
Decomposition methods based on projected

gradient for network equilibrium problems

A. Cassioli ∗, D. Di Lorenzo∗, M. Sciandrone∗

Abstract

In this work we consider the symmetric network equilibrium problem

formulated as convex minimization problem whose variables are the path

flows. In order to take into account the difficulties related to the large di-

mension of real network problems we adopt a column generation strategy

and we employ a gradient projection method within an inexact decompo-

sition framework. We present a general decomposition algorithm model

and we derive several specific algorithms for network equilibrium prob-

lems. Global convergence results are established. Computational experi-

ments performed on medium-large dimension problems show the validity

and the effectiveness of the proposed approach.

Keywords: decomposition method, network equilibrium, projected gradi-

ent, column generation, Gauss-Seidel method.

1 Introduction

Network assignment problems are a widely studied subject in many research

fields, as for instance transportation and data transmission. The aim of a net-

work equilibrium model is to predict the link flows of a network which depend
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on the routes origin/destination chosen by the users (travellers or data package)

of the network.

The network is model by a direct graph, whose nodes represent origins, des-

tinations, and intersections, and arcs represent the transportation links. There

is a set of node pairs, called Origin/Destination (OD), and for each OD pair

there is a known demand. For each link there is a user cost function depending,

in general, on the link flow of the whole graph. Every infinitesimal unit of flow

travels from its origin to its destination along a path that minimizes its own

travel cost, so the network will eventually reach stability in a Nash equilibrium

point. The Wardrop’s user-optimal principle states that, if the network is in

equilibrium, then all the routes used by the users have a cost less or equal to

that of any unused route. The Wardrop equilibrium conditions lead to solve a

variational inequality which, under suitable assumptions on the cost functions,

is equivalent to a convex optimization problem. For instance, the equivalence

between the variational inequality and the convex optimization problem holds

whenever the cost fa of any given link a is non-decreasing and depends only on

the flow ya through the given link. We address the reader to [6] for the techni-

cal details and the assumptions which lead to the convex optimization problems

object of this work (see below).

Let P be the number of OD pairs, n the number of paths between all the

origins and all the destinations, and np the number of paths between the origin

and destination of the p-th OD pair, so that we have n = n1 + n2 + . . . + nP .

We denote by x ∈ Rn the vector of path flows.

We will denote by bracketed subscripts the subvectors, i.e. x(h), h ∈ {1, . . . , P}

will denote the variables of x whose indexes are in h. To ease the notation, no

brackets are used if h is a singleton.
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We partition the vector of variables x as follows

x =
(
x(1), . . . , x(p), . . . , x(P )

)T
,

where x(p) ∈ Rnp , p ∈ {1, . . . , P}, and we introduce two convex minimization

problems as equivalent formulations of symmetric network equilibrium prob-

lems. The two formulations lead to algorithms operating in the space of arc

flow and in the space of path flow, respectively. We remark that real network

equilibrium problems are very large scale problems, and this is the main issue

to be considered in the design of optimization algorithms.

Let m be the number of arcs of the graph. We denote with y ∈ Rm the arc

flow vector. Arc and path flows are related by y = Hx, where H ∈ Rm×n is

the arc-path incidence matrix whose generic element hij is equal to 1 if arc i

belongs to path j and is equal to 0 otherwise. The optimization problem with

arc variables takes the structure

min
x,y

F (y)

y = Hx

eTx(p) = dp ∀p ∈ {1, . . . , P}

x(p) ≥ 0 ∀p ∈ {1, . . . , P}

(1)

where F : Rm → R is separable, i.e., F (y) =
∑m
i=1 Fi(yi), and each Fi : R+ →

R+, is a convex continuously differentiable function; dp is the demand of the

p-th OD pair.

Traditional approaches for symmetric network equilibrium problems are arc-

based algorithms using formulation (1). The most used arc-based algorithm is
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the Frank-Wolfe algorithm, since it requires to store only arc flows (so it is

suitable for solving real problems) and is very simple to implement; indeed, it

is sufficient to compute the shortest paths for all the OD pairs to determine,

at any iteration, the search direction. Recently, arc flow-based algorithms have

been proposed in [4, 13]. Despite the astonishing performance both in terms of

memory usage and execution time, arc flow-based algorithms have as drawback

the lack of information about the actual paths followed by the network users.

Indeed, knowing how exactly the flow demand distributes along the network

is often of great use, and this is one of the reasons motivating the design of

path-flow algorithms for the solution of the path-based optimization problem

described below and object of the present work.

