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Abstract

In this paper we consider a mathematical model for magmatic mixtures
based on the Gibbs free energy. Different reformulations of the problem
are presented and some theoretical results about the existence and num-
ber of solutions are derived. Finally, two homotopy methods and a global
optimization one are introduced and computationally tested. One of the
homotopy methods returns a single solution of the problem, while the
other is able to return optimal solutions (often all of them). The global
optimization method is a branch-and-reduce one with a theoretical guar-
antee of detecting all the solutions, although numerical difficulties may
result in a loss of a few of them.

Keywords: Magmatic mixtures, Gibbs free energy, homotopy methods, branch-
and-reduce.

1 Introduction

The ability of magma to move in underground magmatic reservoirs, to open
and flow along fractures in rock, to rise upwards to the Earth’s surface and
give eruptions changes drastically with changes in magma physical properties,
which are mainly controlled by crystallization and magmatic volatiles saturation
[3, 24]. Volcanic phenomena on the Earth’s surface range from effusive erup-
tions with quiet lava flows, low energy Strombolian explosions or Hawaiian lava
fountains, to highly explosive Plinian events. Eruptions may represent from low
to extremely high hazard to the human community, so that scientists are urged
to make reliable eruptive predictions [18, 26]. Short-time hazard evaluation is
critically based on recognition and modeling of eruptive precursors, such as vol-
cano displacements, gravity anomalies and degassing, and of their sources, that
are caused or tightly related to the subsurface motion of magma [18].

The physical-mathematical modeling of intrinsically complex natural sys-
tems such volcanoes requires advanced and performing numerical solutions that
avoid oversimplifications, but still need reasonable computing efforts [31]. Magma
is a multiphase and multicomponent mixture of silicatic melt and volatiles (H2O,
CO2, SO2, HCl mainly) subject to growth and resorption of crystals from the
oxides in the melt, exsolution and dissolution of volatiles, depending on the
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local conditions of pressure, temperature, and composition. Crystals, dissolved
volatiles and gas bubbles control magma physical properties, such as density
and viscosity, which in turn influence magma fluid-dynamics. Magma dynamics
implies variations in the local conditions of pressure, temperature and compo-
sition, with consequent changes in the chemical equilibrium of solid, liquid and
gaseuos phases. The physical and numerical modeling of magma motion and
chemical evolution thus requires the solution of the system of conservation equa-
tions of mass, momentum and energy of the magmatic mixture, closed with the
constitutive relations for its physical properties, and the chemical laws for phase
changes and reactions [7].

In this work we consider a mathematical model for magmatic mixtures based
on the Gibbs free energy and we will propose several formulations and solution
methods for its minimization. The paper is structured as follows. In Section 2
we derive the mathematical model of the problem; in Section 3 we will propose
different equivalent reformulations of our problem as a nonlinear system, a fixed
point problem, a complementarity problem, a global optimization problem; in
Section 4 we discuss the simple two-dimensional case; in Section 5 we derive
some theoretical results about the existence and number of solutions; in Section
6 we discuss homotopy methods for the detection of one or more solutions of
the problem; in Section 7 we discuss a branch-and-reduce method for the de-
tection of all the solutions; finally, in Section 8 we present some computational
experiments.

2 Mathematical model of the problem

The equilibrium state of multiphase multicomponent mixtures such as the mag-
matic mixture, with melt, minerals, and volatiles is described by the classi-
cal thermodynamics theory of mixtures by means of the Gibbs free energy in
terms of local conditions of pressure, temperature and the phase distribution
of components [1]. It is applied to petrologic and geochemical reactions of so-
lidification/readsorption of crystals, and exsolution/dissolution of gas bubbles
[2, 9, 20, 21]. The mixture Gibbs free energy of the magmatic mixture (sili-
catic melt, crystal assemblages and gas phase) span from ideal to strongly non
ideal with complex dependences on temperature, pressure, and composition.
The number of independent components ranges from 2 to 15, depending on the
crystals that form.

The equilibrium state of magma at a given pressure, temperature and total
composition corresponds to the surface of minima of the Gibbs free energy with
respect to the distribution of components among phases, or, in other words, to
the locus of points of equality between the chemical potentials of components
among phases [1].

Classical petrologic and geochemical studies follow two progressive steps.
The Gibbs free energy of magmatic mixtures is written in terms of theoreti-
cal thermodynamic mixture models with some interaction parameters, that are
computed from least squares fitting with the experimental data [9]. Substituting
the best parameters in the mixture Gibbs free energy expression, the minimum
surface can be computed and the equilibrium magma assemblages can be found
for pressure, temperature and composition within the intervals of the fitting,
typically quite narrow. Both the fitting and the minimization of the Gibbs
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free energy are challenging tasks. However, they allow to derive semi-empirical
phase diagrams for crystals and the melt representing the shape of the Gibbs
free energy surface. Leaving out volatiles and experimental petrology that are
fully volcanological subjects themselves, this work develops a method to find
the equilibrium composition between solid crystals and the silicate liquid for
natural silicate melts.

2.1 Numerical Modeling and Simulation Feasibility

Numerical codes aimed at volcanic hazard solve the complex non-linear conser-
vation equations of the magmatic mixture, compute its equilibrium composition
and physical properties. Hazard evaluation needs as much as possible realistic
and reliable numerical solutions to the underground magma dynamics and com-
positional evolution. The efficient accurate computation of magma equilibrium
state is thus the necessary condition to develop a fast light internal algorithms.

The computation of magmatic equilibrium assemblages, however, implies a
huge increase in computing expenses. As an example, in finite element methods
it should be computed at least once in each mesh element for each time step.
Otherwise lookup tables may be predefined and interpolated during simula-
tions, or changes in the equilibrium assemblages can be neglected if the thermo-
dynamic independent local variables (pressure, temperature and composition)
vary below a certain threshold.

In the thermodynamics theory of magmatic mixtures the Gibbs free en-
ergy surface is characterized by one global minimum and several multiple local
minima. The global minimum represents the stable equilibrium liquid-solid as-
semblage. The physical meaning of each local minimum is that it represents
the locus of metastable equilibria for a certain range of temperatures or liquid
composition. Changing temperature and/or amount of components, the liquid-
solid assemblage moves from one minimum to another. It may finally reach the
global minimum and stably rest there [1].

