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Abstract

The accelerated proximal gradient (APG) method, first proposed by Nesterov,
and later refined by Beck and Teboulle, and studied in a unifying manner by Tseng
has proven to be highly efficient in solving some classes of large scale structured con-
vex optimization (possibly nonsmooth) problems, including nuclear norm minimiza-
tion problems in matrix completion and /; minimization problems in compressed
sensing. The method has superior worst-case iteration complexity over the classical
projected gradient method, and usually has good practical performance on problems
with appropriate structures. In this paper, we extend the APG method to the inex-
act setting where the subproblem in each iteration is only solved approximately, and
show that it enjoys the same worst-case iteration complexity as the exact counter-
part if the subproblems are progressively solved to sufficient accuracy. We apply our
inexact APG method to solve large scale convex quadratic semidefinite program-
ming (QSDP) problems of the form: min{3(z, Q(z)) + (¢, z) | A(z) = b,z = 0},
where Q, A are given linear maps and b, ¢ are given data. The subproblem in each
iteration is solved by a semismooth Newton-CG (SSNCG) method with warm-start
using the iterate from the previous iteration. Our APG-SSNCG method is demon-
strated to be efficient for QSDP problems whose positive semidefinite linear maps
Q are highly ill-conditioned or rank deficient.
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1 Introduction

Let 8™ be the space of n x n real symmetric matrices endowed with the standard trace
inner product (-, -) and Frobenius norm || - ||, and S} (S7,) the set of positive semidef-
inite (definite) matrices in S™. We consider the following linearly constrained convex
semidefinite programming problem:

(P) min{f(z) : A(z)=b, x =0, v € §"}

where f is a smooth convex function on 8}, A: 8" — R™ is a linear map, b € R™, and
x >~ 0 means that € S7. Let A* be the adjoint of A. The dual problem associated with
(P) is given by

(D) max{f(z) —(Vf(zx),z)+ (b, p) : Vf(zr)—A'p—2=0,peR™ 2z >0,z = 0}.

We assume that the linear map A is surjective, and that strong duality holds for (P) and
(D). Let z, be an optimal solution of (P) and (., p«, z.) be an optimal solution of (D).
Then, as a consequence of strong duality, they must satisfy the following KKT conditions:

Alx)=0b, Vf(x)—A'p—2=0, (z,2)=0, z,zx0.

The problem (P) contains the following important special case of convex quadratic
semidefinite programming (QSDP):

1
min {5(17, Q(x)) + (¢, x) : A(x) =b,x > O}, (1)
where Q : 8" — S§™ is a given self-adjoint positive semidefinite linear operator and ¢ € S™.
Note that the Lagrangian dual problem of (1) is given by

1

max{——
2

(2, Q@) + (b,p) + A'(p) = Q2) + 2 = ¢,2 = 0}. 2)
A typical example of QSDP is the nearest correlation matrix problem, where given a
symmetric matrix u € S™ and a linear map £ : 8" — R™*", one intends to solve

min {%HE(JE —w|]? : ding(x) = e, 7 =0}, (3)

where e € R" is the vector of all ones and u € S™ is given. If we let @ = L*£ and
¢ =—L"L(u) in (3), then we get the QSDP problem (1). A well studied special case of
(3) is the W-weighted nearest correlation matrix problem, where £ = W2 ® W2 for a
given W € 87 and @ = W®W. Note that for U € R™", V € R"*, U®V : R — S"
is the symmetrized Kronecker product linear map defined by U ® V(M) = (UMV?T +
VMTUT) /2.



There are several methods available for solving this special case of (3), which include
the alternating projection method [5], the quasi-Newton method [7], the inexact semis-
mooth Newton-CG method [10] and the inexact interior-point method [13]. All these
methods, excluding the inexact interior-point method, rely critically on the fact that the
projection of a given matrix z € 8" onto S} has an analytical formula with respect to the
norm ||W*1/2(-)W'/2||. However, all above mentioned techniques cannot be extended to
efficiently solve the H-weighted case [5] of (3), where £(z) = H ox for some H € 8" with
nonnegative entries and Q(z) = (H o H) o x, with “o” denoting the Hardamard product
of two matrices defined by (A o B);; = A;;B;;. The aforementioned methods are not well
suited for the H-weighted case of (3) because there is no explicitly computable formula
for the following problem

min{%HHo(:U—u)H2 : xiO}, (4)

where u € 8™ is a given matrix. To tackle the H-weighted case of (3), Toh [12] proposed
an inexact interior-point method for a general convex QSDP including the H-weighted
nearest correlation matrix problem. Recently, Qi and Sun [11] introduced an augmented
Lagrangian dual method for solving the H-weighted version of (3), where the inner sub-
problem was solved by a semismooth Newton-CG (SSNCG) method. The augmented
Lagrangian dual method avoids solving (4) directly and it can be much faster than the
inexact interior-point method [12]. However, if the weight matrix H is very sparse or ill-
conditioned, the conjugate gradient (CG) method would have great difficulty in solving
the linear system of equations in the semismooth Newton method, and the augmented
Lagrangian method would not be efficient or even fail.

Another example of QSDP comes from the civil engineering problem of estimating a
positive semidefinite stiffness matrix for a stable elastic structure from r measurements of
its displacements {uy,...,u,} C R™ in response to a set of static loads {fi,..., f,} C R"
[17]. In this application, one is interested in the QSDP problem: min{||f — L(z)|* | = €
ST}, where £ : 8" — R™" is defined by L(z) = zu, and f = [f1,..., f;], u = [u1,...,u].
In this case, the corresponding map Q = L*L is given by Q(z) = (zB + Bx)/2 with
B = uu®.

The main purpose of this paper is to design an efficient algorithm to solve the problem
(P). The algorithm we propose here is based on the accelerated proximal gradient (APG)
method of Beck and Teboulle [1] (the method is called FISTA in [1]), where in the kth
iteration with iterate xj, a subproblem of the following form must be solved:

min {(VF(z), 5 + %@; . Pyl — ) Al) = b, 2= 0} (5)

where Hj, : 8" — 8™ is a given self-adjoint positive definite linear operator. In FISTA [1],
‘Hj. is restricted to LZ, where Z denotes the identity map and L is a Lipschitz constant
for V f. More significantly, for FISTA in [1], the subproblem (5) must be solved exactly
to generate the next iterate xp, 1. In this paper, we design an inexact APG method which
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overcomes the two limitations just mentioned. Specifically, in our inexact algorithm, the
subproblem (5) is only solved approximately and Hj, is not restricted to be a scalar multi-
ple of Z. In addition, we are able to show that if the subproblem (5) is progressively solved
with sufficient accuracy, then the number of iterations needed to achieve e-optimality (in
terms of the function value) is also proportional to 1/4/, just as in the exact algorithm.

Another strong motivation for designing an inexact APG algorithm comes from the
recent paper [2], which considered the following regularized inverse problem:

ool
min { 31@2 — |2 + Allz|1s } (6)

where & : RP — R™ is a given linear map and ||z is the atomic norm induced by a given
compact set of atoms B in RP. It appears that the APG algorithm is highly suited for
solving (6). But note that in each iteration of the APG algorithm, a subproblem of the
form, min. {3z — 2| + p||z[|5} = min{3|ly — z|* | ||yll5 < p}, must be solved. However,
for most choices of B, the subproblem does not admit an analytical solution and has to be
solved numerically. As a result, the subproblem is never solved exactly. In fact, it could
be computational very expensive to solve the subproblem to high accuracy. Our inexact
APG algorithm thus has the attractive computationally advantage that the subproblems
need only be solved with progressively better accuracy while still maintaining the global
iteration complexity.