By simple substitution in (1), we can consider the following equivalent path-

based optimization problem

min
x
f(x) = F (Hx)

x ∈ F = F1 ×F2 × . . .×FP

(2)

where we denote by Fp the set

Fp =
{
x ∈ Rnp : eTx(p) = dp, x(p) ≥ 0

}
(3)

The convex problem (2) has a very simple structure, as its feasible set F is

the Cartesian product of simplices. However, problem (2) can be considered

a “virtual” formulation: indeed, in any real application it is not reasonable to

completely enumerate, a priori, all the paths, since this would be too expensive.

In order to take into account the difficulties related to the large dimension

of problem (2) we adopt a standard column generation strategy (by iteratively

adding only the variables, i.e., the paths, of the model needed to reach optimal-
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ity) and we employ a gradient projection method within an inexact decomposi-

tion framework. Similar approaches have been proposed in [15] for solving the

asymmetric traffic equilibrium problem formulated as a variational inequality,

and in [5, 9] for solving the symmetric traffic equilibrium problem formulated as

(2). In particular, in [5] an adaptation of the Rosen’s projected gradient algo-

rithm is used within a theoretically exact decomposition Gauss-Seidel scheme.

The paper is organized as follows: in Section 2, with reference to a general

problem defined on the Cartesian product of convex sets, we present an inex-

act decomposition algorithm using restricted feasible sets (belonging to lower

dimensional spaces to possibly tackle large dimensional problems), and gradi-

ent projection iterations. Under suitable assumptions on the restricted feasible

sets, we prove the global convergence of the presented algorithm. The specific

case of traffic equilibrium problem is the topic of Section 3, in which different

decomposition schemes are derived from the general framework previously de-

fined. Computational results are presented in Section 4. Conclusions and future

directions are summarized in Section 5. In Appendix A we recall known prop-

erties of Armijo line search, while in Appendix B we prove some results used in

our convergence analysis.

2 Inexact decomposition algorithm using restricted

feasible sets

Let us consider the problem

min
x∈Rn

f(x)

x ∈ F = F1 ×F2 × . . .×FL

(4)
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where f : Rn → R is a convex continuously differentiable function, Fh ⊆ Rnh ,

h = 1, . . . , L, are compact convex sets, and n1 + . . . + nh + . . . + nL = n.

Taking into account the structure of the feasible set F , we partition the vector

of variables x as follows

x =
(
x(1), . . . , x(h), . . . , x(L)

)T
,

where x(h) ∈ Rnh , h = 1, . . . , L.

Given a point y ∈ F , for h ∈ {1, . . . , L}, we denote with by Fh(y) a closed

convex set depending on the point y and such that Fh(y) ⊆ Fh. Formally, we

state the following assumption on the sets Fh(·) for h ∈ {1, . . . , L}.

Assumption 1.

(i) The set ∪x∈F {Fh(x)} has finite cardinality.

(ii) Let K ⊆ {0, 1, . . . , } be an infinite subsequence such that xk ∈ F for all

k ∈ K, and assume that xk → x̄ for k ∈ K and k →∞. If for k ∈ K and

k sufficiently large we have that

x̄(h) ∈ arg min
x(h)∈Fh(xk)

f(x̄(1), . . . x(h), . . . , x̄(L)),

then it holds

x̄(h) ∈ arg min
x(h)∈Fh

f(x̄(1), . . . x(h), . . . , x̄(L)).

We observe that (i) of Assumption 1 is a technical condition needed to

manage projection operations for infinite subsequences. Condition (ii) requires

that the restricted sets Fh(xk) capture, in the limit, the geometry of the set Fh

in terms of optimality conditions. Just to have an idea how to satisfy condition

(ii), we can consider the case (central in the present work) of Fh defined as a
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simplex, that is

Fh =
{
x ∈ Rnh : eTx(h) = dh, x(h) ≥ 0

}
.

Given a feasible point xk, the restricted set Fh(xk) can be defined by considering

as variables only the components xk(h),i > 0 and that component xk(h),i? = 0 that

mostly violates the optimality conditions, that is,

{
∂f(xk)

x(h),i?

}
≤
{
∂f(xk)

x(h),j

}
j = 1, . . . , nh.

We will show later (see Appendix B) that the above definition of the restricted

set Fh(xk) allows us to satisfy Assumption 1.

Now we describe the inexact decomposition algorithm based on the gradient

projection and on the well-known Armijo-type line search (whose details are

reported in Appendix A), together with a theoretical result employed in our

convergence analysis.

In order to ensure the global convergence of Algorithm IDA we need to in-

troduce the following assumption, which requires that each index l ∈ {1, . . . , L}

(corresponding to the block component x(l)) is periodically considered at Step

1 within a prefixed maximum number of iterations.

