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Abstract

We propose a Newton method for solving smooth unconstrained
vector optimization problems under partial orders induced by general
closed convex pointed cones. The method extends the one proposed
by Fliege, Graña Drummond and Svaiter for multicriteria, which in
turn is an extension of the classical Newton method for scalar opti-
mization. The steplength is chosen by means of an Armijo-like rule,
guaranteeing an objective value decrease at each iteration. Under stan-
dard assumptions, we establish superlinear convergence to an efficient
point. Additionally, as in the scalar case, assuming Lipschitz continu-
ity of the second derivative of the objective vector-valued function, we
prove q-quadratic convergence.
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1 Introduction

The canonical order in the real line can be characterized by means of inclu-
sion on R+, that is a ≤ b if b− a ∈ R+. Extensions of this order to Rm can
be derived using inclusions on a closed (pointed) convex cone K as follows:
u � v if v − u ∈ K. Classical minimization of scalar-valued functions can
be also extended to vector-valued functions, replacing the requirement of
finding a minimum by finding minimal elements in these (partial) orders.

If the cone under consideration is Rm
+ , points whose image are minimal

are called Pareto optimal (or efficient) points, and minimization with re-
spect to this order is called multicriteria optimization. For other cones, we
have the so-called vector optimization problems and the optimal elements
are know as efficient points. Many practical problems are modeled as min-
imization of vector-valued functions with respect to orders induced by Rm

+

and also other (than Rm
+ ) cones [1, 2].

Multicriteria optimization problems are traditionally solved by two dif-
ferent approaches: scalarization and ordering techniques ([14], [12]). The
scalarization approach enables the computation of efficient (Pareto) or weakly
efficient solutions by formulating single objective optimization problems
(with or without constraints) and choosing “good” parameters in advance.
Other scalarization techniques that are free of establishing parameters can
compute a discrete approximation of the optimal set. The solution strate-
gies that use ordering techniques require a prior ranking specification for the
objectives.

A new type of strategy for solving multicriteria optimization problems,
that does not require parameter nor ordering information, is constituted
by a class of “descent” methods. The very first of these descent methods,
proposed by Fliege and Svaiter in [6], is the multiobjective steepest descent
method. The second one is the Newton method for multicriteria, recently
proposed by Fliege, Graña Drummond and Svaiter in [7].

For vector optimization, i.e., when the partial order is induced by a gen-
eral closed convex pointed cone with nonempty interior, besides the classical
procedures (see [11]), we also have some “descent” methods. For uncon-
strained problems, Graña Drummond and Svaiter [10] extended the steep-
est descent method. Later on, Graña Drummond and Iusem [9] and Fukuda
and Graña Drummond [8] studied a projected gradient method for vector
optimization problems with decision variables restricted to closed convex
sets. An extension of the proximal point method for vector optimization
was studied by Bonnel, Iusem and Svaiter in [3].

In this work, the Newton method together with a globalization strategy
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for multicriteria optimization is extended to vector optimization. For the
convergence analysis, strong convexity of the vector-valued objective func-
tion respect to the ordering cone is required. The proposed method performs
a full Newton step if the decrement of the objective function is at least a
fraction of the predicted decrement, otherwise, it performs a damped New-
ton step using an Armijo-like rule for choosing the steplength. We prove
global superlinear convergence to an efficient point whenever the starting
point is in a compact level set. If, additionally, the second derivative of
the objective function is Lispchitz continuous, then the generated sequence
converges q-quadratically, as in the classical scalar-valued case.

It is worth to notice that, in the Paretian case, proper implementation
of the method, with randomly chosen initial points, allow us to retrieve a
good approximation of the efficient set (see Section 7 in [7]).

2 Notation and auxiliary results

Throughout this work, 〈·, ·〉 denotes the usual inner product in Rn and ‖ · ‖
stands for the Euclidean norm, i.e., ‖x‖ =

√
〈x, x〉 for x ∈ Rn.

Let K ⊂ Rm be a closed convex pointed (i.e., K ∩ (−K) = {0}) cone,
with nonempty interior. The partial order induced in Rm by K is defined
as

u � v (alternatively, v � u) if and only if v − u ∈ K.
We will also consider the following stronger relation

u ≺ v (alternatively, v � u) if and only if v − u ∈ int(K).

Consequently, u 6� v (u 6≺ v) means that v − u 6∈ K (v − u 6∈ int(K)).
The (positive) polar cone of K ⊆ Rm is the set K∗ := {w ∈ Rm | 〈v, w〉 ≥

0 ∀v ∈ K}. Since K ⊂ Rm is a closed convex cone, it follows that K = K∗∗

(see Theorem 14.1 in [13]). For our purposes, a subbase of K∗ is a compact
set C ⊂ K∗ \ {0} such that the cone generated by the convex hull of C
coincides with K∗, i.e., 0 /∈ C and cone(conv(C)) = K∗. As K = K∗∗, we
can use C to effectively describe the cone and its interior:

K = {v ∈ Rm | 〈v, w〉 ≥ 0 ∀ w ∈ C}, (1)

int(K) = {v ∈ Rm | 〈v, w〉 > 0 ∀ w ∈ C}. (2)

Here, we are interested in finding a minimizer (with respect to the partial
order induced by K) of the problem

min F (x)
s.t. x ∈ U, (3)
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where F : U −→ Rm and U ⊂ Rn is an open convex set. This means that
we seek for an efficient point for F in U , i.e., a point x∗ ∈ U such that

6 ∃ x ∈ U, F (x) � F (x∗) and F (x) 6= F (x∗).