The algorithms proposed in this work find multiple global minimum solu-
tions, all to be retained. The more reliable solution should be chosen at simula-
tion run time implicitly based on the petrological semi-empirical phase diagrams
described in Section 2.

2.2 Gibbs Free Energy of Magmatic Mixtures

The mathematical model for the problem developed in this paper is based on the
expression for the Gibbs free energy of the multicomponent multiphase (solid,
liquid and gas) magmatic mixtures. It is derived following the approach in [13],
and the solid-liquid equilibrium is the only reaction considered.

The solid phase has n components represented by the number of moles
(csol1 , csol2 , . . . , csoln ). The liquid phase has p components represented by the num-

ber of moles (cliq1 , cliq2 , . . . , cliqp ). Dissolution of csoli moles of a solid i into the
liquid corresponds to the generic stochiometric mass balance

csoli =

p
∑

j=1

νijc
liq
j i = 1, . . . , n (1)
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where the sum is extended over all the liquid components j = 1, . . . , p, and νij
are the stochiometric coefficients of the dissolution reaction, taking null values
if a liquid component does not form from the reaction.

Thermodynamics usually works with intensive variables, especially for multi-
component multiphase mixtures, using the chemical potential µk of a component
k, defined as

µk =
∂G

∂ck

∣

∣

∣

∣

p,T,j 6=k

(2)

where p is pressure, and T is temperature. In terms of the chemical potential
at standard state µ0

k and the activity ak, µk is

µk = µ0
k +RT ln ak, (3)

where R is the gas constant.
For a generic reaction, the extensive change in Gibbs free energy is

∆Greaction = ∆Gproducts −∆Greactants

.
Writing in terms of the intensive variables µk, the change is the difference

between the Gibbs free energy of the dissolved liquid parcel and of the solid i
before dissolution:

−DGreaction
i =

p
∑

j=1

νijµ
liq
j − µsol

i i = 1, . . . , n (4)

Following [13], DGreaction
i can be replaced by the chemical affinity A, the

electronic property by which dissimilar chemical species are capable of forming
chemical compounds. It can be seen as an energetic measure of the extent of
nearness to equilibrium of the solid in the liquid from under- or super-saturation
or saturation itself (respectively, |DGreaction

i | ≫ 0 and DGreaction
i = 0), yielding

the form:

p
∑

j=1

νijµ
liq
j − µsol

i +A = 0 , i = 1, . . . , n (5)

by expressing the chemical potential µsol
i of the solid component i according to

(3).
The activity asoli accounts for the deviations from the ideal behavior of a

mixture (regular, isometric, non-isometric, and other extremely complex cases),
i.e., the complexities of the solid-liquid mixture formed from the dissolution of
the solid, or the mixture of more solids and their coexisting equilibrium liquid.
In this work, temperature T and pressure P are fixed, and a symmetric regular
solid solution among the i = 1, . . . , n solid components is assumed (see (9)).
Substitution in (5) yields

p
∑

j=1

νijµ
liq
j − µ0,sol

i −RT ln asoli +A = 0 , i = 1, . . . , n (6)
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The latter can be simplified using for convenience the quantity ∆µsol
i , defined

as the difference between the chemical potential of the solid at standard state
and the Gibbs free energy of the liquid:

∆µsol
i = −

p
∑

j=1

νijµ
liq
j + µ0,sol

i , i = 1, . . . , n (7)

which yields the formulation

0 = ∆µsol
i +RT ln asoli −A , i = 1, . . . , n (8)

Thus, the resulting system of n equations contains n + 1 unknowns, that is A
and asoli , i = 1, . . . , n. In order to obtain the same number of equations and
variables we explicit the expressions for asoli , i = 1, . . . , n.

Each solid component i in equilibrium with the liquid phase of the magmatic
mixture is assumed to behave as a strictly symmetric regular solution, so that
its affinity asoli in terms of the molar fractions xi, i = 1, . . . , n is [1]:



















































asoli = xi exp







1
RT





n
∑

k=1

xkWki −

n
∑

h,k=1, h<k

xhxkWhk











i = 1, . . . , n

n
∑

i=1

xi = 1

xi ≥ 0 i = 1 . . . n
(9)

Note that molar fractions must be non-negative and their sum must be equal
to one. Coefficients Wkh represent binary interaction parameters for solid
components (which are temperature and pressure independent) and such that
Wkk = 0, Wkh = Whk, h, k = 1, . . . , n, and can be grouped in a symmetric
square matrix W ∈ R

n×n. Substituting (9) in (8), we obtain the following
system of nonlinear equations















































0 = ∆µsol
i −A+RT lnxi +

n
∑

k=1

xkWik −

n
∑

h,k=1, h<k

xhxkWhk i = 1, . . . , n

n
∑

i=1

xi = 1

xi ≥ 0 i = 1 . . . n
(10)

We can eliminate variable A and the bilinear terms xhxk by subtracting pairs
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of different equations, thus ending up with the following equivalent system











































RT ln
(

xi

xj

)

+
n
∑

k=1

(Wik −Wjk)xk +∆µsol
i −∆µsol

j = 0 i, j = 1, . . . , n, i 6= j

n
∑

i=1

xi = 1

xi ≥ 0 i = 1 . . . n
(11)

2.3 Related Works

Several simple algorithms to find the equilibrium state of reduced problems
exist, but they are limited to few sets of minerals. The most complex software
MELTS was developed by M. S. Ghiorso and collaborators [2, 11, 12]. A simpler
version is by A.E. Boudreau [4]. Both programs are intended to run with a
user-friendly windowing system, no source files are released, and they can not
be linked to any efficient fluid-dynamics simulator. Smith and Azimoth [25]
provided the program adiabat 1ph, a simple text-menu driver for subroutine
versions of the algorithms by M. S. Ghiorso and collaborators. This software
runs under Linux, by means of executable (and not source) files, called by Perl
scripts, eventually in batch mode. This kind of program could be called during
fluid-dynamic simulations, but at the expenses of the huge loss of computing
time.

In the field of global optimization, the solution of the minimization of energy
potential functions has been a very challenging problem since the very early days
of Mathematical Programming (see [6]). Many references on the use of global
optimization techniques for these problems can be found for instance in [10]. A
special case of convex formulation of the Gibbs Energy Potential in the context
of geochemical science has been exploited in [17]; a heuristic approach has been
used in [27], where tabu–search and differential evolution algorithms have been
compared.