Assumption 2. There exists an integer M > 0 such that, for all k ≥ 0 and for

all l ∈ {1, . . . , L}, we can find an index l(k), with 0 ≤ l(k) ≤ M , such that at

Step 1 we have hk+l(k) = l.

Note that setting, for instance, hk = (k mod L) + 1, Algorithm IDA reduces

to an inexact Gauss-Seidel algorithm (on restricted feasible component subsets)

where a single iteration of the projection gradient method is performed for every

block-component. The literature on the convergence of exact decomposition

algorithms is wide (see, eg., [2], [7], [10], [11]). A recent study on inexact Gauss-
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Algorithm 1: Inexact Decomposition Algorithm (IDA)

Input: x0 ∈ F
1 k ← 0;

2 choose hk ∈ {1, . . . , L};
3 define Fhk(xk);

4 set

dk(i) =

{
0(i) if i 6= hk

x̂k(i) − x
k
(i) if i = hk

where x̂k(hk) = PF
hk (xk)[x

k
(h) −∇(h)f(xk)];

5 set

xk+1 = xk + αkdk,

where αk is computed by means of the Armijo line search;

6 k ← k + 1;

7 go to 2;

Seidel algorithms based on gradient projection mappings has been performed

in [3]. We remark that the convergence analysis of Algorithm IDA can not be

derived from results stated in preceding works, since Algorithm IDA involves

restricted feasible subsets Fh(xk) instead of the prefixed subsets Fh.

We are ready to state the following convergence result.

Proposition 1. Let {xk} be the sequence generated by the Algorithm IDA.

Suppose that for all k the sets Fhk(xk) defined at Step 1 satisfy Assumption 1,

and that the sequence {hk} is such that Assumption 2 holds. Then {xk} admits

limit points and each limit point is a solution of problem (2).

Proof. The points of the sequence {xk} belong to the feasible compact set, so

{xk} admits limit points.

Let x? be a limit point of {xk}, i.e., there exists an infinite subset K ⊆ N

such that

lim
k∈K,k→∞

xk = x?. (5)
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The instructions of the algorithm imply

f(xk+1) ≤ f(xk),

so that, as f is bounded below, we can write

lim
k→∞

f(xk+1)− f(xk) = 0. (6)

From the properties of the projection mapping we get

∇f(xk)T dk = ∇(hk)f(xk)T dk(hk) ≤ −‖x̂
k
(hk) − x

k
(hk)‖

2 = −‖x̂k+1 − xk‖2, (7)

being

x̂k(hk) = PF
hk (xk)[x

k
(hk) −∇(hk)f(xk)]. (8)

Furthermore, for all k ∈ K we have

f(xk+1) ≤ f(xk) + γαk∇f(xk)T dk,

where αk is determined by means of the Armijo line search along the search

direction dk. Note that, due to the convexity of Fhk(xk), the maximum feasible

step length βk along dk is greater than or equal to 1. Furthermore, as the closed

convex set Fhk(xk) belongs, by assumption, to the compact set F , we have that

the search direction dk is bounded.

Using (6) and assertion (ii) of Proposition 8 we obtain

lim
k→∞

∇f(xk)T dk = 0. (9)
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From (9) and (7) it follows

lim
k→∞

‖xk+1 − xk‖ = lim
k→∞

‖x̂k(hk) − x
k
(hk)‖ = lim

k→∞
‖dk‖ = 0. (10)

From (i) of Assumption 1 it follows that, for every j ∈ {1, . . . , L}, we can find

an infinite subset K1 ⊆ K and an F?j such that

Fj(xk) = F?j ∀k ∈ K1.

Recalling Assumption 2 we have that hk+j(k) = j, with 0 ≤ j(k) ≤ M , and

hence, using (10) we can write

lim
k∈K1,k→∞

xk+j(k) = x?. (11)

From (8), (10) and (11), recalling the continuity of the projection mapping, we

obtain

x?(j) = PF?
j
[x?(j) −∇(j)f(x?)], (12)

which implies that

x?(j) ∈ arg min
x(j)∈F?

j

f(x?(1), . . . , x(j), . . . , x
?
(L)). (13)

Taking into account (13) and recalling (ii) of Assumption 1 we have

x?(j) ∈ arg min
x(j)∈Fj

f(x?(1), . . . , x(j), . . . , x
?
(L))

This equation holds for every j ∈ {1, . . . , L}, and hence the proposition is

proved.
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3 Decomposition algorithms for NEP

In this section we present two decomposition schemes for the special case of the

network equilibrium problem defined by (2) and (3), as well as the case with no

decomposition at all. We recall that

- given x ∈ F , x(h),i is the flow of the i-th path between the h-th OD pair;

- f : Rn → R is a convex continuously differentiable function;

- the partial derivative

∂f(x)

∂x(h),i

is the cost of the i-th path.

