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Abstract

In this work, we propose an inexact projected gradientslilethod for solving
smooth constrained vector optimization problems. In theonstrained case,
we retrieve the steepest descent method introduced by Graffamond and
Svaiter. In the constrained setting, the method we presgemnds the exact one
proposed by Grafia Drummond and lusem, since it admitsvelatrors on the
search directions. At each iteration, a decrease of thetigesalue is obtained
by means of an Armijo-like rule. The convergence resulthaf hew method
extend those obtained by Fukuda and Grafia Drummond for et g&rsion.
Basically, for antisymmetric and non-antisymmetric prtirders, under some
reasonable hypotheses, global convergence to weaklyegifipbints of all se-
quences produced by the inexact projected gradient methestablished for
convex (respect to the ordering cone) objective functidnghe convergence
analysis we also establish a connection between the sedaadlighting method
and the one we propose.

Keywords: Weak efficiency; Multiobjective optimization; Projectedagient
method; Vector optimization

1 Introduction

Let K ¢ R™ be a closed, convex and pointed (i.&/ (—K) = {0}) cone with
nonempty interior intK). The partial order induced By in R™ is defined byu < v
(alternatively,v = u) if v—u € K. We also consider the following stronger relation:
u < v (alternatively,v > u) if v—u € int(K). LetC C R" be a closed and convex set
andF: R" — R™ a continuously differentiable function. Here we are inséed in
solving the following problem:

min  F(x)

s.t. xeC, (1)
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understood in the weak Pareto sense. A pgint C is aweakly efficien{or weak
Paretq solution of the above problem if there existsxe C such thaf (x) < F(x").

We will refer to (1) as a smooth constraineelctor optimizatiorproblem. In the
particular case of the Paretian cdfe- R, the nonnegative orthant &", “ <" is the
usual component-wise partial order Bf. In this case, (1) is callethultiobjective
(or multicriteria) optimizationproblem. Moreover, iin= 1, the partial orderX” is
the usual (complete) order d&, induced by the cone of nonnegative real numbers,
and (1) is a typical constrained scalar-valued optimizapooblem. For a general
treatment of vector optimization problems see [18, 19, 33, 2

For the preference order induced by the Paretian cone, tit#@eon of finding
weakly (or strongly) efficient solutions emerges in differareas. As some examples,
we cite design [11, 20], engineering [7], environmentallgsia [8, 21], management
science [3, 26, 31], space exploration [25, 30] and ste¢ig6]. For orders induced
by different cones, the vector optimization problem doesarise as frequently as
the one concerning the point-wise partial order. Howeves also important, as it
can be seen in [1, 2], with issues concerning portfolio seledn security markets.
Therefore, vector optimization problems, such as (1), & elevant and deserve
our attention.

One of the most popular strategies for solving vector otatidn problems is the
scalarizationapproach. Roughly speaking, it consists on replacing toowalued
problem by a family of scalar-valued problems, in such a vy all optima of the
real-valued problems are solutions of the original one 227 24]. Among the scalar-
ization techniques, we have tieeighting methodwhere basically one minimizes a
linear combination of the objective functions. Its mainwdback is that the vector
of “weights” is not known a priori and so, the method may leadimbounded, and
thus unsolvable, scalar problems, even if the vector opétion problem does have
weakly efficient solutions [14]. Of course, other procedui@ solving multicriteria
and vector optimization problems are also available, lileedoal programming and
interactive methods [24].

Here we follow another path, which consists on extendingsital scalar op-
timization methods to the vector-valued setting. Versiohsteepest descent, pro-
jected gradient and Newton methods have been already dturdj&0, 16], [12, 13]
and [9, 15], respectively. These methods do not scalareedhtor-valued problem
and so they do not require prior knowledge of weighting fexctar some ordering
information of the objectives, and their convergence aislis quite satisfactory.
Different type of algorithms which do not scalarize haverbeéso developed for
multicriteria optimization [29].

In this work we extend the (exact) projected gradient metistutlied by Grafna
Drummond and lusem [13] and Fukuda and Grafia Drummond [ti2hjteng rel-
ative errors in the search directions. We recall that at é@chtion of that exact
method, a search direction is computed by means of an ayxil@smooth problem
(the minimization of the max ordering scalarization). Ia thexact version proposed



here, while a certain first-order optimality condition ist satisfied, an approxima-
tion of the exact search direction is computed at each iteratAs in [12], we also
show global convergence of the generated sequences, Uredsarne assumptions.
Indeed, under standard hypotheses, for convex objecthatifuns with respect to the
ordering cone, we show convergence to weakly efficient solatfor arbitrary initial
points. Finally, we mention that the proposed method cam ladsseen as a direct
extension of the steepest descent method for unconstragetdr-valued problems
with relative errors proposed in [16].

The outline of this article is as follows. In Section 2 we expdhe main ideas be-
hind the exact version of the projected gradient method éotor optimization [13]
and we also present some results which will be used in thig.wWie define, in Sec-
tion 3, the inexact version of such projected gradient nobthred study some prop-
erties of the generated sequences. In Section 4 we analyamitimection between
the weighting method and the one we propose. In Section Grasg convexity of
the objective function with respect to the ordering cone ander some reasonable
assumptions, we show that all sequences produced by thacingsojected gradient
method are globally convergent to weakly efficient solwioBropping the pointed-
ness hypothesis on the cone and adding some new conditiensstablish conver-
gence of the method in Section 6. We finish the article in actiwith some brief
comments on implementation issues; in particular, we ghraesconditions on the
cone in order to perform the method and obtain efficient gdjinistead of just weak
optima).

