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Abstract

In this work, we propose an inexact projected gradient-likemethod for solving
smooth constrained vector optimization problems. In the unconstrained case,
we retrieve the steepest descent method introduced by GrañaDrummond and
Svaiter. In the constrained setting, the method we present extends the exact one
proposed by Graña Drummond and Iusem, since it admits relative errors on the
search directions. At each iteration, a decrease of the objective value is obtained
by means of an Armijo-like rule. The convergence results of this new method
extend those obtained by Fukuda and Graña Drummond for the exact version.
Basically, for antisymmetric and non-antisymmetric partial orders, under some
reasonable hypotheses, global convergence to weakly efficient points of all se-
quences produced by the inexact projected gradient method is established for
convex (respect to the ordering cone) objective functions.In the convergence
analysis we also establish a connection between the so-called weighting method
and the one we propose.

Keywords: Weak efficiency; Multiobjective optimization; Projected gradient
method; Vector optimization

1 Introduction

Let K ⊂ Rm be a closed, convex and pointed (i.e.,K ∩ (−K) = {0}) cone with
nonempty interior int(K). The partial order induced byK in Rm is defined byu� v
(alternatively,v� u) if v−u∈ K. We also consider the following stronger relation:
u≺ v (alternatively,v≻ u) if v−u∈ int(K). LetC⊆ Rn be a closed and convex set
andF : Rn→ Rm a continuously differentiable function. Here we are interested in
solving the following problem:

min F(x)
s.t. x∈C,
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understood in the weak Pareto sense. A pointx∗ ∈C is aweakly efficient(or weak
Pareto) solution of the above problem if there exists nox∈C such thatF(x)≺ F(x∗).

We will refer to (1) as a smooth constrainedvector optimizationproblem. In the
particular case of the Paretian coneK =Rm

+, the nonnegative orthant ofRm, “�” is the
usual component-wise partial order onRm. In this case, (1) is calledmultiobjective
(or multicriteria) optimizationproblem. Moreover, ifm= 1, the partial order “�” is
the usual (complete) order onR, induced by the cone of nonnegative real numbers,
and (1) is a typical constrained scalar-valued optimization problem. For a general
treatment of vector optimization problems see [18, 19, 23, 28].

For the preference order induced by the Paretian cone, the problem of finding
weakly (or strongly) efficient solutions emerges in different areas. As some examples,
we cite design [11, 20], engineering [7], environmental analysis [8, 21], management
science [3, 26, 31], space exploration [25, 30] and statistics [6]. For orders induced
by different cones, the vector optimization problem does not arise as frequently as
the one concerning the point-wise partial order. However, it is also important, as it
can be seen in [1, 2], with issues concerning portfolio selection in security markets.
Therefore, vector optimization problems, such as (1), are also relevant and deserve
our attention.

One of the most popular strategies for solving vector optimization problems is the
scalarizationapproach. Roughly speaking, it consists on replacing the vector-valued
problem by a family of scalar-valued problems, in such a way that all optima of the
real-valued problems are solutions of the original one [17,22, 24]. Among the scalar-
ization techniques, we have theweighting method, where basically one minimizes a
linear combination of the objective functions. Its main drawback is that the vector
of “weights” is not known a priori and so, the method may lead to unbounded, and
thus unsolvable, scalar problems, even if the vector optimization problem does have
weakly efficient solutions [14]. Of course, other procedures for solving multicriteria
and vector optimization problems are also available, like the goal programming and
interactive methods [24].

Here we follow another path, which consists on extending classical scalar op-
timization methods to the vector-valued setting. Versionsof steepest descent, pro-
jected gradient and Newton methods have been already studied in [10, 16], [12, 13]
and [9, 15], respectively. These methods do not scalarize the vector-valued problem
and so they do not require prior knowledge of weighting factors or some ordering
information of the objectives, and their convergence analysis is quite satisfactory.
Different type of algorithms which do not scalarize have been also developed for
multicriteria optimization [29].

In this work we extend the (exact) projected gradient method, studied by Graña
Drummond and Iusem [13] and Fukuda and Graña Drummond [12], admitting rel-
ative errors in the search directions. We recall that at eachiteration of that exact
method, a search direction is computed by means of an auxiliary nonsmooth problem
(the minimization of the max ordering scalarization). In the inexact version proposed
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here, while a certain first-order optimality condition is not satisfied, an approxima-
tion of the exact search direction is computed at each iteration. As in [12], we also
show global convergence of the generated sequences, under the same assumptions.
Indeed, under standard hypotheses, for convex objective functions with respect to the
ordering cone, we show convergence to weakly efficient solutions for arbitrary initial
points. Finally, we mention that the proposed method can also be seen as a direct
extension of the steepest descent method for unconstrainedvector-valued problems
with relative errors proposed in [16].

The outline of this article is as follows. In Section 2 we expose the main ideas be-
hind the exact version of the projected gradient method for vector optimization [13]
and we also present some results which will be used in this work. We define, in Sec-
tion 3, the inexact version of such projected gradient method and study some prop-
erties of the generated sequences. In Section 4 we analyze the connection between
the weighting method and the one we propose. In Section 5, assuming convexity of
the objective function with respect to the ordering cone andunder some reasonable
assumptions, we show that all sequences produced by the inexact projected gradient
method are globally convergent to weakly efficient solutions. Dropping the pointed-
ness hypothesis on the cone and adding some new conditions, we establish conver-
gence of the method in Section 6. We finish the article in Section 7 with some brief
comments on implementation issues; in particular, we give some conditions on the
cone in order to perform the method and obtain efficient points (instead of just weak
optima).

2 Preliminaries

In this section we describe the exact projected gradient method proposed in [13] and
studied in [12]. The vast majority of the results of this section can be found in these
works, so we just state them without proofs. We point out thatsome of this results
will also be needed for the inexact version of the method. Furthermore, we state and
proof a technical result, which cannot be found on the aforementioned papers, useful
for interpreting the method as an extension of the classicalscalar one.

First, let us introduce some definitions and notations. Thedual cone(or positive
polar cone) of K is given by

K∗
.
=

{

y∈ Rm: 〈z,y〉 ≥ 0 for all z∈ K
}

,

where〈·, ·〉 is the Euclidean inner product. SinceK is closed, convex and nonempty,
we haveK∗∗ = K [27, Theorem 14.1].

