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Abstract

Iterative methods that calculate their steps from appraxénsubgradient directions have proved to
be useful for stochastic learning problems over large amgsting data sets. When the objective
consists of a loss function plus a nonsmooth regularizagom, the solution often lies on a low-
dimensional manifold of parameter space along which thelagger is smooth. (When afy
regularizer is used to induce sparsity in the solution, f@meple, this manifold is defined by the
set of nonzero components of the parameter vector.) Thisrpstmows that a regularized dual
averaging algorithm can identify this manifold, with higlopability, before reaching the solution.
This observation motivates an algorithmic strategy in Wwhimnce an iterate is suspected of lying
on an optimal or near-optimal manifold, we switch to a “lophhse” that searches in this manifold,
thus converging rapidly to a near-optimal point. Compotadi results are presented to verify the
identification property and to illustrate the effectiveme$this approach.

Keywords: regularization, dual averaging, partly smooth manifoldnifold identification

1. Introduction

Online learning algorithms based on stochastic approximation often aré\efféar solving large
machine learning problems. Each step of these methods evaluates anmpfeasubgradient of
the objective at the current iterate, based on a small subset (perbaqgeaitem) of the data. The
amount of computation and data manipulation required per iteration is thessf@ik Although
many iterations are needed to converge to high-accuracy solutions,dbeftsabetween optimiza-
tion errors and the other errors that arise in machine learning problergestupat solutions of
moderate accuracy often suffice. However, most existing stochastidgthige do not produce ap-
proximate solutions that have the desirable structure (such as sparsitydtizate the use of a
regularization term in the objective.

We focus on the regularized dual averaging (RDA) approach dexelbop Nesterov (2009) and
extended by Xiao (2010) to regularized problems. We show that, ungeo@ate assumptions,
iterates generated by this method have a structure similar to the solution (withrbolggbpity) after
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a sufficiently large number of iterations. This structure is characterizedrbgnifold, and identifi-

cation of structure corresponds to identifying the manifold on which the salliés. We sketch an
algorithmic strategy that exploits this property by switching to a “local phass”sbarches on the
identified manifold, which often has much lower dimension than the full space.

1.1 Problem Setting and Regularized Dual Averaging

In regularized stochastic learningve consider the following problem:

min g(w) = F(w) + W(w), @
where
f(w) = Eg[F (wi8)] = | F(wi&)dP(). @

and¢€ is a random vector whose probability distributiBris supported on the s&@ c RY. The
regularization functiot¥ : R" — RU{+} is assumed to be a closed proper convex function whose
effective domain (denoted by dd#) is closed, and there is an open neighborhéoaf domW that

is contained in the domain &f(-,§), for all & € =. We assume that the expectation in (2) is well
defined and finite-valued for all € O and that for every, € =, F(w,§) is a smooth convex function

of we O. (An elementary argument shows thlais therefore convex.) We usg* to denote a
minimizer of (1).

The purpose of the regulariz@#ris to promote certain desirable types of structure in the solution
of (1). A common desirable property sparsity(that is,w* has few nonzero elements), which can
be promoted by setting/(-) = A|| - ||1 for some parametex > 0.

One method for finding an (approximate) solution to (1) is to draw randormhias¢; for all
j € NV independently from the spaé where\ is an index set of finite cardinality, and solve a
sample average approximatig8AA) problem

min v (w) := fr(w) +W(w) 3)
weR"
wherefy-(w) := Wlf\f) Yjen F(W;&;). This approach requirdsatchoptimization, which does not
scale well as cardV’) grows.

Iterationt of a stochastic online learning approach examines a cost furefiog;) : R" — R
for someé; € =, drawn randomly according to the distributiéh where{&; };>1 forms an i.i.d.
sequence of samples. The next itenate; is obtained from information gathered up to the titme
the aim being to generate a sequefieg} such that

lim E[F (w; )] + W(w) = F(w') + W(w"). @

We focus on objectives that consist of a smooth loss funétionconjunction with a nonsmooth
regularizerV. Xiao (2010) recently developed thegularized dual averagingRDA) method, in
which the smooth term is approximated by an averaged gradient in the bidyprat each iteration,
while the regularization term appears explicitly. Xiao’s approach exterelm#thod of Nesterov
(2009) in the sense that the regularization term is not handled explicitly itei®%s paper. Specif-
ically, the RDA subproblem is

Wit = argmin{ (W) + W) + B‘h(w)}, (5)

weR" t
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whereg; = %ztj:lgj andg; € oF (wj; &;). Theprox-function ff-) is a proper strongly convex func-
tion whose minimizers are also minimizersfand for which the starting poimt; of the algorithm

is a minimizer ofh. (The functionh(-) = || - —wy||? is a case of particular interest.) The sequence
{Bt}t>1 is nonnegative.

A characteristic of problems with nonsmooth regularizers is that the solutien tiés on a
manifold of low dimension. I{;-regularized problems, for instance, the number of nonzero com-
ponents at the solution is often a small fraction of the dimension of the fulesp&ben a reliable
method for identifying an optimal (or near-optimal) manifold is available, we hiaggossibility
of invoking an algorithm that searches just in the low-dimensional spdteeddy this manifold—
possibly a very different algorithm from the one used on the full sp@ee local-phase algorithm
that is well suited to thé; regularizer is the. ASSO-patternseardi.PS) (Shi et al., 2008; Wright,
2012), a batch optimization method #@rregularized logistic regression, which takes gradient steps
in the space of nonzero variables, enhanced by Newton-like scalinipgistic regression, as in
other applications, it can be much less expensive to compute first- anabseaer information on
a restricted subspace than on the full space.

A second motivation for aiming to identify the optimal manifold is that for problemkiafe
dimension, it may be quite expensive everstorea single iteratev, whereas an iterate whose
structure is similar to that of the solutiaw® may be stored economically. (To take the casé;of
regularization again, we would need to store only the nonzero elementsaofl their locations.)

In this paper, we investigate the ability of the RDA algorithm to identify the optimalifolain
We also describe an enhanced, two-phase version of this algorithm, whichll RDA". We test
this approach ori;-regularized logistic regression problems, in which an LPS-based algoigth
used to explore the near-optimal manifold identified by RDA.

1.2 Optimal Manifolds and the Identification

Identification of optimal manifolds has been studied in the context of consttaionvex opti-
mization (Wright, 1993; Burke and Moré, 1994) and nonsmooth noncoapémization (Hare
and Lewis, 2004). In constrained optimization, the optimal manifold is typicalfce br edge of
the feasible set that contains the solution. In nonsmooth optimization, the optimédbldas a
smooth surface passing through the optimum, parameterizable by relatiwerafi@ables, such that
the restriction of the objective function to the manifold is smooth. In either eglsen a certain
nondegeneracy condition is satisfied, this manifold may be identifigtbut knowing the solutign
usually as a by-product of an algorithm for solving the problem. Lewis\@right (2008) analyze
a framework for composite minimization (which uses a subproblem in whishreplaced by an
exact linearization around;) and prove identification results. Part of the motivation for the current
paper is to obtain similar results as in Lewis and Wright (2008) in the stochaatieegt setting.

1.3 Alternative Stochastic Approximation Approaches

Stochastic approximation algorithms have a rich history and are currentlptiis bf intense re-
search in the machine learning and optimization communities. We mention a fewntedevalop-
ments here, and discuss their manifold identification properties.

Stochastic approximation methods often solve formulations in which an expligtredntw
W (for a compact convex s&V) is present. These can be incorporated into the framework (1) by
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defining the regularization functiof as follows:
W(W) := Sy (W) +P(w),

wheredyy (w) is the indicator function (zero o/ and+ elsewhere) ang is a convex function
whose domain includegV. (In this setting,© is taken to be an open neighborhoodf) The
classical approaches to solve such problems can be traced back tim&abt Monro (1951) and
Kiefer and Wolfowitz (1952). Thetochastic gradient desce(@GD) method generates its iterates
by stepping in the direction of a subgradient estimate and then projecting¥ras follows:

Weprr =My (W —ag (g +Kt)), t=1,2,...

whereg; € dF (w;&;) for some sampled random varialflg k; € oP(w;), andlyy(-) denotes the
Euclidean projection onto the 98t. With steplength choice of the form = 6/t (for a well-chosen
constantf), the SGD method exhibit®(1/t) convergence rate in the quantity (4) for strongly
convex functionsf (Chung, 1954; Sacks, 1958). For general convex functions,paletgth of
the forma; = &/t (for some® > 0) yields anO(1//t) rate of convergence in the function
value (Nemirovski and Yudin, 1978; Polyak, 1990; Polyak and Judits892). Simplified proofs
of these rates are given by Nemirovski et al. (2009). These rateknaren to be optimal for
subgradient schemes in “black-box” algorithmic models (Nemirovski ardinyd 983). Although
batch optimization methods based on an approximate objective, such as {3pronae better
convergence rates, SGD has been widely used in machine learningsbédtacales well to large
data sets and provides good generalization performance in practicey&ink2003; Bottou, 2004;
Zhang, 2004; Shalev-Shwartz et al., 2007).
As discussed by Xiao (2010), the SGD method does not exploit the prodtierciure that
is present in the regularizey, and there is no reason to believe that these algorithms have good
manifold identification properties. When(-) = || - ||1, for instance, there is no particular reason for
the iteratesy; to be sparse. Though equal in expectatignand O f (x) may be far apart, so that
even if a careful choice af; is made at each iteration, the updates may have the cumulative effect
of destroying sparsity in the iterates.
Variants of SGD for the general convex case often work with averageusl iterates, of the
form .
W e ZJTlVJW17
2j=1Vj
where thev; are nonnegative weights (see, for example, Nemirovski et al., 200@yaging does
not improve identification properties. Férregularization, we can still expect the averaged iterates
W; to be at least as dense as the “raw” iterates
Recently, various authors have proposed modifications of SGD thatisicko the regulariza-
tion structure. Some representative examples inobateposite objective mirror descg@OMID)
(Duchi et al., 2010)forward-backward splittingFOBOS) (Duchi and Singer, 2009yuncated
gradient(TG) (Langford et al., 2009), argparsity-preserving stochastic gradi®SG) (Lin et al.,
2011). The basic FOBOS subproblem is similar to that of the prox-deslgemitm of Lewis and
Wright (2008) and the SpaRSA framework of Wright et al. (2009), Wigjenerate their iterates by
settingg: = Of (w) and solving

(6)

. 1
vvt+1=argmun{<gt,w>+w<w>+mrw—wa%}, @)

weR"
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for some parametar; > 0 (which plays a step-length-like role). Duchi and Singer (2009) sstgge
an extension to an online setting, in whighis replaced by an approximate gradient. SSG (Lin
et al., 2011) also has the subproblem (7) at its core, but embeds it integgtfar generating
three sequences of iterates (rather than the single sequgndg, extending an idea of Nesterov
(2004). The TG method (Langford et al., 2009) solves a subproblen{7iken some iterations;
on other iterations it simply steps in the directignof the latest gradient estimate fér ignoring
the regularization term. COMID (Duchi et al., 2010) is also based on arshlgm of the form
(7), but with a Bregman divergence replacing the final quadratic terra yielding a more general
framework.