Recall that a point x∗ ∈ U is weakly efficient if

6 ∃ x ∈ U, F (x) ≺ F (x∗).

Clearly, every efficient point is weakly efficient.
The mapping F is said convex respect to K (or simply K-convex) on U

if
F (αx+ (1− α)y) � αF (x) + (1− α)F (y),

for all x, y ∈ U and all α ∈ (0, 1).
If the above inequality holds strictly, F is called strictly convex respect to

K (or simply strictly K-convex) on U . Finally, we will say that the function
F is strongly K-convex on U if there exists û ∈ int(K) such that

F (αx+ (1− α)y) � αF (x) + (1− α)F (y)− 1

2
α(1− α)‖x− y‖2û (4)

for all x, y ∈ U and all α ∈ (0, 1). Note that û plays the roll of the “modulus
of strong K-Convexity” of the mapping F. Clearly, as in the scalar case,
strong K-convexity implies strict K-convexity, which, in turn, implies K-
convexity.

Define for each w ∈ Rm, Ψw : U → R,

Ψw(x) := 〈w,F (x)〉. (5)

From now on, let C be a fixed but arbitrary subbase of K∗. Clearly, (strict)
K-convexity of F is equivalent to (strict) convexity of Ψw for all w ∈ C. We
will see that strong K-convexity of F on U is equivalent to (uniform) strong
convexity of Ψw on U for all w ∈ C.

Lemma 2.1. The mapping F : U → Rm is strongly K-convex if and only
if there exists ρ > 0 such that Ψw : U → R, given by (5), is strongly convex
on U with modulus ρ for all w ∈ C.

Proof. First assume that F is strongly K-convex. Take w ∈ C, x, y ∈ U
and α ∈ (0, 1). From (4) we obtain

F (αx+ (1− α)y)− αF (x)− (1− α)F (y) +
1

2
α(1− α)‖x− y‖2û ∈ −K,
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which by (1) and the properties of the inner product, gives us

〈w,F (αx+(1−α)y)〉 ≤ α〈w,F (x)〉+(1−α)〈w,F (y)〉− ρw
2
α(1−α)‖x−y‖2,

(6)
where ρw := 〈w, û〉 > 0. From the compactness of C and the Bolzano-
Weierstrass Theorem, there exists w̄ ∈ C such that ρ := 〈w̄, û〉 ≤ 〈w, û〉 =
ρw for all w ∈ C. And so, we can write inequality (6) with ρw = ρ, i.e., all
Ψw are strongly convex with the same modulus ρ.

To prove the converse, assume that (6) holds with ρw = ρ. Trivially, in
view of the compactness of C, there exists û ∈ int(K) such that

〈w, û〉 < ρ for all w ∈ C. (7)

Combining this inequality with (6), we get

〈w,F (αx+ (1− α)y)− αF (x)− (1− α)F (y) +
1

2
α(1− α)‖x− y‖2û〉 ≤ 0,

for all w ∈ C, which, by virtue of (1), means that F is strongly K-convex.

From the last proposition, we can see that for F twice continuously dif-
ferentiable, strong K-convexity is equivalent to uniform boundedness (away
from zero) of the eigenvalues of all Hessians ∇2Ψw.

Corollary 2.2. Assume that F is twice continuously differentiable. Then,
F is strongly K-convex if and only if there exists ρ > 0 such that

λmin(∇2Ψw(x)) ≥ ρ for all x ∈ U and all w ∈ C,

where Ψw is given by (5) and λmin : Rn×n → R denotes the smallest-
eigenvalue function.

Proof. Each Ψw is C2. Therefore, ρ-strong convexity of Ψw is equivalent to
∇2Ψw(x) − ρI being positive-semidefinite for all x ∈ U , which, in turn, is
equivalent to λmin(∇2Ψw(x)) ≥ ρ for all x in U . To complete the proof,
combine this observation with Lemma 2.1.