Let us now give a scalar representation ofK∗. ConsiderG ⊂ K∗ a fixed (but
arbitrary) compact set with 0/∈ G and such that the cone generated by its convex
hull conv(G) is K∗. We can take, for example,G

.
= {w∈ K∗ : ‖w‖= 1}, where‖ · ‖

denotes the Euclidean norm. However, we can consider much smaller sets in general.
In the multiobjective case, since(Rm

+)
∗ = Rm

+, G can be taken as the canonical basis
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of Rm. If K is a polyhedral cone, sinceK∗ is also polyhedral,G can be chosen as the
finite set of its extreme rays.

In the general case, for a given such setG, we denote byϕ : Rm→ R its support
function, that is

ϕ(y)
.
= max

w∈G
〈w,y〉. (2)

SinceK∗∗ = K andG spans all the nontrivial directions of the coneK∗, we have the
following characterizations of−K and−int(K):

−K = {y∈ Rm: ϕ(y)≤ 0} and − int(K) = {y∈Rm: ϕ(y)< 0}. (3)

For the sake of completeness, we list here some properties ofthe support functionϕ
that will be used on the sequel.

Proposition 2.1. [16, Lemma 3.1] Consider G⊂ K∗ andϕ : Rm→R its the support
function. Then:

(i) The functionϕ is positively homogeneous of degree1.

(ii) For all y,z∈Rm, we haveϕ(y+z)≤ ϕ(y)+ϕ(z) andϕ(y)−ϕ(z)≤ ϕ(y−z).

(iii) For all y ,z∈ Rm, if y� z (y≺ z), thenϕ(y)≤ ϕ(z)
(

ϕ(y)< ϕ(z)
)

.

(iv) The functionϕ is Lipschitz continuous with constantmaxw∈G‖w‖.

Let us now go back to the vector optimization problem (1) and introduce a neces-
sary (but in general not sufficient) condition for optimality. We say that a point ¯x∈C
is stationaryfor F if

−int(K)∩
{

JF(x̄)(x− x̄) : x∈C
}

= /0,

whereJF(x̄) is the Jacobian ofF at x̄. Thus,x̄∈C is stationary forF if, and only if,
JF(x̄)v 6≺ 0 for all v∈C− x̄. Using (3), this is also equivalent toϕ

(

JF(x̄)v
)

≥ 0, for
all v∈C− x̄. Note that form= 1 andK =R+, we retrieve the well-known stationarity
condition for constrained scalar-valued optimization:〈∇F(x̄),x− x̄〉 ≥ 0 for all x∈C.

Observe also that ifx∈C is nonstationary, there existsv∈C−x with JF(x)v≺ 0.
So, since

F(x+ tv) = F(x)+ tJF(x)v+o(t),

with limt→0 o(t)/t = 0, we can taket positive and sufficiently small, in order to still
haveJF(x)v+o(t)/t ∈−int(K). Therefore, for any nonstationaryx∈C, there exists
v∈C− x, a descent directionfor F at x, i.e.,F(x+ tv) ≺ F(x) for all t ∈ (0, t0], for
somet0 > 0. Actually, for any nonstationary pointx ∈C, we have a stronger result
which will allow us to implement an Armijo-like rule at each step of the algorithm.

Proposition 2.2. [13, Proposition 1] Letδ ∈ (0,1), x∈C and v∈C− x such that
JF(x)v≺ 0. Then, there exists̄t > 0 such that F(x+ tv) ≺ F(x)+ δ tJF(x)v for all
t ∈ (0, t̄].
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Now we can briefly describe the exact projected gradient method for vector opti-
mization [13]. Theexact projected gradient directionfor F at x∈C is given by

v(x)
.
= argmin

v∈C−x
hx(v), where hx(v)

.
= β̂ϕ

(

JF(x)v
)

+
‖v‖2

2
(4)

andβ̂ > 0. Note that, in view of the strong convexity ofhx, the directionv(x) is well
defined and its defining scalar-valued optimization problemis in general nonsmooth,
because of the maximum function. However, in some importantcases, as multi-
objective optimization, this problem can be replaced by theminimization of a single
variable subject to the original constraint plus finitely many smooth inequalities. This
is also possible for the general polyhedral case.

For a givenx ∈C, let us define the optimal value of the minimization problem
from (4) as

θ(x) .
= min

v∈C−x
hx(v) = hx

(

v(x)
)

.

Since 0∈C−x, we have
θ(x) ≤ 0 for all x∈C. (5)

Also we have the following characterization of stationarity.

Proposition 2.3. [13, Proposition 3] For any x∈C, the following three conditions
are equivalent: (i) The point x is nonstationary for F; (ii)θ(x)< 0 and (iii) v(x) 6= 0.
In particular, x∈C is stationary for F if and only ifθ(x) = 0.

At iterationk of the exact projected gradient method for vector optimization, the
search direction is obtained by computingv(xk). By (3), this is a descent direction,
sinceθ(xk)< 0 impliesϕ(JF(xk)v(xk)) < 0. So, by means of a backtracking proce-
dure, a steplengthtk is computed in order to define a new iteratexk+1 .

= xk+ tkv(xk),
in such a way that an Armijo-like rule (as in Proposition 2.2)is satisfied. As noted
in [13], unless the (feasible) sequence produced by the method terminates with a
stationary point, it consists of infinitely many nonstationary points. In particular,
F(xk+1)≺ F(xk) for all k.

The following auxiliary result will be widely used afterwards in this work, and
right now it will allow us to see that the method we are describing effectively ex-
tends to the vector-valued case the classical projected gradient method for constrained
scalar optimization.

Lemma 2.4. Let w∈G⊂ K∗ and β̂ > 0. Then,

argmin
v∈C−x

{

β̂ 〈w,JF(x)v〉+
‖v‖2

2

}

= PC−x
(

− β̂JF(x)⊤w
)

= PC
(

x− β̂JF(x)⊤w
)

−x,

where PC and PC−x denote the orthogonal projection onto C and C−x, respectively.
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Proof. Considervw
.
= argminv∈C−x

{

β̂ 〈w,JF(x)v〉+‖v‖2/2
}

. Then,

vw = argmin
v∈C−x

{

β̂ 2‖JF(x)⊤w‖2

2
+ β̂ 〈w,JF(x)v〉+

‖v‖2

2

}

= argmin
v∈C−x

‖v+ β̂JF(x)⊤w‖2

2
= PC−x

(

− β̂JF(x)⊤w
)

.