For what concerns the use of homotopy continuation methods to solve equi-
librium problems arising in chemistry, we can cite, e.g., [16, 28].

3 Different problem reformulations

In this section we show different possible reformulations for our problem. Each
of them will be useful for the subsequent development. As already remarked,
problem (11) is in the form of a nonlinear system. We slightly modify it by: (i)
setting, without loss of generality RT = 1; (ii) setting, for the sake of compact-
ness, ci = ∆µsol

i ; (iii) parameterizing it as follows
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ln(xi)− ln(xj) + λ[(Wi −Wj)
Tx+ ci − cj ] = 0 i, j ∈ {1, . . . , n}, i 6= j

eTx− 1 = 0

x ≥ 0

(12)
where:

• λ ≥ 0 is a parameter;

• Wi denotes the i-th row of matrix W;

• e denotes the n-dimensional vector whose components are all equal to 1.

Of course, we are only interested in the solution for λ = 1 but, as we will see, it
will turn out to be useful to consider the parameterized problem. Note that the
unique solution for λ = 0 is 1

ne. It is easy to see that many equations in (12)
are redundant and the system can be rewritten as follows















Fi(x;λ) := ln(xi)− ln(xn) + λ[(Wi −Wn)
Tx+ ci − cn] = 0 i = 1, . . . , n− 1

Fn(x;λ) := eTx− 1 = 0

x ≥ 0

(13)
By introducing the n-dimensional vector of functions F(x;λ), whose compo-

nents are defined in (13), we can also present the problem in the more compact
form

F(x;λ) = 0, x ≥ 0.

The nonlinear system can also be written in the equivalent form














Gi(x, λ) := xi − xn exp{−λ[(Wi −Wn)
Tx+ ci − cn]} = 0 i = 1, . . . , n− 1

Gn(x, λ) := eTx− 1 = 0

x ≥ 0

(14)
or, in compact form

G(x;λ) = 0, x ≥ 0. (15)

A further reformulation is the following.






















xi = xn exp{−λ[(Wi −Wn)
Tx+ ci − cn]} i = 1, . . . , n− 1

xn =

n−1
∑

i=1

xi − 1

x ≥ 0

After setting














Hi(x;λ) := xn exp{−λ[(Wi −Wn)
Tx+ ci − cn]} i = 1, . . . , n− 1

Hn(x;λ) :=

n−1
∑

i=1

xi − 1
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we can rewrite the problem in the compact form

x = H(x;λ), x ≥ 0, (16)

which is a Fixed Point Problem (FPP in what follows).
Next, problem (15) can also be viewed as a (parametric) Nonlinear Comple-

mentarity Problem (NCP in what follows)

xTG(x;λ) = 0, x,G(x;λ) ≥ 0. (17)

Indeed, the following observation holds.

Observation 3.1 A point x∗(λ) solves (15) if and only if it also solves (17).

Proof. The fact that a solution of (15) is also a solution of (17) is trivial. But
also the vice versa holds true. Indeed, we notice that for finite λ values

x∗i (λ) = 0 for some i ∈ {1, . . . , n}, x∗(λ) ≥ 0 ⇒ x∗(λ) = 0

which violates the inequality eTx ≥ 1. Therefore, all solutions of (17) satisfy
x∗(λ) > 0 and, consequently, they are also solutions of (15). �

The following observation, which will turn out to be useful in what follows,
states that for λ = ∞, the problem reduces to a Linear Complementarity one
(LCP in what follows).

Observation 3.2 All limit solutions of problem (12) as λ→ ∞ can be obtained
by solving a LCP.

Proof. Let us denote by x∗(λ) a solution of (12) for some value λ and let
x∗ be the limit of such solution as λ → ∞. In order to detect all possible
limit solutions x∗ at infinity, we can proceed as follows. Let us fix a subset
T ⊆ {1, . . . , n} and set

x∗i = 0 ∀ i ∈ T, x∗i > 0 ∀ i 6∈ T.

Now, we notice that dividing by λ the equation

ln(x∗i (λ))− ln(x∗j (λ)) + λ[(Wi −Wj)
Tx∗(λ) + ci − cj ] = 0

for i, j 6∈ T , we end up with

ln(x∗i (λ))

λ
−

ln(x∗j (λ))

λ
+ (Wi −Wj)x

∗(λ) + ci − cj = 0

Since ln(x∗i ), ln(x
∗
j ) > −∞, we will have that

ln(x∗i (λ))

λ
,
ln(x∗j (λ))

λ
→ 0 as λ→ ∞.

Therefore, for i, j 6∈ T we must have

(Wi −Wj)x
∗ + ci − cj = 0
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For i ∈ T e j 6∈ T , we observe that

ln(x∗i (λ))− ln(x∗j (λ))

λ
< 0 ∀λ large enough (18)

Since we must have

ln(x∗i (λ))

λ
−

ln(x∗j (λ))

λ
+ (Wi −Wj)x

∗(λ) + ci − cj = 0

from (18) we can conclude that

(Wi −Wj)x
∗(λ) + ci − cj > 0 ∀λ large enough

and, thus
(Wi −Wj)x

∗ + ci − cj ≥ 0

Then, the solution x∗ at infinity, related to subset T , is a feasible solution (if it
exists!) of the following system of linear equalities and inequalities.











































x∗i = 0 i ∈ T

(Wi −Wj)x
∗ + ci − cj = 0 ∀ i, j 6∈ T

(Wi −Wj)x
∗ + ci − cj ≥ 0 ∀ i ∈ T, j 6∈ T

eTx∗ = 1

x∗ ≥ 0

Then , the problem of identifying all the solutions at infinity can be reformulated
as follows































x∗(Wx∗ + c− ze) = 0

Wx∗ + c− ze ≥ 0

x∗ ≥ 0

eTx∗ = 1

(19)

where z is an added variable. This is not a LCP yet, but it can be easily
transformed into the following LCP































































































x∗(Wx∗ + c− (z1 − z2)e) = 0

z1(e
Tx∗ − 1) = 0

z2(e
Tx∗ − 1) = 0

w(z1 + z2 − 1) = 0

Wx∗ + c− (z1 − z2)e ≥ 0

eTx∗ ≥ 1

z1 + z2 − 1 ≥ 0

x∗ ≥ 0

z1, z2, w ≥ 0
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We remark that solutions for λ = ∞ will be further characterized in Section
6.2.