We exploit the special structure of the feasible set to derive two algorithms

from the general framework depicted in Algorithm 1. To this aim we need to

specify:

(a) the rule for constructing the restricted feasible set Fh(x);

(b) the rule for selecting the block variables x(hk) to be updated at each iter-

ation k.

3.1 OD-pairs based decomposition algorithm

Problem (2) has the same form of problem (4), being L = P the number of

convex compact subsets Fh whose Cartesian product defines the feasible set F .

Formulation (2) naturally leads to an OD-pair based decomposition scheme.

Concerning point (a), since each subproblem has a huge number of variables

(i.e., there exists a huge number of paths between each OD pair), the aim is to

avoid of enumerating them a priori. Thus, the basic idea is to consider, for each
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subproblem, only the variables whose current value is strictly positive (corre-

sponding to paths carrying non-zero flows), and the variable that corresponds to

the cheaper path to the destination. In this way we consider restricted feasible

sets belonging to lower dimensional subspaces.

Formally, given x̄ ∈ F , we set

I+
h (x̄) = {i ∈ {1, . . . , nh} : x̄(h),i > 0}

and

πh(x̄) ∈ arg min
j=1,...,nh

{
∂f(x̄)

x(h),j

}
.

Then we define the index set identifying the variables to be updated

Ih(x̄) = I+
h (x̄) ∪ πh(x̄).

For each h ∈ {1, . . . , P} we introduce the restricted feasible set Fh(x̄) defined

as follows

Fh(x̄) = {x(h) ∈ Rnh : x(h) ∈ Fh, x(h),i = 0 ∀i /∈ Ih(x̄)}. (14)

Assumption 1 holds for the restricted feasible set defined by (14), as stated

in the next proposition whose proof is reported in Appendix B.

Proposition 2. For any point x ∈ F and for h = 1, . . . , P let Fh(x) be the

restricted feasible set defined as in (14). Then Assumption 1 holds.

Note that the definition of the set Fh(x̄) requires to determine the index πh(x̄),

and this can be done by computing the shortest path between the considered

origin and destination.

As regards point (b), we keep hk constant for a fixed number of iterations

niter ≥ 1, that is, each block of variables x(h) is sequentially selected and niter
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iterations of the gradient projection method are performed for its updating.

The formal description of the algorithm, which is a specific realization of

Algorithm IDA, named IDA-OD, is reported in Algorithm 2.

Algorithm 2: Inexact Decomposition Algorithm for Origin-
Destination pairs (IDA-OD)

Input: x0 ∈ F , niter ≥ 1.
1 k ← 0, l← 1, count← 0;

2 hk ← l ;

3 define Fhk(xk) as in (14) replacing x̄ with xk;
4 set

dk(i) =

{
0(i) if i 6= hk

x̂k(i) − x
k
(i) if i = hk

where x̂k(hk) = PF
hk (xk)[x

k
(h) −∇(h)f(xk)];

5 set

xk+1 = xk + αkdk,

where the stepsize αk is computed by means of the Armijo line search;

6 if count < niter then
7 count← count+ 1
8 else
9 count← 0, l← (l mod P ) + 1

10 end

11 k ← k + 1;
12 go to 2;

The global convergence of the algorithm follows from Proposition 1 and is

stated in the following proposition.

Proposition 3. Let {xk} be the sequence generated by the Algorithm IDA-OD.

Then {xk} admits limit points and each limit point is a solution of problem (2).

Proof. The rule for defining the restricted feasible set Fhk(xk) at Step 1 is such

that Assumption 1 holds (see Proposition 2).

The sequence {hk} is generated in such a way that Assumption 2 is satisfied

with M = L · niter.
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Then the thesis follows from Proposition 1.

3.2 Origin based decomposition algorithm

The network equilibrium problem formulated in (2) can be rewritten in an equiv-

alent form in order to define another decomposition scheme.

More specifically, denoting by O the set of the origins, with |O| = R, and

denoting with D(h), for each h ∈ O, the set of destinations associated to the

origin h, we can equivalently write the problem as follows

minx f(x)

x ∈ F = Ω1 × Ω2 × . . .ΩR

(15)

where

Ωh =
∏

l∈D(h)

Fl.

Formulation (15) induces an Origin-based decomposition scheme.