Since all these methods make explicit use of the regularizationteimthe subproblem, they
are more likely to generate iteration sequences that share the structueesofutionw*, that is, to
identify a near-optimal manifold. Such behavior is far from guaranteedeter, becausg may
be only a rough approximation fof (w;). The inaccuracy of this gradient estimate may cause the
iterates to step away from the optimal manifold, even from an itevateat is close to the solution
w*. (In Example 1 at the end of Section 4, we discuss a function satisfyingeathdbumptions
of this paper, in which the subproblem (7) steps away from the optimal poohioff the optimal
manifold.) In contrast, the dual averageused by the RDA subproblem stabilizes arouhiw*)
as the iterates convergewd, allowing identification results to be derived from analysis like that of
Hare and Lewis (2004) and Lewis and Wright (2008), suitably genexhlia the stochastic setting.

Averaging of the primal iterates (6) does not improve the identification ptiegeof the meth-
ods above, and will usually make them worse. Considering agaggularization, we observe that
if component of anyiteratew; is nonzero, then componeintf all averaged iterates at subsequent
iterations will also be nonzero (unless some fortuitous cancellation oc®Ip#\ itself, in the ver-
sion recommended by the analysis of Xiao (2010), has the same defi@srbg main convergence
results in that paper are for averaged iterates (6). In the curreet,pap facilitate the use of the
raw iterateswv; by RDA by adding two assumptions. Firgt; is assumed to be strongminimizer
of the restriction ofp to the optimal manifold. Second, a hondegeneracy condition ensureg that
increases sharply as we move off the manifold. Together, these conditisnse thaiv* is a strong
minimizer of @, so convergence af(w;) to @(w*) forces convergence of; to w*.

Convergence analysis of stochastic approximation algorithms focusedylang theregret
which is defined as follows, for any instantiation of the random sequéwgl-1 with respect
to any fixed decisiomv € domW:

t t
R(w) =% [F(wj; &) +P(wj)] = 5 [F(W: &) +W(w)). (8)

=1 =1

As we discuss later, the RDA algorithm h@$+/t) regret bounds whefl; = O(+/t) for general
convex cases, an@(Int) bounds withB; = O(Int) for strongly convex cases. These bounds are
comparable to those of the SGD method. For general convex casesweheseo; = O(1/+/1),
SGD achieves a®(+/t) regret bound (see, for example, Zinkevich, 2003; Nemirovski et @D9P
which cannot be improved in general. For the strongly convex case, I8GSnO(Int) regret
bound (see, for example, Hazan et al., 2006; Bartlett et al., 2008)oithO(1/1).
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1.4 Notation and Terminology

Throughout the paper, we uge || (without a subscript) to denote the Euclidean ndfni2, and
card M) to denote the cardinality of a finite St The distance function digi;,C) for w € R" and
a convex se€ C R" is defined by distw,C) := infeec || w— c||. Theeffective domainf ¥ : R" —
R U {+} is defined by dor¥ := {w € R"|W(w) < +}. ri C denotes theelative interior of a
convex sec€, that is, the interior relative to the affine spartfthe smallest affine set which can be
expressed as the intersection of hyperplanes conta@jing

We call a functionp : R" — RU {40} strongly convexf there exists a constant> 0 such that
Yw,w € dom¢ andva € [0,1],

d(aw-+ (1 a)w) < ag(w) + (1- a)o(w) ~ Sa(l—a)ljw—w|?.

(o is known as themodulus of convexity Strong convexity implies that for any € domé¢ and
w e ri dom¢, we have

¢(w)z¢(m/)+<s,w—w>+%uw—w”2, Vs e ap(w). )

We say that a functioh has aocally strong minimizeatw* if there exist positive constants
andr such that

d(w) —d(W*) > cllw—w*||?, forallwe O with [w—w"|| <T.

w* is aglobally strong minimizeif this expression is true with = co.

The algorithm we consider in this paper makes use of an i.i.d. seqyépEg1 of random
variables drawn front according to the distributioR. We denote the history of random variables
up to timet by

& = {&1,&2,- ., &}

The iteratew; produced by the algorithm depends &n¢»,...,& 1 but not on&;, &1, ---; we
sometimes emphasize this fact by writiwg= w; (§;_1)).

2. Assumptions and Basic Results

We summarize here our fundamental assumptions about the problem ardtitsiséogether with
some basic observations and results that will be used in later sections.

2.1 Unbiasedness

As in Nemirovski et al. (2009), we assume the followingbiasednesgroperty:
Of (w) = OWE[F(w; )] = E[OwF (w; §)] (10)

for anyw independent of. (As the differentiation of is taken only for its first argument, we omit
the subscriptW” in subsequent discussions.) Given that= w; (&_y)), this implies

E[OF (W &)] = E [E[OF (W; &) |E—y]] = E[Of(w)].
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2.2 Uniform Lipschitz Continuity

We assume that eaéh{w; &) is a smooth convex function ef € O for everyg € =, and in particular
thatF (-; &) is uniformly Lipschitz continuous with respect to its first argument, oveg.allhat is,
there exists a constaht> 0 such that

I0F (w; &) — OF (W3 &)[| < Llw—w||, Yww € O, V&€= (11)
We further assume that there exists a uniform bo@rfdr which
IOF(w;&)|| <G, Ywe O, V¢ € =. (12)

These assumptions immediately lead to similar propertieS fanWe prove this claim after noting
a simple consequence of Jensen’s inequality, whose proof is omitted.

Lemma 1 For a vector-valued function v= — R" which is integrable with respect to P, we have
[EV][2 < E[|v|2.

Lemma 2 If OF(w;§) satisfies the uniform Lipschitz continuity assumptjbh), thenOf (w) is
also uniformly Lipschitz continuous @hwith the same constant L. [IF (w; §) satisfies the uniform
bound(12), thenOf satisfies the same bound, that|j§] f (x)|| < G for all w e O.

Proof From unbiasedness, we have foaw € O independent of that
Of (w) = OE[F(w; )] = E[OF (w;&)]  from (10)
=E[OF(W; &) + ug] for ug := OF (w;§) — OF (W; &)
=0f(W) +E[ug] from (10) again.
Since||ug || < L|w—w||, we have
IO (w) — Of (W) || = [[Eug|| < Efjugl| < Lllw—w],

where the first inequality is due to Lemma 1. This proves the first claim.
For the second claim, we have

10f(w)|| = [E[OF (w; ]| < E[[OF (W, §)[| <G,

as required. |

2.3 Optimality and Nondegeneracy

We specify several optimality conditions that are assumed to hold througt®pgaper. The opti-
mality of w* for the problem (1) can be characterized as follows:

0e Of(W") 40w (w").
We assume that™ is anondegenerateolution—one that satisfies the stronger condition
Ocri [Of(w*)+oW(w)]. (13)

The nondegeneracy assumption is common in manifold identification analyses lbe replaced
with weaker assumptions to prove weaker results (see, for instancdjnCdoed Wright, 2006),
though the analysis is somewhat more complicated.
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2.4 Manifolds and Partial Smoothness

In this section we discuss properties of differential manifolds and partiabthness by repeating
some definitions from Hare and Lewis (2004).

Definition 3 (Manifold) A setM C R"is amanifoldaboutz € M if it can be described locally by

a collection ofCP functions (p> 2) with linearly independent gradients. That is, there exists a map
H :R" — RK that isCP aroundz withOH (2)T € R*", surjective, such that points z neafie in M

if and only if H(z) = 0.

Thenormal spacéo M atz, denoted byN,(2), is the range space @fH (z), while thetangent
spaceto M atzis the null space oflH(z)". We assume without loss of generality thé (z) has
orthonormal columns.

We definepartial smoothnesas follows (Lewis, 2003, Section 2).

Definition 4 (Partial Smoothness)A function¢ : R" — RU {+o0} is (C2-) partly smoottat a point
z< R"relative to a setM C R" containingz if M is a manifold abouk and the following properties
hold:

(i) (SmoothnessYhe function restricted toM, denoted by| ¢, is C? nearz,

(i) (Regularity)¢ is subdifferentially regular at all pointsz M nearz, withd$(z) # 0,
(i) (SharpnessYhe affine span af¢(z) is a translate of \N4(z), and
(iv) (Sub-continuity)The set-valued mappirdp : M = R" is continuous ak.

We refer taM as theactive manifoldat the pointz, and as theptimal manifoldwhenz = w*, where
w* is a solution of(1).