Using the obtuse angle property of projections, we have
〈

− β̂JF(x)⊤w−vw,v−vw
〉

≤ 0 for all v∈C−x,

which can be written as
〈

x− β̂JF(x)⊤w− (x+vw),u− (x+vw)
〉

≤ 0 for all u∈C,

which in turn means
x+vw = PC

(

x− β̂JF(x)⊤w
)

,

and the proof is complete.

Observe that in the constrained scalar-valued case, we haveJF(x) = ∇F(x)⊤,
where∇F(x) stands for the gradient ofF in x. Also, we can takeG= {1} and, thus,
from the above lemma,

v(x) = argmin
v∈C−x

{

β̂ 〈∇F(x),v〉+
‖v‖2

2

}

= PC
(

x− β̂∇F(x)
)

−x,

which is precisely the direction considered in the projected gradient method for real-
valued optimization.

We end this section stating a couple of results once again concerningv(·) and
θ(·). The first one gives an upper bound for‖v(x)‖ in terms ofJF(x). The other one
establishes the continuity ofθ(·).

Proposition 2.5. [12, Lemma 3.3] For all x∈C, it holds that

‖v(x)‖ ≤ 2β̂
(

max
w∈G
‖w‖

)

‖JF(x)‖.

Proposition 2.6. [12, Proposition 3.4] The functionθ : C→ R is continuous.

3 The inexact method

In the previous section, we have seen that the directionv(x) computed in each it-
eration of the (exact) projected gradient method is the minimizer of the problem
minv∈C−x hx(v), wherehx(v) = β̂ϕ(JF(x)v)+ ‖v‖2/2. Therefore, from a numerical
point of view, it would be interesting to see what happens if we take an approximate
solution of this problem. As in the steepest descent method for vector optimiza-
tion [16], we will consider now approximate search directions.
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Definition 3.1. Let x∈C andσ ∈ [0,1). Then, v∈C− x is aσ -approximate (pro-
jected gradient) direction at x if

hx(v)≤ (1−σ)θ(x).

Some comments are in order. Observe first that by virtue of (5), v ∈C− x is a
σ -approximate direction atx if, and only if, the relative error ofhx at v is at mostσ ,
that is to say,

∣

∣

∣

∣

hx(v)−hx(v(x))
hx(v(x))

∣

∣

∣

∣

=

∣

∣

∣

∣

hx(v)−θ(x)
θ(x)

∣

∣

∣

∣

≤ σ .

Clearly, the exact directionv= v(x) is alwaysσ -approximate atx for anyσ ∈ [0,1).
Moreover,v(x) is the unique 0-approximate direction atx. Also note that given a
nonstationary pointx∈C andσ ∈ [0,1), aσ -approximate directionv is always a de-
scent direction. Indeed, from Proposition 2.3 and the definition of σ -approximation,
it follows thatϕ(JF(x)v)< 0, since‖v‖2≥ 0 andβ̂ > 0. Whence, from (3), it follows
thatJF(x)v≺ 0 and so, by Proposition 2.2,v is a descent direction.

We present now a result which, for a given pointx ∈C, establishes the degree
of proximity between an approximate directionv and the exact onev(x), in terms of
θ(x). Before that, we need to recall a general fact: for a stronglyconvex numerical
functiong, with modulus of convexityκ , if x∗ is a minimizer ofg, theng(x)−g(x∗)≥
(κ/2)‖x−x∗‖2 for all x. So, sincehx is strongly convex with modulus 1 andθ(x) =
hx(v(x)) = minv∈C−x hx(v), we have

hx(v)−θ(x) ≥
‖v−v(x)‖2

2
. (6)

We now state the announced result.

Lemma 3.2. Let x∈C, σ ∈ [0,1) and v∈C−x aσ -approximate direction at x. Then

‖v−v(x)‖2 ≤ 2σ |θ(x)|.

Proof. The result follows directly from (5), (6) and the definition of σ -approximation.

We are in a position to describe the inexact projected gradient method, which,
as we will see, is a direct extension of the exact version proposed in [13]. For the
sake of simplicity, let us allow to use the same notations as in the exact case: if{xk}
is the generated sequence, we callhxk(vk) = β̂ϕ(JF(xk)vk)+‖vk‖2/2, wherevk is a
σ -approximate direction produced by the method at iterationk. Also,N denotes the
set of nonnegative integer numbers. Now we formally state the inexact method.

Algorithm 3.3. Inexact projected gradient method for vector optimization.

1. Choosex0 ∈C, β̂ > 0, τ > 1, δ ∈ (0,1) andσ ∈ [0,1). Setk← 0.
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2. Compute aσ -approximate directionvk atxk.

3. If hxk(v
k) = 0, then stop.

4. Choosetk as the largestt ∈ {τ− j : j = 0,1,2, . . .} such that

F
(

xk+ tvk
)

� F(xk)+δ tJF(xk)vk.

5. Setxk+1 = xk+ tkvk, k← k+1 and go to step 2.

We must observe that we do not compute at each iterationk the exact direction
v(xk) and, thus, neither the exact solutionθ(xk). So, instead ofθ(xk) = 0 as stopping
criterion, we usehxk(v

k) = 0, which is still equivalent to the stationarity ofxk. In fact,
if hxk(v

k) = 0, then by the definition ofσ -approximation,θ(xk) ≥ 0. But from (5),
it follows that θ(xk) = 0, which, by Proposition 2.3, means thatxk is a stationary
point. On the other hand, ifxk is stationary, thenθ(xk) = 0, and thereforehxk(v

k) = 0
follows directly becauseθ(xk)≤ hxk(v

k)≤ (1−σ)θ(xk).
As we have already seen, ifxk is nonstationary,JF(xk)vk ≺ 0. So, thanks to

Proposition 2.2, we can use the Armijo-like rule with a backtracking procedure, as
stated in step 4. Moreover, if the method does not stop, the sequence{F(xk)} is K-
decreasing, i.e., it satisfiesF(xk+1)≺ F(xk) for all k; otherwise, this condition holds
until it stops. An important issue, from a practical point ofview, is the matter of
how can we generateσ -approximate directions without knowing the exact projected
gradient direction. In Section 4 we give a sufficient condition for σ -approximation.

From now on, we assume that Algorithm 3.3 produces an infinitesequence{xk}
of nonstationary points. From Proposition 2.3, we haveθ(xk) < 0 for all k, and in
order to see that every accumulation pointx∗ of {xk} is stationary it is enough to prove
thatθ(x∗) = 0. This will be done in our next theorem, which is an application of the
standard convergence argument for the classical steepest descent method. Before
that, we establish feasibility of the sequence{xk}.