We should mention that the fast gradient method of Nesterov [9] has also been ex-
tended in [4] to the problem, min{f(z) | x € @}, where the function f is convex (not
necessarily smooth) on the closed convex set @), and is equipped with the so-called first-
order (0, L)-oracle where for any y € @, we can compute a pair (fs51(v), gs..(y)) such that
0< f(z)— for(y) —(g50(y), v —y) < Lz —y|?+6 Vz € Q. In the inexact-oracle fast
gradient method in [4], the subproblem of the form min{(g, z —y) + 2|z — y[|* | z € Q}
in each iteration must be solved exactly. Thus the kind of the inexactness considered in
[4] is very different from what we consider in this paper.

From a practical perspective, the extension of the APG algorithm in [1] to the inexact
setting would not be as interesting if we cannot demonstrate it to be computationally
viable or offer any computational advantage over alternative algorithms for solving a
problem such as (1). Hence, even though the focus of this paper is on designing some
theoretical inexact APG algorithms for solving the problem (P), and on establishing
their iteration complexities, we do present some preliminary numerical results to demon-
strate the practical viability of our proposed inexact algorithms. In particular, as we will
demonstrate later in the paper, if the linear operator Hy is chosen appropriately so that
the subproblem (5) is amenable to computation via the SSNCG method, then our inex-
act APG algorithm can be much more efficient than the state-of-the-art algorithm (the
augmented Lagrangian method in [11]) for solving some convex QSDP problems arising
from the H-weighted case of the nearest correlation matrix problem (3). In fact, from
our preliminary numerical results, we observe that when the weight matrix H in (4) is



highly ill-conditioned, our inexact APG algorithm can be 15-70 times faster than the
state-of-the-art augmented Lagrangian method designed in [11].

The paper is organized as follows. In section 2, we propose an inexact APG algorithm
for solving a minimization problem of the form min{f(z) + g(x) : * € X'} where f is a
smooth convex function with Lipschitz continuous gradient and g is a proper lower semi-
continuous convex function. We also prove that the proposed inexact APG algorithm
enjoys the same iteration complexity as the FISTA algorithm in [1]. In section 3, we pro-
pose and analyse an inexact APG algorithm for the problem (P) for which the semidefinite
least squares subproblem in each iteration is not required to satisfy a stringent primal fea-
sibility condition. In section 4, we conduct some preliminary numerical experiments to
evaluate the practical performance of our proposed inexact APG algorithms for solving
QSDP problems (1) arising from H-weighted nearest correlation matrix problems. We
also evaluate the performance of the proposed algorithms on randomly generated QSDP
problems for which the map Q takes the form as in the stiffness matrix estimation problem

in [17].
2 An inexact accelerated proximal gradient method
For more generality, we consider the following minimization problem

min{ F(z) := f(z) + g(z) : x € X} (7)

where X is a finite-dimensional Hilbert space. The functions f : X — R, g : X —
R U{+o0} are proper, lower semi-continuous convex functions (possibly nonsmooth). We
assume that dom(g) := {z € X : g(x) < oo} is closed, f is continuously differentiable on
X and its gradient V f is Lipschitz continuous with modulus L on X, i.e.,

IVf(x) =Vl <Llz—yl| VzyeX

We also assume that the problem (7) is solvable with an optimal solution z, € dom(g).
The inexact APG algorithm we propose for solving (7) is described as follows.



Algorithm 1. Given a tolerance ¢ > 0. Input y; = z¢ € dom(g), t; = 1. Set k = 1.
Iterate the following steps.

Step 1. Find an approximate minimizer

o~ arg iy { () + (V) 3= ) + 500 — v Ml — ) + 9() ), (9

where H}, is a self-adjoint positive definite linear operator that is chosen by the user.

144/1+482

Step 2. Compute txy1 = 5

Step 3. Compute yp11 = % + <t’“71> (T — xp_1).

trt+1

Notice that Algorithm 1 is an inexact version of the algorithm FISTA in [1], where z
need not be the exact minimizer of the subproblem (8). In addition, the quadratic term
is not restricted to the form %Hy — yx||? where L, is a positive scalar.

Given any positive definite linear operator ‘H; : X — &, and y; € X, we define
¢;(:): X = R by

1

¢j(x) = fy;) + (VF(ys), @ = y3) + 5z =y, Hyz = y5)). (9)

Note that if we choose H; = LZ, then we have f(x) < ¢;(z) for all = € dom(g).
Let {&}, {ex} be given convergent sequences of nonnegative numbers such that

o0 oo
Z§k<oo and Zek<oo.
k=1 k=1

Suppose for each j, we have an approximate minimizer:
x; ~ argmin{q;(z) + g(x) : v € X'} (10)
that satisfies the conditions
F(z;) < q(x;) +9(2;) + 2%7 (11)

Vf(y;) +Hi(z; —y;) +; =0; with HH;”%H <€/ (V2t)) (12)

where v, € Jg(z;; 2%) (the set of %—subgradients of g at ;). Note that for x; to be an
J J

approximate minimizer, we must have z; € dom(g). We should mention that the condition
(11) is usually easy to satisfy. For example, if H; is chosen such that f(x) < ¢;(z) for all
x € dom(g), then (11) is automatically satisfied.



To establish the iteration complexity result analogous to the one in [1] for Algorithm
1, we need to establish a series of lemmas whose proofs are extensions of those in [1] to
account for the inexactness in x;. We should note that though the ideas in the proofs
are similar, but as the reader will notice later, the technical details become much more
involved due to the error terms induced by the inexact solutions of the subproblems.

Lemma 2.1. Given y; € X and a positive definite linear operator H; on X such that the
conditions (11) and (12) hold. Then for any z € X, we have

F(z) — F(z;) > 1(%‘ — Yz Hi(zy — ;) + (Y — @, My —y;)) + (05, v — a) — é-(13)

2
t5

Proof. By condition (11), we have

F(z) = F(x;) > Fx) = q5(z;) — g(;) — &/(2t5)

= g(x) —g(z;) + f(2) = fly;) = (V) 5 —y) — %(ij — 5 Mz —yp)) — &/ (28).
By the convexity of f and the definition of «;, we have

f@) = fly) +(Vfy), e =), glx) > glay) + (v x—a5) — §/(28).
Hence

F(z) = F(z;)

> (v, —x5) +(Vf(y), = v;) — (V) 75 —yy) — %(l‘j — 5, Myl — ;) — &/t

= (5 + Vi), z— x5 — %(%’ — 5, Hi(xy — ;) — /6
= (0 —Hj(x; —y5), @ —a5) — =(x; — 5, Hylz; —y;)) — &/t

13) follows readily. O

— N

From here, the required inequality

For later purpose, we define the following quantities:

Vi = F(Ik) — F(l’*> Z O, U = thk - (tk - 1):L’k_1 — Ty, (14)
ar = o >0, by = {uk, He(up)) >0,  ep =t (0k, wp) (15)
T=Hag— 2., Hilwo —2.)), @& =316, &= (&+é). (16)
Note that for the choice where €; = 1/j* = ¢; for all j > 1, where o > 1 is fixed, we have
1 - 3 1
€ < < - > 1.
s U T L



Lemma 2.2. Suppose that Hyp_1 = Hy = 0 for all k. Then
ap—1+bg1 > ap + by, — e — & (17)
Proof. By applying the inequality (13) to z = x;_; € dom(g) with j = k, we get
Vg1 — U = Fap_q) — F(xy) (18)