The regularity condition (ii) is discussed by Lewis (2003, p. 706); far murposes it suffices to
note that this condition holds for closed convex functions and continudiffdyentiable functions,
and hence for our objectiv@ Henceforth, we assume thidttis partly smooth awv* relative to the
optimal manifold, which implies partial smoothnesspaby an argument like that of Lemma 2).

We discuss the concepts outlined in the definitions above for the specéotd-) = || - ||1.
Givenz € R", we define the following partition of the indic€4,2,...,n}:

{1,2,...,n} =PUNUZ,

wherez =0 foralli e Z,z > 0foralli € P, andz < 0 for alli € /. A natural definition of the
active manifoldM is thus

M={zeR"|z=0foralli e Z}.
Note thatz € M, and that the mappingl of Definition 3 can be defined &$(z) = [z]icz, with

k = card Z) in that definition. The restriction d® to this manifold thus has the following form for
allze M nearz.

- > 7+ )1,
i€ i€P
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so that (i) of Definition 4 is satisfied. Farc M nearz, we have

[—1,1] forie Z,
0¢(2)]; = [Of(2)]i+< —1 forie NV,
+1 fori e P.

Clearly, condition (ii) of Definition 4 holds. The affine spandgf(z) is
{0f(Z)+9|g=—-1forie N,g =+1fori e P,andg € Rfori € Z},

whereadNp((z) = {g|gi=0fori e PUN, g € Rfori € Z}. Comparison of the last two expres-
sions shows that (iii) of Definition 4 is satisfied. Finally, the set-valued atgjis in fact constant
along M nearz, so becausé is smooth, Definition 4 (iv) also holds.

2.5 Strong Minimizer Properties

We assume thaw* is alocally strong minimizerof @ relative to the optimal manifolo\ with
moduluscy, that is, there existsy > 0 andr > 0 such thafw € R"||[lw—w*|| <rxs} C O and

Ol (W) > @ (W) 4 caq|lw—w||?, for all we M with [|w—w*|| < 1. (14)

Together with a nondegeneracy assumption (13), these conditions imply*tisaa locally strong
minimizer of @(w) (without restriction to the optimal manifold), as we now prove.

Theorem 5 (Strong Minimizer for General Convex Case)Suppose thapis partly smooth at Ww
relative to the optimal manifoldM, that w' is a locally strong minimizer of| o4 with the modulus
cr > 0and radius ny > 0 defined in(14), and that the nondegeneracy conditid3) holds at vi.
Then there exist € (0,cyq] andr € (0,r 4] such that

O(W) — e(w*) > ¢|lw—w*||2, forall w with |w—w*|| <T, (15)
that is, W is a locally strong minimizer af, without restriction to the manifoldA.

Proof The proof is a simplification of the proof of Wright (2012, Theorem 2.9)jcl considers
the more general case in whidhs prox-regular rather than convex. For completeness, we present
the proof in Appendix A. |

Henceforth, we assume without loss of generality that(0, 1].

The condition (15) is similar to the quadratic growth condition proposed by #até¢2000) in
the context of nonlinear programming. It was shown by Anitescu that thidaionental condition is
weaker than many other second-order conditions that are widely usedlingar programming.

Two corollaries follow in a straightforward fashion from the theorem &boWe state these
results here and give their proofs in Appendix A.

Corollary 6 Suppose that s a locally strong minimizer ofl) that satisfieg15). For allw e O
with ||w—w*|| > r, we have
Q(w) —Q(w") > crflw—w||.

Corollary 7 (Globally Strong Minimizer for Strongly Convex Case) Suppose thatis a locally
strong minimizer of(1) satisfying(15). If @is strongly convex odom%¥ with moduluso > 0, then
w* is a globally strong minimizer of1) with moduluamin(c,o0/2), that is,

(W) > @(w*) +min(c,a/2)|w—w*||?, forallwe O. (16)
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2.6 Summary of Assumptions

We summarize here the assumptions introduced in this section, for reféngheegemainder of the
paper.
The first assumption summarizes basic properties of the functions and the neinimiz

Assumption 1 The unbiasedness propert$0), uniform Lipschitz continuity ofJF(-;&) for all
& € = (11), uniform boundedness ¢flF (-,&)|| (12), and nondegeneracy at the optimurh (43)
are satisfied.

The second assumption provides sufficient conditionsvfaio be a locally strong minimizer.

Assumption 2 The functionpis partly smooth at its minimizeriwelative to the optimal manifold
M and w' is a locally strong minimizer of| »( as defined ir{14).

3. Regularized Dual Averaging Algorithm

We start this section by describing regret bounds for the regularizddderaging (RDA) algorithm
of Xiao (2010) (following Nesterov, 2009), focusing on its stochastitavd. We also describe the
consequences for the analysis of the condition that the minimum is strong I¢t&)hor glob-
ally (16). We then analyze the properties of the averaged gradient; thligssenforms the basis of
the manifold identification result in Section 4.

3.1 The RDA Algorithm

We start by specifying the RDA algorithm from Xiao (2010), noting that assumptions on the
functionsF, f, andW from Section 1 are stronger than the corresponding conditions in Xid®}20
which require only subdifferentiability df (w; &;) on dom.

As introduced in (5), the prox-functidm: R" — RU {4} is proper, strongly convex on dd#h
and subdifferentiable on ri do¥. In addition, we requird to satisfy

argminh(w) € argminW(w).
w w

The prox-center w of domW with respect toh, which is used as the starting point of the RDA
method, is defined as follows:
wy = argminh(w).
wedomW

The terms “prox-function” and “prox-center” are borrowed fromskézov (2009). Following Xiao
(2010), we assume without loss of generality that the strong convexity loedfih(w) is one,
and that mig h(w) = min, W(w) = 0. This impliesh(w;) = 0 and¥W(w;) = 0. The most obvious
prox-function ish(-) = %H -—wy|2, wherew; € argmin, ¥(w).

We now define a constabBtthat reappears throughout the analysis. For@ny0, we consider
a level set of the prox-functiondefined as follows:

Fp = {we domW¥ | h(w) < D?}.

We assume in the analysis that points of interest (specifiegi)ie in 7p. Because of (9) and our
assumptions oh (in particular,h(w;) = 0, 0€ oh(w; ), andh has modulus of convexity 1), we have
that

1
WeFp = D?>h(w) > Jlw-wil* = w—wi| < v2D. (17)
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Algorithm 1: The RDA Algorithm.
Input:

e a prox-functiorh(w) that is strongly convex on do¥ and also satisfies

argminh(w) € argminW(w).
weR" weR"

e anonnegative and nondecreasing sequé¢fce>1.

Initialize : setw; = argminh(w) andgo =0
fort=1,2,... do

Sampleg; from = and compute a gradiegt = OF (wW; & );
Update the average gradient: (1

_ _ 1
gt::‘I‘*9—1+-fgt

Compute the next iterate:

W1 = arg min{ (O, W) +W(w) + Bth(w)} . (18)

weR" t

end

At iterationt, the stochastic RDA algorithm samples a ve&og =, according to the distribu-
tion P, and evaluates an approximate gradient as follows:

O := OF (W; &)

We assume that the random variatleare i.i.d. Thedual average—an averaged approximation to
the gradient off—is defined as follows:

_ 1 1t g
== -:fEDF 19
Ot tglgj t 2 (Wj; &j) (19)

The RDA algorithm is specified in Algorithm 1. As the objective function in thiepsablem
(18) is strongly convex whefd; > 0 or whenW(-) is strongly convex (at least one of which we
assume for the analysis belowy;. 1 is uniquely defined by (18). Note thet; depends on the
history of random variable&y up to iteratiort, and is independent of later samplgs, &t+2, - - - -

We consider two choices of parameter sequekfeglsin the remainder of the paper, depending
on whether the regularization functiéihis strongly convex or not. The first choice holds for general
convex regularizery:

B =yvt, Vt>1, for some constant> 0. (20)

The second choic@; = O(1+Int), can be used whée# is a strongly convex function, with modulus
o > 0. Among the three choices discussed in Xiao (2010), tht is,o, Bt = o(1+Int), andB; =0,
we focus on the zero sequence, which gives the simplest bounds:

B =0, Wt>1. (21)
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In this case, the subproblem (18) in Algorithm RDA has no damping term; lyeéngtead on the
damping effect supplied by the strong convexitydbfo stabilize the iterates.

3.2 Bounds on Regret and Expected Errors in the Iterations

Ouir first key result concerns bounds on the regret function deimés).

Theorem 8 Suppose that the unbiasedness and uniform boundedness propegissuimption 1
are satisfied. WhefB;} is chosen according t(20), we have for any w Fp that

R(W) < (vD2+Gy2) Vit (22)

Moreover, whertV(w) is strongly convex with the modulas> 0, then the choicg21) for {f;}
results in the following bound for w Fp:

2
R(W )<(2i(6+|nt) t>1 (23)

Proof See Xiao (2010, Corollary 2) for the general convex case, and Xi@b0, Theorem 1 and

Section 3.2) for the strongly convex case. [ |

The next result obtains bounds on the expected errors in the iteratestghby Algorithm 1.
For the purpose of this and future results, we define the indicator funigipfor the eventA as
follows

1 ifeventAistrue
L) =

0 if eventAis false

For a random ever#, L) is a random variable.

