FAST FIRST-ORDER METHODS FOR STABLE PRINCIPAL COMPONENT PURSUITY

N. S. AYBAT f, D. GOLDFARB ¥, AND G. IYENGAR §

Abstract. The stable principal component pursuit (SPCP) problem is a non-smooth convex optimization problem, the
solution of which has been shown both in theory and in practice to enable one to recover the low rank and sparse components
of a matrix whose elements have been corrupted by Gaussian noise. In this paper, we first show how several existing fast
first-order methods can be applied to this problem very efficiently. Specifically, we show that the subproblems that arise
when applying optimal gradient methods of Nesterov, alternating linearization methods and alternating direction augmented
Lagrangian methods to the SPCP problem either have closed-form solutions or have solutions that can be obtained with very
modest effort. Later, we develop a new first order algorithm, NSA | based on partial variable splitting. All but one of the methods
analyzed require at least one of the non-smooth terms in the objective function to be smoothed and obtain an e-optimal solution
to the SPCP problem in O(1/¢) iterations. NSA, which works directly with the fully non-smooth objective function, is proved to
be convergent under mild conditions on the sequence of parameters it uses. Our preliminary computational tests show that the
latter method, NSA, although its complexity is not known, is the fastest among the four algorithms described and substantially
outperforms ASALM, the only existing method for the SPCP problem. To best of our knowledge, an algorithm for the SPCP
problem that has O(1/¢) iteration complexity and has a per iteration complexity equal to that of a singular value decomposition
is given for the first time.

1. Introduction. In [2, 12], it was shown that when the data matrix D € R™*" is of the form
D = X%+ 5% where X© is a low-rank matrix, i.e. rank(X?) < min{m,n}, and S° is a sparse matrix, i.e.
[1S°]l0 < mn (||.]|o counts the number of nonzero elements of its argument), one can recover the low-rank
and sparse components of D by solving the principal component pursuit problem

min_[|X]l. +€ |D - X]s, (L.1)
XGRTHX'IL

1

\/max{m,n}"

For X € R™*™ || X]||. denotes the nuclear norm of X, which is equal to the sum of its singular values,
1] i= 30 S0 (Xl [ X e = max{ Xl : 1< m, 1<) < n}and |X|lp = Omax(X), where
Omax(X) is the maximum singular value of X.

To be more precise, let X? € R™*" with rank(X°) = r and let X® = USVT =Y"7_, o,u;v] denote the
singular value decomposition (SVD) of X°. Suppose that for some p > 0, U and V satisfy

where £ =

max [UTeill3 < 25 max |[V7eill3 < 25, UVl < 4 A2 (1.2)
7 m 7 n mn

where e; denotes the ¢-th unit vector.

THEOREM 1.1.  [2] Suppose D = X° + 59, where X° € R™ "™ with m < n satisfies (1.2) for some
i >0, and the support set of SO is uniformly distributed. Then there are constants c, p,, ps such that with
probability of at least 1 — en™10, the principal component pursuit problem (1.1) ezactly recovers X° and S°
provided that

rank(X?) < p,mp~(log(n))™2 and ||S°[o < psmn. (1.3)

In [13], it is shown that the recovery is still possible even when the data matrix, D, is corrupted with a dense
error matrix, (¥ such that ||¢°|| < 4, by solving the stable principal component pursuit (SPCP) problem

(P): min  {[|X[ +&[S]lh: [[X+S5—Dlr<d} (1.4)
X,SeRmxn

Specifically, the following theorem is proved in [13].
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THEOREM 1.2.  [18] Suppose D = X° + S9 + (0, where X° € R™ "™ with m < n satisfies (1.2) for
some p > 0, and the support set of S° is uniformly distributed. If X° and S° satisfy (1.3), then for any ¢°
such that ||C°||r < 6 the solution, (X*,S*), to the stable principal component pursuit problem (1.4) satisfies
| X* — X% + ||S* — S°||% < Cmné? for some constant C' with high probability.

Principal component pursuit and stable principal component pursuit both have applications in video
surveillance and face recognition. For existing algorithmic approaches to solving principal component pursuit
see [2, 3, 6, 7, 13] and references therein. In this paper, we develop four different fast first-order algorithms
to solve the SPCP problem (P). The first two algorithms are direct applications of Nesterov’s optimal
algorithm [9] and the proximal gradient method of Tseng [11], which is inspired by both FISTA and Nesterov’s
infinite memory algorithms that are introduced in [1] and [9], respectively. In this paper it is shown that
both algorithms can compute an e-optimal, feasible solution to (P) in O(1/e) iterations. The third and
fourth algorithms apply an alternating direction augmented Lagrangian approach to an equivalent problem
obtained by partial variable splitting. The third algorithm can compute an e-optimal, feasible solution to
the problem in O(1/¢2) iterations, which can be easily improved to O(1/¢) complexity. Given € > 0, all first
three algorithms use suitably smooth versions of at least one of the norms in the objective function. The
fourth algorithm (NSA) works directly with the original non-smooth objective function and can be shown to
converge to an optimal solution of (P), provided that a mild condition on the increasing sequence of penalty
multipliers holds. To best of our knowledge, an algorithm for the SPCP problem that has O(1/e) iteration
complexity and has a per iteration complexity equal to that of a singular value decomposition is given for
the first time.

The only algorithm that we know of that has been designed to solve the SPCP problem (P) is the
algorithm ASALM [10]. The results of our numerical experiments comparing NSA algorithm with ASALM
has shown that NSA is faster and also more robust to changes in problem parameters.

2. Proximal Gradient Algorithm with Smooth Objective Function. In this section we show
that Nesterov’s optimal algorithm [8, 9] for simple sets is efficient for solving (P).
For fixed parameters y > 0 and v > 0, define the smooth C'**! functions f,(.) and g,(.) as follows

_ _ kK 2
X) = omax(X.U) = G (2.1)

_ v 2
gv(8) = Weng}?ﬂ}I{/VHOQ§1<57 W) =5 IW - (2.2)

Clearly, f,(.) and g,(.) closely approximate the non-smooth functions f(X) := || X|. and g(S) = [|5],
respectively. Also let x := {(X,S) e R™*" x R™*": | X + S5 —D|p <6} and L = i—i— 1 where % and
% are the Lipschitz constants for the gradients of f,,(.) and g,(.), respectively. Then Nesterov’s optimal
algorithm [8, 9] for simple sets applied to the problem:

X&gix,ﬁfﬂ(x) +£9.(9): (X,5) €x}, (2.3)

is given by Algorithm 1.

Because of the simple form of the set x, it is easy to ensure that all iterates (Y;7,Y)%), (Z, Z3) and
(Xk+1,Sk+1) lie in x. Hence, Algorithm 1 enjoys the full convergence rate of O(L/k?) of the Nesterov’s
method. Thus, setting p = Q(e) and v = Q(€), Algorithm 1 computes an e-optimal and feasible solution
to problem (P) in k* = O(1/e) iterations. The iterates (Y;7,Y;’) and (ZF, Z;) that need to be computed at
each iteration of Algorithm 1 are solutions to an optimization problem of the form:

s i {5 (IX- R 18- 513) + @0+ Qs (9 exf. @)

The following lemma shows that the solution to problems of the form (Ps) can be computed efficiently.



Algorithm 1 SMOOTH PROXIMAL GRADIENT(X, So)

1: input: Xo € R™*", S € R™*"™
2: k<« 0
3: while £ < k£* do
4:  Compute V f,(Xx) and Vg, (Sk)
5. (Vi Vi)« argminy s {{Vfu(Xx), X) + (Vgu(Sk), §) + 5 (IX = Xell7 + 1S = SklF) = (X, 8) € x}
6 Tw(X,8) =0, H {(VFu(Xi), X) + (Vgu(S), S)}
T (28, ZF) + argminy s {Tk(X,S) + § ([|X — Xol& + 15 = SollF) : (X, 5) € x}
8 (X, Senn) < (B3) 0 v0) + (335) (25, 20)
9 k+k+1
10: end while
11: return (X, Sk+)
LEMMA 2.1. The optimal solution (X*,S*) to problem (Ps) can be written in closed form as follows.
When § > 0,
. 0* ~ L+ 6* -
X" = (L—FQH*) (D QS(S)) + (L—|—20*> (Ia:(X)a (2~5)
. 0* - L+ 6* ~
ST = (L—|-29*> (D - Qac(X)) + <L T 29*> Qs(S), (2'6)
where ¢, (X) := X — % Qz, qs(S) =85 — % Qs and
L X S)— D
e*:max{o, L (“%< ) +a(8) = Dlle _1)}. o)
2 1)
When 6 =0,
X+ =1 (D - qs(S)) +1 qu(X) and S* =1 (D - qx(X)) +1 g.(9). (2.8)

Proof. Suppose that § > 0. Writing the constraint in problem (Ps), (X,S) € x, as

1 , 52
SIX+s-Dlp <%, (2.9)

the Lagrangian function for (2.4) is given as
L : 5 . - 0
£(X,8:0) = 5 (I1X = XIE + 11 = 81}) + Qe X = ) + Qs S = 8) + 5 (I1X + S - DI} - 6%).

Therefore, the optimal solution (X*, S*) and optimal Lagrangian multiplier #* € R must satisfy the Karush-
Kuhn-Tucker (KKT) conditions:
i. |[X*4+S5*—DJr <4,
ii. % >0,
iii. 0* (| X*+ 9" — Dl —0) =0,
iv. L(X*=X)+0*(X*+S5*"—D)+Q, =0,
v. L(S* = 8) +6*(X* +S* — D)+ Q, = 0.
Conditions iv and v imply that (X*, S*) satisfy (2.5) and (2.6), from which it follows that

ja

L
L+ 26°

3

X*+ 5% —D:( )(qx(X)-l-qS(S)—D). (2.10)



Case 1: |[¢(X) + ¢5(S) — D||p < 6. Setting X* = ¢,(X), S* = ¢,(S) and * = 0, clearly satisfies
(2.5), (2.6) and conditions i (from (2.10)), ii and iii. Thus, this choice of variables satisfies all the five KKT
conditions.

Case 2: ||q.(X )+qs( ) Dl|p > 6. Set 6* = (H(IT(X)-‘:-%(S) Dllr _ ) Since ||g. (X )_,'_qé( ) Dl >

J, 0* > 0; hence, ii is satisfied. Moreover, for this Value of 6%, it follows from (2.10) that || X*+S*— Dl = 9.
Thus, KKT conditions i and iii are satisfied.
Therefore, setting X* and S* according to (2.5) and (2.6), respectively; and setting

. g2(X) + ¢:(S) — D|
0max{0 2( 5 F—1>}7

satisfies all the five KKT conditions.
Now, suppose that 6 = 0. Since S* = D — X*, problem (Ps)can be written as

minycpmxn || X — X + (% +||D - X — 5+ 9|2

which is also equivalent to the problem: minycgmxn [|X — ¢2(X)|% 4 || X — (D — ¢5(S))||%. Then (2.8)
trivially follows from first-order optimality conditions for this problem and the fact that S* = D — X*. O

3. Proximal Gradient Algorithm with Partially Smooth Objective Function. In this section
we show how the proximal gradient algorithm, Algorithm 3 in [11], can be applied to the problem

min  {f,(X) + &[S : (X,5) €x}, (3.1)

X,SeRmxn

where fu( ) is the smooth function defined in (2.1) such that V f,(.) is Lipschitz continuous with constant
L, = . This algorithm is given in Algorithm 2.