As a final reformulation for our problem, we notice that, as usual for non-
linear systems, it can also be viewed as a Global Optimization (GO in what
follows) problem

minx F(x;λ)TF(x;λ) (or G(x;λ)TG(x;λ))

eTx = 1

x ≥ 0

(20)

4 The two-dimensional case

Before discussing the general n-dimensional case, we develop the case n = 2. As
we will see, some results obtained for the two-dimensional case can be general-
ized to the n-dimensional one. By eliminating variable x2, the two-dimensional
problem can be written as follows.

f(x1;λ) := ln(x1)− ln(1− x1) + λW (1− 2x1) + λ(c1 − c2) = 0

0 ≤ x1 ≤ 1

W.l.o.g., we can assume that c1 ≥ c2. In fact, we only deal with the case c1 > c2
(the case c1 = c2 can be dealt with in a completely analogous way). A simple
analysis of function f shows that

• f is continuous;

•
lim
x1→0

f(x1;λ) = −∞, lim
x1→1

f(x1;λ) = +∞;

• forW ≤ 2
λ , f is increasing; while forW > 2

λ the function has the following
local maximizer and local minimizer

xmax(λ) =
1−

√

1− 2
λW

2
<

1

2
, xmin(λ) =

1 +
√

1− 2
λW

2
>

1

2
;

• f is concave for x ≤ 1
2 and convex for x > 1

2 ;

• it holds that

f(xmax(λ);λ) ≥ f

(

1

2
;λ

)

> 0.

Therefore, we notice that there always exists a solution x′1(λ) < xmax(λ) of the
problem. Moreover, if

f(xmin(λ);λ) = 0 (21)

then we have the further solution x′′1(λ) = xmin(λ), while if

f(xmin(λ);λ) < 0

10
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Figure 1: The energy function for the two-dimensional case with λ = 1 and
different values of W .

we have two further solutions 1
2 < x′′1(λ) < xmin(λ) and x′′′1 (λ) > xmin(λ).

Therefore, we always have at least one solution and, except when λ satisfies (21),
we have either one or three solutions. In fact, noticing that when λ satisfies (21)
xmin(λ) is a solution with multiplicity two, we can conclude that, by counting
multiplicities, we always have either one or three solutions.

5 Existence and number of solutions

The question now is how the results for n = 2 can be generalized to larger n
values. In particular, can we always guarantee the existence of at least one
solution? Is it always true that the number of solutions (counting also multi-
plicities) is always odd? For what concerns the first question, in Section 3 we
observed that our problem can be reformulated as the FPP (16). Function H

is defined over the n-dimensional unit simplex

Σn = {x ∈ R
n : eTx = 1, x ≥ 0},

and returns values in Σn itself. We can exploit this formulation to prove exis-
tence of a solution.

Observation 5.1 The FPP (16) always admits a solution.

Proof. Existence of a solution is guaranteed by a variant of Brouwer’s fixed
point theorem [5], stating that every continuous function H from a convex com-
pact subset K of an Euclidean space to K itself (K = Σn in this case) has a
fixed point. �

Later, in observation 6.5, we will prove that the number of solutions of (16)
is odd for almost any choice of vector c.
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Finally, we observe that for any finite λ value, solutions of our problem
always have strictly positive coordinate values.

Observation 5.2 For each solution x∗(λ), λ < ∞, of our problem, it holds
that

x∗i (λ) ≥
e−λmaxx∈Σn [(Wi−Wn)

Tx+ci−cn]

n
∑

j=1

e−λminx∈Σn [(Wj−Wn)
Tx+cj−cn]

> 0.

Proof. In view of reformulation (16) we have that, for each i = 1, . . . , n

x∗i (λ) = x∗n(λ)e
−λ[(Wi−Wn)

Tx+ci−cn].

Taking into account eTx∗(λ) = 1, we have

x∗n(λ) =
1

n
∑

j=1

e−λ[(Wj−Wn)
Tx+cj−cn]

,

and, consequently, also

x∗i (λ) =
e−λ[(Wi−Wn)

Tx+ci−cn]

n
∑

j=1

e−λ[(Wj−Wn)
Tx+cj−cn]

for i = 1, . . . , n. Then, the result immediately follows. �

6 Homotopy methods

In this section we present continuation methods that allow finding solutions
of (15). To this end, we first note that (15) can be rewritten as follows

K(x, λ) = x− L(x, λ), (22)

with L(x, λ) = g(λ(Wx+ c)) and

g(x) =
ex

‖ex‖1
, (23)

(here ex denotes vector (ex1 , ex2 , . . . , exn)).

6.1 Forward homotopy from λ = 0 to λ = 1

We prove the following observation.

Observation 6.1 There exists a continuous function {(x(s), λ(s)), 0 ≤ s ≤ 1}
such that K(x(s), λ(s)) = 0.
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Proof. It follows from Leray-Schauder continuation theorem (Corollary 1
of [19]). In fact function L : Σn × [0, 1] → Σn is completely continuous and
satisfies the following two conditions

i) deg[x − L(x; 0),Σn, 0] = 1 (here deg denotes the Leray-Schauder degree,
see for instance [19]): this follows from the properties of Leray-Schauder degree,
since L(x; 0) is constant, being L(x, 0) = e

n , ∀x ∈ Σn;
ii) the set Σn × [0, 1] is bounded.

�

Observation 6.1 allows to use a continuation method to find a solution of
K(x, 1) = 0. We first need a further observation.

Observation 6.2 The Jacobian of g is given by

g′(x) = diag(g(x))(I− eg(x)T ) , (24)

where diag(g(x)) denotes the diagonal matrix whose diagonal entries are equal
to gi(x), i = 1, . . . , n.

Proof. Since (ex)′ = diag(ex), the derivative of (23) is given by

g′(x) =
diag(ex)

‖ex‖1
−

ex

‖ex‖21
eTdiag(ex) = diag(g(x))− g(x)eTdiag(g(x)) .

Then (24) follows using the identities g(x) = diag(g(x))e and eTdiag(g(x)) =
g(x)T . �

To compute function γ(s) = (x(s), λ(s)), it is convenient to require that 0
is a regular value of K, according to the following definition.