Proposition 3.4. If {xk} ⊂Rn is a sequence generated by Algorithm 3.3, then xk ∈C
for all k.

Proof. We prove that{xk} ⊂C by induction ink. The initial iteratex0 belongs toC
by virtue of step 1 of Algorithm 3.3. Assuming thatxk ∈C, sinceC is convex and, by
the definition of the inexact algorithm,tk ∈ (0,1] andvk ∈C− xk, we conclude that
xk+1 ∈C.

Now we can show that every accumulation point of any sequenceproduced by
the inexact method is stationary. We point out that this theorem is different from
its counterpart in [13], because there the authors obtain the same conclusion for the
exact method, while here we deal with inexact search directions.

Theorem 3.5. Every accumulation point, if any, of a sequence{xk} generated by
Algorithm 3.3 is a feasible stationary point.
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Proof. Assume thatx∗ ∈ Rn is an accumulation point of the sequence{xk}. Fea-
sibility of x∗ follows from Proposition 3.4, sinceC is a closed set. According to
Proposition 2.3, it is enough to see thatθ(x∗) = 0. As F(xk+1) � F(xk) for all k,
from Proposition 2.1(iii), it follows that

ϕ(F(xk+1))≤ ϕ(F(xk)) for all k.

SinceF is continuously differentiable andϕ is continuous from Proposition 2.1(iv),
there exists a subsequence of{ϕ(F(xk))} converging toϕ(F(x∗)). Whence, from the
above inequality it follows that

lim
k→∞

ϕ(F(xk)) = ϕ(F(x∗)). (7)

On the other hand, from the Armijo condition, the fact thatδ > 0 and Proposi-
tion 2.1(i)–(iii), we have

−δ tkϕ
(

JF(xk)vk)≤ ϕ(F(xk))−ϕ(F(xk+1)).

Now, using the fact thatJF(xk)vk≺ 0, together with (3), (7) and the above inequality,
we obtain

0≤− lim
k→∞

δ tkϕ
(

JF(xk)vk)≤ lim
k→∞

[

ϕ(F(xk))−ϕ(F(xk+1))
]

= 0.

Therefore
lim
k→∞

tkϕ
(

JF(xk)vk)= 0. (8)

Consider now a subsequence{xkj } j converging tox∗. Taking into consideration
thattk ∈ (0,1] for all k, we just have the following two alternatives:

(a) limsup
j→∞

tkj > 0 or (b) limsup
j→∞

tkj = 0. (9)

First, assume that (9)(a) holds. Then, there exists a subsequence{tkji
}i con-

verging to somet∗ > 0, and such that limi→∞ xkji = x∗. So, from (8) it follows that
lim i→∞ ϕ

(

JF(xkji )vkji
)

= 0. Hence, we have

0= lim
i→∞

ϕ
(

JF(xkji )vkji
)

≤
1

β̂
lim
i→∞

θ(xkji ) =
1

β̂
θ(x∗),

where the inequality is due to the fact that

β̂ϕ
(

JF(xkji )v(xkji )
)

≤ β̂ϕ
(

JF(xkji )v(xkji )
)

+
‖v(xkji )‖2

2
= θ(xkji ),

with β̂ > 0, and the rightmost equality follows from Proposition 2.6.Then, since
θ(x∗)≤ 0 from (5), we getθ(x∗) = 0.
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Now assume that (9)(b) holds. We know that{xkj } j is a bounded sequence of
nonstationary points, so, sinceJF(xkj ) is bounded, due to the fact thatF is continu-
ously differentiable, using Proposition 2.5, we conclude that there existsK1 > 0 such
that

‖v(xkj )‖ ≤ 2β̂
(

max
w∈G
‖w‖

)

‖JF(xkj )‖ ≤ K1 for all j.

We claim that the sequence of directions{vkj } j is bounded too. Indeed, since{xkj }
is convergent, from the continuity ofθ , established in Proposition 2.6, we see that
there existsK2 > 0, such that|θ(xkj )| ≤ K2. Hence, using the triangular inequality,
Lemma 3.2 and the above inequality, we have:

‖vkj ‖ ≤ ‖v(xkj )‖+
√

2σ |θ(xkj )| ≤ K1+
√

2σK2
.
= K, for all j.

Therefore, we can take subsequences{xkji }i , {vkji }i and{tkji
}i converging tox∗, v∗

and 0, respectively. Observe that

ϕ
(

JF(xkji )vkji
)

≤
1

β̂
θ(xkji )< 0 for all i,

where the strict inequality follows from Proposition 2.3 and the fact that{xk} is a
sequence of nonstationary points. Then, lettingi→ ∞ in the above inequality, from
the continuity ofϕ andθ (Propositions 2.1(iv) and 2.6), we get

ϕ
(

JF(x∗)v∗
)

≤
1

β̂
θ(x∗)≤ 0. (10)

Take now some fixed but arbitrary positive integerq. Since limi→∞ tkji
= 0, for i

large enough we havetkji
< τ−q, which means that the Armijo condition does not

hold atxkji for t = τ−q, i.e.,

F
(

xkji + τ−qvkji
)

� F
(

xkji
)

+δτ−qJF
(

xkji
)

vkji . (11)

Whence, for all large enough positive integeri, there existswi ∈G such that
〈

wi,F
(

xkji + τ−qvkji
)

−F(xkji )−δτ−qJF(xkji )vkji

〉

> 0,

otherwise, from (3), we would haveF(xkji +τ−qvkji )� F(xkji )+δτ−qJF(xkji )vkji , in
contradiction with (11). Clearly, we do not lose generalityif we assume that{wi}i
converges to some ¯w∈G, sinceG is compact. So lettingi→∞ in the above numerical
inequality, we get

〈

w̄,F(x∗+ τ−qv∗)−F(x∗)−δτ−qJF(x∗)v∗
〉

≥ 0.

Hence, using the definition of the support function (2),

ϕ
(

F(x∗+ τ−qv∗)−F(x∗)−δτ−qJF(x∗)v∗
)

≥ 0.
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Since this inequality holds for any positive integerq, using Proposition 2.2 and (3),
we conclude thatJF(x∗)v∗ ⊀ 0, i.e. ϕ(JF(x∗)v∗)≥ 0. Combining this with (10), we
get thatθ(x∗) = 0, which completes the proof.