Again, concerning point (a), following the strategy previously described for

the OD-pair based decomposition algorithm, given x̄ ∈ F , for each h ∈ O we

introduce the restricted feasible set Ωh(x̄) defined as follows

Ωh(x̄) =
∏

l∈D(h)

Fl(x̄), (16)

where the restricted feasible subset Fl(x̄) is defined in (14). We can prove that

the restricted feasible set so defined is such that Assumption 1 holds as stated

in the next proposition whose proof is reported in Appendix B.

Proposition 4. For any point x ∈ F and for h = 1, . . . , R let Ωh(x) be the
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restricted feasible set defined as in (16). Then Assumption 1 holds.

Note that the definition of the set Ωh(x̄) requires to determine the indexes πl(x̄),

for l ∈ D(h) and this can be done by computing the shortest paths tree between

the considered origin and all its destinations.

The rule for selecting the block variables x(hk) to be updated at each iteration

k is the same adopted for Algorithm IDA-OD.

We do not yield the formal description the algorithm, called IDA-O, since it

can be immediately derived from the previously described Algorithm IDA-OD

by replacing the restricted feasible set Fhk(xk) with Ωhk(xk).

The global convergence of the algorithm follows from Proposition 1 and is

stated in the following proposition.

Proposition 5. Let {xk} be the sequence generated by the Algorithm IDA-O.

Then {xk} admits limit points and each limit point is a solution of problem (15).

Proof. The rule for defining the restricted feasible set Ωhk(xk) at Step 1 is such

that Assumption 1 holds (see Proposition 4).

The sequence {hk} is generated in such a way that Assumption 2 is satisfied

with M = R ∗ niter.

Then the thesis follows from Proposition 1.

3.3 Column-generation based Projected Gradient

The network equilibrium problem formulated in (2) can be in also tackled with-

out using a decomposition scheme at all. Indeed, the projected gradient frame-

work based on the column-generation approach directly applies when no de-

composition is used, i.e. a special case in which we select all OD pairs at each

iteration.
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For what concern point (a), following the strategy previously described for

the OD-pair based decomposition algorithm, given x̄ ∈ F , the restricted feasible

set Γ(x̄) is defined as follows

Γ(x̄) =
∏
p∈P
Fp(x̄), (17)

where the restricted feasible subset Fp(x̄) is defined in (14). Again, we can prove

that Γ(x̄) is such that Assumption 1 holds as stated in the next proposition

whose proof is reported in Appendix B.

Proposition 6. For any point x ∈ F let Γ(x) be the restricted feasible set

defined as in (17). Then Assumption 1 holds.

Note that the definition of the set Γ(x̄) requires to determine the indexes πp(x̄),

for p ∈ P and this can be done by computing the shortest paths tree between

all origins to all their destinations.

The resulting algorithm, denoted as PG, can be obtained from Algorithm

IDA-OD by replacing the restricted feasible set Fhk(xk) with Γ(xk).

The global convergence of the algorithm follows from Proposition 1 and is

stated in the following proposition.

Proposition 7. Let {xk} be the sequence generated by the Algorithm PG. Then

{xk} admits limit points and each limit point is a solution of problem (15).

Proof. The rule for defining the restricted feasible set Γ(xk) at Step 1 is such

that Assumption 1 holds (see Proposition 4). Assumption 2 trivially holds, since

we select all OD pairs at each iteration.

Then the thesis follows from Proposition 1.
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4 Numerical experiments

In this section we show the results of the computational experiments performed

by the proposed inexact decomposition algorithms based on a column generation

strategy. The aims of the experimentation were mainly the following:

(a) to verify the applicability of the column generation-based strategy (char-

acterizing the new methods) for solving real large dimensional problems;

(b) to compare the new methods with the baseline algorithm for network

equilibrium problem, that is, the Frank-Wolfe method;

(c) to evaluate the possible advantages of the inexact decomposition algo-

rithms compared with (approximately) exact decomposition methods and

with methods not using a decomposition strategy.

Concerning point (a), we remark that both Algorithm IDA-OD and Algo-

rithm IDA-O require to store path variables that are positive. As shown in

Table 7, the number of paths stored at each iteration is very small, and this

confirms that the adopted column generation strategy is a viable technique for

tackling large dimensional problems.

4.1 Test problems

We performed numerical experiments using the freely available data sets from

the repository of Hillel Bar-Gera1 and listed in Table 1. The arc cost is ex-

pressed by the BPR function (see for instance [8, 14]) defined, for each link

i ∈ {1, . . . ,m}, as

si(yi) = φi + φiβi

(
yi
ci

)αi

, (18)

1http://www.bgu.ac.il/~bargera/tntp/
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where Ci, βi, αi, φi are arc dependent parameters, that characterize the traffic

network, and

yi =

n∑
j=1

hijxj

is the arc flow being hij elements of the arc-path incidence matrix. Then,

according to the adopted notation, we have

Fi(yi) =

∫ yi

0

[
φi + φiβi

(
z

ci

)αi
]
dz.

name #nodes #links #zones # OD-pair
Barcelona 1020 2522 110 7922
Winnipeg 1067 2975 154 4344
Berlin Central 12981 28376 865 49688
Chicago Sketch 933 2950 387 93135

Table 1: Data set information.