Algorithm 2 PARTTIALLY SMOOTH PROXIMAL GRADIENT(Xj, So)
input: Xo € R™*", Sp € R™*"
(ZS, ZS) — (‘Xo7 So), k<+ 0
while k£ < k* do
v ¥2) « () (XS0 + (25 (22, 20)
Compute V[, (Yy)
(i1, Zi) = avgming s { T4 FEENSI + (TA.00), X)) + 21X = Xollf+ (X, ) € x}

(Xkt1, Skt1) (k+2) (X, Sk) + (k+2) (Zk+17Zk+1)
k<—k+1

9: end while

10: return (Xp=, Sk+)

Mimicking the proof in [11], it is easy to show that Algorithm 2, which uses the prox function 1[X —
Xo||%, converges to the optimal solution of (3.1). Given (Xg,Sy) € X, e.g. Xo = 0 and Sy = D, the
current algorithm keeps all iterates in x as in Algorithm 1, and hence it enjoys the full convergence rate
of O(L/k?). Thus, setting u = Q(¢), Algorithm 2 computes an e-optimal, feasible solution of problem (P)
in k* = O(1/e) iterations.

The only thing left to be shown is that the optimization subproblems in Algorithm 2 can be solved
efficiently. The subproblem that has to be solved at each iteration to compute (Z;, |, Z; ;) has the form:

(Pas)  min {&]1S] + (@, X = %)+ 21X = X[} : (X, 9) € x}, (3.2)

for some p > 0. Lemma 3.1 shows that these computations can be done efficiently.



LEMMA 3.1. The optimal solution (X*,S*) to problem (P,s) can be written in closed form as follows.
When § > 0,

- . 0
S* = sign (D—q(X))@maX{|D—q(X)—5('0;;* ) E, O}, (3.3)
x = _(posys Ly (3.4)
= s pRE q , .
where q()z') = X — % Q, E and 0 € R™*™ are matrices with all components equal to ones and zeros,

respectively, and ® denotes the componentwise multiplication operator. 6* = 0 if ||D—q()~()\|p < §; otherwise,
0* is the unique positive solution of the nonlinear equation ¢(0) = &, where

o) = Imin {5 B, L 1D (D)1} 1 (35)
Moreover, 6* can be efficiently computed in O(mnlog(mn)) time.
When § =0,
S* = sign (D - q(X')) ©® max {|D —q(X)| - % E, O} and X*=D— S*. (3.6)

Proof. Suppose that 6 > 0. Let (X*,S5*) be an optimal solution to problem (P,s) and 6* denote the
optimal Lagrangian multiplier for the constraint (X,S) € x written as (2.9). Then the KKT optimality
conditions for this problem are

L Q+pX*—X)+0*(X*+5*—D)=0,
ii. §G+60*(X*+S*—D)=0and G € 9|5,
iii. [|[X*+S*—DJr <9,
iv. 0* >0,
v. 0* (| X*+S*—DJ|p—9)=0.
From i and ii, we have

{ “"g@*ﬂ zﬂ [)5{ ] _ { "*;Z;ﬁgg) ] (3.7)

where ¢(X) = X — % Q. From (3.7) it follows that

(p+61 01 X* "D + p q(X)
p0* | = e ; : (3.8)
o (HF) 1|l 25 (D - q(X)) - €G
From the second equation in (3.8), we have
0* -
g(p;*) G+5 +q¢X)-D=o0. (3.9)

But (3.9) is precisely the first-order optimality conditions for the “shrinkage” problem

. (p+07) 1 v 2
o) : X)— D2\,
min {E P 11k + 5115 + a(X) = DI

Thus, S* is the optimal solution to the “shrinkage” problem and is given by (3.3). (3.4) follows from the
first equation in (3.8), and it implies

X +5 -p=_7"
p+ 0

5

(8* 4+ q(X) — D). (3.10)



Therefore,

IX* +5* = D|lp = —L— ||S* +¢(X) = D|r,

p+0*
=L lsign (D - (%)) @ max { 1D - ()| - €25E) B 0} - (D) I,
p+0* po*
_p x| et o) D — (R
=L e {1D - (00 - 252 B, o} - Do) I,
p . (pt+07) 5
L in {228 B D g} 1,
—fmin{ = B, — 1D - g() Vs (3.11)
9* ) p+6* )
where the second equation uses (3.3). Now let ¢ : Ry — Ry be
6(0) = min { £ B, 2 1D - g()] }|1r. (3.12)
0 p+0

Case 1: |D — ¢(X)||p <J. 0* =0, S* =0 and X* = ¢(X) trivially satisfy all the KKT conditions.

Case 2: |D — q(X)|r > 8. It is easy to show that ¢(.) is a strictly decreasing function of 6. Since
$(0) = |D — ¢(X)||r > 0 and limgy_, $(#) = 0, there exists a unique * > 0 such that ¢(6*) = 4. Given 6*,
S* and X* can then be computed from equations (3.3) and (3.4), respectively. Moreover, since §* > 0 and
¢(6*) =6, (3.11) implies that X*, S* and 6* satisfy the KKT conditions.

We now show that #* can be computed in O(mnlog(mn)) time. Let A := |D — ¢(X)| and 0 < acy <
a) < ... < Agmp) be the mn elements of the matrix A sorted in increasing order, which can be done in
O(mnlog(mn)) time. Defining a(gy := 0 and a (1) := 00, we then have for all j € {0,1,...,mn} that

IN

1 1
5 < g a(j+1) - —. (313)

=

< p a @111
~p+0 (J+1) ¢ )

For all k < j < mn define 6; such that 0% = % agy — % and let k := max {j : % <0, je {0,1,...,mn}}.
Then for all k < 7 <mn

oop=\(525) Saty +(mn—3) (5 (3.14)

=0

Also define 03, := oo and 6,41 := 0 so that ¢(6z) := 0 and ¢(Omnt1) = #(0) = ||A||r > . Note that
{05} {k<j<mny contains all the points at which ¢(6) may not be differentiable for & > 0. Define j* := max{j :
@(0;) <0, k < j < mn}. Then 6* is the unique solution of the system

2 g 2
(pi9> Zaa) + (mn — j*) <§> =¢ and 6 > 0, (3.15)
=0

since ¢(0) is continuous and strictly decreasing in 6 for § > 0. Solving the equation in (3.15) requires finding
the roots of a fourth-order polynomial (a.k.a. quartic function); therefore, one can compute 8* > 0 using
the algebraic solutions of quartic equations (as shown by Lodovico Ferrari in 1540), which requires O(1)
operations.

Note that if & = mn, then 6* is the solution of the equation

2 mn
P 2 _
(,o+9*> Z;a(i) =, (3.16)




ie. 0% =p (% - 1) =p (@ — 1). Hence, we have proved that problem (P,s) can be solved

efficiently.
Now, suppose that 6 = 0. Since S* = D — X*, problem (P,,;) can be written as

mingegmxn 55|l + 3115 — (D — ¢(X))[I%- (3.17)

Then (3.6) trivially follows from first-order optimality conditions for the above problem and the fact that
X*=D-5*.0

The following lemma will be used later in Section 5. However, we give its proof here, since it uses some
equations from the proof of Lemma 3.1. Let 1,(.,.) denote the indicator function of the closed convex set
X C R™™ x R™*™ ie. if (Z,85) € x, then 1,(Z, S) = 0; otherwise, 1,(Z, S) = oco.

LEMMA 3.2. Suppose that 6 > 0. Let (X*,S5*) be an optimal solution to problem (P,s) and 6* be an
optimal Lagrangian multiplier such that (X*,5*) and 0* together satisfy the KKT conditions, i-v in the proof
of Lemma 3.1. Then (W*,W*) € 01,(X*,S*), where W* := —Q + p(X — X*) = 0*(X* + S* — D).

Proof. Let W* := —Q + p(X — X*), then from i and v of the KKT optimality conditions in the proof
of Lemma 3.1, we have W* = 6*(X* 4+ S* — D) and

|W*||p =0"|| X"+ S*—D| =0"(| X"+ S* — DI| —0) + 06 = 6%4. (3.18)
Moreover, for all (X, S) € ¥, it follows from the definition of x that (W*,0*(X + S — D)) < 6*||W*||r||X +

S —D|p < 6*6||W*||p. Thus, for all (X,S) € x, we have (W*, W*) = |W*||% = 0*5||W*||r > (W*,0*(X +
S — D)). Hence,

0> (W0 (X +5—D) = W*) = (W*,0°(X — X*+5—5) ¥ (X,9)€x. (3.19)

It follows from the proof of Lemma 3.1 that if ||[D — ¢(X)||r > §, then 6* > 0, where ¢(X) = X — 2Q.
Therefore, (3.19) implies that

0> (WX - X*+5-8 V(X,5) e (3.20)

On the other hand, if |D — ¢(X)||r < d, then #* = 0. Hence W* = 6*(X* + 5* — D) = 0, and (3.20) follows
trivially. Therefore, (3.20) always holds and this shows that (W*, W*) € 01, (X*,S*). O

4. Alternating Linearization and Augmented Lagrangian Algorithms. In this and the next
section we present algorithms for solving problems (3.1) and (1.4) that are based on partial variable splitting
combined with alternating minimization of a suitably linearized augmented Lagrangian function. We can
write problems (1.4) and (3.1) generically as

min {$(X) +& g(5) : (X,9) € x}. (4.1)
X,S€Rmxn
For problem (1.4), ¢(X) = f(X) = || X||«, while for problem (3.1), ¢(X) = f.(X) given in (2.1).

In this section, we first assume that assume that ¢ : R™*" — R and g : R™*" x R™*"” — R are any
closed convex functions such that V¢ is Lipschitz continuous, and x is a general closed convex set. Here we
use partial variable splitting, i.e. we only split the X variables in (4.1), to arrive at the following equivalent
problem

Lol {6(X)+€9(8): X =2, (2.9) ex). (4.2)

Let ¢(Z,5) := ¢ g(S) +1,(Z, S) and define the augmented Lagrangian function
L(X,2,5Y) = 6(X) +$(2,9) + (V. X = 2) + £|IX - 2|3 (4.3)

Then minimizing (4.3) by alternating between X and then (Z,.5) leads to several possible methods that can
compute a solution to (4.2). These include the alternating linearization method (ALM) with skipping step

7



Algorithm 3 ALM-S(Y))

1: input: Xg € R™*", Sp € R™*™, Yy € R™*"

2: Zo+ Xo, k<0

3: while k > 0 do

4: Xkt1 <—argminX ﬁp(X, Zk,Sk;Yk)

5: if ¢(Xk+1) -+ 1/J(Xk+1, Sk) > ﬂp(Xk+1, Zy, Sk; Yk) then
6: Xiy1 < Zi

7 end if

8 (Zkt1,Skt1) ¢ argming g (7, ) + ¢(Xut1) + (Vo(Xit1), Z — Xiw1) + 5117 — Xina|[F
90 Yipr + —Vo(X*) + p(Xit1 — Zisr)
10: k+k+1
11: end while

that has an O(%) convergence rate, and the fast version of this method with an O(J%) rate (see [3] for full
splitting versions of these methods). In this paper, we only provide a proof of the complexity result for the
alternating linearization method with skipping steps (ALM-S) in Theorem 4.1 below. One can easily extend
the proof of Theorem 4.1 to an ALM method based on (4.3) with the function ¢g(S) replaced by a suitably
smoothed version (see [3] for the details of ALM algorithm).