—_

> Az — Yk He(me — ) + (e — 261, Hi(zn — o)) + (O, 261 — 23) — &/1

N}

Similarly, by applying the inequality (13) to x = z, € dom(g) with j = k, we get
—vp = F(x,) — F(xy)
1
> §<37k — Yy (ke — y)) + Uk — T, Hi(@r — yr)) + (O, 20 — 23) — & /tr. (19)
By multiplying (18) throughout by ¢, — 1 (note that t; > 1 for all £ > 1) and adding that
to (19), we get
(tk — 1)’Uk,1 — tkvk
122

> 5(% — Ui, H(oe — ye)) + Gy — (e — Vo1 — 20, Hi(op — yi))

— (O, tpwp — (te — Vw1 — 1) — &/t (20)
Now, by multiplying (20) throughout by ¢, and using the fact that 2 | = t;(t;, — 1), we
have
Q-1 — a, = tp_ k-1 — Lpuk
t2
> Ek@?k — Y, Hi(xr — yr)) + teltryr — (G — 1) op—1 — 20, Hi(op — yi))
— <5k; tzxk — tzflxk—l — tkl‘*> — fk
Let a = tyyg, b = tgxg, and ¢ = (ty — 1)xx_1 + x.. By using the fact that (b —a, Hy(b —
a)) +2(a —c, Hy(b —a)) = (b — ¢, Hx(b —c)) — (a — ¢, Hi(a — c)), we get
1 1
ap—1 — G = §<b —¢, Hi(b—c¢)) — §<a — ¢, Hi(a—c))
- <5k, tzl‘k — ti_lwk—l — tkI*> — fk (21)

Now a — ¢ = tgyr — ¢ = tgwp_1 + (tp—1 — 1) (k-1 — Tp_2) — ¢ = ux_1, b — ¢ = uy, and
2y — t3 w51 — tyTs = tpug. Thus (21) implies that

1 1
Ap—1 — A > §<uk7 Hy(ur)) — §<Uk‘717 Hi(upk—1)) — (Ik, trug) — &k
> by — b1 — (O, trug) — &k (22)
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Note that in deriving (22), we have used the fact that Hy_1 = Hy. O

Lemma 2.3. Suppose that Hi_1 = Hy >~ 0 for all k. Then

Proof. Note that we have |ex| < ||H, 20ull[|HY ullte < e | Hy *well/v2 = exv/Br.

First, we show that a; +b; < 7 + e;v/b; + &. Note that a; = F(z;) — F(z,) and
by = 3(x1 — x4, Hi(x1 — x.)). By applying the inequality (13) to z = z, with j =1, and
noting that y; = x(, we have that

—a; 2> (w1 —y1, Hi(zr — 1)) + (01 — 2, Hi(zr —31)) + (01, 2 — 1) — &

N~ DN =

1
(1 — @0, Hi(z1 — 24)) — §<y1 — Ty, Hi(yr — @) + (61, 2 — 1) — &

1
= b= (w0 — @y, Huzo — @) + (01, 2 — 21) — &1

Hence, by using the fact that |1, /%6, < e1/v/2, we get

a +b < {wg — 2wy, Hi(z0 — 22)) — (01, 2 — 1) + & < THeavbi+6. (24)

DN | —

Let
se=evbi+ o +ea/b &+t G

By Lemma 2.2, we have
T > atb—eavh —& > astby—eb —eVb— & — &
> .. > ap+ by — si. (25)
Thus we have ay + b, < 7 + s, and hence
s = sk1 T Vb + & < simr + /T + sp + & (26)

Note that since 7 > by —e; /b1 — &1, we have /by < %(el—f— e +4(r+ &) <et+VTT+E.

Hence s1 = e;v/b1 4+ & < e1(e1 + VT + &) + & < E+ & + el (VT 4+ VE).
The inequality (26) implies that

(T+8k> — €N/ T + Si — <T+Sk,1—|—£k) <0.

Hence we must have

VT+s, <

DN —

(ek + \/e% +4(7+ 511 + &)) )
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Consequently

1 1
s, < Sp_q F §€z + &+ §€k\/€i +4(7 + sp—1 + &)

< Spoi e &t e (\/F+ \/Sk_1 + §k).

This implies that
k k k k
e S s G GHVTY G+ ) Vs tg
i=2 i=2 P —

k
< GAVTET Y 6V
j=1

< G+ VTE+ VR (27)

In the last inequality, we used the fact that s;_; +& < s; and 0 < 51 < --- < s;. The
inequality (27) implies that

Vo < %(ék + (€i+4§_k+4gk\/?)”2>-

From here, we get s, < Ei + 26, + 2€x4/7, and the required result follows from the fact
that ap <74 s in (25). O

Now we are ready to state the iteration complexity result for the inexact APG algo-
rithm described in Algorithm 1.

Theorem 2.1. Suppose the conditions (11) and (12) hold, and Hy_1 = Hy = 0 for all k.
Then

4

0< F(zg) — F(z,) < e

(V7 + @) +28,). (28)

Proof. By Lemma 2.3 and the fact that ¢, > (k + 1)/2, we have

2 4 —\2 -

From the assumption on the sequences {&.} and {e,}, we know that both {&.} and {&}
are bounded. Then the required convergent complexity result follows. Il

Observe that in Theorem 2.1, we will recover the complexity result established in [1]
if e, =0 =¢; for all j.
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2.1 Specialization to the case where g = dq

For the problem (P), it can be expressed in the form (7) with g = dq, where dq denotes
the indicator function on the set

Q={reS": A(x) =b, z >~ 0}. (29)

The sub-problem (8), for a fixed y, then becomes the following constrained minimization
problem:

min {(Vf(yk), T —yg) + 1<x — Y, Hi(x —yr)) : A(x) =b,x = 0}. (30)

2
Suppose we have an approximate solution (zy, px, 2x) to the KKT optimality conditions
for (30). More specifically,

Vi(ye) + Hi(xp —yp) — A'pp — 2, =10 = 0
Alzg) =b = 0 (31)

(g, z5) =1 e ~ 0, xp, 2, = 0.

To apply the complexity result established in Theorem 2.1, we need J; and ¢ to be
sufficiently small so that the conditions (11) and (12) are satisfied. Observe that we need
z), to be contained in €2 in (31). Note that the first equation in (31) is the feasibility
condition for the dual problem of (30), and it corresponds to the condition in (12) with
Ve = —A*pr — 2. Indeed, as we shall show next, 7 is an g,-subgradient of g at x; € €
if z; = 0. Now, given any v € 2, we need to show that g(v) > g(zg) + (v, v — ) — €.
We have g(v) =0, g(x) = 0 since v, 2y € 2, and

(Ve v — k) = (A'pr + 25, 21, — ) = (pr, Alzr) — A(V)) + (2, T&) — (21, V)
= (2 o) — (2, v) < {2k, Th) = &g (32)

Note that in deriving (32), we used the fact that (zx, v) > 0 since v = 0 and z; = 0. Thus
the condition (12) is satisfied if ||H,;1/25k|] < e/ (V2t) and g < &/(2t3).