Now, for F just continuously differentiable, we extend the classical sta-
tionarity condition “gradient-equal-zero” to the vector-valued case. As in
[10], we say that a point x̄ is stationary or critical for F (with respect to K)
if

R(JF (x̄)) ∩ (−int(K)) = ∅, (8)
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where JF (x̄) denotes the Jacobian of F at x̄ and R(JF (x̄)) is the image of
the linear operator JF (x̄) : Rn → Rm. Note that x̄ is stationary if, and only
if, for all s ∈ Rn we have JF (x̄)s /∈ −int(K), which, from (2), is equivalent
to

〈w̄, JF (x̄)s〉 ≥ 0 for some w̄ = w̄(s) ∈ C. (9)

On the other hand, a point x̄ is not critical if there exists s ∈ Rn, such
that JF (x̄)s ∈ −int(K). Or, from (2), for x̄ nonstationary, there exists s
satisfying

〈w, JF (x̄)s〉 < 0 ∀ w ∈ C. (10)

Recall that s is a descent direction if there exists t̄ > 0 such that

F (x̄+ ts) ≺ F (x̄) ∀ t ∈ (0, t̄]. (11)

Now observe that if JF (x̄)s ≺ 0, then s is a descent direction. Indeed,

F (x̄+ ts) = F (x̄) + tJF (x̄)s+ ε(t) = F (x̄) + t

(
JF (x̄)s+

ε(t)

t

)
,

where ε(t)/t→ 0 whenever t→ 0. So, since JF (x̄)s ≺ 0, there exists t̄ > 0
sufficiently small such that JF (x̄)s+ ε(t)/t ≺ 0 for all t ∈ (0, t̄], and so (11)
holds.

In our next proposition, we will establish some relations between sta-
tionarity and optimality.

Proposition 2.3. Let C ⊆ Rm be a subbase of the cone K∗ and assume
that F : U → Rn is continuously differentiable.

1. If x̄ ∈ U is weakly efficient, then x̄ is a critical point for F .

2. If F is K-convex and x̄ ∈ U is critical for F , then x̄ is weakly efficient.

3. If F is strictly K-convex and x̄ ∈ U is critical for F , then x̄ is efficient.

Proof. Assume that x̄ is weakly efficient. If x̄ is not critical, then (8) does
not hold, so, as we saw above, there exists s ∈ Rn, a descent direction for F
at x̄, i.e., an s such that (11) holds, in contradiction with the weak efficiency
of x̄.

To prove item 2, take any x ∈ U \ {x̄}. Since x̄ is critical, there exists
w̄ = w̄(x) such that (9) holds for s = x − x̄. Using the convexity of Ψw̄ =
〈w̄, F (·)〉, the fact that ∇x〈w̄, F (x̄)〉T (x − x̄) = 〈w̄, JF (x)(x − x̄)〉 and (9),
we obtain

〈w̄, F (x)〉 ≥ 〈w̄, F (x̄)〉+ 〈w̄, JF (x̄)(x− x̄)〉 ≥ 〈w̄, F (x̄)〉. (12)
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Therefore, there does not exist x ∈ U such that 〈w̄, F (x)〉 < 〈w̄, F (x̄)〉,
which, by virtue of (2), means that x̄ is weakly efficient for F .

Finally, to prove item 3, observe that, since x̄ is critical and F is strictly
K-convex, as in item 2, we see that there exists some w̄ ∈ C for which the
first inequality in (12) is strict. So, by (1), x̄ is efficient.

3 Newton direction for vector optimization

From now on, we will assume that F is strongly K-convex and twice contin-
uously differentiable on the open convex set U . Therefore Ψw(·) = 〈w,F (·)〉
is a strongly convex C2 scalar-valued function for all w ∈ C.

Define, for each w ∈ Rm, ψw : U × Rn → R,

ψw(x, s) :=∇xΨw(x)T s+
1

2
sT∇2

xΨw(x)s

=∇x〈w,F (x)〉T s+
1

2
sT∇2

x〈w,F (x)〉s (13)

and let s(x), the Newton direction at x, be

s(x) := arg min
s∈Rn

max
w∈C

ψw(x, s)

= arg min
s∈Rn

max
w∈C
{∇x〈w,F (x)〉T s+

1

2
sT∇2

x〈w,F (x)〉s} (14)

By Corollary 2.2, ψw(x, s) is ρ-strongly convex in s, for any x ∈ U and all
w ∈ C. Therefore maxw∈C ψw(x, s) is also ρ-strongly convex in s and so,
s(x) is well-defined.

As in [10], the subbase C allows us to define a gauge function for K,
ϕC : Rm → R,

ϕC(u) = sup
w∈C
〈w, u〉.

Let qx be the second order approximation of the variation of F at x ∈ U ,
that is,

qx(s) = DF (x)s+
1

2
D2F (x)[s, s].

The Newton direction the at x can also be defined as

s(x) := arg min
s∈Rn

ϕC(qx(s)).

If K = Rm
+ and C = {e1, . . . , em}, where ei is the i-th canonical vector of

Rm, then s(x) given by (14) becomes the Newton direction for multicriteria
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defined in [7]. Moreover, if m = 1, K = R+ and C = {1}, s(x) is the
classical Newton direction for scalar-valued optimization problems.

Denote by θ(x) the optimal value of the minimization problem in (14),
i.e.,

θ(x) := min
s∈Rn

max
w∈C

{〈w, JF (x)s〉+
1

2
sT∇2

x〈w,F (x)〉s}

= max
w∈C

{〈w, JF (x)s(x)〉+
1

2
s(x)T∇2

x〈w,F (x)〉s(x)}. (15)

Let us now present some basic results relating stationarity of a given point
x to its Newton step s(x) and θ(x).