THEOREM 4.1. Let ¢ : R™*™ — R and ) : R™*™ xR™*™ — R be closed convex functions such that V¢ is
Lipschitz continuous with Lipschitz constant L, and x be a closed convez set. Let (X, S) := ¢(X)+9(X, S).
For p > L, the sequence {Zy, Sk }rez. in Algorithm ALM-S satisfies

X0 — X*|I%

(Zk, Sk) — B(X™,57) <p 20k T 1)

(4.4)

where (X*,S5*) = argminy gegmxn ®(X,S), ny 1= Zf:_ol L (Xi11,50)> L0 (Xip1,2s,5:5v)y and 1y is 1 if its
argument is true; otherwise, 0.

Proof. See Appendix A for the proof. O

We obtain Algorithm 4 by applying Algorithm 3 to solve problem (3.1), where the smooth function
#(X) = fu(X), defined in (2.1), the non-smooth closed convex function is £ [|S|1 + 1,(X,S) and x =
{(X,8) e R™*" x R™*" : || X + S — D||p < §}. Theorem 4.1 shows that Algorithm 4 has an iteration
complexity of O(Z%) to obtain e-optimal and feasible solution of (P).

Algorithm 4 PARTTIALLY SMOOTH ALM(Yy)

1: input: Yy, € R™*"

2: Zop+ 0,5« D, k<« 0

3: while £ > 0 do

40 Xpy1 < argming fu(X) 4+ (Ye, X — Zi) + 2||X — Zi||7

5 Bi 4 fu(Xer) + € Skl + (Ye, Xerr = Zi) + 511 Xnr1 — Zill
6: if f,u(Xk-&-l) +§ ”SkHl + lx(Xk+17Sk) > By then

7: Xiy1 < Zi

8: end if

90 (Zis1, Sky1) < argming {& ISl + (Vfu(Xki1), Z — Xii1) + 21 Z — Xesal3 : (Z,5) € x}
10: Vi1 < =V u(Xet1) + p(Xp41 — Zit1)

11: k<« k+1

12: end while

Using the fast version of Algorithm 3, a fast version of Algorithm 4 with O(p/k?) convergence rate,
employing partial splitting and alternating linearization, can be constructed. This fast version can compute
an e-optimal and feasible solution to problem (P) in O(1/¢) iterations. Moreover, like the proximal gradient
methods described earlier, each iteration for these methods can be computed efficiently. The subproblems

8



to be solved at each iteration of Algorithm 4 and its fast version have the following generic form:

. S\, P S

Lmin () +(Q.X - X) + 5IIX - X3 (4.5)
min  {IS|h + (@, Z - 2)+ 212 - 2|3 (Z,5) € x}. (4.6)

Z,5eRmxn 2

Let U diag(c)V7 denote the singular value decomposition of the matrix X —Q/p, then X*, the minimizer of

the subproblem in (4.5), can be easily computed as U diag (a — ) VT. And Lemma 3.1 shows

max{/ﬂfc,r 1+pu}
how to solve the subproblem in (4.6).

5. Non-smooth Augmented Lagrangian Algorithm. Algorithm 5 is a Non-Smooth Augmented
Lagrangian Algorithm (NSA) that solves the non-smooth problem (P). The subproblem in Step 4 of
Algorithm 5 is a matrix shrinkage problem and can be solved efficiently by computing a singular value
decomposition (SVD) of an m X n matrix; and Lemma 3.1 shows that the subproblem in Step 6 can also be
solved efficiently.

Algorithm 5 NSA(Zy,Y))
1: input: Zp € R™*", Yy € R™*"
2: k<« 0
3: while £ <0 do
4 Xppr  argming {[|[ X« + (Y, X = Zp) + % 1X - Zi| 7}

Yit1 < Vi 4 pr(Xot1 — Zya)
Choose pp+1 such that pr+1 > pi
10: k<« k+1

11: end while

5 Yig1 — Y+ pr(Xng1 — Zi)

6 (Zi+1, St1) ¢ argming z sy, z45-pyz <23 LIS + (~Ye, Z — K1) + (|1 Z — Xiqa |7}
7. Let 0 be an optimal Lagrangian dual variable for the 1||Z + S — D||% < % constraint

8:

9:

We now prove that Algorithm NSA converges under fairly mild conditions on the sequence {py}rez,
of penalty parameters. We first need the following lemma, which extends the similar result given in [6] to
partial splitting of variables.

LEMMA 5.1.  Suppose that 6 > 0. Let {Xp, Zk, Sk, Yi,0k}trez, be the sequence produced by Algo-
rithm NSA. (X*, X*,5*) = argminy ; o{[| X[|« + & || : 312+ S —D|% < %, X = Z} be any optimal
solution, Y* € R™*™ and 0* > 0 be any optimal Lagrangian duals corresponding to the constraints X = Z

2
and 1||Z + S — D||% < &, respectively. Then {||Zy — X*||% + pi*|Yi — Y*||%}kez, is a non-increasing
sequence and

Yoker, 1Zke1 = ZllF < o0 D kez, PEQHijﬂ — Yill% < oo,
> kez, pr (=Yir1 + V¥, Spi1 — S*) < o0 > okez, Pr (—Yir1 + V¥, Xp1 — X¥) < o0,

Zk€Z+ P;1<Y* - Yk+17X* + 5% — Zk:+1 - Sk+1> < 0.
Proof. See Appendix B for the proof. O

Given partially split SPCP problem, minx z s{|| X ||« + £[[S]1 : X = Z, (Z,5) € x}, let £ be its
Lagrangian function

0
LX,Z,8Y,0) = Xl + € ISl + (Y, X = 2) + 5 (12 + 5 = Dl[f — %) . (5.1)

THEOREM 5.2. Suppose that 6 > 0. Let {Xy, Zk, Sk, Yk, 0k }rez, be the sequence produced by Algo-
rithm NSA. Choose {py}rez, such that



(i) Zk€Z+ i = oo: Then limpez, Z), = limgez, X = X*, limpez, Si, = S* such that (X*,5%) =
argmin{[[X|.. + & ISlly : | X + S — Dl| < 4}.

(i) ZkeZ+ é = oo: If |[D — X*||p # 6, then limpez, O = 0° > 0 and limpez, Y = Y™ such that
(X*,X*,8%,Y* 6*) is a saddle point of the Lagrangian function L in (5.1). Otherwise, if |D —
X*||p =9, then there exists a limit point, (Y™*,0*), of the sequence {Yy, 0k }rez, such that (Y*,0%) =
argmaxy o{L(X*, X*,5*;Y,0) : 6> 0}.

Remark 5.1. Requiring ) ;... i = 00 is similar to the condition in Theorem 2 in [6], which is needed
to show that Algorithm I-ALM converges to an optimal solution of the robust PCA problem.

Remark 5.2. Let D = XY + S% + (% such that ||(°||F < & and (X©,S°) satisfies the assumptions of
Theorem 1.2. If ||S°||F > VC'mnd, then with very high probability, | D—X*||r > &, where C is the numerical
constant defined in Theorem 1.2. Therefore, most of the time in applications, one does not encounter the
case where |D — X*||p = 4.

Proof. From Lemma 5.1 and the fact that X1 — Zp4q = pik (Yiy1 — Yy) for all £ > 1, we have

0> Y p 2 Y = Yalb = D I1Xks1 — Ziall3-
keZ4 k€Z4
Hence, limyez, (Xi — Zx) = 0.

Let (X#, X# 5#) = argminy , o{|| X[ + £ IS|l1 : 31Z+S - D|% < %, X = Z} be any optimal
solution, Y# € R™*" and 6% > 0 be any optimal Lagrangian duals corresponding to X = Z and 3| Z+5 —
D% < % constraints, respectively and f* := || X#|, + ¢ [|S#]|,.

Moreover, let x = {(Z,5) € R™*" x R™*" : ||[Z+ S — D|p < ¢} and 1,(Z,S) denote the indicator
function of the closed convex set x, i.e. 1,(Z,S5) = 0 if (Z,5) € x; otherwise, 1,(Z,S) = oco. Since the
sequence {(Z, Sk)}rez, produced by NSA is a feasible sequence for the set x, we have 1,(Z, Sy) = 0 for
all k£ > 1. Hence, the following inequality is true for all £k > 0

[ Xkl + &[Skl

[ Xkl + & 1Skl + 1 (Zk, Sk),

IX# [+ € 1S# [l + Ly (X#,5%) — (Y3, X# — X3) — (=Y, S% — Sp) — (Vie, X# + S# — Z), — S),
A+ Y X — XP) 4 (<Y + Y# S, — S7) + (Y# — Y, X* 4 % — 2, — S)) (5.2)
+(Y#, Z), — Xi),

IN I

where the inequality follows from the convexity of norms and the fact that —Y, € & 9||Skll1, —Yi €
0|| Xk« and (Yi,Yr) € 01,(Zk, Sk); the final equality follows from rearranging the terms and the fact
that (X7#,S%) € x.