As we have already noted in the last paragraph, the approximate solution x obtained
by solving the sub-problem (30) should be feasible, i.e. zp € . In practice we can
maintain the positive semidefiniteness of x;, by performing projection onto S%. But the
residual vector 1 := A(xy)—b is usually not exactly equal to 0. In the following paragraph,
we will propose a strategy to find a feasible solution z; € €2 given an approximate solution
xy of (31) for which 7 is not necessarily 0, but (z, px, 2i) satisfies that conditions that
Tk i O,Zk; E O, and HH,;I/25;€|| S %Gk/(\/itk) and €k S %fk/(Qti)

Suppose that there exists £ > 0 such that A(Z) = b. Since A is surjective, AA*
is nonsingular. Let w, = —A*(AA*) " (rr). We note that ||wkll2 < [|7k]|/Omin(A), and
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A(zy + wi) = b, where || - || denotes the spectral norm. However, x;, + wj, may not be
positive semidefinite. Thus we consider the following iterate:

T = )\(l’k + wk) + (1 - )\):f = Az + (/\wk + (1 - )\)f),

where A € [0,1]. It is clear that Az = b. By choosing A = 1 — |Jwll2/(||wkll2 + Amin(Z)),
we can guarantee that z; is positive semidefinite. For Z;, we have

N [Jwrl|2 _
< < A A Amax
05 (B 2) < Aokt AVitlonllalanl + o V(@) 4]

[l l2 .
e+ Vnllwnllzlz]l + vins—= @ Amax ()| 2

IN

-1
< 2 il € (14 326)
Moreover
Vf(uk) + Hi(@r — ) — (A'pi + 2) = 0 + Hi(Br — 21) =: b
Thus 7, = —A*pr— 2y is an 2e-subgradient of g at 7, € Q. Now HH;/Q&H < HH,:l/QdkH—i—

1M (@, — )], and

~ it T j — 2
HHIIJQ(xk — xp)|I* = (@ — h, Hi( @k — 21)) < nf|wp |3 A max(H1) (1 * %> '

Thus we have

) ‘ _ T — wplla\
1M 20| < e/ (V2ty) i [Jwgll < e (1)) 172 (1 n I k||2> '

€k
2/ 2n ty )\min(f)

To conclude (Zy, pg, z) would satisfy the condition (12) if

Jeorll2 < min {

mer () N AT Bt e

We should note that even though we have succeeded in constructing a feasible 7y in 2.
The accuracy requirement in (33) could be too stringent for computational efficiency. For
example, when op,,(A) is small, or ||z;|| is large, or Z has a large condition number, or
Amax(H1) is large, we would expect that x; must be computed to rather high accuracy so
that ||ry|| is small enough for (33) to be satisfied.
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3 Analysis of an inexact APG method for (P)

To apply Algorithm 1 to solve the problem (P), the requirement that z; must be primal
feasible, i.e., x; € (2, can be restrictive as it limits our flexibility of choosing a non-
primal feasible algorithm for solving (30). Even though the modification outlined in last
paragraph of section 2.1 is able to produce a primal feasible Z;, the main drawback is
that the residual norm ||wg|| must satisfy the stringent accuracy condition in (33). To
overcome the drawbacks just mentioned, here we propose an inexact APG algorithm for
solving (P) for which the iterate xj; need not be strictly contained in €. As the reader
will observe later, the analysis of the iteration complexity of the proposed inexact APG
becomes even more challenging than the analysis done in the previous section.
We let (., p«, 2«) be an optimal solution of (P) and (D). In this section, we let

(@) = F) + (VH ) = ) + 30—y Mo — )}, 2 €X (30)

Note that X = 8". The inexact APG algorithm we propose for solving (P) is given as
follows.

Algorithm 2. Given a tolerance € > 0. Input y; = g € X, t; = 1. Set k = 1. Iterate
the following steps.

Step 1. Find an approximate minimizer
Ty A argmi)rgl {qk(:v) tx € Q}, (35)
xE

where H;, is a self-adjoint positive definite operator that is chosen by the user, and
xy, is allowed to be contained in a suitable enlargement €2 of €.

144/ 1+4t2

Step 2. Compute t1 = 5

Step 3. Compute yr1 =z + (t’“_1> (g — xp_1).

te+1

Note that when ; = 2, the dual problem of (35) is given by
max {qk(x) —(Var(x), ) + (b, p) | Var(z) —A'p—2=0, 2 = 0,z = O}. (36)

Let {&:}, {ex}, {pr} be given convergent sequences of nonnegative numbers such that

0 e} o0
Z£k<oo, Zek<oo, and Z,uk<oo,
k=1 k=1

k=1
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and A be a given positive number. We assume that the approximate minimizer zj, in (35)
has the property that x; and its corresponding dual variables (py, zx) satisfy the following
conditions:

flar) < qulog) + &/(2t7)
(Var(zr), zr) — (b, pr)| < A
Vai(ze) — Apr — 20 = O, with [ H, /260l < en/(V2) (37)
Irell < /2
(T, z1) < &/(2tF)
xp = 0, 2z = 0,

where ry, := A(zy) —b. We assume that pu,/t7 > 1/t and e/ty > €1/t for all k.
Observe that the last five conditions in (37) stipulate that (z, px, 2) is an approximate
optimal solution of (35) and (36).

Just as in the previous section, we need to establish a series of lemmas to analyse
the iteration complexity of Algorithm 2. However, we should mention that the lack
of feasibility in z; (i.e., x;y may not be contained in 2) introduces nontrivial technical
difficulties in the proof of the complexity result for Algorithm 2. For example, F(xy) >
F(z.) no longer hold as in the feasible case when x; € Q.

Lemma 3.1. Given y; € X and a positive definite linear operator H; on X such that the
conditions in (37) hold. Then for any x € ST, we have

flx) = f(z;) > %(%’ =y, (s —y;)) +(y; — , Hi(z; —y;))
+(0; + A'pj, & — x;) — & /15, (38)

Proof. Since f(z;) < q;(z;) + &/(212), we have
F(o) = Flay) > f(o) — (o) — &/(28)
= (o)~ ) — (T F), 75— 3) — s =y, oy — ) — 6/ (282)
> (V) o~ 1) — gl — v ol — ) — 6/(282).

Note that in the last inequality, we have used the fact that f(z)— f(y;) > (Vf(y;), v—y;)
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for all = € X. Now, by using (37), we get
fx) = f(z))
> (V). 7~ ) — s~ g Moy — ) — 6/8)
= (0 +A'p; — Hj(x; — y;), @ — x5) + (35, v — ) — %(xj — 5, Hilzy — ;) — &/ (2t5)

N 1
> (0 + A'pj — Hj(x; — yy), © — ;) — 5(%‘ — vy, Hilz; —y;)) — &/t

From here, the required inequality (38) follows readily. Note that in deriving the last
inequality, we have used the fact that (z;, z;) < {5/(215?) and (z;, ) > 0. O

For later purpose, we define the following quantities for k& > 1:

vp = flar) = f(oe),  up = tpxy — (e — Dag-1 — 24,
ap = tiog,  bp = S(ug, Hi(ug)) >0, e = tp(Op, up), (39)
Me = Pk, thrk — to_yre—1), With n1 = (p1, 1),
Xt = ||pe-1 — prllpg—1, with x1 =0,
Ga=20 16 &G=21 G+, X=X

T = 5(xo — T, Hi(zo — x4)).

N =

Note that unlike the analysis in the previous section, a; may be negative.

