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Global optimization of expensive black box problems with

a known lower bound

Andrea Cassioli · Fabio Schoen

Abstract In this paper we propose an algorithm for the global optimization of
computationally expensive black–box functions. For this class of problems, no
information, like e.g. the gradient, can be obtained and function evaluation is
highly expensive. In many applications, however, a lower bound on the objective
function is known; in this situation we derive a modified version of the algorithm
in [5]. Using this information produces a significant improvement in the quality
of the resulting method, with only a small increase in the computational cost.
Extensive computational results are provided which support this statement.

Keywords Global Optimization, black-box function, expensive objective
functions, radial basis method, bumpiness

1 Introduction

In many practical applications the objective function (or the constraints) are very
expensive to be evaluated (typically hours or even days of CPU time). In such
situations it is desirable to reduce as much as possible the number of function
evaluations. Traditional derivative–free methods based on direct search or gradient
estimation via numerical differentiation are not viable as they require too many
function evaluations. The most successful methods for similar problems are based
on surrogate models of the objective function incrementally built from all the
available function evaluations.

Many methods exist within this framework and excellent surveys are available
in the literature – see e.g. [8,3]; most of the cited literature agree in suggesting
that an interpolation or a regression model based on a sufficiently representative
basis of functions is the best choice for function approximation. Typical choices
for the bases are radial basis functions possibly extended with the use of low
degree polynomials. Many existing methods base the choice of the next point
where to evaluate the objective function simply on the surrogate model, typically
choosing its minimizer as a predictor for the next evaluation point. Although
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sensible, this policy is too myopic and tends to produce iterates that degenerate
into a local search. The best approaches, in the authors’ opinion, are those in
which this step is performed by globally optimizing a suitable merit function on
the feasible set. While the merit function might be the surrogate model itself,
typically it chosen so that its global optimum corresponds to a point where it is
“likely” to be able to observe a low function value. An excellent way to do so is
through the introduction of a “bumpiness” function, as proposed by [5]: there,
given a threshold, or aspiration, level, a point is chosen so that a surrogate model
which includes an interpolation at such a point whise value is the chosen threshold
is as little bumpy as possible.

This paper is devoted to an extension of the classical method of [5]; in many
applications which require the optimization of costly black-boxes a lower bound on
the optimal value is frequently available. The typical situation is in parameter cal-
ibration for simulation models: there usually a complex simulation model is built,
e.g. for traffic micro–simulation or for continuous simulation of, say, geophysical
systems, which depends on some parameters. For urban traffic, as an example,
parameters might be linked to some internal constants used in the simulation like,
e.g., parameters which govern the drivers’ behavior: average gap acceptance in
crossing, average speed, . . . . Parameter calibration is usually performed by tak-
ing some measurements at some location in the real network, like average queue
lengths, and trying to change parameter setting until the differences between real
data observation and data obtained in the simulation match as closely as possible.
In these cases, the objective to be minimized might be the sum of absolute or
squared differences between real and simulated data. Indeed, in many such ap-
plications, what we actually wish to minimize is the quadratic error between the
outcome of a simulator θ(x) and experimental data θ̄, i.e.

f(x) = ‖θ(x)− θ̄‖2.

The analytical expression for this function is unknown and its evaluation re-
quires running a lengthy simulation, possibly several times to get reliable output.
However it can be clearly assumed that the lower bound on this function is zero.

Analogously, remaining within the traffic simulation example, after a model has
been calibrated, it is usually employed to make some decisions; if these decisions
are, as an example, traffic light phase durations at some intersections, and the
objective is to regulate them so that the average queue lengths at specific points
in the network are minimized (more precisely, their sum or their maximum is
minimized), then, again, we are faced with a costly black box for which it is clear
that a lower bound equal to zero is available.

This situation arises in so many practical applications that it is quite surprising
to notice that, to the authors’ knowledge, it did not attract specific research. This
paper is meant to be a first step towards the inclusion of this information in a
global optimization method.

The paper is organized as follows: at the end of this section a quick review
of some similar approaches in the literature is presented; in Section 2 the basic
global optimization methods based on radial basis interpolation models are quickly
reviewed, mostly to introduce notation – most of the material is taken from [5]
where a detailed analysis of these methods has been first proposed in a systematic
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way. Our new technique is introduced in Section 3, while in Section 4 numerical
results are provided. Conclusions and remarks are summarized in Section 5.