From Lemma 5.1, we have

3 ol (H’k FY# X — X#) 4+ (—Y5 + Y#, S — §%) + (Y# — Vi, X* + 8% — 7, — Sk>) < .
kEZ 4

Since Ekez+ pik = 00, there exists K C Z4 such that

lim (<—Yfk + Y X — X*) 4 (=Y + Y# S, — S%) + (Y# — Y, X# + S# — 7) — Sk>) =0. (53

(5.3) and the fact that limez, Zr — Xj = 0 imply that along K (5.2) converges to f* = || X#||. +& || S#|; =
min{|| X ||« +& ||S]l1 : (X,S) € x}; hence along K subsequence, {|| Xg|«+& ||[Sk|l1 trek is a bounded sequence.
Therefore, there exists I* C K C Z4 such that limgexc« (Xy, Si) = (X*,8%). Also, since limyez, Z;—Xj =0
and (Zy, Sk) € x for all k > 1, we also have (X*, S*) = limgex+ (Zk, Sk) € x. Since the limit of both sides of
(5.2) along KC* gives || X*||. + & [|1S*|l1 = limgercs || Xkll« + & |Skll1 < f* and (X*,S*) € x, we conclude that
(X*,5%) = argmin{|[X .. + € S : (X, 8) € x}.
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It is also true that (X*, X*, 8*) is an optimal solution to an equivalent problem: argminy , {[|X || +

ENSIh: 2Z+S—-D|% < %, X = Z}. Now, let Y € R™*" and > 0 be optimal Lagrangian duals

corresponding to X = Z and 3[|Z 4+ S — D[4 < % constraints, respectively. From Lemma 5.1, it follows
that {||Zx — X*||% + p;. ?[| Y — Y||% }kez, is a bounded non-increasing sequence. Hence, it has a unique limit

point, i.e.
lim [|Z), — X*|% = lim [|Zy — X*|[% + p 2|V = V(% = lim [ Z, — X*||% + o 2IVa = Y[|7 =0,
k€Z+ k€Z+ ke

where the equalities follow from the facts that limgec+ Zx = X*, ux 00 as k — oo and {yk}k‘GZ_'_) Yitrez,

are bounded sequences. limyez, ||Z; — X*||p = 0 and limgez, Zi — Xp = 0 imply that limgez, X = X*.
Using Lemma 3.1 for the k-th subproblem given in Step 6 in Algorithm 5, we have

1 1 0
Spi1 = sign (D - (X,.c+1 +— Yk>> ® max{‘D - <Xk+1 + = Yk) ‘ - gm E, 0} . (5.4)
Pk Pk PrOk
O Pk 1
Z = D-S X — Y. ). 5.5
k+1 or + On ( k1) + or + O < k+1 T o k) (5.5)

If |D — (Xgq1 + ﬁ Yie)|lp <, then 0 = 0; otherwise, 8, > 0 is the unique solution such that ¢ (0x) = 9,

where
o1 (0) = Hmm{g B, Pk ‘D - (X,M 1 Yk> ‘}

5.6
0 pr+0 Pk (5.6)

F
In the following, it is shown that the sequence {Sj }xez, has a unique limit point S*. Since limyez, Xp = X,
{Yi}rez, is a bounded sequence and p; 00 as k — oo, we have limgez, Xpi1 + pik Y, = X*.

Case 1: ||D — X*||r <. Previously, we have shown that that exists a subsequence K* C Z, such that
limpegc- (X, Sk) = (X, 8%) = argminy o{[| X[« +&[IS]1 : X +S — D||r < 6}. On the other hand, since
ID — X*||r <8, (X*,0) is a feasible solution. Hence, || X*||. + &||S*|| < || X*||«, which implies that S* = 0.
1 Xkl + € 1Skl
[ Xkl + € 1Skl + 1(Z, Sk,

X 4+ € 0]l + 1 (X™,0) = (=i, X* — X)) — (=5, 0 = Sg) — (Vi X" + 0 — Zj, — S}),
= | X*||s + (Vi, X* — Xi) + (Yi, Zi — X7). (5.7)

IN

Since the sequences {Yy}rez, and {Yk}keZJr are bounded and limyez, Xp = limpez, Zp = X, taking the
limit on both sides of (5.7), we have

X« li Sklli = U Xl « S
1370+ & T 1Sl = T | Xl 4 £ 1Sk

= lim [ X[ + Ve, X' = Xp) + Vi, Zp — X¥) = | X7 ..
k€Zy

Therefore, limyez, ||Sk|l1 = 0, which implies that limgez, Sk = S* = 0.

Case 2: |D — X*||p > d. Since |D — (Xj+1 + pik Yllr = [|D — X*||r > 0, there exists K € Z;
such that for all &k > K, [|D — (Xp41 + pik Yi)llr > 9. For all k > K, ¢x(.) is a continuous and strictly

decreasing function of 6 for # > 0. Hence, inverse function qﬁ,;l(.) exits around ¢ for all £k > K. Thus,
$e(0) = |D = (Xi41 + = Ya)llr > 0 and limgoo ¢(6) = 0 imply that 6, = ¢, (8) > 0 for all k > K.

Moreover, ¢x(0) < ¢(0) = |5 E|r implies that 6 < Eivgmn for all k& > K. Therefore, {0)}rcz, is a

bounded sequence, which has a convergent subsequence Ky C Zy such that limgex, Or = 0*. We also have

or(0) = oo (#) pointwise for all 0 < 6 < 5V§m, where

Goo() = Hmin{g B, D—X*|} (5.8)

F
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Since ¢y () = 6 for all k > K, we have

: S Pk
=1 = — F
0 klenlé ¢k (ek) Hmln { Qk ’ Pr+ 0k

1
D — (ch-i-l + — Yk) ‘}
Pk

Note that since ||D — X*||p > §, ¢oo is invertible around §, i.e. ¢} exists around §. Thus, 6% = ¢ 1(6).
Since kg is an arbitrary subsequence, we can conclude that 0% := limycz, 0 = ¢31(0). Since there exists

6* > 0 such that 6* = limyez, Oy, taking the limit on both sides of (5.4), we have
§

S* = lim Siy1 = sign (D — X™) @max{|D -X* - E, 0}, (5.10)
kEZ 4 9*

= ¢oo(07). (5.9)

F

and this completes the first part of the theorem.

Now, we will show that if ||[D — X*||r # 0, then the sequences {0k }recz, and {Yi}rez, have unique
limits. Note that from (B.3), it follows that Yy = 0x_1(Zx + Sk, — D) for all k > 1. First suppose that
|ID—X*||F < 4. Since ||D—(Xk+1—|—pik Yi)llr = [|D—X"*||F < 9§, there exists K € Z, such that for all k > K,
D = (Xp41+ 2= Yi)|[p < 6. Thus, from Lemma 3.1 for all k > K, 6 = 0, Sgy1 =0, Zps1 = Xpp1 + - Y,
which implies that 6* := limkeZJr 0, =0 and Y* = hmkeZJr Y. = hmkeZJr Qk_l(Zk + S — D) = 0 since
S* = limgegc+ Sk = limgez, Sy = 0, limgez, Zp = X* and ||D — X*||p < 0. Now suppose that ||D — X*||r >
0. In Case 2 above we have shown that 0* = limgcz, 0. Hence, there exists Y* € R™*™ such that
Y* = limk€Z+ Qk,l(Zk + Sk - D) = 0*(X* + S* — D)

Suppose that Ekez+ é = 0o. From Lemma 5.1, we have Ekez+ | Zk+1 — Zk||% < co. Equivalently, the
series can be written as

00> > N Zki1 = ZellF = Y 0 1Ykt — Y ll3- (5.11)
]CEZ+ ]CEZ+

Since Y ez, p% = 00, there exists a subsequence K C Z, such that limpex || Yit1 — Yig1||% = 0. Hence,
k

limgex pil| Zes1 — Zill3 = 0, ie. limpex pr(Zis1 — Zi) = 0.
Using (B.1), (B.2) and (B.3), we have
0 € O Xpt1lls + Ok(Zis1 + Skv1 — D) + pr(Zrt1 — Zi), (5.12)
0 € &0||Sk+1ll1 + 0k(Zk41 + Sk41 — D). (5.13)
If [|[D — X*|| # 0, then there exists Y* € R™*™ such that Y* = limyez, Op—1(Zx + Sk — D) = 0*(X* +

S* — D). Taking the limit of (5.12),(5.13) along X C Z, and using the fact that limgex px(Zx+1 — Zx) = 0,
we have

0€ 8| X*||, + 0" (X* + S* — D), (5.14)
0 € €0||S™ || + 0% (X* + S* — D). (5.15)

(5.14) and (5.15) together imply that (X*,S*), Y* = 0*(X*+.5* — D) and 0* satisfy KKT optimality condi-
tions for the problem minx z s{[|X|[. +& |S|li : [|Z+S—D|% < %, X = Z}. Hence, (X*, X*,5*,Y*, 6%
is a saddle point of the Lagrangian function

0
L(X,2,8:Y,0) = |X||. + € IS + (¥, X = 2) + - (12 +5 = DI} - 8%)..

Suppose that |D— X*||r = 4. Fix k> 0. If |D — (Xk+1+i Yi)llr <6, then 6, = 0. Otherwise, 6, > 0

and as shown in case 2 in the first part of the proof 85 < @. Thus, for any £k > 0, 0 < 0 < @. Since
{0k }rez, is a bounded sequence, there exists a further subsequence Ky C K such that 6* := limpex, Ox—1
and Y* := limpex, Ok—1(Zx + Sk — D) = 0*(X* + S* — D) exist. Thus, taking the limit of (5.12),(5.13)
along Ky C Zy and using the facts that limpex pr(Zit1 — Zx) = 0 and X* = limpez, Xy = limpez, Zi,
S* = limgeyz, Sk exist, we conclude that (X*, X*, 5% Y™, 6%) is a saddle point of the Lagrangian function
L(X,Z,5;Y,0). O

12



6. Numerical experiments. Our preliminary numerical experiments showed that among the four
algorithms discussed in this paper, NSA is the fastest. It also has very few parameters that need to be
tuned. Therefore, we only report the results for NSA. We conducted two sets of numerical experiments with
NSA to solve (1.4), where ¢ = ——2——. In the first set we solved randomly generated instances of the

v/ max{m,n}

stable principle component pursuit problem. In this setting, first we tested only NSA to see how the run
times scale with respect to problem parameters and size; then we compared NSA with another alternating
direction augmented Lagrangian algorithm ASALM [10]. In the second set of experiments, we ran NSA and
ASALM to extract moving objects from an airport security noisy video [5].

6.1. Random Stable Principle Component Pursuit Problems. We tested NSA on randomly
generated stable principle component pursuit problems. The data matrices for these problems, D = X° 4
S0 4+ (0, were generated as follows

i. X0 =0UVT, such that U € R"*", V € R"*" for r = ¢,n and U;; ~ N(0,1), Vi; ~ N(0,1) for all i, j are

independent standard Gaussian variables and ¢, € {0.05,0.1},

ii. Ac{(i,j): 1<i,j <n} such that cardinality of A, |A| = p for p = ¢,n? and ¢, € {0.05,0.1},

iii. S?j ~ U[-100, 100] for all (,5) € A are independent uniform random variables between —100 and 100,
iv. ?j ~ oN(0,1) for all 4, j are independent Gaussian variables.
We created 10 random problems of size n € {500, 1000, 1500}, i.e. D € R™*", for each of the two choices of
¢, and ¢, using the procedure described above, where g was set such that signal-to-noise ratio of D is either
80dB or 45dB. Signal-to-noise ratio of D is given by

E [||X° + S92 cn + ¢5100%/3
SNR(D) = 101og,, (W — 101og,, <Q2/) . (6.1)
F

Hence, for a given SNR value, we selected p according to (6.1). Table 6.1 displays the o value we have used
in our experiments. As in [10], we set 6 = y/(n+ V8n)p in (1.4) in the first set of experiments for both

TABLE 6.1
o values depending on the experimental setting

SNR n cr=0.05 cp=0.05 | c;=0.05 cp=0.1 | c;=0.1 cp=0.05 | cy=0.1 cp=0.1
500 0.0014 0.0019 0.0015 0.0020

80dB | 1000 0.0015 0.0020 0.0016 0.0021
1500 0.0016 0.0020 0.0018 0.0022
500 0.0779 0.1064 0.0828 0.1101

45dB | 1000 0.0828 0.1101 0.0918 0.1171
1500 0.0874 0.1136 0.1001 0.1236

NSA and ASALM.
Our code for NSA was written in MATLAB 7.2 and can be found at http://www.columbia.edu/
~nsa2106. We terminated the algorithm when

(Xki1, Sky1) — (X, Se)llr <o
| (X%, Sk)llF +1 N

(6.2)

The results of our experiments are displayed in Tables 6.2 and 6.3. In Table 6.2, the row labeled CPU lists
the running time of NSA in seconds and the row labeled SVD# lists the number of partial singular value
decomposition (SVD) computed by NSA. The minimum, average and maximum CPU times and number of
partial SVD taken over the 10 random instances are given for each choice of n, ¢, and ¢, values. Table C.3

and Table C.4 in the appendix list additional error statistics.