We know that ifx∗ ∈C is an accumulation point of{xk}, thenθ(x∗) = 0. So,
sinceθ is continuous, ifxk → x∗, necessarilyθ(xk) → 0. In the next lemma we
see, among other things, how fast doestk|θ(xk)| converge to zero, wheretk is the
steplength taken fromxk. We will need the following estimate. From the Armijo
condition and the properties of the support functionϕ (Proposition 2.1), we have

ϕ
(

F(xk+1)
)

≤ ϕ
(

F(xk)
)

+ tkδϕ
(

JF(xk)vk) (12)

≤ ϕ
(

F(xk)
)

+ tk
δ
β̂

[

(1−σ)θ(xk)−
‖vk‖

2

2
]

, (13)

where the last inequality follows from the fact thatvk is a σ -approximate direction
at xk ∈C. Before the announced lemma, we still need to introduce a natural concept:
we say that a sequence{zk} ⊂ Rm is K-bounded(from below) if there exists ¯z∈ Rm

such that ¯z� zk for all k.

Lemma 3.6. If the sequence{F(xk)} is K-bounded from below, then:

(i)
∞

∑
k=0

tk
∣

∣θ(xk)
∣

∣< ∞;

(ii)
∞

∑
k=0

tk‖v
k‖2 < ∞;

(iii)
∞

∑
k=0

tk
∣

∣ϕ(JF(xk)vk)
∣

∣< ∞;

(iv)
∞

∑
k=0

tk
∣

∣〈w,JF(xk)vk〉
∣

∣< ∞, for all w∈ conv(G).

Proof. Adding up, fromk= 0 to k= N at (13), we get

ϕ
(

F(xN+1)
)

≤ ϕ
(

F(x0)
)

+
N

∑
k=0

tk
δ
β̂

[

(1−σ)θ(xk)−
‖vk‖2

2

]

= ϕ
(

F(x0)
)

−
N

∑
k=0

tk
δ
β̂

[

(1−σ)|θ(xk)|+
‖vk‖2

2

]

,

where the equality holds by virtue of the nonstationarity ofxk together with Propo-
sition 2.3. Since{F(xk)} is K-bounded (say bȳF), δ ∈ (0,1), β̂ > 0, from Proposi-
tion 2.1(iii), we obtain

N

∑
k=0

tk

[

(1−σ)|θ(xk)|+
‖vk‖2

2

]

≤
β̂
δ
[

ϕ
(

F(x0)
)

−ϕ(F̄)
]

for all N.

11



Using now the fact thatσ ∈ [0,1), we immediately get (i) and (ii). The proof of (iii)
is analogous, but instead of (13), we use (12).

As for (iv), we observe from the Armijo condition, that for all w∈ conv(G)⊂K∗,

−tkδ 〈w,JF(xk)vk〉 ≤ 〈w,F(xk)〉− 〈w,F(xk+1)〉.

Adding upk from 0 toN at the above inequality, and observing that〈w,JF(xk)vk〉< 0,
becauseJF(xk)vk ≺ 0, we get

N

∑
k=0

tk|〈w,F(xk)vk〉| ≤
1
δ
[

〈w,F(x0)〉− 〈w,F(xN+1)〉
]

.

Sinceδ > 0, using once again the fact thatF̄ � F(xk) for all k, we conclude that (iv)
is also true.

4 Relation between the projected gradient method and the
weighting method

A well-known technique for solving problem (1) is the so-called scalarizationproce-
dure, which roughly speaking consists on replacing the vector optimization problem
by one or more scalar-valued problems. A very simple versionof this strategy is
the so-called weighting method, which consists on takingw ∈ K∗ and solving the
following scalar-valued problem

min 〈w,F(x)〉
s.t. x∈C.

(14)

The optima of the above problem are also weakly efficient solutions of the original
vector optimization problem. Although this procedure has the advantage of requiring
to solve smooth scalar minimization problems, for which we have fast and reliable
methods, it is well-known that many choices ofw can lead to unbounded problems,
even if the vector-valued problem has weakly efficient solutions. It is not an easy task
to find w∈ K∗ such that the corresponding scalarized problem is guaranteed to have
an optimal solution [14].

In this section, we will combine the ideas of previous sections with the weighting
method. First observe that∇x〈w,F(x)〉 = JF(x)⊤w, so if the (scalar-valued) pro-
jected gradient method is applied to solve the problem (14),at iterationk, the search
direction will bePC(xk− β̂JF(xk)⊤w)− xk. The next proposition shows that for a
suitablew∈ K∗, the projected gradient direction for the scalarized problem coincides
with the (exact) direction computed by the projected gradient method for vector op-
timization. So the exact method can be seen as if, at each iteration, it implicitly
performs a scalarization (for an unknown weightw ∈ Rm) and computes the pro-
jected gradient direction for the corresponding scalarized problem. Also, observe
thatϕ(y) = maxw∈G〈w,y〉= maxw∈conv(G)〈w,y〉.
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Proposition 4.1. Take x∈C and let v(x) be the (exact) projected gradient direction
for F at x, as defined in(4). Then, there exists̃w∈ conv(G) ⊂ K∗ such that v(x) is
the projected gradient direction for the scalarized problem (14), with w= w̃.

Proof. Let us recall that the (primal) problem which definesv(x) is

min
v∈C−x

max
w∈conv(G)

{

β̂ 〈w,JF(x)v〉+
‖v‖2

2

}

.

The dual of this problem is

max
w∈conv(G)

min
v∈C−x

{

β̂ 〈w,JF(x)v〉+
‖v‖2

2

}

.

Using Lemma 2.4, we can simplify the dual problem as

max
w∈conv(G)

{

β̂ 〈JF(x)⊤w,PC−x(−β̂JF(x)⊤w)〉+
‖PC−x(−β̂JF(x)⊤w)‖2

2

}

. (15)

Since conv(G) is convex and compact, the dual problem has always a solution,
which is not necessarily unique. So, let ˜w∈ conv(G) be a dual solution. Let us now
show that there is no duality gap. First note that, for allv∈C−x,

θ(x) = max
w∈conv(G)

β̂ 〈w,JF(x)v(x)〉+
‖v(x)‖2

2
≤ max

w∈conv(G)
β̂ 〈w,JF(x)v〉+

‖v‖2

2
,

becausev(x) is the primal solution. In particular, takingv= PC−x(−β̂JF(x)⊤w),

θ(x) ≤ max
w∈conv(G)

{

β̂ 〈JF(x)⊤w,PC−x(−β̂JF(x)⊤w)〉+
‖PC−x(−β̂JF(x)⊤w)‖2

2

}

.