1.1 Brief literature review

The seminal work on the use of radial basis interpolant for the global optimization
of black–box function is [5] in which the author introduce the use of the merit
function and prove the convergence of the method under mild assumptions.

The use of a bumpiness measure is in our opinion an excellent strategy to
guide the search towards new, promising points; however, also due to the non
trivial implementation of bumpiness–based methods and to the requirement of
running a global optimization method in order to optimize both the radial basis
interpolant and the bumpiness at each iteration, some authors prefer to avoid the
use of the bumpiness merit function, using alternative strategies.

In many applied fields a frequently used technique is kriging (see, e.g. [3]),
a technique for interpolation which is very close to radial basis interpolation,
although it is based on a stochastic model for the objective function; as with
any interpolation or approximation scheme, models built according to the kriging
methodology can be augmented by means of a merit function to guide the search
for a good next evaluation point. Usually, however, in the kriging literature the
standard approach of placing the next point at the global minimizer of the krig-
ing model is adopted; in some cases models taking into account both the average
and the standard deviation of the fitted model are exploited so that a balance
between trusting the model (refinement) and looking where the variance is high
(exploration) is obtained.

Recently some authors ([7,6,8,11]) proposed interesting extensions to the ba-
sic approach of Gutmann. These extension go into different directions like, e.g.,
incorporating a penalty term in a relaxed bumpiness minimization which allows
for non exact interpolation (i.e., regression), or local refinements.

The possibility to handle constrained optimization problems has been exploited
in [10]. A parallel implementation is presented in [12].

Apparently none of these approaches considered an extension like the one pro-
posed in this paper and, on the other side, it can be easily checked that our
modified method can be quickly adapted to all the cited modifications.

2 Global Optimization using Radial Basis surrogate models

Consider the problem
min
x

f(x)

s.t. x ∈ D ⊆ R
d

where D is a compact set. Assume that f(x) : Rd → R is an expensive function
whose evaluation requires a significant amount of computational time and for
which no analytic expression is available; assume also that f has been evaluated
at k pairwise distinct points {x1, . . . ,xk ∈ R

d}. At a generic iteration k define
the sample set as the set of pairs Sk = {(x1, f(x1), (x2, f(x2), . . . , (xk, f(k))}. The
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latter is the only information known at step k about the objective function to be
minimized. The feasible set D is assumed to be analitically available and that its
presence do not significantly increase the computational cost of optimization. In
many applications, D turns out to be defined by simple bounds on each variable.

Global optimization methods based on surrogate functions require the defini-
tion

1. of a model of f(x) based on the sample Sk

2. of a merit function based on such a model to be optimized in order to obtain
the next evaluation point xk+1

If function evaluation, as we assume, is not too noisy, a surrogate model based
on interpolation is usually employed; otherwise a regression model might be more
reasonable. Here only the interpolation case will be developed, although the case of
regression might be analyzed in quite a similar way. One of the best interpolation
schemes for scattered multi-dimensional data is to define a surrogate model in
terms of a linear combination of radial basis functions and a polynomial term:

s(x|Sk) =
k
∑

j=1

λjφ(‖x− x
j‖) +

m̂
∑

i=1

cipi(x) (1)

where φ(·) is a suitable non negative function, p1(·), . . . , pm̂(·) are a basis for the
space of polynomials of a specific degree m̂ and λj , ci are coefficients.

In matrix form it is possible to write the above linear system as

Φλ+ Pc = f

PTλ = 0,
(2)

where Φij = φ(‖xi − xj‖), Piℓ = pℓ(x
i) and fi = f(xi). Under suitable and quite

weak assumptions on the degree of the polynomial (a minimum degree is required
depending on the radial basis in use) and on the location of the points in the
initial sample set, the linear system (2) can be shown to admit a unique solution.
Indeed system (2) can be derived from the KKT conditions applied to the following
optimization problem

min
λ,c

1
2
λTΦλ

Φλ+ Pc = f

(3)

Unique solution of problem (3) can be obtained enforcing PTλ = 0, which,
under suitable assumptions, ensure the conditional positive definiteness of Φ (see
[5]).