Proposition 3.1. Let θ : U −→ R and s : U −→ Rn be given by (15) and
(14), respectively. Under our general assumptions, we have:

1. θ(x) ≤ 0 for all x ∈ U .

2. The following conditions are equivalent.

(a) The point x is nonstationary.

(b) θ(x) < 0.

(c) s(x) 6= 0.

(d) s(x) is a descent direction.

Proof. By the first equality in (15) and (13), θ(x) ≤ maxw∈C ψw(x, 0) = 0,
so item 1 holds.

In order to show the equivalences in item 2, first assume that (a) holds,
that is, there exists s̃ ∈ Rn such that JF (x)s̃ ∈ −int(K), which means that
〈w, JF (x)s̃〉 < 0 for all w ∈ C (see (10)). From (15), for s = ts̃ with t > 0,
we get

θ(x) ≤ t max
w∈C

{〈w, JF (x)s̃〉+
t

2
s̃T∇2

x〈w,F (x)〉s̃}.

Therefore, since C is compact, for t > 0 small enough the right hand side of
the above inequality is negative and (b) holds.

To prove that (b) implies (c), note that if θ(x) < 0 then, in view of the
second equality in (15), s(x) 6= 0.

Suppose that (c) holds. Since fx(s) = maxw∈C ψw(x, s) is strongly con-
vex and fx(0) = 0, if s(x), the minimizer of fx, is different form 0, then
θ(x), the minimal value of fx must be strictly smaller than 0. Therefore, for
any w ∈ C

〈w, JF (x)s(x)〉 < 〈w, JF (x)s(x)〉+
1

2
s(x)T∇2

x〈w,F (x)〉s(x) ≤ θ(x) < 0

8



where the first inequality follows form the fact that ∇2
x〈w,F (x)〉 is positive

definite for any w ∈ C. Using the above inequality and the fact that (10)
implies (11), we conclude that item (d) holds. Item (d) trivially implies item
(a).

The next lemma supplies an implicit definition of s(x), which will be
used for deriving bounds for ‖s(x)‖. These bounds will allow us to prove
continuity of s(·), θ(·) and will be used to establish the rate of convergence
of the Newton method.

Given x ∈ U and s ∈ Rn, we define the set of active w’s for ψ(·)(x, s) as

W (x, s) := {w̄ ∈ C | ψw̄(x, s) = max
w∈C

ψw(x, s)}, (16)

where ψw is given by (13).

Lemma 3.2. For any x ∈ U , there exists an integer r = r(x) and

wi = wi(x) ∈W (x, s(x)), αi = αi(x) ∈ [0, 1] (1 ≤ i ≤ r)

such that

s(x) = −

[
r∑

i=1

αi∇2
x〈wi, F (x)〉

]−1 r∑
i=1

αi〈wi, JF (x)〉, (17)

with
∑r

i=1 αi = 1

Proof. To simplify the notation, for a fixed x ∈ U and ψw given by (13), let
us define

h : C × Rn → R, h(w, s) = ψw(x, s),

and

f : Rn → R, f(s) = max
w∈C

h(w, s).

Since C is compact, h is continuous, h(w, ·) is a continuously differentiable
convex function for all w ∈ C and ∇sh(·, s) is continuous on C for all
s ∈ Rn, using Danskin’s Theorem (see Proposition 4.5.1, pp. 245-247, [4]),
we conclude that the subdifferential of f(·) at s is the convex hull of all s-
gradients ∇sh(w, s) = ∇sψw(x, s) on active w’s. Since s(x) is the minimizer
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of f , 0 ∈ ∂f(s(x)). Hence there exists r = r(x), wi = wi(x) ∈ W (x, s(x))
and αi = αi(x) ∈ [0, 1] (1 ≤ i ≤ r) such that

0 =
r∑

i=1

αi

(
∇x〈wi, F (x)〉+∇2

x〈wi, F (x)〉s(x)
)
, (18)

where
∑r

i=1 αi = 1. To end the proof, use the above equation and note
that, since F is strongly K-convex, ∇2

x〈wi, F (x)〉 is positive definite for
i = 1, . . . , r.

Note that, according to the above lemma, the Newton direction (14) is a
classical Newton direction for a scalarized problem with weighting parameter∑
αiw

i implicitly defined at the point x. This characterization allows us to
obtain an upper bound for the norm of the Newton direction.

Corollary 3.3. For any x ∈ U , we have

‖s(x)‖ ≤ κ

ρ
‖JF (x)‖ and

ρ

2
‖s(x)‖2 ≤ −θ(x),

where κ = supw∈C ‖w‖.