2 Preliminaries

In this section we describe the exact projected gradienbodgbroposed in [13] and
studied in [12]. The vast majority of the results of this satican be found in these
works, so we just state them without proofs. We point out slmahe of this results
will also be needed for the inexact version of the methodtHemmore, we state and
proof a technical result, which cannot be found on the afergioned papers, useful
for interpreting the method as an extension of the classizaar one.
First, let us introduce some definitions and notations. dured cone(or positive

polar cong of K is given by

K*={yeR™: (zy) >0 forallze K},

where(-,-) is the Euclidean inner product. Sinkeis closed, convex and nonempty,
we haveK** = K [27, Theorem 14.1].

Let us now give a scalar representationkdf. ConsiderG c K* a fixed (but
arbitrary) compact set with @ G and such that the cone generated by its convex
hull con(G) is K*. We can take, for exampl& = {w € K*: |\w|| = 1}, where|| - ||
denotes the Euclidean norm. However, we can consider muahesraets in general.

In the multiobjective case, sing®T)* = RT, G can be taken as the canonical basis

3



of R™. If K is a polyhedral cone, sind€* is also polyhedralG can be chosen as the
finite set of its extreme rays.

In the general case, for a given such Getve denote by : R™ — R its support
function that is

o(y) = Te%x<"v’ y). 2

SinceK** = K andG spans all the nontrivial directions of the coli&, we have the
following characterizations of K and—int(K):

—K={yeR™ ¢(y) <0} and —int(K)={yeR™ ¢(y)<0}. (3)

For the sake of completeness, we list here some propertibe slupport functiorg
that will be used on the sequel.

Proposition 2.1. [16, Lemma 3.1] Consider G K* and¢ : R™ — R its the support
function. Then:

(i) The functiong is positively homogeneous of degtee
(i) Forally,ze R™, we havep(y+2) < ¢(y)+¢(z) andg(y) — ¢ (2) < d(y—2).

(iii) Forally,ze R™ ify <z(y<2), thend(y) < (2) ($(y) < $(2)).
(iv) The functiong is Lipschitz continuous with constamiaxycg ||w||.

Let us now go back to the vector optimization problem (1) aricbduce a neces-
sary (but in general not sufficient) condition for optimgalitVe say that a point€ C
is stationaryfor F if

—int(K)N {JF(X)(x—X): xe C} =0,

whereJF(x) is the Jacobian df atx. Thus,x € C is stationary for if, and only if,
JF(X)v 4 O for allv e C—x. Using (3), this is also equivalent #(JF(x)v) > 0, for
allve C—x. Note that fom=1 andK =R, we retrieve the well-known stationarity
condition for constrained scalar-valued optimizatiooF (x),x—X) > 0 for all x € C.
Observe also that ¥ € C is nonstationary, there exists C —x with JF(x)v < 0.
So, since
F(x+tv) = F(x) +tIF(x)v+o(t),

with lim¢_,p0(t) /t = 0, we can take positive and sufficiently small, in order to still
haveJF(x)v+o(t)/t € —int(K). Therefore, for any nonstationary C, there exists
v € C—x, adescent directiorfor F atx, i.e., F(x+tv) < F(x) for all t € (0,t], for
somety > 0. Actually, for any nonstationary pointe C, we have a stronger result
which will allow us to implement an Armijo-like rule at eactep of the algorithm.

Proposition 2.2. [13, Proposition 1] Letd € (0,1), x € C and ve C — x such that
JF(x)v < 0. Then, there exists> 0 such that Fx+tv) < F(x) + dtJF(x)v for all

t € (0,t].



Now we can briefly describe the exact projected gradient atetbr vector opti-
mization [13]. Theexact projected gradient directidior F atx € C is given by

v(x) = argminhy(v), where hy(v) = 3¢ (JF(X)V) + % @)
veC—x

andB > 0. Note that, in view of the strong convexity laf, the directionv(x) is well
defined and its defining scalar-valued optimization probiem general nonsmooth,
because of the maximum function. However, in some importases, as multi-
objective optimization, this problem can be replaced byntiireimization of a single
variable subject to the original constraint plus finitelynpamooth inequalities. This
is also possible for the general polyhedral case.
For a givenx € C, let us define the optimal value of the minimization problem
from (4) as
6(x) = min hy(v) = he(V(x)).
veC—x

Since 0e C — x, we have

6(x) <0 forallxeC. (5)

Also we have the following characterization of stationarit

Proposition 2.3. [13, Proposition 3] For any xc C, the following three conditions
are equivalent: (i) The point x is nonstationary for F; (@)x) < 0 and (iii) v(x) # 0.
In particular, xe C is stationary for F if and only iB(x) = 0.

At iteration k of the exact projected gradient method for vector optintzatthe
search direction is obtained by computing®). By (3), this is a descent direction,
since@(x) < 0 implies¢ (JF(x¥)v(x)) < 0. So, by means of a backtracking proce-
dure, a steplengtty is computed in order to define a new iterafé! = x + tyv(x¥),
in such a way that an Armijo-like rule (as in Proposition A¥atisfied. As noted
in [13], unless the (feasible) sequence produced by the aderminates with a
stationary point, it consists of infinitely many nonstaton points. In particular,
F(Xt1) < F (XX for all k.

The following auxiliary result will be widely used afterwd® in this work, and
right now it will allow us to see that the method we are desagleffectively ex-
tends to the vector-valued case the classical projecteliegamethod for constrained
scalar optimization.