It has been shown that function λTΦλ can be used as a measure of bumpiness
of the interpolating function; indeed, when restricted to the one-dimensional case
using a cubic radial basis function φ(r) = r3 it can be shown that the radial basis
interpolation coincides with the natural cubic spline interpolation, which is known
to possess a minimal total curvature; moreover, in that case, the value of λTΦλ is
proportional to the total curvature of the spline.
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2.1 A merit function to select new evaluation points

Once an interpolant s(x|Sk) has been formed, the task is how to choose the next
point xk+1 in which f(x) has to be evaluated. The common practice is to use a
merit function µ(x) as a measure of the quality of new candidate points. A possible
choice is to use the interpolant itself, i.e. µ(x) ≡ s(x|Sk); this can be indeed a
good choice during the first steps of the method, but it is easily seen that using
the interpolation itself as a merit function quickly leads to over-emphasize the
initial sample and the consequence typically is that more and more observations
are placed within a small neighborhood of the best sampled point.

An interesting possibility is that introduced in [5]; in that approach it is as-
sumed that a threshold value τ is chosen as an aspiration level or an estimate of
a likely value for the global minimum of the problem. Assuming that τ is a good
estimate of the value at the global minimum, the idea of the method is to look
for a point x at which it is in some sense more likely that f(x) = τ . The notion of
likelihood introduced in [5] is not connected with probability, but is based on the
bumpiness measure introduced in (3). If that measure is used, then a new point
would be placed in such a way that the bumpiness of the interpolant correspond-
ing to the extended sample {Sk

⋃

(x, τ)} is minimized. After some computations,
it turns out that minimizing the bumpiness reduces to minimizing the following
function:

µ(x) = (−1)mφ

[φ(0)− (λ, c)T
[

Φ P

PT 0

]−1

(λ, c)]

(s(x|Sk)− τ)2
(4)

where mφ ≥ 1 is an integer that depends on the radial basis in use(see [5]).
The choice of the aspiration level is crucial to ensure the convergence to a global
optimum and is particularly important for the efficiency of the method.

2.2 A Global Optimization algorithm for costly black–box functions

The overall algorithm for the global optimization of black–box expensive function
is depicted in Algorithm 1. It is a kind of meta-algorithm, as many parts have to
be defined in order to obtain an implementable method.

The convergence of Algorithm 1 can be proved (see [5]) provided that the
choice of τk satisfy some quite mild assumption: basically it is sufficient to require
that, infinitely often, τk is sufficiently lower than the minimum of the current in-
terpolant model. In practice, τk is chosen by means of a cyclic rule which not
only satisfy the convergence requirements, but also induces an alternation of re-
finement/exploration phases. In fact, a small value for τk (possibly even −∞)
produces a new observation which is as far as possible from sample points; on the
contrary, choosing τk close to the minimum of s(·|Sk) is likely to generate a new
iterate which is quite close to the currently best observation.

Moreover, as stated before, some conditions on the choice of the interpolation
form and the initial sample are required in order to obtain a unique interpolant
at every iteration; these conditions basically require that the polynomial added to
the radial basis linear combination has a suitable degree depending on the basis
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Algorithm 1: The GO algorithm
Input: a suitable initial sample S
k ← 0;1

S0 ← S;2

while stopping criterion do3

build s(·|Sk);4

select τk;5

let xk ∈ arg min
x∈D

µ(x, s(x|Sk), τk);
6

Sk+1 = Sk ∪ (xk, f(xk));7

k ← k + 1;8

end9

which is used, and that the initial sample forms a unisolvent set. For the commonly
used choices of cubic or thin-plate spline bases, these requirements correspond to
having a linear polynomial added and imposing that the initial sample contains
d + 1 affinely independent points. If a Gaussian basis is chosen no polynomial is
required and no condition is necessary for the initial sample.

It is important to notice that in step 6 of the above algorithm, a global min-
imization is required to find the optimum of the merit function; moreover, for
methods based on the bumpiness measure, another global optimization is required
at each iteration in which a finite threshold τk is chosen. In fact, in order to be able
to guarantee that the next iterate will be distinct from the sample, it is required
to chose τk strictly lower than the global minimum of the current interpolant.
Thus one or two runs of a global optimization method are required at each it-
eration of the algorithm. Although these two optimization runs are expensive, it
can be assumed that they are negligible when compared with the cost for function
evaluation.

3 A new algorithm for the optimization of black-box functions with known

lower bound

In this section we introduce some modifications to Algorithm 1 in order to take
into account the availability of a lower-bound on the objective function.

We assume that a constant f is given such that

min
x∈D

f(x) ≥ f.

This assumption is fulfilled quite often in practice by the problems for which
Algorithm 1 is designed. Our aim is two–fold: we would like to be able to build
more accurate surrogate models and also to avoid selecting an unrealistic aspiration
level τ .