Proof. For simplifying the proof, define

w̃ =
r∑

i=1

αiw
i,

where r, αi, w
i (i = 1, . . . , r) are given by Lemma 3.2. Using Corollary 2.2,

r∑
i=1

αi∇2
x〈wi, F (x)〉 = ∇2

x〈w̃, F (x)〉 ≥ ρI.

From (17) and the above relation, it follows that

‖s(x)‖ ≤ κ

ρ
‖JF (x)‖.

Let us now prove the second inequality. Using again Lemma 3.2, we have

s(x) = −
[
∇2

x〈w̃, F (x)〉
]−1∇x〈w̃, F (x)〉
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and

θ(x) =
r∑

i=1

αiψwi(x, s(x))

=
r∑

i=1

αi

[
∇x〈wi, F (x)〉T s(x) +

1

2
s(x)T∇2

x〈wi, F (x)〉s(x)

]
=∇x〈w̃, F (x)〉T s(x) +

1

2
s(x)T∇2

x〈w̃, F (x)〉s(x).

Combining all the previous equations, we conclude that

θ(x) = −1

2
s(x)T∇2

x〈w̃, F (x)〉s(x) ≤ −ρ
2
‖s(x)‖2,

which completes the proof.

4 Additional properties of Newton direction

In this section we establish the continuity of θ(·) and s(·) as functions defined
on U . We also analyze the welldefinedness of an Armijo-like rule for choosing
the steplengths along the Newton direction.

Proposition 4.1. The functions θ : U −→ R and s : U −→ Rn, given by
(15) and (14) respectively, are continuous.

Proof. Take x, x′ ∈ U and let s = s(x), s′ = s(x′). For any w ∈ C,

θ(x′) ≤〈w, JF (x′)s〉+
1

2
sT∇2

x〈w,F (x′)〉s

=〈w, JF (x)s〉+
1

2
sT∇2

x〈w,F (x)〉s+

+〈w, (JF (x′)− JF (x))s〉+
1

2
sT
(
∇2

x〈w,F (x′)〉 − ∇2
x〈w,F (x)〉

)
s

≤θ(x) + κ‖s‖‖JF (x′)− JF (x)‖+
κ

2
‖s‖2‖D2F (x)−D2F (x′)‖,

where D2F stands for the second derivative of F and κ is defined in Corol-
lary 3.3. Therefore, using the above inequality and Corollary 3.3 we conclude
that

θ(x′)− θ(x) ≤κ
2

ρ
‖JF (x)‖‖JF (x′)− JF (x)‖+

κ3

2ρ2
‖JF (x)‖2‖D2F (x)−D2F (x′)‖.
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Since the above inequality also holds interchanging x and x′, and F is C2,
the function θ(·) is continuous.

Finally, let us prove the continuity of s(·). By the same reasoning as
above,

θ(x) = max
w∈C

〈w, JF (x)s〉+
1

2
sT∇2

x〈w,F (x)〉s

= max
w∈C

[
〈w, JF (x′)s〉+

1

2
sT∇2

x〈w,F (x′)〉s+

+〈w, (JF (x)− JF (x′))s〉+
1

2
sT
(
∇2

x〈w,F (x)〉 − ∇2
x〈w,F (x′)〉

)
s

]
≥max

w∈C
〈w, JF (x′)s〉+

1

2
sT∇2

x〈w,F (x′)〉s−

− κ‖s‖‖JF (x′)− JF (x)‖ − κ

2
‖s‖2‖D2F (x)−D2F (x′)‖

=fx′(s)− κ‖s‖‖JF (x′)− JF (x)‖ − κ

2
‖s‖2‖D2F (x)−D2F (x′)‖,

where fx′(s) = maxw∈C ψw(x′, s). Since fx′ is ρ-strongly convex, it is mini-
mized by s′ (that is 0 ∈ ∂sfx′(s′)) and fx′(s

′) = θ(x′), we have

fx′(s) ≥ θ(x′) +
ρ

2
‖s− s′‖2.

Combining the two above inequalities, we obtain

θ(x) ≥θ(x′) +
ρ

2
‖s− s′‖2 − κ‖s‖‖JF (x′)− JF (x)‖

− κ

2
‖s‖2‖D2F (x)−D2F (x′)‖.

Since θ(·) is continuous and F is C2, taking the limit x′ → x at the right
hand side of the above inequality, we conclude that s′ → s, and so, s(·) is
continuous.

For m = 1, recall the classical Armijo rule for the Newton direction s(x)
at a noncritical point for a scalar function F : U → R:

F (x+ ts(x)) ≤ F (x) + βt∇F (x)T s(x),

with β ∈ (0, 1
2). Note that, in this case, since ∇F (x) + ∇2F (x)s(x) = 0,

θ(x) = (1/2)∇F (x)T s(x), so the Armijo rule can be rewritten as

F (x+ ts(x)) ≤ F (x) + σtθ(x),
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where σ := 2β ∈ (0, 1).
For m > 1, the corresponding Armijo rule for a vector-valued function

F and s(x) will be an extension of the above inequality. Now we show the
welldefinedness of a backtracking procedure for implementing the Armijo-
like rule for an arbitrary s such that JF (x)s ∈ −int(K).