Lemma2.4. Letwe G C K* andB > 0. Then,
n 2 ~ ~
argmin{B(w,JF(x)v> + %} = Po_x(— BIF(X) "'w) = Pc(x— BIF(X) 'w) —x,
veC—x

where R and R._, denote the orthogonal projection onto C and-, respectively.



Proof. Considen, = argmin.c_y {B(vv,JF(x)v> +|Iv|?/2}. Then,

n2 Twi2 . 2
Vy = argmin —B 9P ) w +B<W,JF(X)V>+M
veC—x 2 2

. BIF(x) Tw||
_ argm|n||V+B 09 wil©

g 5 Pe_x(— BIF(x) "W).

Using the obtuse angle property of projections, we have
(= BIF(X) " W—Vy,V—Vy) <0 forallveC—x,
which can be written as
(x—BIF(X) 'W— (X+Vw),U— (Xx+W)) <0 foralluec,
which in turn means A
X+ = Po(x— BIF(x) 'w),

and the proof is complete. O

Observe that in the constrained scalar-valued case, we Jfawe = OF (x) ',

whereOF (x) stands for the gradient &f in x. Also, we can tak& = {1} and, thus,
from the above lemma,

2
V(X) = argmin{B<DF(X),V> + %} =PRe(x— [BDF(X)) —X,
veC—x
which is precisely the direction considered in the projeégeadient method for real-
valued optimization.
We end this section stating a couple of results once againecnimgv(-) and

6(-). The first one gives an upper bound fm(x)|| in terms ofJF(x). The other one
establishes the continuity &K-).

Proposition 2.5. [12, Lemma 3.3] For all xc C, it holds that

ool < 26 (maxil ) 19709

Proposition 2.6. [12, Proposition 3.4] The functiof: C — R is continuous.

3 The inexact method

In the previous section, we have seen that the direct{ah computed in each it-
eration of the (exact) projected gradient method is the miger of the problem

minyec_x hx(V), wherehy(v) = B@ (JF(X)v) + ||v||?/2. Therefore, from a numerical
point of view, it would be interesting to see what happenséftake an approximate
solution of this problem. As in the steepest descent metbod/dctor optimiza-

tion [16], we will consider now approximate search directio
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Definition 3.1. Let xe C ando € [0,1). Then, ve C —x is ac-approximate (pro-
jected gradient) direction at x if

hy(v) < (1—0)0(x).

Some comments are in order. Observe first that by virtue ofME)C — X is a
o-approximate direction atif, and only if, the relative error dfii atv is at mosto,
that is to say,
hy(V) —hx(v(X)) | _ | hx(V) — 8(%)

hy(V(x)) 6(x)
Clearly, the exact direction= v(x) is alwayso-approximate ax for anyo € [0,1).
Moreover,v(x) is the unique O-approximate direction»at Also note that given a
nonstationary point € C ando < [0,1), ao-approximate direction is always a de-
scent direction. Indeed, from Proposition 2.3 and the defmiof o-approximation,
it follows that (JF(x)v) < 0, since|v||? > 0 andB > 0. Whence, from (3), it follows
thatJF(x)v < 0 and so, by Proposition 2.2s a descent direction.

We present now a result which, for a given pairk C, establishes the degree
of proximity between an approximate directiomnd the exact on&(x), in terms of
6(x). Before that, we need to recall a general fact: for a strongtywex numerical
functiong, with modulus of convexity, if X* is a minimizer ofg, theng(x) — g(x*) >
(k/2)|)x—x*||? for all x. So, sincehy is strongly convex with modulus 1 ar@i{x) =
hy(V(X)) = minyec_x hy(Vv), we have

= <o.

() — 0 > LY ©)

We now state the announced result.

Lemma3.2. Letxe C, 0 € [0,1) and ve C—x ao-approximate direction at Xx. Then
Iv—v(x)|* < 2016(x)|.

Proof. The result follows directly from (5), (6) and the definitiocha-approximation.
]

We are in a position to describe the inexact projected gnddieethod, which,
as we will see, is a direct extension of the exact versiongseg in [13]. For the
sake of simplicity, let us allow to use the same notations\dse exact case: i<}
is the generated sequence, we &l(V<) = B¢ (JF(X)VK) + ||V¢||2/2, whereVX is a
o-approximate direction produced by the method at iteratioAlso, N denotes the
set of nonnegative integer numbers. Now we formally staggrtbxact method.

Algorithm 3.3. Inexact projected gradient method for vector optimization

1. Choose® cC,3>0,1>1,5¢ (0,1) ando € [0,1). Setk < 0.



2. Compute ar-approximate direction® atx.

3. If hy (W) = 0, then stop.

4. Chooséy as the largeste {t7/: j=0,1,2,...} such that
F (X 4+ %) < F(X) + StIF (X)V-.

5. Setx* 1 = xk + K, k+ k+ 1 and go to step 2.

We must observe that we do not compute at each iterdtithie exact direction
v(x¥) and, thus, neither the exact soluti8x). So, instead 08(x¥) = 0 as stopping
criterion, we usda,, (vk) =0, which is still equivalent to the stationarity ®f. In fact,
if hy, (V) =0, then by the definition ofr-approximation,8(x<) > 0. But from (5),
it follows that 8(x€) = 0, which, by Proposition 2.3, means thétis a stationary
point. On the other hand, ¥ is stationary, the®(x<) = 0, and thereforé,, (V) = 0
follows directly becaus@(x<) < hy (V) < (1—0)8(x¥).