Definition 6.1 0 is a regular value of K if the Jacobian of K, i.e., K′(x, λ) =
[∂xK(x, λ), ∂λK(x, λ)] is full rank for all (x, λ) ∈ K−1(0) ⊂ Σn × [0, 1].

To introduce the continuation method, following the notation of Section 2.1
of [8], for a full rank matrix A ∈ R

n×(n+1), we denote with t(A) the unique
vector of Rn such that

1) At = 0,
2) ‖t‖ = 1,

3) det

(

A

t

)

> 0.

Observation 6.3 If 0 is a regular value of K, then the solution of
{

γ̇(s) = t(K′(γ(s))
γ(0) = e

n

(25)

satisfies K(γ(s)) = 0 and intersects the set Σn × 1. The intersection value

γ(s̄) =

(

x̄

1

)

satisfies K(x̄, 1) = 0 and is therefore a solution of (15).

Ideally, curve γ(s) can be computed by simply integrating (25). Numeri-
cally it is much more convenient to use an algorithm specifically designed for
continuation procedures, such as one of the predictor-corrector methods.
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One possible problem arises from the fact that 0 may not be a regular value
of K. This can be overcome by replacing homotopy (22) with

K2(x, λ,p) = x− g(λ(Wx+ c+ p)) , (26)

where p ∈ R
n is a (small) perturbation term.

Observation 6.4 For almost all p ∈ R
n, 0 is a regular value of K2.

Proof. By Observation 6.2

∂pK2 = −g′(λ(Wx+ c+ p))λ

is full rank for any λ ∈ (0, 1] and ∂xK2 is full rank for λ = 0 (here we mean full
rank with respect to the dimension n−1 of the codomain of function g, i.e., the
unit simplex). Therefore the Jacobian of K2 is full rank for any λ ∈ [0, 1] and,
by Sard’s Theorem (see 11.2.2 of [8]), 0 is a regular value of map K2(·, ·,p) for
almost all perturbations p ∈ R

n. �

The proof of the last observation leads also to the following observation.

Observation 6.5 The number of solutions of (16) is odd for almost all c.

Proof. By the same reasoning of the previous proof, Sard’s theorem implies
that 0 is a regular value of map K(x, 1) for almost all c. By the properties of
the degree, it follows that

deg[K(·, 1),Σn, 0] =
∑

x∈K(·,1)−1(0)

sign (∂xK(x, 1)) ,

which implies that set K(·, 1)−1(0) has a odd number of elements. �

6.2 Backward homotopy from λ = +∞ to λ = 1

To find multiple solutions of K(x, 1) = 0, we apply a similar continuation pro-
cedure starting from each solution of the asymptotic problem (19) for λ→ ∞.

To this end, we present some properties of map g(λ(Wx + c)) for λ → ∞.
First of all consider the following definition.

Definition 6.2 For any x = (x1, . . . , xn) ∈ R
n, let max(x) be the maximum of

x, lx be the cardinality of the set Mx = {i = 1, . . . , n |xi = maxx}, and define
function sat(x) = (s1, . . . , sn) as

si =

{

0 if xi /∈ Mx

1/lx if xi ∈ Mx .

Observation 6.6 The following properties hold, ∀x ∈ R
n, ∀p ∈ N

i) limλ→∞ g(λx) = sat(x),
ii) limλ→∞ λp(sat(x)− g(λx)) = 0.
iii) for any Lipschitz vector-valued function h

lim
λ→∞

λph(sat(x)) = lim
λ→∞

λph(g(λx))).
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Proof. i) follows from the definition of g. To prove ii) let βi(x, λ) = (sat(x)−
g(λx))i, where notation (z)i denotes the i-th component of a vector z. Assume
first that i ∈ Mx, then (sat(x))i =

1
lx

and

βi(x, λ) =
1

lx
−

eλxi

lxeλxi +
∑

k/∈Mx

eλxk

=
1

lx

∑

k/∈Mx

eλxk

eλxi + l−1
x

∑

k/∈Mx

eλxk

,

therefore

|βi(x, λ)| ≤
1

lx

∑

k/∈Mx

eλ(xk−xi) ,

since xk − xi < 0, ∀k /∈ Mx, βi(x, λ) decreases exponentially with λ and ii)
follows. Similarly, if i /∈ Mx, let xm = maxx, then (sat(x))i = 0 and

|βi(x, λ)| ≤
eλxi

eλxm
= eλ(xi−xm) ,

since xi−xm < 0, ∀k /∈ Mx, βi(x, λ) decreases exponentially with λ. iii) Follows
directly from ii) since

‖ lim
λ→∞

λph(sat(x))− lim
λ→∞

λph(g(λx)))‖ = ‖ lim
λ→∞

λp(h(sat(x))− h(g(λx)))‖

≤ lim
λ→∞

λpL(‖sat(x)− g(λx)‖) = 0 ,

where L > 0 is the Lipschitz constant for function h. �

Observation 6.7

lim
λ→∞

‖(∂xK(x, λ))−1‖ ≤ 1 . (27)

Proof.

Remark that if for a n-dimensional square matrix A,

‖Aw‖ ≥ ‖w‖ for any w 6= 0 (28)

then ‖A−1‖ ≤ 1. In fact, (28) implies that A is nonsingular and that for any v

there exists w such that v = Aw. Moreover

‖A−1v‖ = ‖w‖ ≤ ‖Aw‖ = ‖v‖ .

Therefore to prove (27) it is sufficient to show that, ∀x ∈ R
n\{0}

lim
λ→∞

‖(λg′(λ(Wx+ c))W − I)v‖ ≥ ‖v‖ .

By (24) it follows that

lim
λ→∞

‖(λg′(λ(Wx+ c))W − I)v‖

= lim
λ→∞

‖(λdiag(g(λ(Wx+ c)))(I− eg(λ(Wx+ c))T )W − I)v‖

= lim
λ→∞

‖(λdiag(sat(Wx+ c))(I− esat(Wx+ c)T )W + ψ(λ)− I)v‖

(29)
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where we have used iii) of Observation 6.6 with

h(z) = diag(z)(I− ez)W,

p = 1, and ψ(λ) is a function such that limλ→∞ ψ(λ) = 0. The thesis follows
from the fact that either v is such that diag(sat(Wx + c))(I − esat(Wx +
c)T )Wv = 0 and then the value of limit (27) is ‖v‖, or diag(sat(Wx+ c))(I−
esat(Wx+ c)T )Wv 6= 0, in which case the value of the limit is infinity.