With the stopping condition given in (6.2), the solutions produced by NSA have % ap-

proximately 1.5 x 107* when SNR(D) = 80dB and 5 x 1072 when SNR(D) = 45dB, regardless of the
problem dimension n and the problem parameters related to the rank and sparsity of D, i.e. ¢, and c,. After
thresholding the singular values of X*°! that were less than 1 x 107!2, NSA found the true rank in all 120
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random problems solved when SNR(D) = 80dB, and it found the true rank for 113 out of 120 problems when
SNR(D) = 45dB, while for 6 of the remaining problems rank(X*°!) is off from rank(X?) only by 1. Table 6.2
shows that the number of partial SVD was a very slightly increasing function of n, ¢, and c,. Moreover,
Table 6.3 shows that the relative error of the solution (X*°!, §%°!) was almost constant for different n, ¢, and
cp values.

TABLE 6.2
NSA: Solution time for decomposing D € R™*"™, n € {500, 1000, 1500}

cr=0.05 cp=0.05 | ¢,=0.05 cp=0.1 | ¢;=0.1 cp=0.05 | c,=0.1 cp=0.1
P P P P
SNR n Field min/avg/max min/avg/max min/avg/max min/avg/max
s00 | SVD# 9/9.0/9 9/9.5/10 10/10.0/10 11/11/11
CPU 3.2/4.4/5.1 3.6/5.1/6.6 4.3/5.2/6.4 5.0/6.2/8.1
2045 | 1000 | SVP# 9/9.9/10 10/10.0/10 11/11/11 12/12.0/12
CPU 16.5/19.6,/22.4 14.6/20.7/24.3 | 25.2/26.9/29.1 | 27.9/31.2/36.3
1500 | SVD# 10/10.0/10 10/10.9/11 12/12.0/12 12/12.2/13
CcPU 38.6/44.1/46.6 43.7/48.6/51.9 | 78.6/84.1/90.8 | 80.7/97.7/155.2
s00 | SVD# 6/6/6 6/6.9/7 7/7.1/8 8/8/8
CPU 2.3/2.9/4.2 2.9/3.6/4.5 2.9/3.9/6.2 3.5/4.2/6.0
5B | 1000 | SVP# 7/7.0/7 7/7.0/7 8/8.1/9 9/9.0/9
CPU 11.5/18.4/17.4 10.6/18.3/17.9 | 17.1/18.7/20.7 | 19.7/23.8/28.9
1500 | SYD# 7/7.9/8 8/8.0/8 9/9.0/9 9/9.0/9
CPU 34.1/37.7/44.0 30.7/37.1/45.6 | 55.6/59.0/63.7 | 55.9/59.7/64.8
TABLE 6.3
NSA: Solution accuracy for decomposing D € R™*™, n € {500, 1000, 1500}
cy=0.05 cp=0.05 cr=0.05 cp=0.1 cy=0.1 cp=0.05 cyr=0.1 cp=0.1
SNR Relative Error avg / max avg / max avg / max avg / max
sol 0
500 W 4.0B-4 / 42E-4 | 5.8B-4 / 85E-4 | 3.6E-4 /3.9E-4 | 4.4E-4 / 4.55-4
sol o)
w 1.7E-4 / 1.8E-4 | 1.6E-4 /2.5E-4 | 1.6E-4 / 1.8E-4 | 1.3E-4 / 1.3E4
Hxsol_xl)” _ } _ -~ _ -~ _ B
8048 | 1000 T 2.0E-4 / 24E-4 | 3.8E-4 / 4.1E-4 | 2.2E-4 / 22E-4 | 2.8E-4 / 2.9E-4
1= ! 1.2E-4 / 14E-4 | 1.5E-4 / 1.6E-4 | 1.2E-4 / 1.3E-4 | 1.1E-4 / 1.1E4
sol 0
1500 qungp e 1.8E-4 / 2.2E-4 | 2.1E-4 /2.6E-4 | 1.3E-4 / 1.3E-4 | 2.8E-4 / 2.9E-4
sol o)
IS HSO_HSF e 1.3E-4 / 1.6E-4 | 9.6E-5/1.1E-4 | 8.1E-5 / 8.5E-5 | 1.3E-4 / 1.4E-4
sol 0
500 ”Xuxgﬁ; e 6.0E-3 / 6.2E-3 | 8.0E-3 / 9.2E-3 | 6.1E-3 / 6.3E-3 | 8.1E-3 / 8.2E-3
15 -S| 2.1E-3 / 2.2E-3 | 2.3E-3 / 2.7E-3 | 2.2E-3 / 2.3E-3 | 2.7E-3 / 2.9E-3
[[SOl[F
[X5°T—XO|p _ _ _ _ _ _ _ _
1548 | 1000 Ear 4.1E-3 / 42E-3 | 6.1E-3 / 6.2E-3 | 4.6E-3 / 4.7E-3 | 6.0E-3 / 6.5E-3
w 1.9E-3 / 1.9E-3 | 2.4E-3 / 2.5E-3 | 2.3E-3 / 3.5E-3 | 3.1E-3 / 3.7E-3
sol 0
1500 X AE | 8.4E-3 /3.6E-3 | 4.TE-3 /47E-3 | 3.9E-3 / 40E-3 | 5.3E-3 / 5.35-3
sol (o)
IS HS‘:HSF e 1.8E-3 / 1.8E-3 | 2.3E-3 / 2.3E-3 | 2.6E-3 / 3.5E-3 | 3.1E-3 / 3.1E-3

Next, we compared NSA with ASALM [10] for a fixed problem size, i.e. n = 1500 where D € R"*". In
all the numerical experiments, we terminated NSA according to (6.2). For random problems with SNR(D) =
80dB, we terminated ASALM according to (6.2). However, for random problems with SNR(D) = 45dB,
ASALM produced solutions with 99% relative errors when (6.2) was used. Therefore, for random problems
with SNR(D) = 45dB, we terminated ASALM either when it computed a solution with better relative
errors comparing to NSA solution for the same problem or when an iterate satisfied (6.2) with the righthand
side replaced by 0.1p. The code for ASALM was obtained from the authors of [10].
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The comparison results are displayed in Table 6.5 and Table 6.6. In Table 6.5, the row labeled CPU
lists the running time of each algorithm in seconds and the row labeled SVD# lists the number of partial
SVD computation of each algorithm. In Table 6.5, the minimum, average and maximum of CPU times and
the number of partial SVD computation of each algorithm taken over the 10 random instances are given for
each two choices of ¢, and c¢,. Moreover, Table C.1 and Table C.2 given in the appendix list different error
statistics.

We used PROPACK [4] for computing partial singular value decompositions. In order to estimate the
rank of X, we followed the scheme proposed in Equation (17) in [6].

Both NSA and ASALM found the true rank in all 40 random problems solved when SNR(D) = 80dB.
NSA found the true rank for 39 out of 40 problems with n = 1500 when SNR(D) = 45dB, while for the
remaining 1 problem rank(X %) is off from rank(X?) only by 1. On the other hand, when SNR(D) = 45dB,
ASALM could not find the true rank in any of the test problems. For each of the four problem settings
corresponding to different ¢, and ¢, values, in Table 6.4 we report the average and maximum of rank(X sol
over 10 random instances, after thresholding the singular values of X*° that were less than 1 x 10712,
Table 6.5 shows that for all of the problem classes, the number of partial SVD required by ASALM was

TABLE 6.4
NSA vs ASALM: rank(X*°!) values for problems with n = 1500, SNR(D) = 45dB

rank(X0) = 75 rank(X?) = 150

cy=0.05 cp=0.05 ¢cy=0.05 cp=0.1 cyr=0.1 cp=0.05 cr=0.1 cp=0.1
Alg. avg / max avg / max avg / max avg / max
NSA 75 /75 75 /75 150.1 / 151 150 / 150
ASALM 175.8 / 177 179 / 207 222.4 / 224 201.9 / 204

more than twice the number that NSA required. On the other hand, there was a big difference in CPU
times; this difference can be explained by the fact that ASALM required more leading singular values than
NSA did per partial SVD computation. Table 6.6 shows that although the relative errors of the low-rank
components produced by NSA were slightly better, the relative errors of the sparse components produced
by NSA were significantly better than those produced by ASALM. Finally, in Figure 6.1, we plot the
decomposition of D = X9+ 8%+ (% € R"*" generated by NSA, where rank(X?) = 75, ||S°||o = 112,500 and
SNR(D) = 45. In the first row, we plot randomly selected 1500 components of S° and 100 leading singular
values of X© in the first row. In the second row, we plot the same components of S and 100 singular of
X produced by NSA. In the third row, we plot the absolute errors of S*°! and X*°!. Note that the scales
of the graphs showing absolute errors of S%° and X*° are larger than those of S° and X°. And in the
fourth row, we plot the same 1500 random components of (°. When we compare the absolute error graphs
of §%°0 and X*° with the graph showing ¢, we can confirm that the solution produced by NSA is inline
with Theorem 1.2.