As we have already seen, XK is nonstationary,J F(x")vk < 0. So, thanks to
Proposition 2.2, we can use the Armijo-like rule with a baagking procedure, as
stated in step 4. Moreover, if the method does not stop, theesee{F (xX¢)} is K-
decreasing, i.e., it satisfi€gx*+1) < F(x¥) for all k; otherwise, this condition holds
until it stops. An important issue, from a practical pointwiéw, is the matter of
how can we generate-approximate directions without knowing the exact praect
gradient direction. In Section 4 we give a sufficient comxditfor g-approximation.

From now on, we assume that Algorithm 3.3 produces an infagitpience X<}
of nonstationary points. From Proposition 2.3, we h@yg¢) < 0 for all k, and in
order to see that every accumulation poinbf {x} is stationary it is enough to prove
that 8(x*) = 0. This will be done in our next theorem, which is an applwatf the
standard convergence argument for the classical steepssémnt method. Before
that, we establish feasibility of the sequer{sé}.

Proposition 3.4. If {x} ¢ R"is a sequence generated by Algorithm 3.3, tHea €
for all k.

Proof. We prove that{x¥} c C by induction ink. The initial iteratex’ belongs taC
by virtue of step 1 of Algorithm 3.3. Assuming théte C, sinceC is convex and, by
the definition of the inexact algorithn € (0,1] andVX € C — x, we conclude that
X+l ec. O

Now we can show that every accumulation point of any sequenoguced by
the inexact method is stationary. We point out that this itheois different from
its counterpart in [13], because there the authors obtairséime conclusion for the
exact method, while here we deal with inexact search doesti

Theorem 3.5. Every accumulation point, if any, of a sequerfo&} generated by
Algorithm 3.3 is a feasible stationary point.
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Proof. Assume that* € R" is an accumulation point of the sequenoé&}. Fea-
sibility of x* follows from Proposition 3.4, sinc€ is a closed set. According to
Proposition 2.3, it is enough to see thx*) = 0. AsF(xt1) < F(x¥) for all k,
from Proposition 2.1(iii), it follows that

¢ (F(X)) < ¢ (F (X)) forall k.

SinceF is continuously differentiable angl is continuous from Proposition 2.1(iv),
there exists a subsequence{¢f(F (x¢))} converging tap (F (x*)). Whence, from the
above inequality it follows that

im ¢(F(x)) = ¢ (F(x)). @

On the other hand, from the Armijo condition, the fact tidat- O and Proposi-
tion 2.1(i)—(iii), we have

Bt (IF(NE) < (F () — 9 (F(¥+)).

Now, using the fact thatF (x)v < 0, together with (3), (7) and the above inequality,
we obtain

0.< — lim Bted (JF()) < fim [9(F (<) — (F(&4)| =0,
Therefore
lim t (IF(X)V) =0. (8)

Consider now a subsequenpe }j converging tax*. Taking into consideration
thatty € (0, 1] for all k, we just have the following two alternatives:

(@) limsupty, >0 or (b) limsupty; = 0. 9)
joeo joeo

First, assume that (9)(a) holds. Then, there exists a subseq{tkh }i con-

verging to someé* > 0, and such that lim,, X = x*. So, from (8) it follows that
limi_e ¢ (JF (X )V ) = 0. Hence, we have

0= lim ¢ (JF(X V) < lim O(ki) = =6(x"),
i—o0 B i—00 B
where the inequality is due to the fact that
(X9)]> _

B (IF (X5 V(X)) < B (IF (x5 )v(xi)) + HVT B(x),

with f% > 0, and the rightmost equality follows from Proposition 2Bhen, since
6(x*) < 0 from (5), we geB(x*) = 0.



Now assume that (9)(b) holds. We know tt{ad‘i}j is a bounded sequence of
nonstationary points, so, sind&(x< ) is bounded, due to the fact thtis continu-
ously differentiable, using Proposition 2.5, we concluu there exist&; > 0 such
that

()| < 28 (megHwH) [9F ()] <Ky forall .
we

We claim that the sequence of directiofi }; is bounded too. Indeed, sin¢&*i }

is convergent, from the continuity &, established in Proposition 2.6, we see that
there exists, > 0, such thatf(x¢i )| < K,. Hence, using the triangular inequality,
Lemma 3.2 and the above inequality, we have:

V]| < [V ||+ 1/2018(%)] < Ky + /20K, =K, forall |.

Therefore, we can take subsequenges }i, {Vi }; and {t, }i converging tox*, v*
and 0, respectively. Observe that

¢ (JF (XK ) < %e(xkji) <0 foralli,

where the strict inequality follows from Proposition 2.3dathe fact that{x<} is a
sequence of nonstationary points. Then, letfirg « in the above inequality, from
the continuity of¢ and8 (Propositions 2.1(iv) and 2.6), we get

6 (IF(x V') < %e(x*) <o, (10)

Take now some fixed but arbitrary positive integerSince lim_.ty, = 0, fori
large enough we haveji < 179, which means that the Armijo condition does not

hold atxki fort =779, i.e.,
F (x5 + 70N A F (xXK5) + 5T 90F (X5 ) Vi, (11)
Whence, for all large enough positive integgthere existsv' € G such that
<W, F (X5 + 7 ) — F(x65) — 5T A0F (X85 )i > >0,

otherwise, from (3), we would hawe(x i + 1=k ) < F (xKin) 4+ 5T~ 9IF (i )vKi | in
contradiction with (11). Clearly, we do not lose generalitwe assume thafw'};
converges to some € G, sinceG is compact. So letting— « in the above numerical
inequality, we get

(W,F (X" + 1" WV) —F(x) — o1 WUF(X)v*) > 0.
Hence, using the definition of the support function (2),