Proposition 4.2 ([10, Proposition 2.1]). Consider x ∈ U and s ∈ Rn with
JF (x)s ≺ 0, then, for any 0 < σ < 1 there exists 0 < t̄ < 1 such that

x+ ts ∈ U and F (x+ ts) ≺ F (x) + σtJF (x)s

hold for all t ∈ (0, t̄] and all w ∈ C.

Note that in the last proposition we just needed to have continuous
differentiability. Under our general hypotheses, i.e., for F twice continuously
differentiable and strongly convex, we show now the welldefinedness of the
backtracking procedure for the Armijo-like rule with the Newton direction.

Corollary 4.3. If x ∈ U is a noncritical point for F , then for 0 < σ < 1,
there exists 0 < t̄ < 1 such that

x+ ts(x) ∈ U and 〈w,F (x+ ts(x))〉 < 〈w,F (x)〉+ σtθ(x)

hold for all w ∈ C and all t ∈ (0, t̄].

Proof. Using Proposition 3.1, item 2, Proposition 4.2 with s = s(x), (15)
and (2), we have, for all w ∈ C and all t ∈ (0, t̄], that x+ ts(x) ∈ U and

〈w,F (x+ ts(x))〉 < 〈w,F (x)〉+ σt〈w, JF (x)s(x)〉 ≤ 〈w,F (x)〉+ σtθ(x).

5 Newton method for vector optimization

We are now ready to define the Newton method for vector optimization.
Besides presenting the algorithm, in this section we begin the study of its
convergence. First we proof that all accumulation points are efficient and,
afterwards, under reasonable hypotheses, we establish its (global) conver-
gence to optimal points.

Newton algorithm for vector optimization

0. Choose C a subbase for K∗, σ ∈ (0, 1), x0 ∈ U , set k ← 0 and define
J = {1/2j | j = 0, 1, 2, . . .}.

13



1. Compute sk := s(xk) by solving

min
s∈Rn

max
w∈C

{∇x〈w,F (xk)〉T s+
1

2
sT∇2

x〈w,F (xk)〉s}.

2. If sk = 0, then stop. Otherwise, continue with 3.

3. Choose tk as the largest t ∈ J such that

xk+1 = xk + tsk ∈ U,
〈w,F (xk + tsk)〉 ≤ 〈w,F (xk)〉+ σtθ(xk) ∀w ∈ C.

4. Define xk+1 = xk + tks
k, set k ← k + 1, and go to 1.

If at step 2 the stopping condition is not satisfied, that is sk = s(xk) 6=
0, then, existence of tk is guaranteed by Corollary 4.3. Hence, the above
algorithm is well defined.

Note that whenever the Newton algorithm for vector optimization has
finite termination, the last iterate is a stationary point, and therefore an
optimum for (3). So, the relevant case for the convergence analysis is the
one in which the algorithm generates an infinite sequence. In view of this
consideration, from now we assume that {xk}, {sk} and {tk} are infinite
sequences generated by the Newton algorithm for vector optimization.

First, we show that the sequence {F (xk)} is K-decreasing and give an
estimation for 〈w,F (x0)− F (xk+1)〉 .

Proposition 5.1. For all k

1. θ(xk) < 0.

2. F (xk+1) ≺ F (xk).

3.
∑k

i=0 ti|θ(xi)| ≤ σ−1〈w,F (x0)− F (xk+1)〉 for any w ∈ C.

Proof. Item 1 follows from the assumption that s(xk) = sk 6= 0 for any k
and item 2 of Proposition 3.1.

From step 3 and item 1 we conclude that for any i,

〈w,F (xi+1)〉 ≤ 〈w,F (xi)〉+ σtiθ(x
i) < 〈w,F (xi)〉 ∀w ∈ C.

So, item 2 follows directly from the above inequalities and (2), while item 3
is obtained by adding the first inequality for i = 1, . . . , k.
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Now we prove that every accumulation point, if any, of the sequence
{xk} is efficient.

Proposition 5.2. If x̄ ∈ U is an accumulation point of {xk}, then θ(x̄) = 0
and x̄ is efficient.

Proof. Suppose that x̄ ∈ U is an accumulation point of {xk}. This means
that there exists a subsequence {xkj} such that

xkj → x̄, as j →∞.

Using item 3 of Proposition 5.1 with k = kj and taking the limit j →∞ we
conclude that

∞∑
i=0

ti|θ(xi)| <∞.

Therefore, limk→∞ tkθ(x
k) = 0 and, in particular,

lim
j→∞

tkj θ(x
kj ) = 0. (19)

Suppose that x̄ is nonstationary, which, by Proposition 3.1, is equivalent to

θ(x̄) < 0 and s̄ = s(x̄) 6= 0. (20)

Define
g : Rm → R, g(u) = max

w∈C
〈w, u〉.

Using Corollary 4.3 we conclude that there exists an integer q such that

x̄+ 2−q s̄ ∈ U and g(F (x̄+ 2−q s̄)− F (x̄)) < σ2−qθ(x̄).