TABLE 6.5
NSA vs ASALM: Solution time for decomposing D € R"*™ n = 1500

¢r=0.05 cp=0.05 ¢cr=0.05 cp=0.1 cr=0.1 cp,=0.05 cr=0.1 cp=0.1
SNR Alg. Field min/avg/max min/avg/max min/avg/max min/avg/max
NsA | SVD# 10/10.0/10 10/10.9/11 12/12.0/12 12/12.2/13
S0dB CPU | 38.6/44.1/46.6 43.7/48.6/51.9 78.6/84.1/90.8 80.7/97.7/155.2
ASALM | SYD# 22/22.0/22 20/20.0/20 29/29.0/29 29/29.4/30
CPU 657.3/677.8/736.2 | 809.7/850.0/874.7 | 1277.3/1316.1/1368.6 | 1833.2/1905.2/2004.7
Nsa | SVD# 7/7.9/8 8/8.0/8 9/9.0/9 9/9.0/9
A5dB CPU 34.1/37.7/44.0 30.7/37.1/45.6 55.6/59.0/63.7 55.9/59.7/64.8
ASaLn | SVD# 21/21/21 18/18.5/19 28/28.0/28 27/27.3/28
CPU 666.6/686.9/708.9 | 835.7/857.1/887.2 | 1201.9/1223.2/1277.5 | 1677.1/1739.1/1846.5
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TABLE 6.6
NSA vs ASALM: Solution accuracy for decomposing D € R™"*™ n = 1500

¢r=0.05 cp=0.05

cyr=0.05 cp=0.1

cyr=0.1 cp=0.05

cr=0.1 cp=0.1

Relative Error

avg / max

avg / max

avg / max

avg / max

1x*°T-X

1.8E-4 / 2.2E-4
1.3E-4 / 1.6E-4

2.1E-4 / 2.6E-4
9.6E-5 / 1.1E-4

1.3E-4 / 1.3E-4
8.1E-5 / 8.5E-5

2.8E-4 / 2.9E-4
1.3E-4 / 1.4E-4

3.9E-4 / 4.2E-4
5.7E-4 / 6.2E-4

8.4E-4 / 8.8E-4
7.6E-4 / 8.0E-4

6.6E-4 / 6.8E-4
1.1E-3 / 1.1E-3

1.4E-3 / 1.4E-3
1.4E-3 / 1.4E-3

3.4E-3 / 3.6E-3
1.8E-3 / 1.8E-3

4.7E-3 / 4.7E-3
2.3E-3 / 2.3E-3

3.9E-3 / 4.0E-3
2.6E-3 / 3.5E-3

5.3E-3 / 5.3E-3
3.1E-3 / 3.1E-3

SNR Alg.
NSA
80dB
ASALM
NSA
45dB
ASALM

4.6E-3 / 4.8E-3
4.8E-3 / 4.9E-3

7.3E-3 / 8.4E-3
5.8E-3 / 7.0E-3

4.7E-3 / 4.7E-3
5.5B-3 / 5.5E-3

7.8E-3 / 7.9E-3
7.3E-3 / 7.5E-3

FIG. 6.1. NSA: Comparison of randomly selected 1500 components of (0 with absolute errors of those components in S5°
and o(X*°Y). D € R**", n = 1500, SNR(D) = 45dB
99 9977
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6.2. Foreground Detection on a Noisy Video. We used NSA and ASALM to extract moving
objects in an airport security video [5], which is a sequence of 201 grayscale frames of size 144 x 176.
We assume that the airport security video [5] was not corrupted by Gaussian noise. We formed the i-th
column of the data matrix D by stacking the columns of the i*" frame into a long vector, i.e. D is in
R25344x201 " Tp order to have a noisy video with SNR, = 20dB signal-to-noise ratio (SNR), given D, we chose
0= |D|r/(v/144 x 176 x 201 105N%/20) and then obtained a noisy D by D = D + ¢ randn(144 % 176, 201),
where randn(m,n) produces a random matrix with independent standard Gaussian entries. Solving for
(X*,8%) = argminy gepossaaxzo1 {[| X[« +&[[S]l1 : [|[X +5 — D||r < 6}, we decompose D into a low rank
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matrix X* and a sparse matrix S*. We estimate the i-th frame background image with the i-th column of

X* and estimate the i-th frame moving object with the i-th column of S*. Both algorithms are terminated

1(Xkt1,Sk41) =Xk, Si)llr —4
when 1%, B+ <o x107°.

The recovery statistics of each algorithm are are displayed in Table 6.7. (X*°!, §5°!) denote the variables
corresponding to the low-rank and sparse components of D, respectively, when the algorithm of interest
terminates. Figure 7 and Figure 7 show the 35-th, 100-th and 125-th frames of the noise added airport
security video [5] in their first row of images. The second and third rows in these tables have the recovered
background and foreground images of the selected frames, respectively. Even though the visual quality of
recovered background and foreground are very similar, Table 6.7 shows that both the number of partial
SVDs and the CPU time of NSA are significantly less than those for ASALM.

TABLE 6.7
NSA vs ASALM: Recovery statistics for foreground detection on a noisy video

sol sol
Alg. CPU | SVD# | X!l | [$°°]z | rank(xso) | X243 =Dle
NSA | 160.8 19 398662.9 | 76221854.1 81 0.00068
ASALM | 910.0 94 401863.6 | T5T51977.1 89 0.00080

7. Acknowledgements. We would like to thank to Min Tao for providing the code ASALM.

FiG. 7.1. Background extraction from a video with 20dB SNR using NSA
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F1a. 7.2. Background extraction from a video with 20dB SNR using ASALM
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Appendix A. Proof of Theorem 4.1.
DEFINITION A.1. Let ¢ : R™*™ — R and @ : R™*"™ x R™*™ — R be closed convex functions and define

Q(2.81X) == (2, 9) + 6(X) + (1*(X), Z = X) + 5|2 = X3, (A1)
QY(Z1X,8) == ¢(Z) + (X, 8) + (v} (X,5), Z — X) + gllZ - X|%, (A.2)
and
(pP(X),p?(X)) := argmin Q?(Z,S|X), (A.3)
Z,8€Rmxn
p¥(X,8) := argmin Q¥(Z|X, S), (A.4)
ZEeRmxn

where ¥*(X) is any subgradient in the subdifferential O¢ at the point X and (*yg’f(X, S), ¥ (X, S)) s any

subgradient in the subdifferential Ov at the point (X,S).
LEMMA A.2. Let ¢, ¥, Q%, Q¥, pg, p? pf/’, v?, ¥, vY be as given in Definition A.1. and ®(X,S) :=

s

(X)) + (X, S). Let X° € R™*™ and define X = p?(X°) and S := p?(X°). If

B(X,5) < Q?(X,S5|XY), (A.5)
then for any (X, S) € R™*™ x Rm*",
2 (o(x.5) - @ (£.8)) > X — X[ — |X - XO (A.6)
P
Moreover, if
D (pw (Xs) 5) < QY (pw (Xs) ‘ XS) , (A7)
then for any (X, S) € R™*™ x Rm*",
2(20x8) -0 (o7 (£.8).8) ) 2 1x 5 (2,8) I3~ 1 - K[ (43)
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Proof. Let X° € R™*" gatisfy (A.5). Then for any (X, S) € R™*" x R™*" we have
B(X,S) - @ (pg(xo), s) > ®(X,S) - Q° (X S|X°) . (A.9)
First order optimality conditions for (A.3) and ¢ being a closed convex function guarantee that there exists
(7;1’ <X, S)mff (X, S)) € 8¢<X, S) such that
V¥ (X S) 42 (X0) + p(f( - XO) —0, (A.10)

VY (X, $) =o, (A.11)

Moreover, using the convexity of ¥(.,.) and ¢(.), we have
$(X,8) > 9 (X,8) + (v (%,8), x - X) + (3¢ (X.8),5 - 5),
6(X) > 6(X°) + (9(X°), X — X°).
These two inequalities and (A.11) together imply
B(X,5) > ¢(X, S) + <7;f (X S‘),X - X> +o(XO) + <7¢(X°),X - X0>. (A.12)
This inequality together with (A.5) and (A.10) gives
B(X,S) - @(X,S‘)
(1 (X.8),X = X) + (12(X0, X = X°) = (y°(x°), X = X°) = Ljix — x°J3,
=(7#(X°) +¢ (X, 5), X - X) - 2jlx - x|,

(x0-%, x-X) - LIx - x|,

Hence, we have (A.6). Suppose that X© satisfies (A.7). Then for any (X, S) € R™*" x R™*" we have
B(X,S) - cp(pﬂf (X s) s) > ®(X,S) - Q¥ (pw (X s) | X, s) . (A.13)

First order optimality conditions for (A.4) and ¢ being a closed convex function guarantee that there exists

7 (p” (£.9) ) € 96(p” (£,9) ) such that

(5 (%.8) ) +2 (%.8) + o3 (1.8 - X) =0. (A1)

X,S)),X—pw (XS) > (A.15)
)+ {2 (%.8), x - %), (A.16)



where (A.16) follows from the fact that (X,S') = argminy 5 Q?(X, S| X) implies (’y;f’ (X,S’), 0) €
oY (X, 5’>7 i.e. we can set v¥ (X7 S’) = 0. Summing the two inequalities (A.15) and (A.16) give

o(X,8) = ¢ (X.8) + (v (£.9), X - X) +o (v (£.9)) + (+* (»* (£.9)) . x —»* (X.9)).

(A.17)

Hence, we have (A.8). O

We are now ready to give the proof of Theorem 4.1.

Proof. Let I :={0<i<k—1:®(X;41,5) < L,(Xi41,Z;,5;;Y;)} and I¢ :={0,1,....,k — 1} \ I. Since
V¢(.) is Lipschitz continuous with Lipschitz constant L and p > L, ®(p2(X),p? (X)) < Q%(p2(X), p2(X)| X)
is true for all X € R™*". Since (A.5) in Lemma A.2 is true for all X° € R™*" (A.6) is true for all
(X,8) € Rm*™ x R™*", Particularly, since for all ¢ € T U I¢

(Zi+17 Si+1) == ar%rgin Q¢(Z, S| Xi+1); (A18)

setting (X, S) := (X*,5%) and X° := X, in Lemma A.2 imply that p?(X;11) = Ziy1, p?(Xit1) = Sit1
and we have

2 * * * *

2 (000,8°) = 8(Zapr, i) 2 i = X[ = [Xea = X (A19)

Moreover, (A.18) implies that for all i € I U I¢, there exits (v¥(Z;, i), ¢ (Zi, Si)) € 0v(Z;, S;) such that

Y Ziy Si) + Vo(Xi) + p(Zi — Xi) = 0, (A.20)
V¥ (Zi, Si) = 0. (A.21)

(A.20) and the definition of Y;+1 of Algorithm ALM-S shown in Algorithm 3 imply that
V(Zi, i) = =V (X)) + p(X; — Zi) = V.
Hence, by defining Q¥ (.| Z;, S;) according to (A.2) using v¥(Z;, S;) = Y;, for all X € R™*" we have
L,(X,Z;,5:Y;) = o(X) +9(Zi,S) + (Yi, X — Z;) + gHX — Zi||% = Q¥ (X| Zi, Si). (A.22)

for all i € I UI°. Hence, for all i € I X; 41 = argminy £,(X, Z;,S;;Yi) = argminy Q¥(X|Z;,S;). Thus,
for all i € I, setting X° := X, in Lemma A.2 imply pi(X») Z;, p2(X;) = S; and p¥ (p2(X;),p?(X;)) =
pil)(Z“SZ) = Xi—i—l- For all ¢ € I we have q)(Xi—i-l,Si) < ‘Cp( z+1,ZuSsz;) Qw( z+1|ZzaSi)~ Hence, for
all i € I setting X" := X, in Lemma A.2 satisfies (A.7). Therefore, setting (X, S) := (X*,5*) and X° := X
in Lemma A.2 implies that

2 * * * *
;(‘I’(X ,SF) = ®(Xig1,50) > | Xiv1 — XH|7 — 120 — X¥|| 7. (A.23)
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For any i € I, summing (A.19) and (A.23) gives