Performance evaluation

For all tests we report the so-called relative gap (see for instance [1] for more

details), a widely used quality function defined as

rgap(x) = 1−

P∑
p=1

πp(x)dp

m∑
i=1

si(yi)yi

= 1−

P∑
p=1

πp(x)dp

m∑
i=1

si(

n∑
j=1

hijxj)

n∑
j=1

hijxj

(19)

We recall that πp is the shortest path cost for the p-th OD pair. The denominator

represents the sum, for each arc, of the arc cost weighted by the flow that moves

through that arc. It is easy to see that, by the Wardrop equilibrium conditions,

rgap(x
k) converges to zero if and only if xk converges to a solution of the network

equilibrium problem.
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Implementation details: initial solution, projection over a

simplex and scaling

An initial feasible solution, needed to initialize all the implemented algorithms,

has been obtained by computing the shortest path tree from each origin (follow-

ing the origin id order) to all destinations and loading on each OD pair shortest

path the entire demand. We have adopted the strategy once-at-a-time proposed

in [15]. More in particular, the origins are sequentially considered, once that

a single origin has been processed, the flow vector and the corresponding path

cost vector are reevaluated. In this way, when computing the shortest paths

tree for a given origin (with the exception of the first processed origin), we are

not considering the graph with an empty flow, so that a better starting point

can be obtained at no additional cost. Formally, the vector x is initialized using

Algorithm 3, where O is the set of origins.

Algorithm 3: Finds a feasible flow x on the graph G for a given demand
d.
Data: A flow-dependent graph G, a set of P OD pairs with

corresponding demand vector d.
1 set x = 0;
2 foreach i ∈ O do
3 let ti be the shortest path tree from i on G;
4 foreach p ∈ P with origin i do
5 let hw ∈ ti be the shortest path between the pair p;
6 let dw the demand of the pair p;
7 set xhp

= dp;

8 end
9 update arc costs with the current path flow x;

10 end

The projected gradient methods require to project a point over a simplex. Such

operation is performed by a very simple algorithm (see [12] for the details),

which finds the projection of a point in at most n iterations.

We have also implemented a scaled version of IDA-O algorithm (named
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IDA-SO, see later). We recall that in IDA-O algorithm each block component

refers to several OD pairs having the same origin. Then, in order to take into

account that different OD pairs may have different scales and may generate

very different steps, we have scaled the search direction by premultiplying it

for a diagonal matrix having on the diagonal, for each OD pair, the maximum

steplength (greater than or equal to one) preserving the non-negativity of the

corresponding used variables. This should promote a significant updating for all

blocks of variables related to different OD pairs. By imposing suitable bounds

on the elements of the scaling matrix convergence properties of the algorithm

are obviously guaranteed.

4.2 Results

In this section we show the results obtained on the four test problems by the

algorithms listed in Table 2. The first three are the gradient projection decom-

position algorithms presented in Section 3.1 (the third one is the scaled version),

the fourth one is the gradient projection method without decomposition as in-

troduced in Section 3.1. All these algorithms are path-based methods for the

solution of formulation (2). The fifth tested algorithm is the Frank-Wolfe algo-

rithm, which is applied to the arc-based formulation (1), and being the most

used method, can be considered the baseline algorithm for comparison.

For what concerns the number niter of projected-gradient iterations for IDA-

like algorithms, no significant differences have been observed when performing

more than one iteration (say niter = 5, 10, 20). Thus, we only present results in

the case of niter = 1.

In order to assess the usefulness of the inexact decomposition strategy char-

acterizing IDA-like algorithms, we have also implemented two corresponding

(approximately) exact versions of the same algorithms. More in particular, the
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two versions have been realized by setting algorithms IDA-OD and IDA-O niter

sufficiently high (say niter = 100), and by introducing an inner stopping crite-

rion for the solution of each subproblem (‖dk‖∞ ≤ 10−8). These two versions

have been named EDA-OD and EDA-O respectively.

algorithm name
Inexact Decomposition Algorithm-OD IDA-OD
Inexact Decomposition Algorithm-O IDA-O
Inexact Decomposition Algorithm-O with Scaling IDA-SO
Projected Gradient PG
Frank-Wolfe FW
Exact Decomposition Algorithm-OD EDA-OD
Exact Decomposition Algorithm-O EDA-O

Table 2: Algorithms tested.