¢ (FOX +T W)~ F(x') 6T WF(X')V') > 0.
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Since this inequality holds for any positive integgrusing Proposition 2.2 and (3),
we conclude thalF(x*)v* £ 0, i.e. ¢ (JF(x*)v*) > 0. Combining this with (10), we
get thatd(x*) = 0, which completes the proof. O

We know that ifx* € C is an accumulation point ofx}, then8(x*) = 0. So,
since 8 is continuous, ifxX — x*, necessarilye(x") — 0. In the next lemma we
see, among other things, how fast dagé(x¥)| converge to zero, wherg is the
steplength taken from. We will need the following estimate. From the Armijo
condition and the properties of the support functjp(Proposition 2.1), we have

(F()) < @ (F(X)) +td¢ (JF(X)W) (12)

IN

2
(1-0)8(x) - ”VkTH ] )

¢ (F (X)) +tk%

where the last inequality follows from the fact thétis a o-approximate direction
atxk € C. Before the announced lemma, we still need to introduce walatoncept:
we say that a sequend&} ¢ R™ is K-boundedfrom below) if there existz € R™
such thatz = Z for all k.

Lemma 3.6. If the sequencéF (x¥)} is K-bounded from below, then:

() kitkw(xk)! <o
(ii) kitk||vk\|2<oo;
(iii) kitkw(a F(X)W) | < oo;

(iv) itk|<w,JF(xk)vk>| <o, forallwe convG).
k=

Proof. Adding up, fromk =0tok =N at (13), we get

N 2
PFD) < o(FOO)+ tk% [<1— 0)8(x) ”VKTH

k=0
N 2
= (08 - 3 [a- oo+ L],

where the equality holds by virtue of the non_stationarity<‘b§ogether with Propo-
sition 2.3. SinceF (xX)} is K-bounded (say b¥), & € (0,1), 8 > 0, from Proposi-
tion 2.1(iii), we obtain

L IV
2

%tk (1—0)|6()| ] < g (¢ (FO®) —¢(F)] forallN.
k=0
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Using now the fact thatr € [0,1), we immediately get (i) and (ii). The proof of (iii)
is analogous, but instead of (13), we use (12).
As for (iv), we observe from the Armijo condition, that fof al € con\(G) C K*,

—t 3 (W, IF (X)) < (w, F (xX)) — (w, F (X)),

Adding upk from 0 toN at the above inequality, and observing that]F (xX)v<) < 0,
becauselF (X)v < 0, we get

[<W7 F (XO)> - <W7 F (XN+1)>] .

™l

kitk\ (W, F (X)) <

Sinced > 0, using once again the fact tHat< F (x¥) for all k, we conclude that (iv)
is also true. O

4 Relation between the projected gradient method and the
weighting method

A well-known technique for solving problem (1) is the soledlscalarizationproce-
dure, which roughly speaking consists on replacing theovesgttimization problem
by one or more scalar-valued problems. A very simple versibthis strategy is
the so-called weighting method, which consists on taking K* and solving the
following scalar-valued problem

min  (w,F ()

s.t. xeC. (14)

The optima of the above problem are also weakly efficientt&wia of the original
vector optimization problem. Although this procedure hesadvantage of requiring
to solve smooth scalar minimization problems, for which vagenhfast and reliable
methods, it is well-known that many choiceswetan lead to unbounded problems,
even if the vector-valued problem has weakly efficient $ohg. It is not an easy task
to findw € K* such that the corresponding scalarized problem is guadnitehave
an optimal solution [14].

In this section, we will combine the ideas of previous sediwith the weighting
method. First observe that.(w,F(x)) = JF(x)'w, so if the (scalar-valued) pro-
jected gradient method is applied to solve the problem @t4jerationk, the search
direction will be Po(x€ — BIJF(XX) 'w) — XK. The next proposition shows that for a
suitablew € K*, the projected gradient direction for the scalarized pwbtoincides
with the (exact) direction computed by the projected gnaidieethod for vector op-
timization. So the exact method can be seen as if, at eadtidey it implicitly
performs a scalarization (for an unknown weightt R™) and computes the pro-
jected gradient direction for the corresponding scaldrigeoblem. Also, observe

that ¢ (y) = maXuec(W,Y) = MaXycconyc) (W, Y)-
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Proposition 4.1. Take xe C and let \{x) be the (exact) projected gradient direction
for F at x, as defined if4). Then, there exist® € conV(G) C K* such that Vx) is
the projected gradient direction for the scalarized probl@l4), with w=W.

Proof. Let us recall that the (primal) problem which defings) is

min  max {ﬁ(vv,JF(x)v) + W} .

veC—x weconv(G) 2

The dual of this problem is

max_ min {ﬁ(vv,JF(x)v) + @} .

weconv(G) veC—Xx

Using Lemma 2.4, we can simplify the dual problem as

max {B<JF<x>Tw, P +(—IF (0 w) + IR0 W } ~as

Since conyG) is convex and compact, the dual problem has always a sojution
which is not necessarily unique. So, Vet con(G) be a dual solution. Let us now
show that there is no duality gap. First note that, fovalC — x,

B(x) = max fi(WJF(x)V(X)>+ HV(X)||2 < max ﬁ(WJF(x)v>+W
weconv(G) ’ 2 ~ weconv(G) )

)

because(x) is the primal solution. In particular, taking= PC,X(—ﬁJ F(x)'w),

Q(X) < max {BUF(X)TWPC—x(—éJF(X)TW»—|— HPCX(_B);F(X)TW)HZ}.