Lemma 9 (Expected Error Bounds of Iterates) Suppose that Assumptions 1 and 2 are satisfied,
and that w € Fp. Then for the iterates wwo, ..., w; generated by the stochastic RDA algorithm
with {B¢} chosen by20), we have

1 t 1 G2 B
T ZE [y 1 —w 7] < c <VD2—|—>t 12 (24)

1
fZ [yl =W | < <VD2 >t Y2, (25)

WhenW(w) is strongly convex with the modulas> 0, then with{B;} chosen by21)we have

! G2 6+ Int
w*
Z [Iw; —wl"] < 20m|n (c,0/2) t

(26)

Proof See Appendix B. |

Note the differences between (24) and (25): the norms in the summatioguaned in the first
expression but not in the second, which includes an extra factofrofTlhe next result combines
these bounds into a more useful form for the results that follow.
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Theorem 10 Suppose the assumptions of Lemma 9 are satisfied. Then for the iterates.w , w;
generated by the stochastic RDA algorithm with the ch@€gfor {f;}, we have

1t N
= Y Elw—w <pe (27)
=1

for all t > f, where the constantsand p are defined as follows:

2 [ GZ>1/2 . 1 ( ) GZ>2

=— +— , t=|=5 +— . 28
wim 2 (02 S o (w22 @8)
WhenW(w) is strongly convex with the modulas> 0, then with the choicé1)for {B;} we have

1 6-+Int\ /2
£ 2Bl —wi < () 29)

for the constant udefined by
TE R — (30)
\/2omin(c,0/2)

Proof See Appendix B. |

3.3 Stochastic Behavior of the Dual Average

We now study the convergence properties of the dual avagaghowing that the probability that
a: lies outside any given ball arouridif (w*) goes to zero afsincreases.

Theorem 11 Suppose that Assumptions 1 and 2 are satisfied and that %, and lete > 0 be
any chosen positive constant. WHgh} is chosen fron20), we have

2

P(||g — Of(w")|| >¢) < 2nexp<—32i2th> +2ue Lt A vt >, (31)

where p and are defined in28). WhenW is strongly convex and the choi21)is used for{;},
we have

2 1/2
P(|jg — Of(w")| >¢) < 2nexp(—32:']2th> +2ie7 L (6+tlnt> ., Wt>1, (32

where [lis defined in(30).

Proof Using the definition (19) ofy and the unbiasedness property (10) tRDF (wj;&;) |
&(j—yl = Of(wj), we can write

t t
{1~ Of(w)] =  {OF (wji&)) ~ BIOF (389 [ 1]} + 3 {0F(w) - DF(w)}.
= =
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Considering the norms of the vectors in both sides and using the Lipschempyoof Of(-) in
Lemma 2, we get

tlg — Of(w)| <

t
+L Y w—w, (33)
=1

t
7
&

where we defing; := OF (wj;&;) — E[OF (wj;&;) | &j—1]-

For theith componen{z;]; of the vectorz; € R", ztj:l[Zj]i forms a martingale with bounded
differences since|z;ji| < 2G from (12) andE[zj | {;_y] = 0. Therefore by Hoeffding-Azuma
inequality (Azuma, 1967) we obtain for afy> 0,

! 82 .
]P( JZl[zj]i ZG) §Zexp(—8th>, i=12,...,n

Therefore, using the equivalence relatituii> < ||v||1 of norms for a vectov € R", we have

(182, 79) = (8, o) (B g9
"] 0 6
S]P’(iyl{ J;[zj]i > n}) §2nexp<—8tn262>. (34)

Here the second inequality uses the implication that at leastiah® should satisfyy; > b/nwhen
YiL,a > b, and the last inequality is from the union bound of probabilities.

Also, from Markov’s inequality and the bound (27) in Theorem 10 wefgetiny® > 0 and
t > { that

[7i]i

1 t , ut71/4
P(TY Iw-wi=8 ) <E—. (39
=1

Together with (33), the bounds in (34) and (35) imply that

t t
P(t]jg —Of(w")|| >08) <P il +L i —W| >0
(t[lg —Of(w)[| > 9) ( ,;z' J;HWJ I )

<P t . >§ +P }t ”W._V\ﬁ”>£
= J;Z' =2 t; ' = aL
§2nexp<

¥ 2uLt3/4
32An2G? >

The first claim follows when we defin®:= &t:

_ 2\ ouLeva
P(M—Df(mﬁ)yze)gznexp<—32n262) e

€
The claim for the strongly convex case is proved similarly, using the bo2@dit Theorem 10
instead of (27) when we apply Markov inequality in (35). |

The next result shows formally that for alsufficiently large, the second term dominates in the
bounds (31) and (32).
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Corollary 12 Suppose the assumptions of Theorem 11 hold and let ji badlefined as i128).
Then fore € (0,4nG/+/€] and t> max(,t), with

t:= [16n2G25‘2max(—W <16_n§2(32> ,—4In (?;))-‘ ; (36)

(where W(-) denotes the branch of the Lambert function withd-1), the bound31) simplifies to

P(|& — Df (w")[| > &) < 4pe™ Lt 37)

WhenW is strongly convex and the choif21)is used fo 3 }, and provided that € (O, anG/ /2/e}

and t>t" with
B —g2 'Lv6
7= {32n2628 2max<—W (W) —2In (” = )ﬂ , (38)

the bound32) simplifies to

. t>1 (39)

B(G — Of (w)]| > €) < 4u’€‘1L<

Proof Note first that the rati¢Int) /t is decreasing for > e, so fort; defined by
2

€
1ere?™ 40)

Int; =
we have fott > t; and for sufficiently smalt ensuringe?/(16n°G?) < 1/e (which is guaranteed by

our assumption on) that
Int Inty g2

< —< —.
t — tp ~ 16n2G2
Note that (40) has the form tp = at;, for o = €2/(16n°G?), for which the solution is
t = —“W(—a)/a. Thus, for anyt > t, the condition (41) holds. We continue to assume that,
and note that

(41)

2t 1 () g% 2t et (36)| (uL)

———=+-Int < — =— <In
3oz 4™ = Taaee? T eavce 64n°G? — ne

By rearranging this expression and taking the exponential of both sigeshtain

€2t uL) 1 2t uL\, 4
- < ey = V<[ EE)i1/4
e =N <ne> gt e eXp( 321262> = (ns)t :
which implies that the first term on the right-hand side of the bound (31) is daedrby the second.
We obtain the result (37) by substituting into (31).

The strongly convex case is similar. By solvingdr= aty, for a = £2/(320°G?), we have for
t > t, and sufficiently smalg that

Int _ Inty g2
<

— < . 42
t — tp, — 32MG? (42)
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Thus fort > t’, we have

€2t 1 (42 €%t (38)I <p’L\/6><|n<u’L\/6+lnt>
en - en '

—_ = < <
s T2 S “eapge SN
By rearranging the outermost expressions in this bound, and takingpbaents of both sides, we
obtain 12
2 /
exp| - et SLL 6+ Int 7
32n2G? en t
from which the result (39) follows. |

The max-terms in (36) and (38) grow only slowly with the dimensiorHence, we can base
our estimate of the required sizetadn the factor in front of the max terms in (36) and (38), and on
the right-hand sides of (37) and (39). In particular, for the genersé cwe neetto be at least a
modest multiple o’(4nG/z»:)2 (fort >t) and alsd > (4uL/€)* (for the right-hand side of (37) to be
useful).

4. Manifold Identification

In this section we show that most sufficiently advanced iterates of the RDxithgn lie on the
optimal manifold. Our analysis is based upon the properties of the duageseiscussed in the
previous section and on basic results for manifold identification. Specificaflymake use of
a result of Hare and Lewis (2004), which states that when a sequépoints approaches a limit
lying on an optimal nondegenerate manifold and the subgradients at thetegpproach zero, then
all sufficiently advanced members of the sequence lie on the manifold. Wefydsubsequences
of the RDA sequence that lie on the optimal manifold with increasing likelihood egdhation
counter grows. We further show that these subsequences fornmsa signset of the full sequence.
Separate but similar results are proved for the general convex casleastrongly convex case.

4.1 Convergent Sequences

We start with two results that estimate the likelihoodagflying within a given radius ofv*. The
first of these results is for general convex objectives.

Lemma 13 (Convergent Sequences for General Convex Cas8lppose that Assumptions 1 and
2 hold, that w € Fp, and that{(;} is chosen according t(20). Define the subsequenseby

Si= {J €{L2...}|E ['(ij_wngalle —Wk||2} <j Y% and
E (1w o Iy — w7 ] < (170§ 4. (43)

For anye > 0, we then have

1/1 1)\ ._ _
Pl w29 < (f+7) iV vies. (as)

Defining
St ::Sﬁ{l,z,...,t},
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we have

1 2 G?
ceardSi) > 1- - (yD2+ y> /4, (45)

that is, the density af; in {1,2,...,t} is 1—O(t~%/4).

Proof To measure the cardinality of the complemensSgfthat is,Sf := {1,2,...,t}\ &, we first
define indicator variableg” andy’. for j > 1 as follows:

x! = 1 WE [I(HWJ*W*HSF)HWj —W*||2] > YA
B 0 otherwise.

o [ R e =] > /0],
' 0 otherwise.

As the setSf contains all indiceg € {1,2,...,t} that satisfyxj_ =1 or)(j+ = 1, the cardinality of
S¢ is bounded above by_; (x’ +x}). Fors{_;x', we note that

—

t .
> B[l gwswi< 5 =W = 3 XLE |1y -y [ w2
=1 1

|l

x! j7Y4  (from the definition of’ )
1

t
>t VA x
&

v
i

Using (24), we deduce that
t Xj < } (VD2+ (32> tfl/4
le c Y '

Similar arguments fo{‘j:l)(j+ with E [I(ij,wﬂnwj —W*H} ,j=1212,...,tand (25) lead to

L1 ( G?
Iz 2+>t1/4.
,le+ S

Therefore, the fraction of the cardinality §fto {1,2,...,t} is

1 1
fcarc{&‘t) =1- fcardStc)
>1—}t("+ 1y
> t;x_ X+
2( 2, G\ _va
>1-—= -
>1-2 yD+y>t :

thus proving (45).
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To show (44), we first observe that for any 0,

P(llwj —w'| > &) = P(||wj —w'[| > &, [lwj —w[| <T)
+P(lwj —wl| > &, flwj —w|| > ). (46)

Focusing on the first term, we have for ak S that

P(llwj —w'[| > €, [lwj —w[| <T) = P(l(w;-w-<iy [Wj — W] > €)
<& %R (1w, —we <y W) — w12
<g %t (47)
where the first inequality is due to Markov and the second inequality is frerdefinition ofS in
(43). Similarly for the second term in (46), we have for jadt S that
P(llwj —w*[| > &, [lwj =W || > 1) = P(l(jw;—we > [|Wj —W'[| > €)
<7 1wy w1y W
<g it (48)

Applying (47) and (48) to (46) leads to the claim,
P(wj —w'|| >e) <e e+ vies.