�

The following observation shows that, for λ sufficiently high, it is possible
to find a distinct solution of K(x, λ) = 0 by gradient descent from any of the
solutions of the asymptotic problem (19).

Observation 6.8 Let x̂i, i = 1, . . . , n be distinct solutions of (19). There exists

λ̂ sufficiently high such that the following properties are satisfied:
i) The solutions xi of the following differential equations, for i = 1, . . . , n

are well defined for all t ≥ 0
{

ẋi(t) = −
(

∂xK(xi, λ̂))
−1K(x, λ̂)

x(0) = x̂i .
(30)

ii) Setting zi,λ̂ = limt→∞ xi(t), then K(zi,λ̂, λ̂) = 0, for i = 1, . . . , n.

iii) All vectors zi,λ̂ are distinct.

Proof. Since Σn is compact, by (27) there exists λ̄ sufficiently high such that

‖(∂xK(x, λ))−1‖ ≤ 2, ∀x ∈ Σn, ∀λ ≥ λ̄. (31)

For λ ≥ λ̄, the solution of (30) is defined for all t ≥ 0 and satisfies

∂tK(xi(t), λ) = −K(xi(t), λ), (32)

therefore
K(xi(t), λ) = e−tK(x̂i, λ),

which implies that zi,λ satisfies K(zi,λ, λ) = 0.

It remains to prove that there exists λ̂, sufficiently high, such that zi,λ̂ are

distinct. Let ρ = mini6=j ‖x̂i − x̂j‖ denote the minimum distance between each
pair of distinct asymptotic solutions. For any i = 1, . . . , n, by (31)) and (32),
‖ẋi(t)‖ ≤ 2‖K(xi(t), λ)‖ = 2e−t‖K(x̂i, λ)‖, which implies that

‖xi(t)− x(0)‖ = ‖xi(t)− x̂i‖ ≤ 2

∫ +∞

0

e−t‖K(x̂i, λ)‖dt = 2‖K(x̂i, λ)‖

and ‖zλ,i − x̂i‖ ≤ 2‖K(x̂i, λ)‖. Since for i = 1, . . . , n, limλ→∞ K(x̂i, λ) = 0, it

is possible to choose λ̂ sufficiently high such that

‖K(x̂i, λ̂)‖ <
1

6
ρ , ∀i = 1, . . . , n,

then for each pair zi,λ̂, zj,λ̂

‖zi,λ̂ − zj,λ̂‖ = ‖(zi,λ̂ − x̂i)− (zj,λ̂ − x̂j) + x̂i − x̂j‖

≥ −‖zi,λ̂ − x̂i‖ − ‖zj,λ̂ − x̂j‖+ ‖x̂i − x̂j‖ ≥
1

3
ρ.
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From Observation 6.8 one obtains the following procedure for finding a subset
of the solutions of (15).

1) Find all asymptotic solutions of (19) for λ → ∞, e.g., by solving a LCP
as stated in Observation 3.2 (in this work, due to the limited size of n, we solve
it through a simple enumeration).

2) For each solution, find a λ̄ sufficiently high such that (30) converges.
3) Continue, if possible, the solution branch from λ = λ̄ to λ = 1 by a

numerical continuation procedure.
As will be shown in the section about computational experiments, in most

(though not all) cases this method allows finding all solutions of (15).

7 Branch-and-Reduce method

In this section we first derive a convex and a linear relaxation for problem (12)
(with λ = 1 in what follows), and then we employ such relaxations within a
branch-and-reduce scheme (B&R in what follows), which allows to detect all
solutions.

7.1 Relaxations

Let us assume that a lower bound ℓi > 0 and an upper bound ui for each variable
xi, i = 1, . . . , n, are given. E.g., we can initially set ℓi equal to the limitation
from below presented in Observation 5.2, while we can set ui = 1.

As a first step, we substitute each equation

ln(xi)− ln(xj) + [(Wi −Wj)
Tx+ ci − cj ] = 0

with the pair of inequalities

ln(xi)− ln(xj) + [(Wi −Wj)
Tx+ ci − cj ] ≤ 0

ln(xi)− ln(xj) + [(Wi −Wj)
Tx+ ci − cj ] ≥ 0

Such inequalities are easily convexified by substituting ln(xi) in the ≤ inequality,
and ln(xj) in the ≥ inequality, with the corresponding convex envelopes ξi(xi)
and ξj(xj) over the intervals [ℓi, ui] and [ℓj , uj ], respectively. In particular,
ξi(xi) (similar for ξj(xj)) is the line interpolating ln(xi) at the extremes of the
interval. Therefore, the original nonlinear and nonconvex system is relaxed into
the still nonlinear, but now convex, system































ξi(xi)− ln(xj) + [(Wi −Wj)
Tx+ ci − cj ] ≤ 0 i, j ∈ {1, . . . , n}, i 6= j

ln(xi)− ξj(xj) + [(Wi −Wj)
Tx+ ci − cj ] ≥ 0 i, j ∈ {1, . . . , n}, i 6= j

eTx− 1 = 0

x ≥ 0

A relevant observation from the practical point of view (see [30]), is that while
theoretically solvable in polynomial time, nonlinear convex problems encounter
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numerical problems and are solved less efficiently than linear problems. There-
fore, in [30] it is suggested to transform nonlinear convex problems into (higher
dimensional) linear problems. In order to do that we can limit from above the
concave function ln(xi) through a piecewise linear function, obtained by taking
the minimum of the tangent lines to ln(xi) computed at a finite set of points
in [ℓi, ui]. Different choices are possible for the set of t points Xt

i at which the
tangent lines are computed. The resulting piecewise linear function is

min
x̄∈Xt

i

1

x̄
(xi − x̄) + ln(x̄). (33)

By introducing auxiliary variables zi, i = 1 . . . n, we end up with the linear
system











































ξi(xi)− zj + [(Wi −Wj)
Tx+ ci − cj ] ≤ 0 i, j ∈ {1, . . . , n}, i 6= j

zi − ξj(xj) + [(Wi −Wj)
Tx+ ci − cj ] ≥ 0 i, j ∈ {1, . . . , n}, i 6= j

zi ≤
1
x̄ (xi − x̄) + ln(x̄) i = 1, . . . , n, ∀ x̄ ∈ Xt

i

eTx− 1 = 0

x ≥ 0

(34)

The set of points Xt
i can be chosen in many different ways (see, e.g., [22]).