All tests have been performed on a Intel Core i7 2.93GHz standard desktop

machine with 3GByte of RAM. The algorithms have been coded in C++ using

the Boost Graph Library2 implementation of the Dijkstra algorithm for the

shortest path computation, as well as the graph representation.

For each test problem and for each algorithm we report in Tables 3-6 the

CPU time required for satisfy the stopping criterion, i.e., for attaining a value

of the relative gap (see (19)) less than or equal to the tolerance ε, which has

been fixed to different values. The symbol ∗ indicates that the algorithm was

not able to satisfy the stopping criterion within 5 · 103 seconds for Winnipeg,

104 seconds for Barcelona and 2 · 104 seconds for Berlin Central and Chicago

Sketch.

From the results reported in Tables 3-6, we can first of all observe that the

proposed approach outperforms the standard Frank-Wolfe algorithm both in

speed and accuracy in most of the proposed variants. In particular, it can be

seen that, despite its ability to quickly reach low accuracy solutions, Frank-Wolfe

can not usually make any significant progress towards high quality ones.

2http://www.boost.org/doc/libs/1_46_1/libs/graph/doc/index.html
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algorithm ε = 10−4 ε = 10−5 ε = 10−6 ε = 10−7

IDA-OD 11.23 21.43 37.33 109.20
IDA-O 26.93 37.52 60.19 108.96
IDA-SO 1.81 3.46 16.19 40.10
PG 245.45 732.25 818.66 1004.70
EDA-OD 291.81 674.12 805.12 1375.88
EDA-O 107.05 243.54 291.94 411.98
FW 4.09 27.75 * *

Table 3: Barcelona road network: CPU time (seconds) required to attain
rgap(x

k) ≤ ε.

algorithm ε = 10−4 ε = 10−5 ε = 10−6 ε = 10−7

IDA-OD 10.13 23.09 71.60 94.35
IDA-O 14.46 25.74 47.77 88.38
IDA-SO 3.22 18.79 57.11 106.23
PG 64.51 126.09 293.06 469.27
EDA-OD 292.80 755.86 3157.87 4245.42
EDA-O 154.03 478.03 1596.67 2140.79
FW 21.67 147.16 * *

Table 4: Winnipeg road network: CPU time (seconds) required to attain
rgap(x

k) ≤ ε.

For what concerns the different proposed algorithms that have been tested,

we observe that any inexact decomposition-based algorithm outperforms the PG

algorithm. Moreover, exact versions are far less efficient than the inexact ones:

as conjectured, the effort to exactly optimize a subproblem is not balanced by

a substantial improve in the overall convergence speed.

Comparing origin-based and OD-based is tricky: the former is much faster

in achieving the same accuracy especially when the network dimension grows.

For Barcelona and Winnipeg IDA-O outperforms IDA-OD only when very high

accuracy is required; for Berlin Central IDA-OD is better for low and high

accuracy, while for the Chicago Sketch network the difference is of one order of

magnitude for IDA-OD.

The differences in performance between IDA-O and IDA-OD are mainly due

to two factors: the usage of the Dijkstra algorithm to find either single shortest
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algorithm ε = 10−4 ε = 10−5 ε = 10−6 ε = 10−7

IDA-OD 73.17 167.33 426.13 657.70
IDA-O 39.48 106.27 249.10 809.90
IDA-SO 32.78 106.57 175.14 259.80
PG 154.60 2029.64 10082.73 *
EDA-OD 687.38 1979.10 6809.64 13199.06
EDA-O 397.08 1014.59 2828.35 4444.50
FW 114.96 1360.90 * *

Table 5: Berlin Central road network: CPU time (seconds) required to attain
rgap(x

k) ≤ ε.

algorithm ε = 10−4 ε = 10−5 ε = 10−6 ε = 10−7

IDA-OD 108.07 183.40 261.88 548.67
IDA-O 1095.46 5023.69 8741.1 15640.47
IDA-SO 25.90 384.12 611.04 668.17
PG 9283.45 * * *
EDA-OD 2557.88 4142.85 6811.27 14175.96
EDA-O 1076.44 3343.16 8969.27 16363.40
FW 34.72 258.70 * *

Table 6: Chicago Sketch road network: CPU time (seconds) required to attain
rgap(x

k) ≤ ε.

paths or shortest path trees; the effectiveness of the search directions generated

by the projected gradient inner step of the decomposition scheme. For what

concern the former, IDA-O can compute shortest path trees from each origin,

with a great saving of time. This advantage can be easily verified looking at the

time per iteration (i.e. the time to process all OD pairs) which is much lower

for IDA-O. On the other hand, search directions generated by IDA-OD seem to

be more effective, allowing a greater reduction of the objective function at each

iteration.