" weconv(G)

The strong duality follows from the above inequality, (1L6jidhe weak duality rela-
tion. Thus, we conclude th&¥(x),W) is a saddle point o (w,JF(x)v) + (1/2)||v||?
in (C—Xx) x convG) [4, Proposition 2.6.1]. In particular, we have:

B aFov00) + YO < g apgu) 4 17

2 2
for all ve C —x. So, using again Lemma 2.4, we have
V(X) = Pe_x(— BIF(X) W) = Pe(x— BIF(x) W) —x, (16)

which is the (scalar-valued) projected gradient direcfamnthe scalarized problem
whenw is replaced byvin (14), becausdF(x) "W = Ox(W, F (X)). O

We now extend to the constrained vector optimization sptiirconcept consid-
ered in [16] for the unconstrained case.
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Definition 4.2. Let xe C. A direction ve C —x isscalarization compatiblg@r simply
s-compatiblg at x if there exists we conv(G) such that

V= Po_y(—BIE(x)Tw).

Note thats-compatible directions are well defined, sir€és glosed and convex.
Moreover, ifv is sscompatible ak, by Lemma 2.4y = Pc(x — BJF(x) 'w) — x for
somew € conv(G). Observe that the exact search directx) is s-compatible as it
was shown in (16).

Let us now go back to the inexact method. As step 2 of Algorigh@requires the
computation of ar-approximate projected gradient directiondtit would be inter-
esting to see for which “weightsi/ € con(G) we have that = Pc_y(—BJIF(x) 'w)
is a o-approximate direction at. The next proposition, which is an extension of
[16, Proposition 5.2], gives us a sufficient condition forsscompatible direction to
be ag-approximation.

Proposition 4.3. Let xe C, we conV(G), v= PC,X(—[?JF(X)TW) ando € [0,1). If

o
BUF(IV) < (1-0)BWIF()V) — |V, (17)
then v is ag-approximate projected gradient direction.

Proof. Adding ||v||?/2 on both sides of (17), we obtain

y; IVIZ 1= gy f 5 Ivii®

he(v) = Bo(IF(OV) + 5 < (1= 0) BWIFOOV) + o ¢

Sincev = PC_X(—BJF(X)TW), we see that the right hand side of the above inequality
is the objective function of problem (15) (multiplied by-1o > 0). As 6(x) is the
primal optimal value, the result follows from weak duality. O

We end this section by noting that, for> 0, the exact projected gradient direc-
tion v(x) satisfies condition (17) with strict inequality.

5 Convergence analysis

In this section we can finally show that, under reasonablethgses, every sequence
produced by the inexact projected gradient method conseglgbally to a weakly
efficient solution of problem (1). Recall that we are assuynthmat the method does
not stop, i.e., that it generates an infinite sequeixg of nonstationary points.

From now on, we will also assume tHatis K-convexonC, i.e.,

FAX+(1=2)u) R AF(X)+ (1—A)F(u), (18)
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for all x,uc Cand allA € [0,1]. Observe that, fow € K*, we have thak — (w, F (x))
is @ smooth convex real-valued function, so, sifigéw, F (x)) = JF(x) 'w, we have

(W, F (X)) + (W, JF(X)(u—X)) < (w,F(u)) forallx,ueC. (19)

Note that, sincev is an arbitrary vector it*, by linearity of (w, -), the above condi-
tion is equivalent to the following:

F(X)+JF(X)(u—x) < F(u) forallx,ueC.

The aboveK-inequality is a general property fd¢-convex continuously differen-
tiable functions, which clearly extends the well-knowntfédat every smooth convex
scalar function overestimates its linear approximati@® Lemma 5.2].

For the sake of completeness, let us now state another welsk fact, namely
that, as in the scalar case, under convexity of the objeftiretion, stationarity is
equivalent to optimality.

Lemma 5.1. [12, Lemma 5.2] Assume that:RR" — R™ is K-convex. Then g R"
is stationary if and only if x is weakly efficient.

In order to prove convergence of Algorithm 3.3, we will useandard technique
on extensions of classical scalar optimization methodbdoréctor-valued case: the
notion of quasi—Féjer convergence to a set. Let us recalatbaquencéx®} c R"
is quasi-Féjer convergertb a nonempty sef C R" if, for everyx € T there exists a
sequencg &} C R, with g = g(x) > 0 for allkandyy_ & < o, such that

XD —x)12 < |x® — x|+ & forall k.
The following result is the main tool for the convergenceqgbro

Theorem 5.2. [5, Theorem 1] Le{x¥} be a quasi-Féjer convergent sequence to a
nonempty set T R". Then,{x¥} is bounded. If, in addition, an accumulation point
x* of {x¥} belongs to T, thefimy_, x¥ = x*.

We begin the convergence analysis with a technical redessary for establish-
ing quasi-Féjer convergence of any sequefié¢ produced by the inexact method to
the sefl = {x € C: F(x) < F(xX) for all k}.

Lemma 5.3. Suppose that F is K-convex and létve an s-compatible direction
at X, given by ¥ = P._«(—BIF(X) 'wK), with w€ € conV(G). If for a givenk € C
we have FX) < F(x¥), then

KL =R < 3= K117 + 2Bt (W, IF ().

