

1 33766 0 NaN -99.46

Table 3: Models with uncertain fi, uncertainty set Pβ and M̄ is 2% of total required workforce
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k Salary Constr. Expectation Worst case
cost violation (%) (M - M̄ |M > M̄) M − M̄

Set A of probabilities q, M̄ = 64.97

0 21500.8 44.03 29.27 161.16
0.10 21865.6 38.96 26.81 152.16
0.30 22678.4 27.73 23.04 133.95
0.50 23574.4 18.28 19.25 114.24
0.80 25152.0 7.38 14.80 84.10
1.00 26246.4 3.43 12.43 65.16
1.50 29456.0 0.13 4.65 17.01
2.00 32656.0 0.00 NaN -18.91

Set B of probabilities q, M̄ = 120.77

0 27481.6 47.67 29.62 180.18
0.10 27686.4 41.20 26.73 168.26
0.30 28073.6 29.20 22.93 149.06
0.50 28473.6 19.05 19.83 131.70
0.80 29152.0 7.56 15.82 102.42
1.00 29628.8 3.37 14.75 84.59
1.50 30934.4 0.26 8.15 38.89
2.00 32361.6 0.00 NaN -2.81

Set C of probabilities q, M̄ = 179.19

0 32752.0 48.27 27.69 157.67
0.10 33040.0 32.83 22.35 135.80
0.30 33577.6 10.82 15.71 97.75
0.50 34041.6 2.75 12.39 68.12
0.80 34556.8 0.41 8.59 38.26
1.00 34819.2 0.10 10.03 24.44
1.50 35561.6 0.00 NaN -10.70
2.00 36403.2 0.00 NaN -45.40

Table 4: Models with uncertain fi, uncertainty set Pk and M̄ is 1% of total required workforce
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k Salary Constr. Expectation Worst case
cost violation (%) (M - M̄ |M > M̄) M − M̄

Set A of probabilities q, M̄ = 129.94

0 18134.4 45.88 40.41 272.00
0.10 18483.2 37.71 37.22 254.79
0.30 19264.0 23.10 31.14 217.21
0.50 20131.2 12.73 26.21 181.70
0.80 21673.6 3.50 18.56 122.38
1.00 22764.8 1.10 15.82 86.56
1.50 26073.6 0.01 1.32 1.32
2.00 29593.6 0.00 NaN -53.38

Set B of probabilities q, M̄ = 241.54

0 24438.4 47.41 44.78 236.15
0.10 24640.0 39.95 40.03 218.17
0.30 25059.2 25.20 33.18 184.33
0.50 25513.6 13.28 27.51 149.05
0.80 26249.6 3.38 19.22 97.65
1.00 26771.2 0.90 15.76 67.33
1.50 28195.2 0.00 NaN -6.78
2.00 29760.0 0.00 NaN -69.16

Set C of probabilities q, M̄ = 358.38

0 29891.2 48.43 45.44 255.78
0.10 30137.6 34.78 37.37 226.47
0.30 30608.0 13.31 27.59 173.67
0.50 31043.2 3.86 22.42 128.40
0.80 31619.2 0.45 15.53 72.91
1.00 31932.8 0.10 19.82 44.92
1.50 32803.2 0.00 NaN -26.15
2.00 33808.0 0.00 NaN -96.50

Table 5: Models with uncertain fi, uncertainty set Pk and M̄ is 2% of total required workforce

Table 6: M̄ = 0, the upper bound for the salary cost

Estimate prob. uncertain fi
distribution DR Salary SP Salary

A 48956.8 48956.8
B 48956.8 48956.8
C 48956.8 48956.8
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5 Conclusion

Our paper is essentially an enhancement of the stochastic programming formulation [24] of the
call center staffing problem to account for the uncertainty of the probabilities of the busyness
factor Θ entering the computation of the expected understaffing. We have resorted to a dis-
tributionally robust formulation and proposed two different constructions for the uncertainty
set. One is based on statistical confidence set; the other one does not make reference to prob-
abilistic arguments. Yet the second one makes it possible to derive a probabilistic bound. We
submitted both approaches to a validation procedure by simulations of the busyness factor Θ.
The results with the two approaches are very similar. They make it possible to build a tradeoff
curve between the salary costs and various measures of satisfaction, e.g., average number of
times the constraint is satisfied, conditional expectation of the understaffing, maximum un-
derstaffing. The reader may have noticed that a good control of the constraint satisfaction is
achieved with immunization factors that are significantly smaller than what theory suggests.
This “conservatism” is often put as a drawback of Robust Optimization. One can object that
it is always possible to play to one parameter only, the immunization factor, to achieve the
proper goal. What theory bring in is a coherent design of the shape of the uncertainty set.

In our analysis the seasonal factors fi have also been taken to be uncertain. We have
considered that each factor can take different values with given probabilities. Under the
assumption that the distribution of the seasonal factors is independent of the busyness factor
Θ, the stochastic programming problem is straightforwardly. A natural extension would be
to consider that the propoabilities attached to the realizations of the factors fi are themselves
uncertain. The reader will check that, again under the independence condition, the extension
is straightforward with a moderate increase in the model complexity.

The stochastic programming problem may be refined. In the present paper, we have given
an equal weight to the agent shortfall in each period. However, the number of required agents
strongly differ from period to period. It is not clear that one unit of being short of one agent
in a period with a large required staffing has the same weight than when the required staffing
is small. To cope with this effect, one can add weights to the understaffing that depend on
the values of required agent number.
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