For what concern the first point, given a surrogate model s(x|S) we would like
to impose that the global minimum of the surrogate model is greater or equal of
f, i.e
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min
x∈D

s(x|S) ≥ f. (5)

Recalling that a global minimization of the interpolant is required at every step
in order to choose a threshold τ which guarantees that the new iterate is different
from previous ones, checking condition (5) becomes trivial, if we trust the global
optimum found. At iteration k, let x̄ = argminx∈D s(x|Sk); then if s(x̄|Sk) ≥ f
nothing has to be done and we trust the interpolant satisfies the lower bound.
Otherwise, we can temporarily include x̄ in the sample set, i.e. we let

x
k+1 = x̄

and we impose the a new interpolant is built such that at point x̄ the value of the
interpolant is at least f. In order to do so the following optimization problem has
to be solved:

min
λ,c,ξ

1
2
λTΦλ

Φλ+ Pc−

[

0
ξ

]

=

[

f

f

]

PTλ = 0
ξ ≥ 0

(6)

where ξ are slack variables.
As it can be easily seen, the constraints in the above problem allow for at

least one solution, but, differently from pure interpolation problems, the solution
is generally non unique. So the objective function is chosen in such a way that
among all the interpolants of f at the sampled points which satisfy the lower
bound condition at x̄, the one is chosen which is the least bumpy.

It can be shown, using the conditional semi–definiteness of Φ, that problem (6)
is a quadratic convex problem that can be solved efficiently. Once a new surrogate
model is built, then we can again check whether its global minimum is above f. If
not, we can repeat the process, adding one more point and one more constraint to
bound the interpolant. This process is repeated up to a certain number of times,
after which the last interpolant built is taken as the new surrogate model. The
overall scheme to build the surrogate model is depicted in algorithm 2.

In procedure 2, the statement “build s(x|Sk ∪ Sf )” corresponds to solving the
quadratic convex problem (6) with exact interpolation imposed on all points in
Sk and lower bounds imposed through slack variables to all points in Sf . It might
be wirth observing that, even if the global optimum of the interpolant s is only
imprecisely found, nevertheless the inequality introduced in (6) remains valid.

Once the surrogate model s(x|Sk ∪Sf ) has been built, any suitable rule can be

used to select the aspiration level τk based on s(x|Sk∪Sf ). In fact, as explained in

Section 2, being τk a value we would like f(x) to attain, unrealistic values should be
avoided; on the other hand, to ensure convergence, it must hold τk < minx s(x|Sk∪

Sf ). Thus, knowing that both the objective function and the surrogate model are

bounded from below by f, we can avoid choosing τk < f.
Once a new point xk+1 is selected and f(xk+1) evaluated, all auxiliary points

are removed from the sample set and the algorithm is restarted with the new
sample set.

Of course, if the bounding procedure on the interpolant fails, a threshold τk

strictly lower than the minimum of the interpolant is chosen.
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Algorithm 2: The procedure to augment the surrogate model
Input: S, n̄, f
i = 0, Sf = ∅;1

while i < n̄ do2

build s(x|S ∪ Sf );3

x̄ ∈ arg min
x∈D

s(x|S ∪ Sf );
4

if f(x̄) > f then5

return s(x|S ∪ Sf )6

Sf = Sf ∪ (x̄, f(x̄));7

i = i+ 1;8

end9

return s(x|S ∪ Sf )10

4 Computational Results

The performance of Algorithm 1 extended by Algorithm 2 has been investigated
running extensive tests. For all the tests we have performed, the global minimum
f⋆ was a priori known, so that we could choose a lower bound of the form

f = f
⋆ − δ,

In the experiments, we choose δ ∈ {0, 1,∞}, i.e the tightest lower bound, a strict
lower bound and, in the third case, no lower bound is used at all (in fact in this case
the method is the standard one). The initial set of points have been generated using
the improved Latin hypercube algorithm as in [9]. The total number of function
evaluations allowed has been set to 200.

We used the cubic radial basis with a linear polynomial, although quite similar
results were obtained using, e.g., the thin plate spline. For what concerns the rule
used to update the aspiration level, following [5], at the k−th iteration we selected
the aspiration level as

τ
k =











−∞ if k mod 2 = 0

min
x∈D

s(x|Sk)− 0.1|min
x∈D

s(x|Sk)| if k mod 2 = 1

and then we apply our proposal which include taking into account the lower bound.
In practice, as pointed out in [6], it is often convenient to use as merit function

the interpolant itself if

min
j=1,...,k

fj − min
x∈D

s(x|Sk) > ∆,

where ∆ > 0 is a parameter. The rationale is that if this condition holds the
surrogate model can not be trusted enough to use the bumpiness.