2 * * * *
;(2@()( }8%) = @(Xi41, ) = P(Zit1,Si41)) 2 | Ziga — X*|F — 12 — X*| % (A.24)

Moreover, since X; 11 = Z; for ¢ € I¢ and (A.19) holds for all ¢ € I U I¢, we trivially have

2 * * * *
- (D(X*,5%) = ®(Zis1, Sis1) = | Ziga — X7 — 1 Zi — X* |3 (A.25)

Summing (A.24) and (A.25) over i = 0,1,....,k — 1 gives

k—1

2 * * * *

p<(21+|1°| (X5, 8%) =D (Xi1,8) = > (Ziy, z+1>2”Zk—X 17— 11Zo = X*[[7- (A.26)
i€l =0

For any i € I U I¢, setting (X, S) := (X;11,95;) and X := X, in Lemma A.2 gives

(®(Xit1,5:) = ®(Zit1, Siv1)) > | Zigs — Xia|[7 > 0. (A.27)

SRR

Trivially, for ¢ =1, ..., k we also have

2
p (®(Xs, Si—1) — ®(Zi, 8:)) > | Zi — Xi|| > 0. (A.28)
Moreover, since for all i € I setting X° := X; in Lemma A.2 satisfies (A.7), setting (X, S) := (Z;,S;) and
XY := X; in Lemma A.2 implies that

(B(Z:,S)) — B(Xi11,5)) > | X1 — Zil[3 > 0. (A.29)

N

And since X1 = Z; for all i € I¢, (A.29) trivially holds for all ¢ € I¢. Thus, for all i € I U I° we have

2 (©(Z;,55) — B(Xi11,5) = 0. (A.30)

A

Adding (A.27) and (A.30) yields ®(Z;,S;) > ®(Z;41,Si+1) for all i € T U I° and adding (A.28) and (A.30)
yields ®(X;, Si—1) > ®(X;41,5;) for all i = 1,...,k — 1. Hence,

x>
[

O(Zig1, Si1) = k®(Zx, S), and Y ®(Xiy1,5:) = ng® (X, Sp_1). (A.31)
iel

Il
o

)

These two inequalities, (A.26) and the fact that Xy = Z; imply
2 * *
» (2] +[I°) ®(X*, 5%) — np® (X, Sk—1) — k®(Zx, Sk)) = —[ X0 — X*|7. (A.32)

Hence, (4.4) follows from the facts: 2|I|+ |I¢| = k+ny and ng®( Xy, Sp—1) + kP(Zk, Sk) > (k+nk)P(Zk, Sk)
due to (A.27). 0O

Appendix B. Proof of Lemma 5.1.
Proof. Since Y* and 6* are optimal Lagrangian dual variables, we have
* * * E 9*
(X7, X", 8 )—argm;nHXll S+ (VX = 2) + 5 (12 + 5 - DlIE - 6%).
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Then from first-order optimality conditions, we have

0 €I X [l +Y7,

0€& oS +6"(X"+ 5" - D),

-Y*"+0"(X*+S*—D)=0.
Hence, —Y™* € 9| X*||. and —=Y™* € £ 9||5*||1-

For k > 0, since X1 is the optimal solution for the k-th subproblem given in Step 4 in Algorithm 5,
from the first-order optimality conditions it follows that

068“Xk+1||*+yk+pk(Xk+1 — Zy). (B.1)

For k£ > 0, let 6 > 0 be the optimal Lagrange multiplier for the quadratic constraint in the k-th subproblem
given in Step 6 in Algorithm 5. Since (Sk4+1, Zr+1) is the optimal solution, from the first-order optimality
conditions it follows that

0e §8||Sk+1||1 + ek(Zk+1 + Sk+1 — D), (B.Q)
Y, + pk(Zk+1 — Xk+1) + Hk(ZkH + Sk41 — D) =0. (BS)

From (B.1), it follows that —Y,41 € 8| Xs1]l«. Hence, {Yk}ke@ is a bounded sequence. From (B.2) and
(B.3), it follows that —Yx11 € £ O||Sk41|l1. Hence, {Yr}rez, is also a bounded sequence.

Furthermore, since Y11 — Y = pp(Xpa+1 — Zi41) and Yiiq — )A/;H_l = pp(Zr — Zk+1), we have

P (Vg1 — Y, Y — Y™)
=(Xkt1 = Zpg1, Yiep1 — Y7),
=(Xpp1 = X Vi1 = Y7) + (X7 — Zpy1, Vi1 — Y7,
=(Xip1 — X Yiq1 — Y1) + (Xigr — X" Vi = Y*) + (X" = Zp1, Vi1 — Y,
=pi(Xny1 — X*, 2 — Zrga) + (Xip1 — X Vi = Y*) + (X* = Zp1, Yieys — V7).
Using the above equality, for all £k > 1, we trivially have
1 Zk11 = X% + 0 2 Vs = Y717
=2 = X% + 02 211V = Y75 = 12611 = Zil% = ok 21 Yarn — Yl %,
+ 2(Zkpr — X*, Zigr — Zi) + 20, (Yag1 — Vi, Yir — Y,
=12k = X% + i 21V = Y F = 1 Zk1 = ZillF — 012 Vi1 — Yal s
+2(Zk1 — X5, Zyr — Zi) + 2( X1 — X7 Zk — Zgea)
—2p;! (<—Y/k+1 FY* Xpyr — X5 4 (—Yjoyy + V7, X7 — Zk+1>)
=1Zx = X*1% + 02 211V = Y¥ % = 1 261 — Zell% — 3 21 Va1 — Yal %,
+2(Zks1 = Xiwr, Ziewn = Zx) = 2050 ((=Vion + Y, Xoogr = X7 (Vi1 + V", X" = Zy))
=2 = X%+ pp 211V = Y5 = 1 Zks1 = Zil% — ok 21 Yarn — Yl %,
— 9t (<Yk+1 Y, Zipt — Zi) + (—Vir1 + Y, Xpi1 — X*) + (—Vipq + V5, X — Zk+1>) (B.4)

Since —Y) € £ 9||Sk||1 for all k > 1 and —Y™* € £ 9||5*||1, we have for all k > 1

(—Yit1 + Y, Sky1 — Sk) > 0, (B.5)
(=Yiyp1 +Y* Sk — S™) > 0. (B.6)
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Since pgy1 > pi for all k > 1, adding (B.5), (B.6) to (B.4) and subtracting (B.6) from (B.4), we have
1Zks1 = X*I% + o ¥ = Y7

1 Z1 = X5 + pi 2 Yier = Y¥|[5

12 = XI5 + i 1Y% = Y¥ U5 = 1 Zosr = ZillF — 032 1¥ksr — Yaell %

= 20" ((=Fhp + Y, Xiar = X7+ (Yieys + Y7, Spy1 — 57))

=200 (Vi1 — Vi, Zir + Sky1 — Zi — Sk) + (—Yirn + Y, X5 +5* — Zp1 — Sit1)) (B.7)

IN A

Applying Lemma 3.2 on the k-th subproblem given in Step 6 in Algorithm 5, it follows that
(Yit1, Yit1) € 013 (Zis1, Sk+1)-
Using arguments similar to those used in the proof of Lemma 3.2, one can also show that
(Y*, V™) € 01,,(X™,57).

Moreover, since —Y;, € € 8||Sk|l1, —Yi € € 8|| Xk for all k > 1, —Y* € £ 9||S*||; and —Y* € || X*||,, we
have

(Y1 — Yio, Zisr + Sesr — Zi — Si) > 0,
(Y1 + Y, X"+ 58" — Zi11 — Sk41) >0,
(=Ypp1 +Y", Sk — 8%) >0,

(~Vip1 + Y, Xpp1 — X¥) >0,

for all k > 1. Therefore, the above inequalities and (B.7) together imply that {||Z, — X*||% + p;,%||Yx —
Y*||2 }kez , is a non-increasing sequence. Moreover, we also have

D M2 = Zell + 021 Viesr = Yl
kEZy

+2 Z pi (<—Y/k+1 + Y, X1 — X) + (Y1 + Y7, Sepr — S*>)
k€Z4

+2 Z pk Yk+1 Yy, Zk+1 4+ Sky1 — 2 — Sk> + <*Yk+1 + Y*,X* + S* — Zk+1 - Sk+1>)
k€EZ 4

= U2 = X" 15+ 021V = Y7UIE = 1201 = X7 = 91 Ve = Y7 ([7) < o0
kEZ4
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Appendix C. Additional Statistics for Numerical Experiments.

TaBLE C.1

NSA vs ASALM: Additional statistics on solution accuracy for decomposing D € R"*™ n = 1500, SNR(D) = 80dB

cr=0.05 cp=0.05

¢r=0.05 cp=0.1

NSA

ASALM

NSA

ASALM

Error Type

avg / max

avg / max

avg / max

avg / max

| 1150 — (1Kl | /11X«

1.7E-6 / 5.2E-6

6.9E-6 / 1.0E-5

5.0E-6 / 3.2E-5

2.3E-5 / 3.8E-5

max{|o; — o?|: 6? > 0}

4.1E-2 / 5.2E-2

3.9E-2 / 4.7E-2

5.2E-2 / 1.8E-1

1.1E-1 / 1.7E-1

max{|oj| : 02 = 0}

7.9E-13 / 2.2E-12

6.3E-13 / 1.6E-12

8.6E-13 / 2.0E-12

1.1E-12 / 2.0E-12

| 18=!lx — [1S°ll|/11S°lx

1.1E-5 / 1.4E-5

6.2E-6 / 9.7E-6

9.7E-6 / 1.5E-5

8.6E-5 / 9.7TE-5

max{\SiSj01 — S%| : S% # 0}

2.9E-1 / 3.5E-1

5.9E-1 / 8.0E-1

2.2E-1 / 2.4E-1

5.9E-1 / 7.4F-1

max{|S5?!] : P = 0} 0/ 0 4.0E-1 / 7.2E-1 8.3E-3 / 1.1E-2 1.9E-1 / 5.5E-1
cy=0.1 cp=0.05 cyr=0.1 cp=0.1
NSA ASALM NSA ASALM
Error Type avg / max avg / max avg / max avg / max
[ 11Xl — IXO)«]/|X°]|« | 5.6E-6/ 6.4E-6 4.6E-5 / 4.9E-5 6.2E-6 / 7.1E-6 1.2E-4 / 1.4E-4
max{|o; — | : 6? > 0} 5.7E-2 / 6.2E-2 1.2E-1 / 1.3E-1 8.8E-2 / 1.0E-1 3.0E-1 / 3.7E-1
max{|o;| : 0 = 0} 6.9E-13 / 1.5E-12 | 6.2E-13 / 9.9E-13 | 6.2E-13 / 1.3E-12 | 3.9E-13 / 1.0E-12
| 18511 — [IS°|111/11S° |1 1.2E-5 / 1.6E-5 1.6E-4 / 1.7E-4 3.4E-5 / 3.7E-5 2.5E-4 / 2.7E4
max{\sisjol —Spl: 8P # 0} 1.6E-1 / 1.9E-1 6.7TE-1 / 8.3E-1 1.7E-1 / 2.0E-1 7.9E-1 / 9.5E-1
max{|S$?!| : SP = 0} 7.0E-3 / 1.1E-2 1.5E-1 / 2.5E-1 1.3E-2 / 1.9E-2 1.2E-1 / 2.5E-1
TABLE C.2