In our approach we use the following formula

Xt,k
i = {x ∈ [li, ui] : x = li +

(

i

t

)k

(ui − li), i = 0, . . . , t− 1},

where k is an integer larger than one, so that more points are located close
to lower bound of the interval, where the slope of the logarithmic function is
higher.

7.2 Range reduction strategy

Once we have a relaxation, the next step is that of applying a range reduction
strategy (see, e.g., [29]), i.e., we try to reduce the range [ℓi, ui] of each variable
xi, without removing any solution of the original system.

A standard way to accomplish that is by solving the following linear problems

min \max xi

ξi(xi)− zj + [(Wi −Wj)
Tx+ ci − cj ] ≤ 0 i, j ∈ {1, . . . , n}, i 6= j

zi − ξj(xj) + [(Wi −Wj)
Tx+ ci − cj ] ≥ 0 i, j ∈ {1, . . . , n}, i 6= j

zi ≤
1
x̄ (xi − x̄) + ln(x̄) i = 1, . . . , n, ∀x̄ ∈ Xt

i

eTx− 1 = 0

x ≥ 0

(35)
The interval defined by the optimal values of these two linear problems includes
all values of xi which can be found in all solutions of our problem. In order to
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strengthen the reduction, we can define a cycle where at each iteration problems
(35) are solved for all variables xi, i = 1, . . . , n, and the cycle stops as soon as
no (significant) reduction is observed from one iteration to the next.

7.3 Branch-and-Reduce approach

Different outcomes of such range reduction strategy are possible for a given
initial box B =

∏n
i=1[ℓi, ui]:

Case 1 a single point: in this case the point is also the unique solution of the
problem which can be found within box B;

Case 2 an empty set: in this case the problem has no solution within box B
(if the box is defined by the original bounds, then Observation 5.1 rules
out this possibility);

Case 3 a new n-dimensional box.

In the first two cases the problem over box B is solved. Therefore, we need
to proceed only if we are in the third case. What we can do is to perform
a branching of the box, i.e., the box is subdivided into two sub-boxes (e.g.,
through a bisection at the midpoint of the largest edge of the box), and the
range reduction strategy is applied again over the sub-boxes. The reduction
of a sub-box ends up with one of the three cases previously discussed and if
Case 3 holds, we need to further subdivide the sub-box. This way we are
basically performing a B&R approach (see, e.g., [23]), where nodes/sub-boxes
are fathomed as soon as the range reduction strategy ends up with Case 1
(a solution has been detected), or Case 2 (the sub-box does not contain any
solution). Note that, by this approach, we are able, in principle, to detect
all the solutions of the system. Also note that B&R approaches are usually
applied for the solution of GO problems. In fact, this is also our case, where
we are basically solving the GO problem (20). However, with respect to typical
implementations, here we do not need to compute lower and upper bounds,
rather we only need to perform range reductions.

8 Computational experiments

In the following subsections we will present computational results about the
B&R method, introduced in Section 7, and the homotopy-based heuristics, as
in Section 6.

We performed random test sets, named R1, where we have uniformly sam-
pled T from [900, 1500] and c from [−105, 105]n, while W has been uniformly
sampled from [−105, 105]n×n. We generated 1000 tests for each n value. In view
of the limitations on the number of components n in the solid phase, we only
considered n values up to 12. In fact, we also considered a further set, named
R2, where W has been generated from real-life values taken from Table (A 4-3)
in [14]. However, since the results for both test sets are very similar, we only
report those for the R1 test set.

Data are summarized using boxplots, which allow for a compact represen-
tation of standard statistics: for each data series, a box is plot for the interval
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embracing the interval from the 25th to the 75th percentile, with a red line rep-
resenting the median; whiskers comprise an interval 1.5 times larger than the
box, while the remaining outliers are marked as red crosses.

8.1 Experiments with Branch-and-Reduce

The B&R strategy proposed in Section 7 has been implemented in C++, using
CPLEX 11.1 as a solver for the linear programming subproblems. All the tests
have been performed on a Pentium i5 standard desktop machine running Linux,
2Gbyte RAM and 2.67GHz quad–core CPU (but no multi-thread or parallel
computation has been carried out).

Although in principle B&R is able to return all solutions of our problem, we
need to consider some numerical difficulties. The maximization/minimization
of a variable xi might not return exactly the solution of the problem but, mainly
due to rounding errors and tolerances, a slightly interior solution is obtained.
In particular, this is likely to occur when solutions with some variables having
values close to 0 exist, because of the large negative values attained by the
logarithmic function at these values. Then, due to such numerical errors, we
might cut a solution of our problem. If the whole process ends up with no
solution at all, which is not possible in view of Observation 5.1, we are aware
an error occurred. Analogously, if we end up with an even number of solutions,
we have very likely missed some solution. But even if we end up with an odd
number of solutions, it might have happened that a solution has been discarded.
To ease these problems, we need to add a tolerance, i.e., the solutions of problems
(35) are decreased (lower limit) or increased (upper limit) by a small quantity
ρ > 0. The latter plays an important role in the trade–off between performance
and accuracy. Moreover, it turned out that accuracy could be improved by the
choice to loosen CPLEX feasibility accuracy (that we will denote as ǫc) and to
force the solver to use the simplex algorithm (interior point methods are likely to
produce strictly interior solutions). Further strategies to increase the accuracy
are under investigation.

We also notice that a box is reduced until the width of its largest edge falls
below a given threshold and a single solution is detected within that box. In fact,
it might happen that such box contains different solutions quite close to each
other. In such case the approach consider such solutions as indistinguishable.