Proof. As x<t1 = XK+ t,\¥, we have

||Xk+1 _)2||2 — ||Xk _)'z||2_|_t|3HVkH2 _ 2tk<\/k,)2—xk>' (20)
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Let us analyze the rightmost term of the above expressicomfne definition ofX
and the obtuse angle property of projections, we get

(= BIFOE) WK VK v—\K) <0 forallveC—x*.
Takingv = X— x¥ € C— x¥ on the above inequality, we obtain
(VR X < B(W IR () (R— X)) — BW IR (V) — V2. (21)
Now, from (19),
(WK, IF(X) (R — X)) < (WK F(R) —F (X)) <0,

where the last inequality follows becauB¢g) < F(xX) andwX € K*. Also, since
JF(X) < 0, we have(wX, JF (X)) < 0. Thus we can rewrite (21) as

—(VR=X) < Bl WK, IF (V)| — V92,
which, together with (20) and the fact that (0, 1], gives us the desired result[]

We still need to make a couple of supplementary assumptignish are standard
in convergence analysis of classical (scalar-valued) austiextensions to the vector
optimization setting.

Assumption 5.4. Every K-decreasing sequen{®} C F(C) is K-bounded from be-
low by an element of {£), i.e., there exist& € C such that FR) < Z for all k, and
any {Z} with 2+ < 2 for all k.

Assumption 5.5. The search direction’is s-compatible at’ that is to say, ¥=
Pe_(—BIF(X) TwX), where Wi € conv(G) for all k.

As mentioned in [16], Assumption 5.4, known Escompletenesf23, Section
19], is standard for guaranteeing existence of efficienttsmis for vector-valued op-
timization problems. In the scalar unconstrained cass, gtdarly equivalent to the
existence of an optimum. As for Assumption 5.5, it clearlpldewith the sequence
itself rather than with the objective functiéh The search direction prescribed by Al-
gorithm 3.3 iso-approximate ax¥, and we are now asking it to be alseéompatible
at the current iterate.

Let us now finally state and prove the main convergence tesult

Theorem 5.6. Assume that F is K-convex and that Assumptions 5.4 and 5 hol
Then, every sequence produced byittexactprojected gradient method converges
to a weakly efficient solution.
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Proof. Let us consider the set
T = {xeC: F(x) < F(x“) for all k},

and takexe T, which exists by Assumption 5.4. Sin&convexity of F and As-
sumption 5.5 hold, it follows from Lemma 5.3 that

XL = |[? < [|%6 = ||? + 2Bt (WK, IF (W) | for all k. (22)

Let us prove first that the sequenfe} is quasi-Féjer convergent to the Jet
From Assumption 5.5, we have thét= P« (—BJF (X<) 'wK), wherewX € con\(G),
for all k. Besides, aK is pointed, intK*) # 0 [28, Propositions 2.1.4, 2.1.7(i)] and
therefore, the dual conk* contains a (Hammel) basis &™, say {W!,... W"}.
Without loss of generality, assume tha',...,Ww"} c convG). Thus, for eaclk,
there exish € R, i = 1,...,m, such that

Wk — inikwi.

In view of the compactness of cof®), all scalarsni" are uniformly bounded, which
means that there exists> 0, such thatn¥| < L for all i andk. So, from (22) we get

X —x]% < HX"_>“(HZ+2[§tKL'§l|<vTI,JF(x")vk>| for all k.

Defining & = 2Bt L ™, |(W,JF(X)W)|, we have thagy > 0 and
R =87 < |lx =R +

In view of Assumption 5.4{F (x¢)} is K-bounded, so from Lemma 3.6(iv), we have
Sk o0& < %. Sincex’is an arbitrary element of, we see thafx¥} converges quasi-
Féjer toT.

Hence, by virtue of Theorem 5.2, it follows th@} is bounded. Thereforgx<}
has at least one accumulation point, which, by Theorem 3staifonary. By virtue
of Lemma 5.1, this point is also weakly efficient, becabise K-convex. Moreover,
sinceC is closed and the sequence is feasible, this accumulation pelongs to
C. Letx* € C be one of these accumulation points ahdf }; be a subsequence
converging ta<*. Letk be a fixed but arbitrary nonnegative integer. For large enoug
j we have

F (XK < F(xX9).

As K is closed, lettingj — oo, we obtain

F(x) < F(X9).

Sincek is arbitrary,x* € T. So, once again from Theorem 5.2, we conclude {h‘é\}
converges tx*, which is a weakly efficient solution. O
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Clearly, whenever Assumptions 5.4 and 5.5 hold, the previbeorem encom-
passes the most important case of vector-valued probleraRicriteria, i.e., when
K =RT. Actually, this theorem also shows the convergence of thraat method
in the (pointed) polyhedral case, i.e., whenever the andecbne is pointed and has
finitely many extreme rays.

6 Convergence analysis without pointedness

Observe that, up to now, we just explicitly used the poingsdrofK at the beginning
of the proof of Theorem 5.6, while showing that Kt( # 0. In this section we
analyze the convergence of the inexact method for a nosyanithetric partial order,
i.e. for a nonpointed conk. Recall that, gartial order on R™ is a reflexive and
transitive binary relation oR™, which is consistent with the algebraic sum of vectors
and the multiplication by nonnegative scalars. We know #vatry partial order is
induced by a cone and, if this cone is pointed, the relatioalse antisymmetric
(see [19]). As we said, now we drop this assumption and stuely}convergence of
the method for this weaker partial order, i.e., for a coneclhiontains nontrivial
subspaces. As itis natural, in order to get similar resdtthase of last section with
a weaker ordering structure, we will need supplementaryraptons. In our next
theorem, we present a couple of alternative hypotheses.