Lemma 3.2. Suppose that Hy_1 = Hy = 0 for all k. Then
ap—1 + bp—1 > ay, + by, — ex, — § — M- (40)
Proof. By applying the inequality (38) to z = x,_1 = 0 with j = k, we get

Vg—1 — VU = f(ﬂkal) - f(l’k) (41)

>

(zr — Y, (e — un)) + (ke — 21, Hiloe — y)) + (O + A*pr, 211 — 1) — &/t

N | —

Similarly, by applying the inequality (38) to z = z, = 0 with j = k, we get
—ur = f(x.) — flzx) (42)

1
> 5(9% — Yk, Hi(zr — yr)) + (Yp — 2o, Hi(op — yn)) + (O + A*pr, 70 — 1) — & /17
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By multiplying (41) throughout by ¢, — 1 (note that t; > 1 for all £ > 1) and adding that
to (42), we get
(tk — 1)Uk,1 — tkvk

t
> Ek@k — Ui, Hr(oe — ye)) + ey — (e — D1 — 20, Hi(or — yi))

— <§k + .A*pk, thk — (tk - 1)Ik_1 - ZL’*> — ék/tk (43)

Now, by multiplying (20) throughout by ¢; and using the fact that t2 | = tx(tx — 1), we
get

ag_1 — ap = ty_ Up_1 — truy,
ti
> 5(% — Y Hi(zx — yi)) + telteyr — (e — Dag—1 — 2, Hi(2n — yr))
— (6 + Ay, trxy — o vp_1 — thxs) — &
Let a = tyyg, b = tgxyg, and ¢ = (ty — 1)xg_1 + x.. By using the fact that (b —a, Hy(b —
a)) +2(a—c, Hg(b—a)) = (b—c, Hi(b—c)) — (a—c, Hy(a—c)), we get

1 1
ap—1 — G = §<b — ¢, Hi(b—c¢)) — §<a — ¢, Hi(a—c))

— <5k + A*pk, tsz — tz_lmk_l — tkI*> — fk (44)

Now a — ¢ = tyyp — ¢ = tgwp_1 + (tp—1 — 1)(xp—1 — Tp—2) — ¢ = ug_1, b — ¢ = ug, and
2z, —t2_ Ty — tpT, = tug. Thus (44) implies that

1 1
ap—1 — ar > 5(%, Hi(ug)) — §<Uk—1, Hi(ug—1)) — (6 + A pr, tpur) — &k
> by — bi—1 — (Ok, teur) — (P, Altrur)) — & (45)

Note that in deriving (45), we have used the fact that Hy_1 > Hi. Now
(i, Altrur)) = (pr, (A — b) — ti_y (Azpy = b)) = (pr, tire — ti_17e-1)-

From here, the required result is proved. Il

Lemma 3.3. Suppose that Hi_1 = Hy > 0 and the conditions in (37) are satisfied for all
k. Then

ar + by < (VT + &)+ Ipwlli + 26 + Xe + wi) (46)
where wy, = Z?Zl €j\/A;, and

Aj = pjllps +aj,  with a; = max{0, —a;}.
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Proof. Note that we have |ex| < ||, 20ull[|HY urllte < e |Hy *well/v2 = exv/Br.

First, we show that a; + b < 7+ |(p1, 71)| + e1vb1 + & Note that a; = f(x1) — f(z.)
and by = 1 (x1 — x,, Hi(x; — 2.)). By applying the inequality (38) to 2 = x, with j =1,
and noting that y; = zy, we have that

1
—a; > =(x1— w1, Hi(zr — 1)) + (1 — 2o, Hi(zr — 1)) + (01 + A'pr, 2 — 1) — &

2

1 1 «

§<$1 — T, Hi(z1 — 24)) — §<y1 — Ty, Hi(yh — ) + (01 + A'p1, 2 —x1) — &
1

= b — 5(% — xy, Hi(xg — x4)) + (01 + A™p1, o — 1) — &

Hence, by using the fact that ||, /%6, < e1/v/2, we get

1
ap+b < §<$o — Ty, Hi(wo — ) — (01 + A'p1, 2 — 1) + &

< tHeavbhi+ L) & < T+ ) +avb + &
Let 51 = e,/ + & and for k > 2,

k k k
Sp = Zej\/b—j—i- ij —i—ZXj.
=1 j=1 j=1

By Lemma 3.2, we have

T > artb—eavb —& —m
> a2+52—€2\/b_2—€1\/bl—51—52—771—772
> ...
k+1 k
>

k
a b=y /b= &=
j=1 j=1 j=1

k k k
> ap by =Y /b= ) & = pws i) = Y xs
j=1 j=1 j=1

Note that in the last inequality, we used the fact that

N

-1 k

k
don = e tire) + Y= vy G150 < W i)l + )X
j=1 ! =

<.
Il

Thus we have ay, + by < 7 + [{pi, t274)| + s, and this implies that
k

b, < Tp+ sk where 7, := T + [{pg, tirg)| —ar < T+ Ap (47)
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Hence

Sp = Sp—1 T Vb + &+ i < Sp—1 + eV TE + S+ &+ X (48)

Note that since 71 > by — e;/b1 — &1, we have /b < %(61 +VeE+4(n+&)) < e+

vV T1 —|—€1 Hence S1 = 61\/54‘51 S 61(61 +\/T1 +§1) +§1 S 6% +§1 +€1(\/T_1+ \/E)

The inequality (48) implies that

(Tk +Sk) — €L\ Tr + S — (Tk + Sk_1 +§k +Xk‘> S 0.

Hence we must have

1
VT + s, < 5 (€k+\/€%+4(Tk+5k—1+§k+Xk))-

Consequently, by using the fact that va + b < /a + /b for any a,b > 0, we have

1 1
s < Sp_1 F ?i + &+ Xk + 561@\/5% + 4(1 + sp—1 + &k + Xk)

1 1
< Spoq §6i+£k+xk+ 56;6\/6%—0—4(7'4-141@4-81%1 +fk+Xk)

< 5k71+€z+5k+Xk+€k<\/7'+Ak+\/3k71+£k+Xk>- (49)

This implies that

k k k
s < 31+Z<€?+€j+Xj)+Z€j T+Aj+zej\/$j—1+fj+><j
j=2 Jj=2 Jj=2

K K
< §k+ik+26jvT+Aj+Z€j\/S_j
j=1 j=1

< &+ Xk + Wi+ EVT + /S (50)

In the last inequality, we used the fact that s;_; +&; +x; < 55, and 0 < 57 < -+ < 5.
The inequality (50) implies that

NS %(ek+,/e§+49k), (51)

where 6;, = Ek + Xt + wi + €/7. From here, we get

Sk S gi —+ 20k (52)
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The required result follows from (52) and the fact that ay + by, < 7+ s + [(px, tirs)| <
7+ sg + || el - O
Let
O = {z € §": [ A(z) = b|| < p/t;, = = 0} (53)
and
o¥ = argmin{f(z) : * € Y} (54)

Since x., z € Q, we have f(z,) > f(z¥) and f(z) > f(2F). Hence v, = f(x1) — f(x.) <
f(xy) — f(a¥). Also, since puy,/t3 > pupr1 /t;.q, we have f(zF) > f(2F) and Qpiq C Q.

Lemma 3.4. For all k > 1, we have
0 < fla) = f(@l) < llpallpe /8- (55)
Proof. By the convexity of f, we have
o) = F) < (VF@), 20— o) = (Apy + 2, 2, — %)
= (P, Al) — Ax2)) + (2, 22) — (2, 23)
< s llllo = AN < Hlpll e/t

Note that in deriving the second last inequality, we have used the fact that (z., z.) = 0,
(2, 2¥) > 0, and A(x,) = b. O

Theorem 3.1. Suppose My, = maxi<;<k{/(||p«l| + ||p;[)11;}. Then we have

_‘(11!1:»:|—’1’;’§ < flap) — f(z) < ﬁ ((\/F + €)% + ||l s + 26 M + 2(&, + Xk))-(56)

Proof. The inequality on the left-hand side of (56) follows from Lemma 3.4 and the fact

that t, > (k+1)/2 and f(2%) — f(x,) < f(xx) — f(x.). Next, we prove the inequality on
the right-hand side of (56). By Lemma 3.3 and noting that b; > 0, we have

t(floe) = fle) =a < (VT + &) + el + 2(& + Xk) + 2wi.