Since s(·), θ(·) and g(·) are continuous in their respective domains,

lim
j→∞

skj = s̄, lim
j→∞

θ(xkj ) = θ(x̄) < 0 (21)

and, for j large enough

xkj + 2−qskj ∈ U and g(F (xkj + 2−qskj )− F (xkj )) < σ2−qθ(xkj ),

which, in view of the definition of g and step 3 of the algorithm, implies that
tkj ≥ 2−q for j large enough. Hence, taking into account the second limit

in (21) we conclude that lim infj→∞ tkj |θ(xkj )| > 0, in contradiction with
(19). Therefore, (20) is not true and, by Proposition 3.1, θ(x̄) = 0 and x̄ is
stationary. Whence, in view of item 3 of Proposition 2.3, x̄ is efficient.
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Theorem 5.3. If x0 belongs to a compact level set of F , then {xk} converges
to an efficient point x̄ ∈ U .

Proof. Let Γ0 be the F (x0)-level set of F , that is,

Γ0 = {x ∈ U | F (x) � F (x0)}.

By Proposition 5.1, the sequence {F (xk)} is K-decreasing, so we have xk ∈
Γ0 for all k. Therefore {xk} is bounded, all its accumulation points belong to
Γ0 ⊂ U and, using also Proposition 5.2, we conclude that all accumulation
points of {xk} are efficient. Moreover, since {F (xk)} is K-decreasing, all
these accumulation points of {xk} have the same objective value. As U is
convex and F is strongly (an therefore strictly) K-convex, there exists just
one accumulation point of {xk}.

6 Convergence rate

In this section we analyze the convergence rate of the sequence {xk} gen-
erated by the Newton method for vector optimization. First, we provide a
bound for θ(xk+1) based on data at the former iterate xk. Then we show
that for k large enough, full Newton steps are performed, that is to say,
tk = 1. Then, using this result we prove superlinear convergence. In the end
of this section, we prove quadratic convergence under additional regularity
assumptions.

Lemma 6.1. For any k ,there exists w̃k ∈ conv(W (xk, sk)) such that

∇xΨw̃k(xk) +∇2
xΨw̃k(xk)sk = 0 (22)

and

θ(xk+1) ≥ − 1

2ρ

∥∥∥∇xΨw̃k
(xk+1)

∥∥∥2
, (23)

where W (xk, sk) and Ψw are given given by (16) and (5), respectively.

Proof. First use Lemma 3.2 with x = xk and let r = r(xk), wi = wi(xk) and
αi = αi(x

k) for i = 1, . . . , r. Defining

w̃k =

r∑
i=1

αiw
i,

16



and using (18) we conclude that (22) holds for such w̃k. Moreover,

θ(xk+1) ≥min
s

r∑
i=1

αi

[
∇x〈wi, F (xk+1)〉T s+

1

2
sT∇2

x〈wi, F (xk+1)〉s
]

= min
s
∇x〈w̃k, F (xk+1)〉T s+

1

2
sT∇2

x〈w̃k, F (xk+1)〉s

≥min
s
∇x〈w̃k, F (xk+1)〉T s+

ρ

2
‖s‖2,

where the second inequality follows from Corollary 2.2 and the definition of
w̃k. The second part of the lemma follows trivially from the above inequality.

Recall that, under the assumption of Theorem 5.3, the sequence {xk}
converges to an efficient solution.

Theorem 6.2. Suppose that x0 belongs to a compact level set of F . Then
{xk} converges to an efficient solution x̄. Moreover, tk = 1 for k large
enough and the convergence of {xk} to x̄ is superlinear.

Proof. Convergence of {xk} to an efficient solution x̄ was established in
Theorem 5.3. By Proposition 2.3 item 1 and Proposition 3.1 item 2, we
know that x̄ is critical and

s(x̄) = 0. (24)

For any ε > 0 there exists δε > 0 such that

B(x̄, δε) ⊂ U, ‖D2F (x)−D2F (y)‖ < ε ∀x, y ∈ B(x̄, δε).

Therefore, for any w ∈ Rm,

‖∇2
xΨw(x)−∇2

xΨw(y)‖ < ε‖w‖ ∀x, y ∈ B(x̄, δε) ⊂ U. (25)

As {xk} converges to x̄, using (24) and the continuity of s(·) (Proposition 4.1,
we conclude that {sk} converges to 0. Therefore there exists kε ∈ N such
that for k ≥ kε we have

xk, xk + sk ∈ B(x̄, δε)

and using (25) for estimating the integral remainder on Taylor’s second order
expansion at xk for Ψw, given by (5), we conclude that for any w ∈ Rm

Ψw(xk + sk) ≤ Ψw(xk) +∇xΨw(xk)T sk +
1

2
(sk)T∇2

xΨw(xk)sk +
ε‖w‖

2
‖sk‖2.