This result implies that for sufficiently large the majority of iteratesv; converges tav*, in prob-
ability. Similar results can be derived for the convergenci|gfw;)] to ¢(w*). The next theorem
is the corresponding result for the strongly convex case.

Lemma 14 (Convergent Sequences for Strongly Convex Cas&uppose that Assumptions 1 and

2 hold, that i € Fp, and that the regularizeW is strongly convex with modulus> 0. Suppose
that {B;} is defined by21). For anye > 0, we have

G?> [(6+Inj .
Pl w29 < oo (S5, iz

Proof From the proof of Xiao (2010, Corollary 4), we have

G? (6+In] .
Blw-wi?) < G (S5H). izt
J
The claim follows from the Markov inequality. |

1682



MANIFOLD IDENTIFICATION FOR REGULARIZED STOCHASTIC ONLINE LEARNING

4.2 l|dentification

In this subsection, we state the main identification results. We start with a resultHare and
Lewis (2004), stating it in a modified form that is useful for our analyslevwe

Theorem 15 Suppose thap is partly smooth at the minimizer‘welative to the optimal manifold
M and that the nondegeneracy conditigi8) holds. Then there exists a threshald- 0 such that
for all w € O with ||w—w*|| < € anddist(0,d¢(w)) < €, we have we M.

Proof Suppose for contradiction that no suobxists. Let{g; } ;1 be any sequence of positive num-
bers such tha; | 0. Then for each) > 1 we havew; such that|w; —w*|| < g, dist(0,0@(w;)) < €;
butw; ¢ M. Considering the sequend®; };>1, we have thatv; — w*, and dis{0,d¢(w;)) — 0.
With convexity, these implyp(wj) — @(w*), since for alla; € dp(wj) we have@(wj) — @(w*) <

ajT (wj—w*) < ||aj||wj —w*||. (Because of our assumptions, we can ch@gseich that|a;|| <¢j.)
Convexity implies prox-regularity, so by applying Theorem 5.3 of Harelaewis (2004), we have
thatw; € M for all j sufficiently large. This contradicts our choicevaf, so we conclude that> 0
with the claimed properties exists. |

The next theorem is our main result, showing that the RDA algorithm identifesphimal
manifold with increasing probability as iterations proceed. This result regjaircondition (49) on
hthat is trivially satisfied by the usual prox-functibtw) = 3|jw—w; ||, with constant) = 1.

Theorem 16 (Identification for General Convex Case)Suppose that Assumptions 1 and 2 hold,
that w* € Fp, that
sup |[bjll <nflwj —wil, j=1,2,... (49)
bjeoh(w;)
for somen > 0, and that{B; } is defined as ir{20). Given the set of indiceS defined in(43), we
have
P(wj e M) > 1—((14-&2)]71/4

for all j € S sufficiently large, where

_ 3max1l) <3ma>$1,L) 1> 150L

=],and (o == —.
€ € +r ¢ €

(1:

Heree > 0 has the value defined in Theorem 15, L is the Lipschitz constaitlgfr is the radius
of strong local minimization froriL5), and u is defined i(28).

Proof We focus on the iterater; and the random events associated with it. First we denote the
following event as;:

€
E:: W < .
v Wi =Wl s S
Note thatE; depends on the histoiy; 5 of random variables prior to iteration If E; is true, it
trivially implies the condition|w; —w*|| < € of Theorem 15. From Lemma 13, with= m
we have that
P(|lwj —w'|| <€) >P(E1) > 1-2j Y4, foralljes. (50)
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We now examine the other condition in Theorem 15, namely
dist(0,0f (wj) +0W(w;)) <.
By adding and subtracting terms, we obtain
Of (w)) +ay = (OF (wj) — OF(W*)) + (OF (W) — Gj1) — —+by
+<g_,-_1+a,-+?j_ib,->. (51)
for anya; € 0W(w;) andb; € dh(w;). We choose the specifa; andb; that satisfy the optimality
of the subproblem (18), that is,
0=gj-1+3; +?j—;.bj'

This choice eliminates the last term in (51). For the other three terms, we havellihwing
observations.
(i) For thosew; satisfyingEs, the Lipschitz property oflf (Lemma 2) implies that
eL
3maxL,1)

€
10F(wj) = Of (W) < Lfjwj —w'| < 3

Hence E; implies the following event:

Ex: ||Of(wj)—0Of(w")| <g/3.
(i) From Corollary 12, we have by settireg=€/3 andt = j — 1 that
_ _ 3\ ,. :
PIOfW) - G2 2 &/3) < dut () (1240 < ol 24

for j — 1 > max({,t), wheref is defined in (28) ant, which depends os, is defined in (36).
Hence, denoting bizs the event

Es: [Of(w)—gj1l <&/3,

we have that
P(—E3) < j Y4, j>maxf t)+1. (52)

(iii) SinceBj_1=y(j —1)*/2, we have fomw; satisfyingE; that

B .
g il =v( =12

<(i—1) 72| wj —w| from (49)
<N =12 (wy — W+ [ws —w )

(&
<w(j—1) (3ma>(L,1)+\/§D) fromw* € Fp and (17)
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Therefore E; implies the event

. Bi1
Eq: ﬁﬂbjué

j ) JZtO+17

Wl m

where we defing by

| 9¥n? £ ?
tm:|-§2 <3maKL1Y+V§D>w'

Therefore forj € S with j > max{f,t,to} + 1, by definition of the events;, E;, E3, andE, above,
the probability that the conditions of Theorem 15 hold is bounded as follows:

P (|l —w|| <& A dist(0,09(w))) <)
zlﬁaAaAaAa)zmaAa)
> 1-P(-E;) —P(-Es) > 1— ({1 +8)j Y4,

where the last inequality is due to (50) and (52). Our claim follows. |

Theorem 17 (ldentification for Strongly Convex Case)Suppose that Assumptions 1 and 2 hold,
that W is strongly convex with modulas> 0, that w' € Fp, that (-) satisfieg49), and that3; =0
forall j > 1, as defined iff21). Then we have

Ini\ Y2
P e M) = 1- @+ 25 (S

for all j sufficiently large, where

o2

2 2 /

Heree > 0 has the value defined in Theorem 15, L is the Lipschitz constdatlyfG is the uniform
bound on gradient norms if12), and | is defined in(30).

Proof This proof is almost identical to that of Theorem 16; here we briefly mentienatjuired
changes for the strongly convex case. Consiler0 and the evenE; defined in the proof of

Theorem 16. From Lemma 14 with= m we have

P([lwj —w'|| <€) >P(E1) >1-C3(6+1Inj)/j, j>1
Instead of (ii) and (iii) in the proof of Theorem 16, we use the following:

(i") From Corollary 12, we have by settirg=€/3 andt = j — 1 that
_ _ 3 /6+In(j—1)\Y? 174L /6+Inj\Y/?
B(|0f (W) - Gi-all > E/3) < 4 oL (Jf’l)> < Tt (J’) ,
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for all j > maxt’ + 1,2), wheret’ is defined in (38). Hence, denoting & the event
|Of (w*) —gj_1]| < €/3, we have that

6+Inj\ Y2
P(ﬁEg’)“/Z( jj> ’

for all j sufficiently large.
(ii"y With ;_1 = 0 and the given conditions, the evéatholds for allj > 2.

Using the modified probability bounds f&s andEz, we have

P(ij — W' < A dist(0,dp(w;)) < E) > P(El/\E3>
, N\ 1/2
>1-7, (6+jlnj) —Z/2<6+jlnj>
6+|nj)1/2

21—<za+z'z>< j

for all j > max(t’ 4 1,9), using the fact that6+-Inj)/j < 1 for j > 9. Our claim follows. [ |

Lemma 13 tells us that the sequeriés “dense” in{1,2, ...}, while Theorem 16 states that
for all sufficiently largej € S, w; lies on the optimal manifold with probability approaching one as
j increases. When the regularizgris strongly convex, Theorem 17 tells that similar results hold
earlier in the sequendav; }.

We conclude this section with a simple example to show that algorithms based molsiein
(7) that were discussed in Section 1.3 do not have reliable identificatiqgregiies. The major
reason is that each iteration uses a “raw” sampled gradieoi f, rather than the averaged (and
thus smoothed) approximate gradignof RDA. Thus, as we see now, even when the current iterate
w; is optimal, the subproblem may step away from this point, and away from the dptiaméfold.

Example 1 Consider the following definitions for the problem (1):
e n=1 (a scalar problem)
e = =[-2,2] with & uniformly distributed on this interval.
e F(w;§) =&w. ThusOF (w; &) =& andf(w) =0.
o W(w)=|w|.

With these definitions, the solutionwg’ = 0 and the optimal manifold is zero-dimensional =
{0}. Thus Assumption 2 is trivially satisfied. Regarding Assumption 1, the n@mdegcy condi-
tion is satisfied, sinc@¥(0) = [—1, 1] while Of(0) = 0. It is easy to verify too thaf satisfies the
unbiasedness, uniform Lipschitz, and uniform boundedness piegpef Assumption 1.