Theorem 6.1. Let K be nonpointed and F K-convex. If Assumptions 5.4 and 5.5
hold, as well as one of the following conditions:

(i) there existit,... W € conM(G) such that

(W<} c conv{Wt,... W'} withreN,

(i) there existp > 0and k € N such that

¢ (JF(XWME) < p(WF IF (X)) for all k > ko,

then, every sequence produced by the inexact projectedegitashethod converges
to a weakly efficient solution.

Proof. Consider the sef = {x€ C: F(x) < F(xX) fork=0,1,...} and takex< T,
which exists by Assumption 5.4. So, using Assumption 5.5laaxdma 5.3, it follows
that

XL — %12 < [ X6 — RI[% + 2Bt | (WK, IF(X)VF)|  for all k. (23)

Now we will see that, under hypotheses (i) or (ii), the segaeix} is quasi-Féjer
convergent to the sat.
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Let us first suppose that hypothesis (i) holds. By Assumi&ywk € conv(G)

and then there exisdrj(k) >0, forj=1,...,r, with 25:1 orj(k) = 1 such thawX =
Yic1 aj(k)wi for all k. Whence, from (23) and the triangle inequality, it follovasit

r ~ .
X =R < XK1+ 2Bt (W, IF(V)| - for all k.
=1

Now observe that, applying Lemma 3.6(iv)wo= Wi, with j =1,...,r, we see that
Y ko &k < 0, Whereg = 3, 2Bt (W, JF (x*)\¥)|. Sincexwas an arbitrary element
of the sefT, the sequencéx¥} converges quasi-Féjer T

Now let us assume that hypothesis (i) holds. Since we argwag that{x<} is
a sequence of nonstationary points, we havedRéx*)v* < 0, which combined with
the fact thatv* € conv(G) C K*, gives us(wX, JF(X)\¥) < 0. So condition (ii) can
be rewritten as

| (W, IRV < pH @ (IF(X)Y).

Whence, 5§ o 2Bt| (W, JF(¥)V)| < oo, by virtue of Lemma 3.6(iii). Therefore,
from (23), we conclude thgix“} converges quasi-Féjer o

Up to now, we have seen that, under conditions (i) or (i), taquencgx¥} is
guasi-Féjer convergent to the JetHence, in both cases, (i) or (ii), proceeding as in
the end of the proof of Theorem 5.6, we see thét converges to a weakly efficient
solution. O

Note that for the above theorem other hypotheses, similéi)t@an be derived
from Lemma 3.6. For instance, one could ask, instead oftlig for somep > 0 and
ko € N, —|[VK[|2 < p(wWK, IF (X)) for all k > k.

As we will now see, Theorem 6.1 encompasses the polyhedrganated case,
i.e., it shows us that, among other cases, we also have gemazr for any nonpointed
ordering cone with finitely many extreme rays.

Corollary 6.2. Let K be nonpointed. Under polyhedrality of K, K-convexity=¢
Assumptions 5.4 and 5.5, we have that any sequence genbygtieel inexact method
converges to a weakly efficient solution.

Proof. If K is polyhedral, therk* is also polyhedral. Then, there existe N such
thatw®,...,W € K*\ {0} andG = {W!,...,W'}. Since, by Assumption 5.8 ¢
conv(G) for all k, condition (i) of Theorem 6.1 holds and so the result follows

Now we show that for the exact gradient projected method weataneed to
ask all assumptions of Theorem 6.1 in order to have conveggesince, as we saw in
(16), the exact direction(x¥) is always s-compatible, so it automatically satisfies As-
sumption 5.5. Under pointednesskf a similar convergence result was established
in [12, Theorem 5.6].
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Corollary 6.3. Let K be nonpointed. Under K-convexity of F and just Assumnpti
5.4, all sequences produced by #actmethod converge to a weakly efficient solu-
tion.

Proof. We know thatv(xX), the exact projected gradient directionsisompatible at
X< for all k, that is to say, Assumption 5.5 is satisfied. Furthermu(e) verifies
condition (17) for allk. Moreover, sincéwX, JF(x€)v(xX)) < 0 for all k, (17) implies
condition (ii) of Theorem 6.1. Hence, the conclusion folfofrom that theorem. O

7 Final remarks

Let us make some final comments on issues concerning therimeptation of the
method. From a practical point of view, the user should tryetach condition (17).
Indeed, this condition, as shqwn in Proposition 4.3, guaesnot only that the-
compatible direction® = P-(—BJIF(XK)wK) is g-approximate but, whenevéris not
pointed, according to Theorem 6.1, it also ensures the cgeree of the correspond-
ing sequence, because, as we have already seen, (17) imghetheses (ii) of that
theorem. Now, since the exact projected gradient direatie) satisfies condition
(17) (with strict inequality, for O< 0), it seems reasonable to try to approximately
solve (4). It is worth to point out that, as usual with thisdkiof extensions, our goal
is not to obtain the whole set of optimal points; we are justoswned with finding
a single optimum. Nevertheless, from a numerical point efwiwe can expect to
somehow approximate the solution set by just performingroethod for different
initial guesses.

Observe that, as was noted in [12],Kfis a closed convex pointed cone with
K\ {0} c int(K), such that Assumption 5.4 holds axidis K-weakly efficient, then
x* is efficientfor the original partial order, that is, there does not existC such
thatF (x) < F(x*) andF (x) # F (x*). Some practical considerations on how to obtain
suchK are given in that work. Without considering new cones, as afss men-
tioned in [12] for the exact method, we can guarantee coeves of all sequences
produced by the inexact method to efficient points whendwepbjective functiori
is strictly K-convexi.e., when it satisfies (18) with striét-inequality “<” (see [15,
Proposition 2.2]).
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