Now —a; = t5(f(x.) — f(x;)) < £5(f(2.) = f(21)) < |Ip«llu;- Hence a; < [|p.|p;, and

k
wn < 3 e Imill +llpelly < Mig. (57)
j=1
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From here, the required result follows. n

From the assumption on the sequences {e;}, {&}, and {ux}, we know that the se-
quences {&} and {£,} are bounded. In order to show that the sequence of function values
f(x1,) converges to the optimal function value f(z,) with the convergent rate O(1/k?), it
is enough to show that the sequence {||px||} is bounded under certain conditions, from
which we can also have the boundedness of { M} and {xx}. Then the desired convergent
rate of O(1/k?) for our inexact APG method follows.

3.1 Boundedness of {p;}

In this subsection, we consider sufficient conditions to ensure the boundedness of the
sequence {py}.

Lemma 3.5. Suppose that there exists (z,p,z) such that
Az)=b, >0, Vf(z)=Ap+2z z>0. (58)
If the sequence {f(xy)} is bounded from above, then the sequence {xy} is bounded.

Proof. By using the convexity of f, we have

|
[
~

(p, A(Z) — A(xr)) + (2, T) — (Z, xy,

< plIb — Alze)ll + (2, ) — (2, =)
< |1pllw/th 4 (2, @) = (2, 2x) < Pl + (2, 7) — (2, ).
Thus
Amin(2) Tr(2x) < (2, @) < [[Pllpn + (2, 2) = f(T) + f (k). (59)
From here, the required result is proved. O]

Remark 3.1. The condition that { f(xy)} is bounded from above appears to be fairly weak.
But unfortunately we are not able to prove that this condition holds true. In many cases
of interest, such as the nearest correlation matriz problem (3), the condition that { f(xy)}
is bounded above or that {xy} is bounded can be ensured since €y is bounded.

Lemma 3.6. Suppose that {x} is bounded and there exists & such that
A(z)=0b, &> 0.

Then the sequence {zy} is bounded. In addition, the sequence {py} is also bounded.
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Proof. From (37), we have
Amin(2)Tr(2r) < (2, zx) = (2, Vgp(zg) — A" pr — )
= — (b, pi) + (& Vala)) — (&, o)
< A+ (2 — g, Var(zg)) — (2, 0k)
A+ (& — ok, VI(yr) + He(zr — yx)) — (2, 6r)
A+ |2 — 2l |V F (e) + Ha(on — i) || + 1M > Ellen/ (V2)
< A+ = 2l V£ () + Halan — ye) || + [Hy 2 ller/v2 (60)

IN

Since {1} is bounded, it is clear that {y;} is also bounded. By the continuity of V f and
that fact that 0 < Hjy =< H;, the sequence {||V f(yx) + Hi(xr — yx)||} is also bounded.
From (60), we can now conclude that {z;} is bounded.

Next, we show that {p;} is bounded. Let A" = (AA*)"*A. Note that the matrix AA*
is nonsingular since A is assumed to be surjective. From (37), we have p, = AT (Vg (1) —
2k — 0x), and hence

lpell < ATV au(n) — 20— 0il| < HATH<||Vf(yk) + He(er — i) [l + [lzell + H5k|\>-

Since Hy = Hi = Amax(H1)I, we have [|6x] < /Amax (H) Mz 20k]| < v/ Amax(H1)e1/ V2.
By using the fact that the sequences {||V f(yx) + Hr(xr — y)||} and {2} are bounded,
the boundedness of {py} follows. O

3.2 A semismooth Newton-CG method for solving the inner
subproblem (35)

In Section 3, an inexact APG method (Algorithm 2) was presented for solving (P) with
the desired convergent rate of O(1/k?*). However, an important issue on how to efficiently
solve the inner subproblem (35) has not been addressed.

In this section, we propose the use of a SSNCG method to solve (35) with warm-start
using the iterate from the previous iteration. Note that the self-adjoint positive definite
linear operator Hj can be chosen by the user. Suppose that at each iteration we are able
to choose a linear operator of the form:

Hp = w, ® wy,, where wy, € ST,

such that f(z) < qu(x) for all z € Q. (Note that we can always choose wy = /LI if there
are no other better choices.) Then the objective function ¢x(-) in (35) can equivalently be
written as

1 1 _ _
g (2) = = |Jwy* (@ — w)w 1P + flue) — = lwg >V f (e )wy 1%,
2 2
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where uy =y, — w;, 'V f(yr)w,'. By dropping the last two constant terms in the above
equation, we can equivalently write (35) as the following well-studied W-weighted semidef-
inite least squares problem

1
min {§||w,i/2(x - uk)w,i/2||2 c A(x) = b,z = O}. (61)

Let 7 = wiﬂxwiﬂ, Uy, = w,i/zukwim, and define the linear map A : S” — R™ by

A(z) = A(wy ' 2w, ).

Then (61) can equivalently be written as
min{%”x-ukHQ : A(z) = b, EEO}, (62)
whose Lagrangian dual problem is given by
max {0(p) = 0" — £ |Isy (31 + Ap)|* | p € R” (63)

where Ilsn (u) denotes the metric projection of u € 8" onto S}. The problem (63) is
an unconstrained continuously differentiable convex optimization problem, and it can be
efficiently solved by the SSNCG method developed in [10]. Note that once an approximate
solution py is computed from (63), an approximate solution for (61) can be computed by
Ty = Hgi(ﬂk + A*pk) and its complementary dual slack variable is 2z, = u; + A*pr — 5.

Note that the problem (63) is an unconstrained continuously differentiable convex
optimization problem which can also be solved by a gradient ascent method. In our nu-
merical implementation, we use a gradient method to solve (63) during the initial phase
of Algorithm 2 when high accuracy solutions are not required. When the gradient method
encounters difficulty in solving the subproblem to the required accuracy or becomes inef-
ficient, we switch to the SSNCG method to solve (63). We should note that approximate
solution computed for the current subproblem can be used to warm start the SSNCG
and gradient methods for solving the next subproblem. In fact, the strategy of solving a
semidefinite least squares subproblem (35) in each iteration of our inexact APG algorithm
is practically viable precisely because we are able to warm start the SSNCG or gradient
methods when solving the subproblems. In our numerical experience, the SSNCG method
would typically take less than 5 Newton steps to solve each subproblem with warm start.

To successfully apply the SSNCG method to solve (35), we must find a suitable sym-
metrized Kronecker product approximation of Q. Note that for the H-weighted nearest
correlation matrix problem where Q is a diagonal operator defined by Q(z) = (Ho H)ox,
a positive definite symmetrized Kronecker product approximation for Q can be derived
as follows. Consider a rank-one approximation dd’ of H o H, then diag(d) ® diag(d) is
a symmetrized Kronecker product approximation of Q. For the vector d € R", one can
simply take

d; = max{e, g&)ﬁ{Hﬁ}}, j=1,...,n, (64)
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where € > 0 is a small positive number.
For the convex QSDP problem (1) where the linear operator Q is defined by

Q(x)=B®I(z) = (Bx+xB)/2, (65)

where B € S, we propose the following strategy for constructing a suitable symmetrized
Kronecker product approximation of Q = B ® I. Suppose we have the eigenvalue decom-
position B = PAPT, where A = diag()\) and A = (A, ..., \,)T is the vector of eigenvalues
of B. Then

(xr,B®I(x)) = ;<x Az + zA) = ZZ%]/\%—)\ ZZxU iy

21_71 =1 j=1

where # = PTzP and M = 1(Xe’ + eA”) with e € R™ being the vector of all ones. For

the choice of wy, one may simply choose wy = y/max(M)I, where max(M) is the largest
element of M. However, if the matrix B is ill-conditioned, this choice of wy may not work
very well in practice since max(M)I ® I may not be a good approximation of Q@ = B® I.
To find a better approximation of Q, we propose to consider the following nonconvex
minimization problem:

mm{ZZhh | hihy — MijZOVi,jzl,...,n,hERTfr}. (66)
=1 j=1
Thus if & is a feasible solution to the above problem, then we have
(x, B® I(x szlﬂMzﬂ<szUhh = (r,wprwg) VeS8
i=1 j=1 =1 j=1

with wy, = Pdlag(h)PT. Note that the above strategy can also be used to get a suitable
symmetrized Kronecker product approximation of the form diag(d) ® diag(d) when Q is
a diagonal operator.