Settingw; = w* = 0, the subproblem (7) is

. 1
We i1 = argmin&w+ |w| + 2—\/\/2,
w Ot
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whereg; is selected uniformly at random frof-2,2]. For&; € [—1,1], we havew;,1 = 0, so the
next iterate remains at the optimal point. Howeveg; i€ [—2, —1), we havesm 1 = —0¢ (& + 1) >

0, while if & € (1,2], we havew;1 = —0¢(& — 1) < 0. In both cases, the next iterate steps away
from the solutionw® = 0 and from the optimal manifold. Becau&eis uniformly distributed in
[—2,2], this event happens with probability2 in this example. (The probability of this behavior
can be made arbitrarily close to 1 by suitable extension of the interyal

5. Enhancing the Regularized Dual Averaging Algorithm

Here we present a simple optimization strategy motivated by our analysis, abow@ch the RDA
method gives way to a local phase after a near-optimal manifold is identified.

Algorithm 2 summarizes our algorithm RDA This algorithm starts with RDA steps until it
identifies a near-optimal manifold, then searches this manifold using a diffeptimization strat-
egy, possibly better suited to lower-dimensional spaces and possibly \tiighn lmeal convergence
properties. If an explicit parametrization 8ff is available, the “local phase” could take the form
of a Newton-like method applied to the composition of the objective with this paresaigin. In
the important special case #f(-) = A|| - ||1, M can be represented simply by its nonzero variables,
and LPS (Shi et al., 2008; Wright, 2012) can be applied on the spacstdhgse variables.

To decide when to make the switch to the local phase, we use a simple heurigtiednsy
Theorem 16 and 17 that if the pasitonsecutive iterates have been on the same mani¥d|d
we takeM to be approximately optimal. However, we “safeguard” by expandiftp incorporate
additional dimensions that may yet contain the minimizer. This simple approachavklprovided
that the M so constructed is aupersebf the optimal manifold, since our implementation of the
local phase is able to move to more restricted submanifoldg(dfut does not expand its search to
include dimensions not originally included in the manifold. When sufficiengass is not attained
in the local phase, we can resume the paused dual-averaging phase.

We describe the details of Algorithm 2 féx regularization, wher&’(w) = A||w||1 for some
A > 0. (Thus, the starting point will be;; = 0.) The optimal manifold corresponds (ne#) to the
points inR" that have the same nonzero patterng/asWe use the simple quadratic prox-function
h(w) = %||W—W1||2- SinceW is not strongly convex, we use the sequefBg defined in (20).

We now describe various specifics of the implementation of Algorithm 2 for #ss.c

5.1 Computation ofwj, 1

The closed-form solution for the subproblem (18) wiith | is
[WjJrl]i = \CISOft(_[g_j]iv }\)a i = 1, 27 -5 N,
where softu,a) := sgnu) max{ |u| — a,0} is the well-known soft-threshold function.

5.2 Surrogate Objective

To apply the batch optimization method LPS in the local phase of Algorithm 2, warusmpirical
estimatepy in (3) as a surrogate objective function (whérej € A is a sample of random variables
from the spac& according to the distributioR), and then solve

min (W) = fi (W) + Awls. (53)
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Algorithm 2: RDA™ Algorithm.
Input:

e a prox-functiorh(w) that is strongly convex on do¥ and also satisfies

argminh(w) € argmin¥(w),

weRn weR"
sup ||bl| < n|lw—wy]|, Ywe domW¥, wherew; € argmin¥(w).
beoh(w) w

e anonnegative and nondecreasing sequéfi¢k j > 1.
e a positive integer.

Initialize : Setgp = 0;
for j=1,2,... do (Dual Averagi ng)
Choose a random vectgy € =;
Compute a gradierg; = OF (w;; &;);
Update the average gradient:
_ j-1_ 1
9j = ngflJr JTgJ*

Compute the next iterate by solving the subproblem (18), which is

Wjy1 = arg min{ (9j, W) +W(w) + B.’h(w)} .
weRN J

if there isM suchthatw,, i€ Mfori=1,2,...,1then (Local Phase)
Safeguard\ by adding dimensionality as appropriate to encompéss
Use a technique for low-dimensional optimization to search for a solution on
manifold M, starting aw; 1,

end

end

LPS calculates first- and second-order informationgoron the subset of components defined by
M. Since the intrinsic dimension o¥1 is usually much smaller than the dimensiowof the full
space, these restricted gradients and Hessians are much cheaper tectivap their full-space
counterparts.

5.3 Local Phase: LPS

We give further information on the LPS approach, following Wright (208@t specializing the
description to the problem (53). Many details are omitted; we refer the réadléright (2012) for
a complete description and analysis of the approach, and to Shi et a8) @0®@&n earlier version
together with an application t -regularized logistic regression.
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Algorithm 3: LPS Approach in Local Phase

Input: Vmax > Vmin > 0,K >1,5> 1, Wj1;
Initialize : zp < wWj,1;
fork=0,1,2,... do
ChooseMy C M such that each nonzero componeniihappears in at least one of the
manifoldsMy, Mk_1, ..., Mk_k+1, fork > K;
Choosevk € [Vmin; Vmax;
Solve (54) fordy;
while @y (z+dk) > @y (z) — |dk/® do

Setvy + SV

Solve (54) ford;
end

RN | Finddy with @y (zc+di) < @y (zc+ di) and@u (zc+d) < Qv (@) —.01/df3;

Setz, 1 + z+dk;
end

The scheme is outlined as Algorithm 3. We usk to denote a subset of the restricted manifold
M, again defined by the indices of the components in which we consider a mibeetdonk. We
require that each nonzero componenfMibe considered for a possible step at least once d¢ery
iterations, wher& is a defined parameter. The basic step at each iteration, given an LR&7tera
is obtained by solving the following subproblem:

. v
min DfN(zk)Td+Eded+?\HZk+d||1, (54)

de My

wherevy is manipulated by the algorithm to produce a decrease in the objective aitexation.
Formulation of this subproblem requires evaluation only of those elements afréitlient] fyr
corresponding to the nonzero gety. Since it is separable in the componentsipit can be solved
in closed form in a number of operations proportional to the number oferortomponents iMy.
The enhancement in the line marked as RN of Algorithm 3 can be carriedyocaitréduced
Newton-type method, applied to the current set of nonzero components-af,. Here, we obtain
an estimate of the restriction of the Hessia#f - to the nonzero set, possibly by taking a random
sub-batch ofV..

5.4 Checking Optimality

From the optimality condition for (3), we define the optimality measi{re ) as follows,

1 ~
o(w;):=— inf Of O4Aa. 55
(wj) \majeg\]leHlH N (W) + g (55)

Sinced(w*) = 0 for a sufficiently large sample s&f because of the law of large numbers, it makes
sense to terminate whexiw;) drops below a certain threshold.
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5.5 Safeguarding

At the start of the local phase, we augmevitby adding componentsfor which [wj1]; = 0 but
[0jli is close to one of the endpoints of its allowable range; that is,

(Wi 1)i =0 and [[gjli| > PA (56)

for somep between 0 and 1 (but closer to 1). This conservative strategy allowkdquossibility
that|[g;]i| will exceedA on a later iteration, causinwi.1]i to move away from zero.

6. Computational Experiments

We report here on computational experiments involving binary classifica@&n téa/,-regularized
logistic regression. Given a setmiftraining examples, we select one at titheindexed by;—and
use its feature vectog, € R"~* and labely;, € {—1,1} to define the corresponding loss function
forwe R, b e R andw = (W, b):

F (W;&) = In (1+exp(—yg, (W' g, +b)))

We choosé¥(w) = A||W||1 as the regularizer for some> 0, and setv; = 0, as required in Algo-
rithm 2.

_ For the second phase of Algorithm 2, we Aét= {1,2,...,m} to obtain the empirical estimate
@y from the full training set.

6.1 Manifold Identification

To investigate the identification behavior of the RDA algorithm in practical oistances, we use
five data sets from the UCI Machine Learning Repository, which havazhe dimensions shown

in Table 1. We apply the original LPS to acquire the reference solutiprof (3), with the tight
optimality threshold of 10°. We then tabulate how many iterations of RDA are required before it
generates a point in the optimal manifold containingw},. We also check when the iterates of
RDA reach a modest superset of the optimal manifold—a™@uperset composed of the points in
R" having the same sign pattern for the active componentd jrand up to twice as many nonzeros
as the points inV1. For each data set we use three values efjually spaced in the log-scale range
of [0.3,0.9]Amax WhereAmay, computed accordingly to Koh et al. (2007), is the value beyond which
the solutionw} has all zero components, except for the intercept term.