The strong duality follows from the above inequality, (15) and the weak duality rela-
tion. Thus, we conclude that(v(x),w̃) is a saddle point of̂β 〈w,JF(x)v〉+(1/2)‖v‖2

in (C−x)×conv(G) [4, Proposition 2.6.1]. In particular, we have:

β̂ 〈w̃,JF(x)v(x)〉+
‖v(x)‖2

2
≤ β̂ 〈w̃,JF(x)v〉+

‖v‖2

2
,

for all v∈C−x. So, using again Lemma 2.4, we have

v(x) = PC−x
(

− β̂JF(x)⊤w̃
)

= PC
(

x− β̂JF(x)⊤w̃
)

−x, (16)

which is the (scalar-valued) projected gradient directionfor the scalarized problem
whenw is replaced by ˜w in (14), becauseJF(x)⊤w̃= ∇x〈w̃,F(x)〉.

We now extend to the constrained vector optimization setting a concept consid-
ered in [16] for the unconstrained case.

13



Definition 4.2. Let x∈C. A direction v∈C−x isscalarization compatible(or simply
s-compatible) at x if there exists w∈ conv(G) such that

v= PC−x(−β̂JF(x)⊤w).

Note thats-compatible directions are well defined, sinceC is closed and convex.
Moreover, if v is s-compatible atx, by Lemma 2.4,v = PC(x− β̂JF(x)⊤w)− x for
somew∈ conv(G). Observe that the exact search directionv(x) is s-compatible as it
was shown in (16).

Let us now go back to the inexact method. As step 2 of Algorithm3.3 requires the
computation of aσ -approximate projected gradient direction atxk, it would be inter-
esting to see for which “weights”w∈ conv(G) we have thatv= PC−x(−β̂JF(x)⊤w)
is a σ -approximate direction atxk. The next proposition, which is an extension of
[16, Proposition 5.2], gives us a sufficient condition for ans-compatible direction to
be aσ -approximation.

Proposition 4.3. Let x∈C, w∈ conv(G), v= PC−x(−β̂JF(x)⊤w) andσ ∈ [0,1). If

β̂ϕ(JF(x)v) ≤ (1−σ)β̂ 〈w,JF(x)v〉−
σ
2
‖v‖2, (17)

then v is aσ -approximate projected gradient direction.

Proof. Adding‖v‖2/2 on both sides of (17), we obtain

hx(v) = β̂ϕ(JF(x)v)+
‖v‖2

2
≤ (1−σ)

{

β̂ 〈w,JF(x)v〉+
‖v‖2

2

}

.

Sincev= PC−x(−β̂JF(x)⊤w), we see that the right hand side of the above inequality
is the objective function of problem (15) (multiplied by 1−σ > 0). As θ(x) is the
primal optimal value, the result follows from weak duality.

We end this section by noting that, forσ > 0, the exact projected gradient direc-
tion v(x) satisfies condition (17) with strict inequality.

5 Convergence analysis

In this section we can finally show that, under reasonable hypotheses, every sequence
produced by the inexact projected gradient method converges globally to a weakly
efficient solution of problem (1). Recall that we are assuming that the method does
not stop, i.e., that it generates an infinite sequence{xk} of nonstationary points.

From now on, we will also assume thatF is K-convexonC, i.e.,

F(λx+(1−λ )u)� λF(x)+ (1−λ )F(u), (18)
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for all x,u∈C and allλ ∈ [0,1]. Observe that, forw∈K∗, we have thatx 7→ 〈w,F(x)〉
is a smooth convex real-valued function, so, since∇x〈w,F(x)〉 = JF(x)⊤w, we have

〈w,F(x)〉+ 〈w,JF(x)(u−x)〉 ≤ 〈w,F(u)〉 for all x,u∈C. (19)

Note that, sincew is an arbitrary vector inK∗, by linearity of〈w, ·〉, the above condi-
tion is equivalent to the following:

F(x)+JF(x)(u−x) � F(u) for all x,u∈C.

The aboveK-inequality is a general property forK-convex continuously differen-
tiable functions, which clearly extends the well-known fact that every smooth convex
scalar function overestimates its linear approximations [23, Lemma 5.2].

For the sake of completeness, let us now state another well-known fact, namely
that, as in the scalar case, under convexity of the objectivefunction, stationarity is
equivalent to optimality.

Lemma 5.1. [12, Lemma 5.2] Assume that F: Rn→ Rm is K-convex. Then x∈ Rn

is stationary if and only if x is weakly efficient.

In order to prove convergence of Algorithm 3.3, we will use a standard technique
on extensions of classical scalar optimization methods to the vector-valued case: the
notion of quasi–Féjer convergence to a set. Let us recall that a sequence{x(k)} ⊂ Rn

is quasi-Féjer convergentto a nonempty setT ⊂ Rn if, for everyx∈ T there exists a
sequence{εk} ⊂ R, with εk

.
= εk(x)≥ 0 for all k and∑∞

k=0 εk < ∞, such that

‖x(k+1)−x‖2≤ ‖x(k)−x‖2+ εk for all k.

The following result is the main tool for the convergence proof.

Theorem 5.2. [5, Theorem 1] Let{x(k)} be a quasi-Féjer convergent sequence to a
nonempty set T⊂Rn. Then,{x(k)} is bounded. If, in addition, an accumulation point
x∗ of {x(k)} belongs to T , thenlimk→∞ x(k) = x∗.

We begin the convergence analysis with a technical result, necessary for establish-
ing quasi-Féjer convergence of any sequence{xk} produced by the inexact method to
the setT

.
= {x∈C: F(x) � F(xk) for all k}.

Lemma 5.3. Suppose that F is K-convex and let vk be an s-compatible direction
at xk, given by vk = PC−xk(−β̂JF(xk)⊤wk), with wk ∈ conv(G). If for a givenx̂∈C
we have F(x̂)� F(xk), then

‖xk+1− x̂‖2≤ ‖xk− x̂‖2+2β̂ tk
∣

∣〈wk,JF(xk)vk〉
∣

∣.

Proof. As xk+1 = xk+ tkvk, we have

‖xk+1− x̂‖2 = ‖xk− x̂‖2+ t2
k‖v

k‖2−2tk
〈

vk, x̂−xk〉. (20)
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Let us analyze the rightmost term of the above expression. From the definition ofvk

and the obtuse angle property of projections, we get

〈

− β̂JF(xk)⊤wk−vk,v−vk〉≤ 0 for all v∈C−xk.