17



Taking in the above inequality w ∈ C and using Corollary 3.3, we obtain,
after simple algebraic manipulations,

〈w,F (xk + sk)〉 − 〈w,F (xk)〉 ≤ψw(xk, sk) +
εκ

2
‖sk‖2

≤θ(xk) +
εκ

2
‖sk‖2

≤σθ(xk) + (1− σ)θ(xk) +
εκ

2
‖sk‖2

≤σθ(xk) + [εκ− (1− σ)ρ]
‖sk‖2

2
.

The above inequality shows that if ε < (1− σ)ρ/κ, then tk = 1 is accepted
for k ≥ kε.

Suppose that
ε < (1− σ)ρ/κ.

Using the first part of Lemma 6.1 and (25) for estimating the integral re-
mainder on Taylor’s first order expansion at xk for Ψw̃k , given by (5) (with
w = w̃k), in xk + sk, we conclude that for any k ≥ kε it holds

‖∇xΨw̃k(xk+1)‖ =‖∇xΨw̃k(xk + sk)‖

=
∥∥∥∇xΨw̃k(xk + sk)−

[
∇xΨw̃k(xk) +∇2

xΨw̃k(xk)sk
]∥∥∥

≤εκ‖sk‖,

which, combined with the second part of Lemma 6.1 shows that

|θ(xk+1)| ≤ 1

2ρ

[
εκ‖sk‖

]2
.

Using the above inequality and the second inequality in Corollary 3.3, we
conclude that for k ≥ kε we have

‖xk+1 − xk+2‖ = ‖sk+1‖ ≤ εκ

ρ
‖sk‖ =

εκ

ρ
‖xk − xk+1‖.

Therefore, if k ≥ kε and j ≥ 1 then

‖xk+j − xk+j+1‖ ≤
(
εκ

ρ

)j

‖xk − xk+1‖. (26)

To prove superlinear convergence, take 0 < τ < 1 and define

ε̄ = min

{
1− σ, τ

1 + 2τ

}
ρ

κ
(27)
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If ε < ε̄ and k ≥ kε, using (26) and the convergence of {xi} to x̄, we get

‖x̄− xk+1‖ ≤
∞∑
j=1

‖xk+j − xk+j+1‖

≤
∞∑
j=1

(
τ

1 + 2τ

)j

‖xk − xk+1‖ =
τ

1 + τ
‖xk − xk+1‖.

Hence,

‖x̄− xk‖ ≥ ‖xk − xk+1‖ − ‖xk+1 − x̄‖ ≥ 1

1 + τ
‖xk − xk+1‖.

Combining the two above inequalities we conclude that, if ε < ε̄ and k ≥ kε
then

‖x̄− xk+1‖
‖x̄− xk‖

≤ τ

and, since τ was arbitrary in (0, 1), the proof is complete.

Recall that in “classical” Newton method for minimizing a scalar convex
C2 function, the proof of quadratic convergence requires Lipschitz continuity
of the objective function’s second derivative. Likewise, under the assumption
of Lipschitz continuity of D2F on U , Newton method for vector optimization
also converges quadratically.

Theorem 6.3. Suppose that x0 belongs to a compact level set of F and
D2F is Lipschitz continuous on U , then {xk} converges quadratically to an
efficient solution x̄.

Proof. By Theorem 6.2, {xk} converges superlinearly to an efficient point
x̄ ∈ U and tk = 1 for k large enough.

Let L be the Lipschitz constant for D2F . Then, for w̃k and κ as in
Lemma 6.1 and Corollary 3.3, respectively, we have that ∇2Ψw̃k is κL Lip-
schitz continuous. Therefore, for k large enough,

tk = 1, xk+1 − xk = sk, and ‖∇xΨw̃k(xk+1)‖ ≤ κL

2
‖sk‖2, (28)

where the last inequality follows from the second equality, Taylor’s develop-
ment of ∇xΨw̃k and (22). Using the above inequality and (23), we obtain

−θ(xk+1) ≤ 1

2ρ

[
κL

2
‖sk‖2

]2

,
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which, combined with Corollary 3.3 yields

‖sk+1‖ ≤ κL

2ρ
‖sk‖2. (29)

Take τ ∈ (0, 1). Since {xk} converges superlinearly to x̄, there exists N
such that for k ≥ N we have (28), (29) and

‖x̄− xk+1‖ ≤ τ‖x̄− xk‖.

Therefore, from the triangle inequality, for ` ≥ N we obtain

(1− τ)‖x̄− x`‖ ≤ ‖x` − x`+1‖ ≤ (1 + τ)‖x̄− x`‖. (30)

Whence, using the above second inequality for ` = k ≥ N and the second
equality in (28), we have

‖sk‖ ≤ (1 + τ)‖x̄− xk‖.

while using the first inequality in (30) for ` = k+ 1 and the second equality
in (28) (for k + 1 instead of k), we obtain

(1− τ)‖x̄− xk+1‖ ≤ ‖sk+1‖.

Quadratic convergence of {xk} to x̄ follows from the two above inequalities
and (29).
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