Table 1 shows performance of the RDA algorithm, over 100 repeatedfouresach data set
(using random permutations of training data for each run and for eagbpsthirough the data), as
measured by the number of iterations required for the algorithm to identifygtieal manifold
and its 2 superset. Since the empirical distributions of the iteration counts are skemgeshow
the median (rather than the mean) and the standard deviation. The table @sothl values
of the optimality measur® defined in (55) for the iterate at the moment we identify the optimal
manifold. These results demonstrate that a huge number of iterations maguiredeo identify
the optimal manifold, whereas identifying the superset is often much eas@asés in which only a
few components ofvy, are nonzero, just a small fraction of the training examples usually suffice to
identify the 2x superset. We note too that even when optimal identification is achieved, e iter
is still far from being optimal, by the criterion (55), suggesting the need foca phase to achieve
tighter optimality.
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Data set A 2x Superset|  Optimal M Optimality & || NNZswj,
Glass 029] 14 (25)] 20 (27)|  0.068 1
(m—214n—10) | 017 13 (10)] 116 (428) 0063 2
’ 0.10| 13  (11)| 28392 (6907) 0.016 3
ono 022] 38 (84)] 122 (95)] 0.015 2
(m—351n—35) | 013| 44  (28)| 30812 (15575) 0008 3
0.07| 86  (41)| 404  (150)| 0.019 5
_ 0.15| 192 (110)] 304  (141)] 0.001 2
m :Ajgétzri'zso) 009|272  (88)| 2036 (1076) 0.002 8
0.05|| 447  (195)| 27750  (4590)  0.001 13
spambase | 017|137 (19)[ 357 (325)|  0.006 1
(m— 4601n— 5g) | 0-10| 722 (2495) 4340  (3097)  0.004 8
0.06|| 812 (1247)| 4680 (2209) 0.004 17
pageblock | 0-1L[ 26 (326)] 58 (395)|  0.063 1
(m—s473n—11) | 007 182 (941)| 524 (1233  0.038 3
0.04|| 103 (913)| 461 (1232)] 0.040 4

Table 1: Manifold identification properties of the RDA algorithm over 100srfor each data set.
The median number of iterations required to identify the optimal manifeldand the
number required to identify ax2 superset, are presented, along with the standard devia-
tions over the 100 tests (in parenthes@skpresents the optimality measure at the moment
of identifying M, while the last column shows the number of nonzeros (excluding inter-
cepts) in the reference solution obtained by LPS.

6.2 Performance on the MNIST Data Set

We now focus on the effects of the local phase on the performance Af"RBor this purpose, we
use the MNIST data set which consists of gray-scale images of digitsesypesl by 2& 28 pixels.
We choose the binary classification problem of distinguishing between the @lignd 7, for which
the data set has 12183 training and 1986 test examples. Although the™6agk 1s relatively easy,
we choose this setting so that we can compare our results to those repoKeb{2010) for the
original RDA algorithm.

We compare RDA to several other algorithms: SGD, TG, RDA, and LPS. The SGD method
(see, for instance, Nemirovski et al., 2009) fgregularization consists of the iterations

Werali = (Weli — o ([aeli + Asgn([wei) ), i =1,2,...,n,
whereg; is a sampled approximation to the gradientfot w;, obtained from a single training

example. The TG method (Langford et al., 2009) truncates the iterates exbtaynthe standard
SGD at evenKth step (wheré is a user-defined constant). That is,

{th([wth —ag[a)i, A{€, 0) if mod(t,K) =0,
Wer1]i = _
[Wt]i — o [gr]i otherwise
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where)\[® .= aAK, modt,K) is the remainder on division afby K, 8 is a user-defined constant,
and

0 if o] < AJC,
trnc(w, A{®, 8) = { w—ATCsgnw) if A[C < |w| <8,
w otherwise

We follow Xiao (2010) in using = « andK = 10.

For the stepsize; in SGD and TG, we adopt a variable stepsize scheme (Zinkevich, 2003;
Nemirovski et al., 2009), choosing; to be a multiple of 11/t so that the methods can achieve
regret bounds o®(1/t) similar to that of RDA.

In our implementations of RDA and RDA, we sey = 5000 in (20). (This value is determined
by cross validation with RDA, using a single scan through the data set.) Fbah&the local phase
of RDA™, we compute a reduced Newton step on the current active manifold onlytveeumber
of nonzeros falls below 200. We also use the full set of training examplesnpute the reduced
gradient and reduced Hessian of the surrogate fundfjan

For SGD, TG, and RDA, we keep track not only of the primal iteration seceiéw; }, but
also the primal averageg .= %ZtT:th, whereT for each algorithm denotes the iteration number
where the algorithm is stopped. We include these in the comparison becausentlergence of
the stochastic subgradient algorithms is often described in terms of the prierabas. Note that
RDA™ and LPS do not make use of primal averages.

We first run the RDA algorithm with random permutations of the training samples, stopping
whent = 100 consecutive iterates have the same sparsity pattern, after seeiagpliés at least
once. (All repeated runs required at most 19327 iterations to stop, whiebs than two complete
sweeps through the data set.) In the safeguarding test (56), ve-u8e85. We run the local phase
of RDA™T until the optimality measure in (55) falls below 10 We record the total runtime of the
RDA™ algorithm, then run other algorithms SGD, TG, RDA, and LPS up to the runtim®af'R
stopping them earlier if they achieve the desired optimality before that point.

6.2.1 FROGRESS INTIME

We compare the convergence of the algorithms in terms of the optimality measLitecamumber
of nonzero components. Figure 1 presents the plots for the iterates witherstging, for three
different values of\: 10, 1, and QL. The optimality plots (on the left) show that RDAachieves
the target optimality much faster than other algorithms, including LPS. RDA leshaetter than
SGD and TG, but still does not come close to the target value of optimalityeTienly a modest
decrease in the optimality measure for SGD, TG, and RDA over the time framis efjeriment.

The plots on the right of Figure 1 show the number of nonzeros (excludtiegcepts hereafter)
in the iterates. RDA tends to produce much sparser iterates with less fluctimetioSGD and TG,
but it fails to reduce the number of nonzeros to the smallest number identflRBA™ in the given
time, for the valued = 1.0 andA =0.1.

In its local phase, RDA behaves very similarly to LPS, sharing the typical behavior of non-
monotonic decrease in the optimality measure (55). However, the local pfieaseonverges faster
than LPS, because it starts with the reduced space chosen by the etmjiag phase of RDA
The number of honzeros often increases at the point of switching bepteses, as the safeguard-
ing strategy adds more elements to the nonzero set.
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Figure 2 shows similar plots but for the primal averaged iteratesWe duplicate the plots
of RDA™ and LPS (which do not use iterate averaging) from Figure 1 for easypadson. The
number of nonzero components is clearly higher for averaged iterates.

6.2.2 QUALITY OF SOLUTIONS

In Figure 3, we compare the quality of the solutions in terms of optimality, the nuailremzeros,
and test error rate. We present the results for the iterates withougawgia the three plots on the
left, and those for the primal-averaged iterates (for algorithms SGD, T@GR&A) in the plots on
the right. (The plots of RDA and LPS on the left are duplicated in the right-hand plots for easy
comparison.) We run the algorithms with the same setting used in the previousmexpuis, except
for LPS, which we run to optimality (¢, without time limit) to provide a baseline for comparison.
(The runtime of LPS was about four times longer than that of RDA average.) The experiments
are repeated for 100 runs of the data (using random permutations afdydista for each run and
for each sweep through the data), for each of sevealues in the interval 01,10]. (The value of
Amax for this data set is 48.)

In Figure 3, only the solutions from RDAachieve the desired optimality and the smallest
number of nonzeros, with almost identical quality to the solutions from LP8.sbfutions (both
with and without averaging) from SGD, TG, and RDA are suboptimal, leamingh scope for
zeroing out many more components of the iterates. RDA achieves a similar nafmznzeros to
RDAT for large A values, but more nonzeros for smaller values\ofin terms of the test error
rate, RDA" produces slightly better solutions than SGD, TG, and RDA overall. Although th
improvement is marginal, we note that high accuracy is difficult to achievéysaii the stochastic
online learning algorithms in limited time. The averaged iterates of SGD and TG shaller test
error forA > 1 than others, but they require a large number of nonzero componestsitelthe
strong regularization imposed.

In Figure 4, we show typical solutions obtained from the various algoritlamgifferent values
of A. The first three rows present the solutions acquired without averagimbthe last three rows
present those obtained with primal averaging. The solutions from Ri2&eal almost identical
sparsity pattern to those from the baseline algorithm LPS, achieving smabestno patterns.
RDA produces solutions of similar sparsity to RDAor largeA values, but much denser solutions
for smallerA values. Again, we see that primal-averaged solutions are denser ttsnwiitbout
averaging.

7. Conclusion

We have shown that under assumptions of nondegeneracy and stoahgnimimization at the
optimum, the (non-averaged) iterates generated by the RDA algorithm idén&ibptimal manifold
with probability approaching one as iterations proceed. This observataines us to develop a new
algorithmic framework that enjoys the low computational footprint of stochgstidient methods
as well as the rapid local convergence of Newton-type optimization teoksigehich can be used
to search for solutions on near-optimal manifolds that often have much lowigsic dimension
than the full space.

We believe that our analysis can be extended in several directions. tR&sise of/, norms
in definition of the prox-functiorh can lead to faster convergence of RDA, but the interaction
with the strong minimizer assumption and the manifold identification results that whensdas
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Figure 1: Convergence of iterates for various algorithms applied fg-eegularized logistic regres-
sion function constructed from the digits 6 and 7 in the MNIST data set. Cgernee
is measured in terms of the optimality measure (left) and the number of nonzapmeo
nents (excluding intercepts) in the iterates (right). SGD, TG, RDA, anddrB$un up to
the time taken for RDA to achieve 10* optimality value. The vertical lines indicate the
event of phase switching in RDA The vertical axes on the left are in logarithmic scale.
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Figure 2: Convergence of averaged iterates (for SGD, TG, and Rib&)original iterates (for
RDA™ and LPS) on thé;-regularized logistic regression function constructed from the
digits 6 and 7 in the MNIST data set. Convergence is measured in terms oftiimaiy
measure (left) and the number of nonzero components (excluding intE€yaeghe iter-
ates (right). SGD, TG, RDA, and LPS are run up to the time taken for Ri»Aachieve
10~* optimality value. The vertical lines indicate the event of phase switching inRDA
The vertical axes on the left are in logarithmic scale.
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Figure 3: Quality of solutions (MNIST 6 vs. 7) in terms of the optimality, the nundferonzero
components (without intercepts), and the test error rate, measuref@(atifferent ran-
dom permutations of the training set. The plots on the left show the resultefaethtes
without averaging, and those on the right show averaged primal itex@tedgorithms
SGD, TG, and RDA, and non-averaged iterates for Rahd LPS. The SGD, TG, and
RDA algorithms are run up to the time taken for RD£o achieve a 10* threshold in the
measure (55), whereas LPS is run to convergence. Axes in the firshiad rows are in
logarithmic scale.
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Figure 4: Sparsity patterns of the solutions for classification of the digitsd67ain the MNIST
data set. The regularization parametes varied in the range d0.01,10]. The spots
represent the positive (bright) and negative (dark) values, wheheagray background
represents zero. The top three rows show the solutions acquired wéthenatging, and
the bottom three rows show those obtained with primal averaging. The twairoilkie
middle presents the solutions from RDAnd LPS. The algorithms SGD, TG, and RDA
are run up to the time taken for RDAo achieve a solution with 1@ optimality value;
the batch algorithm LPS is run without time limit. Note that for each valua,ahe
sparsest solutions are obtained by RDand LPS.
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complicated. Second, multiple samples could be used as in Dekel et al. @0d&@ystruct an
approximate subgradient with reduced variance, which may thus leadéoifdentification. Third,
it is likely that the nondegeneracy assumption can be weakened, in whiera¢auper-manifold”
of the optimal manifold would be identifiable. We leave such investigations to futorie.
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Appendix A. Strong Minimizer Property

In this section we prove Theorem 5 and its corollaries stated in Section 2&d ba results from
manifold analysis and other elementary arguments. Our proof is similar to tietight (2012,
Theorem 2.5), but simpler.