To find a good feasible solution for (66), we consider the following strategy. Suppose
we are given an initial vector u € R such that uu’ — M > 0. For example, we may take

u = /max(M)e. Our purpose is to find a correction vector £ € R’} such that h :=u —¢

satisfies the constraint in (66) while the objective value is reduced. Note that we have
hih; — Mij = wiuy — My — (wi§; + ;&) + &5 = wuy — My — (wis + uiéy).
Thus the constraints in (66) are satisfied if £ < u and

wié +ui& <wu; —M;; Vi, j=1,...,n
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Since Y77, D70y hihy = (€7€)? — 2(e"u)(e7€) + (¢"w)?, and noting that 0 < e'¢ < eTu,
the objective value in (66) is minimized if e ¢ is maximized. Thus we propose to consider
the following LP:

max{eT§ | wi&G +ui& < wuy — MiVi,j=1,...,n, 0<E< u} (67)

Observe that the correction vector £ depends on the given vector u. Thus if necessary,
after a new wu is obtained, one may repeat the process by solving the LP associated with
the new wu.

4 Numerical Experiments

In this section, we report the performance of the inexact APG algorithm (Algorithm 2)
for large scale linearly constrained QSDP problems.

We measure the infeasibilities for the primal and dual problems (1) and (2) as follows:
16— A(2)] _ Q@) +c— Ap — 4|

Rp = (68)

R - TN TR Y
R 1+l

where z, p, z are computed from (63). In our numerical experiments, we stop the inexact
APG algorithm when
max{Rp, Rp} < Tol, (69)

where Tol is a pre-specified accuracy tolerance. Unless otherwise specified, we set Tol =
1079 as the default tolerance. When solving the subproblem (63) at iteration k of our
inexact APG method, we stop the SSNCG or gradient method when ||V8(py)||/(1+]0]]) <

min{1/61, 0.2V f(2-1) — A*pr—1 — 21l /(1 + [|e]})}-

4.1 Example 1

In this example, we consider the following H-weighted nearest correlation matrix problem
1
min{§||Ho($—u)H2 | diag(z) :e,xi()}. (70)

We compare the performance of our inexact APG (IAPG) method and the augmented
Lagrangian dual method (AL) studied by Qi and Sun in [11], whose MATLAB codes are
available at http://www.math.nus.edu.sg/~matsundf. We consider the gene correla-
tion matrices u from [6]. For testing purpose we perturb u to

u:=(1—a)u+ak,

where a € (0,1) and FE is a randomly generated symmetric matrix with entries in [—1, 1].
We also set u; = 1,2 = 1,...,n. The weight matrix H is a sparse random symmetric
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matrix with about 50% nonzero entries. The MATLAB code for generating H and E is as
follows:

H = sprand(n,n,0.5); H = triu(H) + triu(H,1)’; H= (H + H’)/2;
E = 2xrand(n,n)-1; E = triu(E)+triu(E,1)’; E = (E+E’)/2.

In order to generate a good initial point, we use the SSNCG method in [10] to solve the
following unweighted nearest correlation matrix problem

1
min {§Hx —u? | diag(z) = e, 2 > o}. (71)

Due to the difference in stopping criteria for different algorithms, we set different
accuracy tolerances for the IAPG and augmented Lagrangian methods. For the IAPG
method, we set Tol = 107%. For the augmented Lagrangian method, its stopping criteria
depends on a tolerance parameter Toll which controls the three conditions in the KKT
system (31). We set Toll = 10~

Table 1 presents the numerical results obtained by the IAPG method and the aug-
mented Lagrangian dual method (AL) for various instances of Example 1. We use the
primal infeasibility, primal objective value and computing time to compare the perfor-
mance of the two algorithms. For each instance in the table, we report the matrix dimen-
sion (n), the noise level («), the number of outer iterations (iter), the total number of
Newton systems solved (newt) the primal infeasibility (Rp), the dual infeasibility (Rp),
the primal objective value (pobj) in (70), as well as the computation time (in the format
hours:minutes:seconds) and the rank of the computed solution (rankX). We may observe
from the table that the IAPG method can solve (70) very efficiently. For each instance,
the IAPG method can achieve nearly the same primal objective value as the augmented
Lagrangian method, and the former can achieve much better primal infeasibility while
taking less than 50% of the time needed by the augmented Lagrangian method.

4.2 Example 2

We consider the same problem as in Example 1, but the weight matrix H is generated
from a weight matrix Hy used by a hedge fund company. The matrix Hj is a 93 x 93
symmetric matrix with all positive entries. It has about 24% of the entries equal to
107° and the rest are distributed in the interval [2,1.28 x 10%]. Tt has 28 eigenvalues in
the interval [—520, —0.04], 11 eigenvalues in the interval [—5 x 1073 2 x 107!%], and the
rest of 54 eigenvalues in the interval [107%,2 x 10]. The MATLAB code for generating
the matrix H is given by tmp = kron(ones(25,25),H0); H = tmp([1:n],[1:n]); H =
(H+H’) /2.

We use the same implementation techniques as in Example 1. The stopping tolerance
for the IAPG method is set to Tol = 107% while the tolerance for the augmented La-
grangian method is set to Tol1l = 1072, Table 2 presents the numerical results obtained

25



Algo. | problem n a | iter/newt Rp Rp pobj time  rankX
TAPG | Lymph 587 0.1 | 169/177 3.09e-11  1.75e-6  5.04289799¢+0 2:35 179
0.05 | 300/327 1.31e-10  2.04e-6 2.53103607e-1 4:16 207
AL Lymph 587 0.1 | 12 4.13e-7  9.96e-7  5.04289558e+0 | 5:39 179
0.05 | 12 2.96e-7 1.07e-6 2.53101698e-1 | 30:58 207
IAPG | ER 692 0.1 | 137/142 2.27e-10  2.43e-6  1.26095534e+1 3:10 189
0.05 | 187/207  3.93e-11 9.54e-7 1.14555927e+0 | 3:40 220
AL ER 692 0.1 | 12 3.73e-7  4.63e-7 1.26095561e+1 | 9:28 189
0.05 | 12 3.21e-7  1.02e-6 1.14555886e+0 | 14:14 220
IAPG | Arabidopsis 834 0.1 | 115/123  3.28¢-10 1.78¢-6 3.46252363e+1 | 3:53 191
0.05 | 131/148 2.41e-10  9.75e-7  5.50148194e+0 4:09 220
AL Arabidopsis 834 0.1 |13 2.28e-7  7.54e-7  3.46252429e+1 | 12:35 191
0.05 | 12 2.96e-8 1.0le-6  5.50148169e+0 | 22:49 220
TAPG | Leukemia 1255 0.1 | 104/111  5.35e-10  7.97e-7  1.08939600e+2 | 9:24 254
0.05 | 96/104 4.81e-10  9.31e-7  2.20789464e+1 | 8:35 276
AL Leukemia 1255 0.1 1] 12 3.06e-7  2.74e-7 1.08939601e+2 | 22:04 254
0.05 | 11 2.90e-7  8.57e-7  2.20789454e+1 | 28:37 276
TAPG | hereditarybc 1869 0.1 | 67/87 2.96e-10 8.68e-7  4.57244497e+2 | 17:56 233
0.05 | 64/85 9.58e-10  7.04e-7 1.13171325e+2 | 17:32 236
AL hereditarybc 1869 0.1 ] 13 2.31e-7  3.55e-7  4.57244525e+2 | 38:35 233
0.05 | 11 2.51e-7 6.29e-7 1.13171335e+2 | 36:31 236