As we will see, the computation times of the B&R approach are usually not
competitive with those of the homotopy methods. This is the reason why we
have not performed a detailed comparison of the proposed approach with exist-
ing B&R methods and, in particular, with BARON [23]. In fact, the proposed
B&R approach has been mainly employed to compare the solutions returned by
such method and those returned by the homotopy methods. It is important to
emphasize here an important difference between B&R and homotopy methods.
The former have a theoretical guarantee of detecting all the solutions, while
the latter do not have the same guarantee. This is obvious for the forward
homotopy, which only returns a single solution, but it may also happen for the
backward homotopy since not all solutions for λ = 1 can be reached through
continuous trajectories starting at solutions for λ = ∞. On the other hand,
as previously commented, B&R methods might miss some solutions because
of numerical difficulties (a few low-dimensional experiments revealed that also
BARON share the same numerical difficulties). The differences between the
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# components # solutions
1 2 3 4 5 6 7 8 9 10 11 no solution

2 897 0 103 0 0 0 0 0 0 0 0 0
3 849 0 150 0 0 0 1 0 0 0 0 0
4 806 0 190 0 2 0 1 0 0 0 0 1
5 795 0 201 0 3 0 1 0 0 0 0 0
6 771 3 212 0 10 0 2 0 0 0 0 2
7 718 1 264 0 16 0 1 0 0 0 0 0
8 710 1 258 0 21 0 7 0 1 0 0 2
9 684 2 290 0 20 0 2 0 0 0 1 1
10 664 1 304 0 19 0 9 0 1 0 0 2
11 642 1 307 0 37 1 8 0 1 0 0 3
12 646 6 306 0 33 0 7 0 0 0 0 2

Table 1: Number of solutions found in the R1 test set (optimality threshold set
to 10−6 and similarity error threshold set to 10−5).

solutions returned by the different methods will be commented later on.
In Figure 2 we report the execution time, the number of linear subproblems

solved as well as the number of nodes expanded during the B&R execution, for
each dimension, i.e., number of solid components.

As a comparison, we also run the same Branch–and–Reduce algorithm, but
with no range reduction (CPLEX parameters are the same as before) on test set
R1. Results are reported in Figure 3. Such results clearly show the advantages
brought by range reductions: the computational cost of the reduction is largely
compensated by a much lower number of nodes.

The actual number of solutions found has been checked starting from them
a local search on Problem (20) (using the SNOPT 7.0 SQP solver, see [15]).
We have considered only solutions with an objective function value smaller then
10−6, clustering together those closer than 10−5. The results for test set R1 are
reported in Table 1. The last column accounts for the instances for which no
solution has been found. We remark that the overall number of ”anomalies”
(no solution or even number of solutions) is quite limited: 29 out of 11000, with
the largest number of ”anomalies” (8 out of 1000) for n = 12.

In terms of computing times, the performance of the proposed B&R approach
is enhanced by decreasing ρ, as depicted in Figure 4 where we show results for
the R1 test set with ρ = 10−10. On the other hand, we also need to point out
that numerical difficulties increase in such case and the number of ”anomalies”
is doubled.

8.2 Experiments with homotopies

The homotopy methods presented in Section 6 have been implemented with
MATLAB and run on an Intel Core2Duo CPU at 3.16 GHz. In particular the
LCP (19) has been solved by brute force by iterating on all possible choices
of the zero entries of vector x and the numerical continuation was based on a
Runge-Kutta predictor step and a Newton corrector step.
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# components Homotopy only sols.(%) B&R only sols.(%)
2 0 0
3 0.152 0
4 0.711 0.427
5 0.560 0.560
6 0.738 0.268
7 0.312 0.249
8 0.241 0.241
9 0.531 0.118
10 0.569 0.228
11 0.598 0.489
12 0.774 0.387

Table 2: Discrepancies between B&R and homotopy solutions

8.2.1 Forward homotopy from λ = 0 to λ = 1

The execution times for this homotopy method are reported in Figure 5. We
notice that the times compare quite favorably with the other two methods, but
we should also remark that this method allows finding a single solution. It can
also be proved (see, e.g., [19]) that the single solution detected by this homotopy
is always one on those also detected by the backward homotopy.

8.2.2 Backward homotopy from λ = +∞ to λ = 1

This method allows finding a set of many solutions. The execution times are
depicted in Figure 6.

This figure shows that homotopy is considerably faster than the B&Rmethod
in the higher dimensional problems, while it is slower in the problem of dimen-
sion 2 and 3. The performance of the homotopy method could be further im-
proved using a faster method for the asymptotic LCP and implementing the
numerical continuation method, e.g., in the C programming language.

Differently from B&R, the homotopy method does not allow finding all solu-
tions, since it can find only those solutions which are part of a solution branch
that continues to λ = +∞. In numerical experiments, comparing the solutions
found with the two methods, we discovered that this kind of solution is rare,
since it represents less than 0.5% of the total number of solutions.

Experiments have shown that, in more or less the 99% of the cases, the two
methods completely agree and give the same set of solutions. In some cases
the homotopy method did not find some of the solutions found by B&R for the
reason explained above. In other cases, for numerical reasons, B&R failed to
find some solutions that were found with homotopy.

Table 8.2.2 shows the discrepancies in the solution sets found by the two
methods. In particular, the first column shows the problem dimension, the sec-
ond column the percentage of the solutions that have been found by homotopy
and not found by B&R over the total solutions, conversely the third column
shows the percentage of solutions that have been found by B&R and not by
homotopy.
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9 Conclusions

In this paper we considered a mathematical model based on the Gibbs free
energy for magmatic miztures. We have discussed different reformulations and
solution methods for this problem. Some theoretical results concerning the exis-
tence and the number of solutions have been proved. Two rather fast homotopy
methods have been proposed, one returning a single solution, the other return-
ing multiple solutions (although not necessarily all of them). A slower B&R
approach has also been proposed which is able, in principle, to return all solu-
tions, but in practice might miss a few of them because of numerical difficulties.
Future developments might include: new theoretical results, e.g., related to so-
lutions which do not stem from trajectories starting at λ = 0 or λ = +∞; new
strategies to remove numerical difficulties in the B& R approach; more efficient
implementations of all the proposed approaches.
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Figure 2: Results for test set R1, ρ = 10−6, ǫc = 10−7).
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Figure 3: Execution of B&B on test set R1.
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Figure 4: Results for test set R1 (ρ = 10−10, ǫc = 10−6).
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Figure 5: Results for test set R1 using the forward homotopy method for finding
one solution.
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Figure 6: Results for test set R1 using the backward homotopy method for
finding a set of solutions.
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