We first state an elementary result on manifold characterization, which vegtay Vaisman
(1984, Sections 1.4-1.5) and Wright (2012, Appendix A).

Lemma 18 Let the manifoldM C R" containingz be characterized by @ (p > 2) function H:
R" — RX. Then there iy € R™ K and aCP function G mapping some neighborhoodydab R" such
that G(y) € M for all y neary. Moreover, Gy) —z=Y(y—Y) + O(|ly— ¥]|?), where Ye R"™ ("X
is an orthonormal matrix whose columns span the tangent spaté &i z.

The next result, from Wright (2012, Lemma 2.2), shows how perturbsfrom a point at which the
objective function is partly smooth can be decomposed according to the hdattifaracterization
above.

Lemma 19 Let the manifoldM C R" be characterized in a neighborhood bt M by CP map-
pings H: R" — RK and G: R"™ % — R" and the pointy described in Lemma 18. Then for all z
nearz, there are unique vectorsyR" K and ve R with ||(y" —y",v")|| = O(||z— Z]|) such that
z=G(y) +OH(Z)v.

We also make use of a result from Wright (2012, Lemma A.1).

Lemma 20 Consider a functio : R" — RU {4}, a pointze R", and a manifoldM containing
z such thatp is partly smooth a with respect toM. If the nondegeneracy conditidhe ri d$(2)
holds, then there exists> 0 such that

sup (g,d) > g|d||, vd € Ny(2).
geod(2)

Proof (Theorem 5)We now proceed with the proof of the main result of Section 2.5. Recall the
following assumptions:
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(i) @is partly smooth atv* relative to the optimal manifold.
(i) w*is alocally strong minimizer of| »¢ with moduluscy, > 0 and radius », > 0, and
(iii) the nondegeneracy condition (13) holdsnt

For the minimizew* of (1) and the optimal manifold containingw*, we consider the map-
pingsH andG, the matrixY, and the poiny € R" X satisfying Lemma 18 and Lemma 19, associ-
ated withz=w* € R". From Lemma 19, for allv satisfying|\w—w*|| < r <r ¢ with small enough
r > 0, we can find unique vectogsc R" andv € R¥ with ||(y" —yT,v")|| = O(]lw—w*||) such
thatw = G(y) + OH (w*)v. Therefore we have

@(w) —(w") = [@(G(y) + OHW)V) — (G(y))] + [(G(y)) — o(w')] - (57)

From the locally strong minimizer property relativetd and the facts that* € M andG(y) € M
for all y neary, we have for the second bracketed term that

P(G(Y)) —PW) = GLr(G(Y) — @laa (W) = Cal|G(y) — w2 (58)

for all y neary. Consider next the first bracketed term of (57). From Lemma 20, we ©iav0
such that sup o) (9,d) > €||d|| for all d € Na((w*). From the subcontinuity property (iv) of
op(w*) in Definition 4, we can choose a neighborhoodwfsufficiently small that for allG(y) in
this neighborhood and € dp(w*), there existg € 0¢(G(y)) such thal|§— g|| < €/2. These facts,
together with convexity of, imply that for ally neary andv near 0 we have

@(G(y) + OH(W)V) —@(G(y)) = sup (§,0H(W)v)
Geog(G(y))

> sup (g,00H(W)v) — (g/2)[|[OH (W")v]|

geop(w*)
> (g/2)[|OH(W)v]].

By substituting this inequality and (58) into (57), we obtain
G(W) — QW) > (£/2)[|OH (W*)V]| + car | G(y) — W[

By further reducing if necessary, we can choose the neighborhooda*admall enough to ensure
that||JH (w*)v|| < 1, and therefore

GW) — (W) > (&/2)||THW)V]? + e[| Gly) —w|?
> min(e/2,ca) [[|[OH (W)VI| + (|G (y) —w*|]

. 2
min(e/2,ca) ||OH WV + 1 G(y) —w|
min(g/2, C) w—w*[|?.
(The third inequality follows from the elementary boutaf +b?) > 1 (a-+b)?, for any scalara

andb.) We have thus shown that indeed is a local strong minimizer ¢f without the restriction
to the manifoldM, with modulusc := 3 min(e/2,c,q) and radius [ |
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We follow with the proofs of the remaining results of Section 2.5.
Proof (Corollary 6) Givenw € O with ||w—w*|| > r, we have from the convexity af that

_wW—w r
(p<w+r\|w—vv*\|> < ¢(W>+m(¢(w) —Qw)).

From the locally strong minimizer property (Theorem 5), we also have

—_W—w*
v\f*+r>—wk
( [[w—w|

2
(p(V\f*+r_M)—CP(W)ZC = cr?.

[lw —w|

Collecting the above two inequalities leads to the claim. |

Proof (Corollary 7) Givenw € O, if |[w—w*|| <r, then the claim follows from (15). Ifw—w*|| >
r, then we have from strong convexity @that

_ W—wW* r
o(w i) N T )

o r r
- = 1— )HW—WHZ.
2 [lw—w|| < [Jw—w|

From the locally strong minimizer property (Theorem 5), we also have

— W—w* 5
¢<W+r||w—w*||> — QW) > cr?.

Combining the above two inequalities results in

QW) — gw) > {o/2+ <co/2>] [w—w |2 > min(c,5/2) w— w2

[[w —w|

Appendix B. Expected Error Bounds for Iterates of RDA

In this section we provide the background for the results of Section 8rdig the iterates gener-
ated by the RDA algorithm.
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Proof (Lemma 9)For the general convex case, Witk } chosen by (20), we consider the expected
regret up to time with respect tov*, and obtain

t t

Z DHWW) - (F W(w))

=1

&) +Wwj) — F(WEj) —WW)) &y}

t
Z )+ () — T (W) — $(w)]
t
3 Elotw) - o(w). (59

Under Assumptions 1 and 2, there exists 0 andr > 0 that satisfy (15), which is
@(w) — @(w*) > cljw—w*||?, for all wwith w—w*|| <T,

as proved in Theorem 5. Noting thafy, —w-|<j + I (jw;,—w|>7) = 1, we can split the right-hand side
of (59) into two sums and obtain

= 3 B[l a0 (0W) = O} + 3 B [l -0 {m) — 0w} (60)
= =

Note that both terms on the right-hand side of (60) are nonnegative. &firdhterm, we have by
using the regret bound (22) and the locally strong minimizer property (&5) th

—

(v02+ &) ez 21 E 1wy 10001) ~ 0w)}

E {1 < 5 =[]

I\/
— Il
¢M~ -

proving the first inequality (24). For the second inequality, we have f{@®), the regret bound
(22), and Corollary 6 that

t
(v02+ )thz [ oy {0) — 0w}

> Cr_z E [I(HWJ—V\FH>F)”W1 _V\rk”} )

thus proving (25).
WhenW is strongly convex with the modulws> 0 and{f; } chosen by (21), we apply the other
regret bound (23) to (59), resulting in

2

S (6+Int) > ER (W iIE{q)(WJ w*)} > min(c,o0/2) i [lw;j — W|]
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where for the last inequality we use the fact thétis a (global) strong minimizer with the modulus
min(c,a/2), as shown in Corollary 7. This proves (26).

Proof (Theorem 10)We start with the general convex case. From the Cauchy-Schwarizalitgq
llzll» < +/m||Z||2 for a vectorz e R™ and Jensen’s inequality, we have

t

. ;]2
J;E ['(ij-—w*usaHWJ WH] <+ [Z{ [ (Iwy —we <7 W —Wﬂ } ]

e

Lt 1/2
fz {|w,-w*|<r_)HWj_V\ﬁH2}]

G2\ 12
< yD?+ =4,
< a5

where the last inequality is from (24). By combining this result with (25) aeddefinition off in
(28), and using our standing assumption that(0, 1], we have fot > { that

1 1 1
£ 2 EIwi-wi=F 3 E w0 95 =01 +3 3 B [l =o'
i= = =
1/2 2
1 G
< = hadl 14, = 2,9 \.-1/2
B < ) e rc <VD " Y )t
1/2 G2 1/2
= ( > e "R (VD2 v) e
< utv/4,

for pdefined in (28).
For the strongly convex case, we have from Cauchy-Schwarz aiséde inequalities that

1/2 1/2
LS mw-wi< 1S ®w-wi| < |y B - w?
=i J It JZL J A= J '
Applying the bound in (26) to the last line leads to (29). |
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