Takingv= x̂−xk ∈C−xk on the above inequality, we obtain

−
〈

vk, x̂−xk
〉

≤ β̂
〈

wk,JF(xk)(x̂−xk)
〉

− β̂
〈

wk,JF(xk)vk
〉

−‖vk‖2. (21)

Now, from (19),

〈

wk,JF(xk)(x̂−xk)
〉

≤
〈

wk,F(x̂)−F(xk)
〉

≤ 0,

where the last inequality follows becauseF(x̂) � F(xk) andwk ∈ K∗. Also, since
JF(xk)vk ≺ 0, we have

〈

wk,JF(xk)vk
〉

< 0. Thus we can rewrite (21) as

−
〈

vk, x̂−xk〉≤ β̂
∣

∣〈wk,JF(xk)vk〉
∣

∣−‖vk‖2,

which, together with (20) and the fact thattk ∈ (0,1], gives us the desired result.

We still need to make a couple of supplementary assumptions,which are standard
in convergence analysis of classical (scalar-valued) methods extensions to the vector
optimization setting.

Assumption 5.4. Every K-decreasing sequence{zk} ⊂ F(C) is K-bounded from be-
low by an element of F(C), i.e., there existŝx∈C such that F(x̂) � zk for all k, and
any{zk} with zk+1≺ zk for all k.

Assumption 5.5. The search direction vk is s-compatible at xk, that is to say, vk =
PC−xk(−β̂JF(xk)⊤wk), where wk ∈ conv(G) for all k.

As mentioned in [16], Assumption 5.4, known asK-completeness[23, Section
19], is standard for guaranteeing existence of efficient solutions for vector-valued op-
timization problems. In the scalar unconstrained case, it is clearly equivalent to the
existence of an optimum. As for Assumption 5.5, it clearly deals with the sequence
itself rather than with the objective functionF. The search direction prescribed by Al-
gorithm 3.3 isσ -approximate atxk, and we are now asking it to be alsos-compatible
at the current iterate.

Let us now finally state and prove the main convergence result.

Theorem 5.6. Assume that F is K-convex and that Assumptions 5.4 and 5.5 hold.
Then, every sequence produced by theinexactprojected gradient method converges
to a weakly efficient solution.
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Proof. Let us consider the set

T =
{

x∈C: F(x) � F(xk) for all k
}

,

and take ˆx ∈ T, which exists by Assumption 5.4. SinceK-convexity ofF and As-
sumption 5.5 hold, it follows from Lemma 5.3 that

∥

∥xk+1− x̂
∥

∥

2
≤
∥

∥xk− x̂
∥

∥

2
+2β̂ tk

∣

∣〈wk,JF(xk)vk〉
∣

∣ for all k. (22)

Let us prove first that the sequence{xk} is quasi-Féjer convergent to the setT.
From Assumption 5.5 , we have thatvk =PC−xk(−β̂JF(xk)⊤wk), wherewk∈ conv(G),
for all k. Besides, asK is pointed, int(K∗) 6= /0 [28, Propositions 2.1.4, 2.1.7(i)] and
therefore, the dual coneK∗ contains a (Hammel) basis ofRm, say {w̃1, . . . ,w̃m}.
Without loss of generality, assume that{w̃1, . . . ,w̃m} ⊂ conv(G). Thus, for eachk,
there existηk

i ∈R, i = 1, . . . ,m, such that

wk =
m

∑
i=1

ηk
i w̃i.

In view of the compactness of conv(G), all scalarsηk
i are uniformly bounded, which

means that there existsL > 0, such that|ηk
i | ≤ L for all i andk. So, from (22) we get

∥

∥xk+1− x̂
∥

∥

2
≤

∥

∥xk− x̂
∥

∥

2
+2β̂ tkL

m

∑
i=1

∣

∣〈w̃i ,JF(xk)vk〉
∣

∣ for all k.

Definingεk
.
= 2β̂ tkL∑m

i=1 |〈w̃
i,JF(xk)vk〉|, we have thatεk ≥ 0 and

∥

∥xk+1− x̂
∥

∥

2
≤
∥

∥xk− x̂
∥

∥

2
+ εk.

In view of Assumption 5.4,{F(xk)} is K-bounded, so from Lemma 3.6(iv), we have
∑∞

k=0 εk < ∞. Since ˆx is an arbitrary element ofT, we see that{xk} converges quasi-
Féjer toT.

Hence, by virtue of Theorem 5.2, it follows that{xk} is bounded. Therefore,{xk}
has at least one accumulation point, which, by Theorem 3.5 isstationary. By virtue
of Lemma 5.1, this point is also weakly efficient, becauseF is K-convex. Moreover,
sinceC is closed and the sequence is feasible, this accumulation point belongs to
C. Let x∗ ∈ C be one of these accumulation points and{xkj } j be a subsequence
converging tox∗. Let k̄ be a fixed but arbitrary nonnegative integer. For large enough
j we have

F(xkj )� F(xk̄).

As K is closed, lettingj→ ∞, we obtain

F(x∗)� F(xk̄).

Sincek̄ is arbitrary,x∗ ∈ T. So, once again from Theorem 5.2, we conclude that{xk}
converges tox∗, which is a weakly efficient solution.
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Clearly, whenever Assumptions 5.4 and 5.5 hold, the previous theorem encom-
passes the most important case of vector-valued problems: multicriteria, i.e., when
K = Rm

+. Actually, this theorem also shows the convergence of the inexact method
in the (pointed) polyhedral case, i.e., whenever the ordering cone is pointed and has
finitely many extreme rays.

6 Convergence analysis without pointedness

Observe that, up to now, we just explicitly used the pointedness ofK at the beginning
of the proof of Theorem 5.6, while showing that int(K∗) 6= /0. In this section we
analyze the convergence of the inexact method for a non-antisymmetric partial order,
i.e. for a nonpointed coneK. Recall that, apartial order on Rm is a reflexive and
transitive binary relation onRm, which is consistent with the algebraic sum of vectors
and the multiplication by nonnegative scalars. We know thatevery partial order is
induced by a cone and, if this cone is pointed, the relation isalso antisymmetric
(see [19]). As we said, now we drop this assumption and study the convergence of
the method for this weaker partial order, i.e., for a cone which contains nontrivial
subspaces. As it is natural, in order to get similar results as those of last section with
a weaker ordering structure, we will need supplementary assumptions. In our next
theorem, we present a couple of alternative hypotheses.