For what concerns this updating rule, it was chosen just for the sake of sim-
plicity: preliminary tests suggests that no significant differences in terms of perfor-
mance comparison arise changing the radial basis or using a more complex strategy
to update the threshold parameter.



Global optimization of expensive black box problems with a known lower bound 9

Both the surrogate model and the bumpiness function were globally optimized
running a simple Multistart scheme in which local searches were performed by
the L–BFGS–B algorithm (see [1]); a total of 200 local search were performed.
Problem (6) was solved using SNOPT 7.0 SQP solver (see [4]).

The first test suite, listed in Table 1, is based on classic test function which are
commonly used to compare the performance of black-box optimization algorithms.
For this class of problems, we generated 100 different starting set of points and
then ran the proposed algorithm. Table 1 reports some information on the test
set.

name # variables domain #global optima f⋆

Branin 2 [−5, 10]× [0, 15] 3 0.397887
Hartman3 3 [0, 1]3 2 -3.86278
Hartman6 6 [0, 1]6 2 -3.32237
Goldstein-Price 2 [−2, 2]2 1 0
Shekel5 4 [0, 10]4 1 -10.1532
Shekel7 4 [0, 10]4 1 -10.4029
Shekel10 4 [0, 10]4 1 -10.5364

Table 1 Standard test functions.

In Figure 1 we report the percentage of instances in which each of the three
variants of the method found the best objective function value with respect to the
other methods. The apparently less significative results obtained for the Shekel10
test function might be due to the higher dimension of this problem. Indeed, as
it has been observed by many authors, many methods based on the bumpiness
function tend, in the first iterations, to place observations at the vertices of the
feasible box; it is thus likely that 200 iterations are too few, for methods of this
kind, to display significative results.

A second, much larger, test suite has been generated using the Shepard’s func-
tion as defined in equation (7). Shepard functions (see [13]) allow to select not
only the problem dimension but also a set of parameters that can tune function
shape. Given a set of points {zj , j = 1, . . . , l}, a set of corresponding function values
{f1, . . . , fl} and a set of reals {αj , j = 1, . . . , l}, then the function is defined as

f(x) =

∑l
i=1

fi
∏

j 6=i ‖x− zj‖
αj

∑l
i=1

∏

j 6=i ‖x− zj‖αj

(7)

It can be shown that stationary points are located at points {xj} and that the min-
imum and maximum of the set {fj} are the global minimum and maximum value
for the function. Moreover, if αj ≥ 1, the function is continuously differentiable.

In the experiments, we generated random instances of Shepard functions in the
following way:

– d ∈ {2, 5};
– l ∈ {20, 50, 100};
– the l stationary points zj , j = 1, . . . , l were uniformly generated in the box

[0, 1]d;
– each function value f(zi) was uniformly generated in [0, 10], [0, 100], [0, 1000] re-

spectively, except f(z1) which was chosen to be 0, i.e. z1 is the global minimum
of f(x);
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Fig. 1 Percentage of instances in which, respectively, the method based on the exact lower
bound, the one based on a strict lower bound and the original one with no lower bounds found
a better function value than the others.

– αj uniformly chosen in [2, 3];

For each combination of problem dimension, number of stationary points and
their range, 100 random instances have been generated, obtaining this way a set
of 2× 3× 3× 100 = 1800 test functions.

For each test function the 3 different variants of the algorithm were run 10
times, accounting for a total of 54 000 runs of the global optimization method.
Such a large computational test could be performed in a reasonable CPU time
thanks to the fact that these functions are indeed quite cheap to evaluate. It goes
without saying that this does not affect the basis of the method, which is indeed
designed for expensive problems.

To visualize and compare so many tests we use the performance profiles in-
troduced in [2]. In Figures 2 and 3 we report the performance profile of the best
function value among all instances for the two-dimensional case after 50 and 200
function evaluations respectively. The results of the tests on the five dimensional
problem instances, after 200 function evaluations, are summarized in Figure 4.

In these figures it can be easily seen that not only the new method is capable
of finding better function values more frequently than the standard one, but also
that this improved behavior is robust, as it can be seen from the fact that the
curves relative to the new method remain always above that of the standard one.
Moreover, while choosing the best lower bound usually helps, even with a strict
underestimation the performance is still very good.