Table 1: Comparison of the inexact APG (IAPG) and augmented Lagrangian dual (AL)
algorithms on (70) using sample correlation matrix from gene data sets. The weight
matrix H is a sparse random matrix with about 50% nonzero entries.
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Algo. | problem n a | iter/newt Rp Rp pobj time  rankX

IAPG | Lymph 587 0.1 | 72/159  1.766-8 9.90e-7 8.92431024e+6 150 238
0.05 | 60/148  3.81e-8 9.75e-7 1.69947194e+6 1:41 278
AL | Lymph 587 0.1 | 14 2.64c5 1.0605 8.02425480e+6 | 56:07 260
0.05 | 12 1.69e-4  4.4le-5 1.69925778¢+6 | 29:15 286
IAPG | ER 692 0.1 | 62/156  2.48¢9 9.72e7 151144194e+7 | 2:33 254
0.05 | 56/145  3.58¢-9 9.55e-7 3.01128282e-+6 2:22 295
AL | ER 692 0.1 16 1.22¢5 58006 1.511444560+7 | 2:05:38 288
0.05 | 12 3.1le-5 6.29¢-6 3.0112363le+6 | 53:15 309

TIAPG | Arabidopsis 834 0.1 | 61/159 6.75e-9  9.98e-7  2.69548461e+7 4:01 254
0.05 | 54/145 1.06e-8 9.82e-7  5.87047119e+6 3:41 286

AL Arabidopsis 834 0.1 |19 3.04e-6  3.94e-6  2.69548769e+7 | 4:49:00 308
0.05 | 13 1.69e-5 6.76e-6 5.87044318e+6 | 1:28:59 328

TAPG | Leukemia 1255 0.1 | 65/158 8.43e-9  9.86e-7  7.17192454e+7 11:32 321
0.05 | 55/143 1.19e-7  9.80e-7  1.70092540e+7 10:18 340

AL Leukemia 1255 0.1 | * * * * * *
0.05 | 13 3.19e-5 5.15e-6 1.70091646e+7 | 5:55:21 432

TAPG | hereditarybc 1869 0.1 | 48/156 2.08e-8  9.16e-7  2.05907938e+8 29:07 294
0.05 | 49/136 6.39e-8  9.6le-7  5.13121563e+7 26:16 297

AL hereditarybc 1869 0.1 | % * * * * *
0.05 | * * * * * *

Table 2: Same as Table 1, but with a “bad” weight matrix H.

by the IAPG and augmented Lagrangian dual (AL) methods. In the table, “*” means
that the augmented Lagrangian method cannot achieve the required tolerance of 1072 in
24 hours. As we can see from Table 2, the IAPG method is much more efficient than the
augmented Lagrangian method, and it can achieve much better primal infeasibility. For
the last gene correlation matrix of size 1869, the IAPG method can find an good approx-
imate solution within half an hour. For the augmented Lagrangian method, because the
map Q associated with the weight matrix H is highly ill-conditioned, the CG method has
great difficulty in solving the ill-conditioned linear system of equations obtained by the
semismooth Newton method.

4.3 Example 3

In this example, we report the performance of the inexact APG on the linearly constrained
QSDP problem (1). The linear operator Q is given by Q(z) = 1(Bz + xB) for a given
B > 0, and the linear map A is given by A(z) = diag(z). We generate a positive definite
matrix X and set b = A(z). Similarly we can generate a random vector p € R™ and a
positive definite matrix z and set ¢ = A*(p) +2z— Q(x). The MATLAB code for generating
the matrix B is given by randvec = 1+ 9*rand(n,1); tmp = randn(n,ceil(n/4));
B = diag(randvec)+(tmp*tmp’)/n; B = (B+B’)/2. Note that the matrix B generated
is rather well conditioned.
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n m  cond(B) | iter/newt Rp Rp pobj dobj time
500 500 9.21e+0 | 9/9 3.24e-10  9.70e-7 | -4.09219187e+4 -4.09219188e+4 13
1000 1000 9.43e+0 | 9/9 3.68e-10  9.28e-7 | -8.41240999e+4 -8.41241006e+4 1:13
2000 2000 9.28e+0 | 9/9 3.16e-10  8.53e-7 | -1.65502323e+5 -1.65502325e+5 8:49
2500 2500 9.34e+0 | 9/9 3.32e-10  8.57e-7 | -2.07906307e+5 -2.07906309e+5 | 16:15
3000 3000 9.34e+0 | 9/9 2.98e-10  8.13e-7 | -2.49907743e+5 -2.49907745e+5 | 29:02

Table 3: Numerical results of the inexact APG algorithm on (1), where the positive
definite matrix B for the linear operator Q is well-conditioned.

As discussed in section 3.2, we are able to find a good symmetrized Kronecker product
approximation w ® w of Q. By noting that

1 1 1

Sl w @ w(e)) + (e,2) = 502w — ww 2 = 2o 2,
where u = —w ™ lcw™!, and dropping the constant term, we propose to solve the following
problem to generate a good initial point for the inexact APG method:

1
min {§Hw1/2(:v —uw)w'?|? | A(z)=0b, x> O},

which can be efficiently solved by the the SSNCG method in [10].

The performance results of our IAPG method on convex QSDP problems are given
in Table 3, where “pobj” and “dobj” are the primal and dual objective values for QSDP,
respectively. We may see from the table that the IJAPG method can solve all the five
instances of QSDP problems very efficiently with very good primal infeasibility.

4.4 Example 4

We consider the same problem as Example 3 but the linear map A is generated by using
the first generator in [8] with order p = 3. The positive definite matrix B is generated by
using MATLAB’s built-in function: B = gallery(’lehmer’,n). The condition number
cond(B) of the generated Lehmer matrix B is within the range [n, 4n?]. For this example,
the simple choice of w = \/Apax(B)I in the symmetrized Kronecker product w ® w for
approximating Q does not work well. In our numerical implementation, we employ the
strategy described in section 3.2 to find a suitable w.

Table 4.4 presents the performance results of our IAPG method on convex QSDP
problems where the matrix B is very ill-conditioned. As observed from the table, the
condition numbers of B are large. We may see from the table that the IAPG method can
solve the problem very efficiently with very accurate approximate optimal solution.
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n

m cond(B) | iter/newt Rp Rp pobj dobj time

500 10000 2.67e+5 | 51/102 3.02e-8  9.79e-7 | -9.19583895e+3  -9.19584894e+-3 1:29
1000 50000 1.07e+6 | 62/115 2.43e-8  9.71e-7 | -1.74777588e+4 -1.74776690e+4 11:46
2000 100000 4.32e+6 | 76/94 5.24e-9  5.28e-T7 | -3.78101950e+4 -3.78101705e+4 | 1:14:04
2500 100000 6.76e+6 | 80/96 4.62e-9  5.64e-7 | -4.79637904e+4  -4.79637879e+4 | 2:11:01

Table 4: Same as Table 3, but the matrix B for the linear operator Q is ill-conditioned
and the linear map A is randomly generated as in [8].
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