NSA vs ASALM: Additional statistics on solution accuracy for decomposing D € R**™ n = 1500, SNR(D) = 45dB

¢r=0.05 cp=0.05

¢r=0.05 cp=0.1

NSA

ASALM

NSA

ASALM

Error Type

avg / max

avg / max

avg / max

avg / max

|11 — (1K | /11X«

1.8E-4 / 3.6E-4

1.4E-3 / 1.5E-3

2.2E-4 / 2.4E-4

2.4E-3 / 2.6E-3

max{|o; — 0P| : 6? > 0}

5.9E-1 / 1.8E+0

1.1E40 / 1.5E+0

9.8E-1 / 1.1E+0

2.3E+0 / 2.6E40

max{|oj| : 0¥ = 0}

6.4E-13 / 1.3E-12

3.7E+40 / 3.8E+0

6.1E-13 / 1.0E-12

4.7E4+0 / 5.5E40

| lIs=°lx — 118l 1/11S°llx

1.7E-4 / 1.9E-4

4.2E-3 / 4.3E-3

1.3E-4 / 1.3E4

2.9E-3 / 3.6E-3

1 .
max{|SiSj° — S%\ : S% # 0}

1.0E40 / 1.2E4+0

3.0E4+0 / 3.6E+0

1.3E4+0 / 1.4E4+0

3.2E+0 / 3.8E+0

max{|SiSj°1| : S% =0}

3.6E-1 / 4.0E-1

2.2E40 / 2.6E+0

5.3E-1 / 6.1E-1

2.3E+0 / 3.1E40

cy=0.1 cp=0.05 cyr=0.1 cp=0.1
NSA ASALM NSA ASALM
Error Type avg / max avg / max avg / max avg / max
[ 11Xl — [IXO]|/]1XO| « 3.7E-4 / 6.5E-4 9.7E-5 / 1.3E-4 6.7E-4 / 6.8E-4 8.4E-4 / 9.0E-4

max{|o; — 0P| : 0¥ > 0}

1.3E40 / 1.5E+0

1.2E40 / 1.3E+0

2.5E+0 / 2.8E+0

1.3E40 / 1.5E+0

max{|o;| : 0¥ = 0}

1.6E-1/ 1.6E+0

3.6E+0 / 3.7TE+0

7.3B-13 / 1.7E-12

3.2E+0 / 3.3E+0

| 8%°l1 — [1SOl1]/11S°1

8.1E-4 / 3.2E-3

4.7E-3 / 4.8E-3

8.9E-4 / 9.0E-4

4.4E-3 / 4.5E-3

max{|S5¢! — 89| : 8% # 0}

9.3E-1 / 1.1E+0

2.7E40 / 3.3E+0

1.1E40 / 1.2E+40

3.2E40 / 3.5E+0

max{|SiSj°l| : S% =0}

5.7E-1 / 6.6E-1

1.1E40 / 1.4E40

7.1E-1/ 7.9E-1

1.3E40 / 1.6E40
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TaBLE C.3
NSA: Additional statistics on solution accuracy for decomposing D € R™"*™ n € {500, 1000,1500}, SNR(D) = 80dB

cy=0.05 c,=0.05 cyr=0.05 cp=0.1 cr=0.1 cp=0.05 cy=0.1 cp=0.1
n Error Type avg / max avg / max avg / max avg / max

% 7.2E-6 / 1.1E-5 2.0E-5 / 2.7E-5 5.6E-6 / 8.2E-6 2.1E-5 / 3.1E-5

max{|o; — 09| : 00 > 0} 1.7E-2 / 2.4E-2 3.4E-2 / 5.6E-2 2.1E-2 / 2.7E-2 3.2E-2 / 3.8E-2
max{|o;| : 00 = 0} 1.6E-13 / 2.9E-13 | 2.0E-13 / 5.6E-13 | 1.1E-13 / 2.5E-13 | 8.6E-14 / 1.7E-13

500 LI 11801, 1.6E-5 / 1.7E-5 | 1.5E-5/ 1.8E-5 | 2.9E-5/ 3.2E5 | 2.6E-5,/ 3.0E-5
max{|SiSj°l — 83| : 8P # 0} 3.2E-1 / 4.0E-1 3.0E-1 / 4.3E-1 2.6E-1 / 3.2E-1 1.8E-1 / 2.3E-1
max{|S5°!] : 89 = 0} 9.5E-3 / 2.2E-2 1.5E-2 / 2.5E-2 1.5E-2 / 2.5E-2 1.8E-2 / 3.4E-2
% 5.6E-6 / 1.7E-5 6.2E-6 / 1.7E-5 6.9E-6 / 8.6E-6 1.5E-6 / 2.6E-6

max{|o; — o?| : 0¥ > 0} 1.8E-2 / 4.0E-2 3.1E-2 / 4.8E-2 5.1E-2 / 6.0E-2 5.9E-2 / 6.8E-2
max{|o;| : 00 = 0} 3.3E-13 / 48E-13 | 3.3E-13 / 5.0E-13 | 2.9E-13 / 6.6E-13 | 2.8E-13 / 4.8E-13

1000 LISl 1801, 1.1E-5 / 1.5E-5 | 1.7E-5/ 1.9E-5 | 2.8E-5/ 3.0E5 | 2.9E-5,/ 3.0E-5
max{|SiSj°l — 83| : 8P # 0} 2.7E-1 / 3.1E-1 3.1E-1 / 3.8E-1 2.2E-1 / 2.8E-1 1.6E-1 / 1.7E-1
max{|S5°!] : 89 = 0} 1.7E-4 / 9.7E-4 1.2E-2 / 1.7E-2 7.8E-3 / 1.2E-2 1.2E-2 / 1.5E-2
% 1.7E-6 / 5.2E-6 5.0E-6 / 3.2E-5 5.6E-6 / 6.4E-6 6.2E-6 / 7.1E-6

max{|o; — o?|: 6? > 0} 4.1E-2 / 5.2E-2 5.2E-2 / 1.8E-1 5.7E-2 / 6.2E-2 8.8E-2 / 1.0E-1
max{|o;| : 00 = 0} 7.9E-13 / 2.2E-12 | 8.6E-13 / 2.0E-12 | 6.9E-13 / 15E-12 | 6.2E-13 / 1.3E-12

1500 % 1.1E-5 / 1.4E-5 9.7E-6 / 1.5E-5 1.2E-5 / 1.6E-5 3.4E-5 / 3.TE-5
max{|S5! — S| : 8% # 0} | 2.9E-1/ 35E-1 2.2E-1 / 24E-1 1.6E-1 / 1.9E-1 1.7E-1 / 2.0E-1
max{|S5!| : 8% = 0} 0/ 0 8.3E-3 / 1.1E-2 7.0E-3 / 1.1E-2 1.3E-2 / 1.9E-2
TaBLE C.4

NSA: Additional statistics on solution accuracy for decomposing D € R"*™ n € {500,1000,1500}, SNR(D) = 45dB

¢r=0.05 cp=0.05

cyr=0.05 cp=0.1

cr=0.1 cp=0.05

cr=0.1 cp=0.1

n Error Type avg / max avg / max avg / max avg / max

'”XC’IT;‘(—*”XOH' 6.0E-4 / 9.3E-4 5.5E-4 / 6.2E-4 7.4E-4 / 8.8E-4 1.0E-3 / 1.3E-3

max{|o; — 0| : 0¥ > 0} 5.1E-1 / 7.8E-1 5.4E-1/ 7.7E-1 8.2E-1 / 8.9E-1 9.2E-1 / 1.2E40

max{|oj| : 0¥ = 0} 1.7E-13 / 2.7E-13 | 1.6E-13 / 3.0E-13 | 1.0E-13 / 2.1E-13 | 1.1E-1/ 6.0E-1

500 % 3.0E-4 / 3.4E-4 2.1E-4 / 2.9E-4 3.0E-4 / 1.2E-3 6.4E-4 / 1.1E-3
max{[S§P! — SP[: SP # 0} | 1.6E4+0/ 1.9E+0 | 1.4E40/ 1.8E+0 | 1.2E+40/ 1.6E+0 | 1.0E40 / 1.3E+0
max{|S§!| : S = 0} 2.3E-1/ 2.9E-1 4.0E-1 / 4.7E-1 3.5E-1 / 4.6E-1 5.4E-1/ 6.1E-1
'”XC’IT”—;”XOH' 2.8E-4 / 3.1E-4 4.4E-4 / 7.5E-4 5.6E-4 / 8.0E-4 7.4E-4 / 8.4E-4
max{|o; — o?| : 6P > 0} 5.2E-1 / 6.2E-1 8.6E-1 / 1.2E+0 | 1.7E+0/ 1.9E+0 | 1.8E4+0 / 1.9E+0

max{|o;| : of = 0} 2.5E-13 / 5.3E-13 | 4.3E-13 / 9.0E-13 | 2.0E-1/ 2.0E4+0 | 6.3E-1/ 3.9E+0

1000 % 2.2E-4 / 2.3E-4 1.4E-4 / 1.7E-4 5.5E-4 / 3.7E-3 1.1E-3 / 2.5E-3
max{[S§P! — SP|: SP # 0} | 1.3E40/ 1.5E+0 | 1.5E40/ 1.8E+0 | 1.1IE40/ 1.3E+0 | 9.6E-1/ L1E+0
max{|S§!| : S = 0} 2.7E-1 / 3.2E-1 4.6E-1 / 5.2E-1 4.6E-1 / 5.1E-1 6.4E-1 / 6.7E-1
'”Xc’lg‘(—g”xo”' 1.8E-4 / 3.6E-4 2.2E-4 / 2.4E-4 3.7E-4 / 6.5E-4 6.7E-4 / 6.8E-4

max{|o; — 0| : 6P > 0} 5.9E-1 / 1.8E40 | 9.8E-1/ 1.1E+0 | 1.3E+0/ 15E+0 | 2.5E4+0/ 2.8E+0
max{|o;| : of = 0} 6.4E-13 / 1.3E-12 | 6.1E-13 / 1.0E-12 | 1.6E-1/ 1.6E+0 | 7.3E-13 / 1.7E-12

1500 % 1.7E-4 / 1.9E-4 1.3E-4 / 1.3E-4 8.1E-4 / 3.2E-3 8.9E-4 / 9.0E-4
max{[S§P! — SP[: SP # 0} | 1.0E40/ 1.2E+0 | 1.3E40/ 14E+0 | 9.3E-1/ L1E+0 | 1.1E40/ 1.2E+0
max{|S§!| : S = 0} 3.6E-1/ 4.0E-1 5.3E-1/ 6.1E-1 5.7E-1 / 6.6E-1 7.1E-1/ 7.9E-1
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