More in detail, we summarize in Table 2 and 4, for the 2D and 5D instances
respectively, the results for each combination of number of stationary points and
their range. In order to better appreciate the above statistics, it is worth to
report some basic facts about how often the procedure introduced in this paper
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Fig. 2 Performance profile for the 2D instances: the median of the best function value after
50 function evaluations is reported.

f(x) range # of stationary points total
20 50 100

[0, 10] 64/19/17 44/35/21 45/28/27 153/82/65

[0, 100] 47/40/13 43/41/16 40/29/31 130/110/60

[0, 1000] 38/51/11 40/39/21 33/38/29 111/128/61

total 149/110/41 127/115/58 118/95/87 394/320/186

Table 2 Number of 2D instances with the best final objective function value, after 50 func-
tion evaluations, considering different number of stationary points and their range (with
δ = {0,−1,∞}).

was indeed used during numerical experiments. Tables 5-6 report, for the test at
dimension 2 and 5 respectively, and for each combination of parameters for the
generation of test functions, the average number of times the procedure for the
addition of inequalities in (6) was called at least once.

For what concerns the failure in (6) to generate an interpolant which satisfies
the lower bound even after as many as 200 additional points were added, this is
quite a rare event. In all dimension 2 test cases the median number of cases in
which such a failure occurred is 0 when the exact threshold is chosen and it is
one when the strict lower bound was employed. For 5–dimensional test cases, the
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Fig. 3 Performance profile for the 2D instances: the median of the best function value after
200 function evaluations is reported.

f(x) range # of stationary points total
20 50 100

[0, 10] 67/22/11 70/12/18 60/14/26 197/48/55

[0, 100] 43/49/8 54/36/10 40/48/12 137/133/30

[0, 1000] 34/50/16 36/49/15 35/53/12 105/152/43

total 144/121/35 160/97/43 135/115/50 439/333/128

Table 3 Number of 2D instances with the best final objective function value, after 200
function evaluations, considering different number of stationary points and their range (with
δ = {0,−1,∞}).

median was 1 both when using the exact lower bound and when using the struck
one.

5 Conclusions

In this paper we introduced a modification of the algorithm proposed by Gutmann
in [5] for the global optimization of costly black–box functions. It is of interest to
consider the availability of a lower bound on the objective function (situation
that arises for instance in the parameter estimation problem): this information



Global optimization of expensive black box problems with a known lower bound 13

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.00.0

0.2

0.4

0.6

0.8

1.0
Median Opt after 200 f.e.

�=0

�=1

�=�

Fig. 4 Performance profile for 5D problem instances: the median of the best function value
after 200 function evaluations is reported.

f(x) range # of stationary points total
20 50 100

[0, 10] 71/15/14 44/30/26 35/35/30 150/80/70

[0, 100] 44/40/16 44/25/31 41/32/27 129/97/74

[0, 1000] 43/37/20 44/31/25 35/40/25 122/108/70

total 158/92/50 132/86/82 111/107/82 401/285/214

Table 4 Number of 5D instances with the best final objective function value, after 200
function evaluations, considering different number of stationary points and their range (with
δ = {0,−1,∞}).

is used to improve the aspiration level selection and to improve the quality of
the surrogate model including possibly artificial function observations. Extensive
numerical results have shown that the proposed method is capable of significantly
improving the performance of the original algorithm on a large class of small
dimensional, yet challenging, test problems.
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δ = 0
f(x) range # of stationary points

20 50 100
[0, 10] 19.8 6.4 8.8
[0, 100] 9.6 12.0 13.7
[0, 1000] 68.0 41.0 22.8
total 18.47

δ = 1
f(x) range # of stationary points

20 50 100
[0, 10] 3.46 1.58 2.15
[0, 100] 2.29 3.22 4.67
[0, 1000] 7.50 5.61 7.19
total 3.61

Table 5 Average number of times at least one inequality constraint was added (2D test cases).

δ = 0
f(x) range # of stationary points

20 50 100
[0, 10] 3.45 3.61 4.26
[0, 100] 8.13 4.68 3.66
[0, 1000] 0.50 2.07 1.34
total 4.47

δ = 1
f(x) range # of stationary points

20 50 100
[0, 10] 1.07 0.68 0.64
[0, 100] 1.37 1.06 1.05
[0, 1000] 0 1.46 1.10
total 1.15

Table 6 Average number of times at least one inequality constraint was added (5D test cases).
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