Theorem 6.1. Let K be nonpointed and F K-convex. If Assumptions 5.4 and 5.5
hold, as well as one of the following conditions:

(i) there existŵ1, . . . ,ŵr ∈ conv(G) such that

{wk} ⊂ conv{ŵ1, . . . ,ŵr} with r ∈ N,

(ii) there existρ > 0 and k0 ∈ N such that

ϕ
(

JF(xk)wk)≤ ρ
〈

wk,JF(xk)vk〉 for all k ≥ k0,

then, every sequence produced by the inexact projected gradient method converges
to a weakly efficient solution.

Proof. Consider the setT = {x∈C: F(x) � F(xk) for k= 0,1, . . .} and take ˆx∈ T,
which exists by Assumption 5.4. So, using Assumption 5.5 andLemma 5.3, it follows
that

‖xk+1− x̂‖2≤ ‖xk− x̂‖2+2β̂ tk
∣

∣〈wk,JF(xk)vk〉
∣

∣ for all k. (23)

Now we will see that, under hypotheses (i) or (ii), the sequence {xk} is quasi-Féjer
convergent to the setT.
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Let us first suppose that hypothesis (i) holds. By Assumption5.5,wk ∈ conv(G)

and then there existα(k)
j ≥ 0, for j = 1, . . . , r, with ∑r

j=1α(k)
j = 1 such thatwk =

∑r
j=1α(k)

j ŵ j for all k. Whence, from (23) and the triangle inequality, it follows that

‖xk+1− x̂‖2≤ ‖xk− x̂‖2+
r

∑
j=1

2β̂ tk
∣

∣〈ŵ j ,JF(xk)vk〉
∣

∣ for all k.

Now observe that, applying Lemma 3.6(iv) tow= ŵ j , with j = 1, . . . , r, we see that
∑∞

k=0 εk < ∞, whereεk
.
= ∑r

j=12β̂ tk|〈ŵ j ,JF(xk)vk〉|. Since ˆx was an arbitrary element
of the setT, the sequence{xk} converges quasi-Féjer toT.

Now let us assume that hypothesis (ii) holds. Since we are assuming that{xk} is
a sequence of nonstationary points, we have thatJF(xk)vk≺ 0, which combined with
the fact thatwk ∈ conv(G) ⊂ K∗, gives us〈wk,JF(xk)vk〉 < 0. So condition (ii) can
be rewritten as

|〈wk,JF(xk)vk〉| ≤ ρ−1|ϕ(JF(xk)vk)|.

Whence,∑∞
k=0 2β̂ tk

∣

∣〈wk,JF(xk)vk〉| < ∞, by virtue of Lemma 3.6(iii). Therefore,
from (23), we conclude that{xk} converges quasi-Féjer toT.

Up to now, we have seen that, under conditions (i) or (ii), thesequence{xk} is
quasi-Féjer convergent to the setT. Hence, in both cases, (i) or (ii), proceeding as in
the end of the proof of Theorem 5.6, we see that{xk} converges to a weakly efficient
solution.

Note that for the above theorem other hypotheses, similar to(ii), can be derived
from Lemma 3.6. For instance, one could ask, instead of (ii),that for someρ > 0 and
k0 ∈ N,−‖vk‖2 ≤ ρ〈wk,JF(xk)vk〉 for all k≥ ko.

As we will now see, Theorem 6.1 encompasses the polyhedral nonpointed case,
i.e., it shows us that, among other cases, we also have convergence for any nonpointed
ordering cone with finitely many extreme rays.

Corollary 6.2. Let K be nonpointed. Under polyhedrality of K, K-convexity of F,
Assumptions 5.4 and 5.5, we have that any sequence generatedby the inexact method
converges to a weakly efficient solution.

Proof. If K is polyhedral, thenK∗ is also polyhedral. Then, there existsr ∈ N such
that ŵ1, . . . ,ŵr ∈ K∗ \ {0} andG = {ŵ1, . . . ,ŵr}. Since, by Assumption 5.5,wk ∈
conv(G) for all k, condition (i) of Theorem 6.1 holds and so the result follows.

Now we show that for the exact gradient projected method we donot need to
ask all assumptions of Theorem 6.1 in order to have convergence, since, as we saw in
(16), the exact directionv(xk) is always s-compatible, so it automatically satisfies As-
sumption 5.5. Under pointedness ofK, a similar convergence result was established
in [12, Theorem 5.6].
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Corollary 6.3. Let K be nonpointed. Under K-convexity of F and just Assumption
5.4, all sequences produced by theexactmethod converge to a weakly efficient solu-
tion.

Proof. We know thatv(xk), the exact projected gradient direction, iss-compatible at
xk for all k, that is to say, Assumption 5.5 is satisfied. Furthermore,v(xk) verifies
condition (17) for allk. Moreover, since〈wk,JF(xk)v(xk)〉< 0 for all k, (17) implies
condition (ii) of Theorem 6.1. Hence, the conclusion follows from that theorem.

7 Final remarks

Let us make some final comments on issues concerning the implementation of the
method. From a practical point of view, the user should try toreach condition (17).
Indeed, this condition, as shown in Proposition 4.3, guarantees not only that thes-
compatible directionvk =PC(−β̂JF(xk)wk) is σ -approximate but, wheneverK is not
pointed, according to Theorem 6.1, it also ensures the convergence of the correspond-
ing sequence, because, as we have already seen, (17) implieshypotheses (ii) of that
theorem. Now, since the exact projected gradient directionv(xk) satisfies condition
(17) (with strict inequality, for 0< σ ), it seems reasonable to try to approximately
solve (4). It is worth to point out that, as usual with this kind of extensions, our goal
is not to obtain the whole set of optimal points; we are just concerned with finding
a single optimum. Nevertheless, from a numerical point of view, we can expect to
somehow approximate the solution set by just performing ourmethod for different
initial guesses.

Observe that, as was noted in [12], ifK̂ is a closed convex pointed cone with
K \{0} ⊂ int(K̂), such that Assumption 5.4 holds andx∗ is K̂-weakly efficient, then
x∗ is efficient for the original partial order, that is, there does not existx ∈C such
thatF(x)� F(x∗) andF(x) 6= F(x∗). Some practical considerations on how to obtain
suchK̂ are given in that work. Without considering new cones, as wasalso men-
tioned in [12] for the exact method, we can guarantee convergence of all sequences
produced by the inexact method to efficient points whenever the objective functionF
is strictly K-convex, i.e., when it satisfies (18) with strictK-inequality “≺” (see [15,
Proposition 2.2]).
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