The previous observations are confirmed by the substantial improvement

achieved by the IDA-SO algorithm. The introduction of the scaling matrix

seems to substantially improve the practical properties of the scaled descent

direction. We observe that in many cases (with different levels of accuracy

required) IDA-SO algorithm outperforms all the other tested algorithms. Then,
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network PG IDA-O IDA-OD
Barcelona 1.68 1.47 1.49
Winnipeg 1.68 2.08 2.00

Chicago Sketch 2.57 1.38 1.41
Berlin Central 1.13 1.18 1.11

Table 7: Average number of active paths for each OD pair at the best solution
found by each algorithm.

on the basis of the experimentation performed on the four test problems, IDA-

SO algorithm seems to be the preferable algorithm among those presented in

this work.

It is also worth to be noticed that there is room for improvements tuning the

gradient projection: the gradient can be scaled by any factor λ > 0 (which has

been set to one in our work) without loosing he convergence properties or any

significant computational burden. Scaling the gradient affects the search direc-

tion: extensive tests not here reported have shown that tuning λ can improve

the algorithms performance.

Being a critical issues for path-based algorithms, we report in Table 7 the

average number of active paths for each OD pair recorded at the best solution

found by the algorithms IDA-O, IDA-OD and PG.

Values reported in Table 7 clearly show that high quality solutions are char-

acterized by a number of active paths of the same magnitude of the number

of OD pairs. Unless the latter became huge, the proposed algorithm is then a

viable strategy also in terms of memory consumption.

5 Conclusion

The symmetric network equilibrium problem has been considered in this work.

This problem can be cast as a convex optimization problem with a nice structure

of the feasible set, i.e. the Cartesian product of simplices.
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A column generation strategy has been adopted to overcome the difficulty

due to the huge number of variables, so that only active paths are used and

stored. This strategy has been combined with a projected gradient method and

embedded within an inexact decomposition scheme. The proposed algorithm

is then a general framework, named IDA, for which convergence results (under

reasonable assumptions) have been given.

From the IDA framework we have derived several specific implementations

for the symmetric network equilibrium problem: an OD pairs decomposition, an

origin based decomposition and a version with no decomposition at all. For all of

them, convergence results have been easily provided exploiting the convergence

analysis related to the general decomposition algorithm model.

Computational experiments on standard data sets have shown that the pro-

posed schemes outperform the standard approach based on the well-known

Frank-Wolfe algorithm. Results confirm that decomposition is beneficial in any

version and that the inexact versions are more efficient than the exact ones.

Memory consumption, one of the main concerns about the usage of the

projected gradient algorithms in this context, turns out to be manageable.

A Recalls on Armijo line search

In this section, for sake of completeness and to ease the reader, we recall some

known results about Armijo-type line search algorithm.

Let dk ∈ Rn be a feasible direction at xk ∈ F . We denote by βk the

maximum feasible step length along dk.

Assumption 3. Assume that {dk} is a sequence of feasible search directions

such that

(a) for all k we have ‖dk‖ ≤M for a given number M > 0;
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(b) for all k we have ∇f(xk)T dk < 0.

An Armijo-type line search algorithm is described below.

Armijo-type line search ALS(xk, dk, βk)

Data: Given λ > 0, δ ∈ (0, 1), γ ∈ (0, 1/2) and the initial stepsize

λk = min{βk, λ}.

Step 1. Set α = λk, j = 0.

Step 2. If

f(xk + αdk) ≤ f(xk) + γα∇f(xk)T dk (20)

then set αk = α and stop.

Step 3. Set α = δα, j = j + 1 and go to Step 2.

The properties of Algorithm ALS are reported in the next proposition (see, e.g.,

[2]).

Proposition 8. Let {xk} be a sequence of points belonging to the feasible set F ,

and let {dk} be a sequence of search directions satisfying Assumption 3. Then:

(i) Algorithm ALS determines, in a finite number of iterations, a scalar αk

such that condition (20) holds, i.e.,

f(xk + αkdk) ≤ f(xk) + γαk∇f(xk)T dk; (21)

(ii) if {xk} converges to x̄ and

lim
k→∞

(
f(xk)− f(xk + αkdk)

)
= 0, (22)
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then we have

lim
k→∞

βk∇f(xk)T dk = 0, (23)

where βk is the maximum feasible step length along dk.

B Proofs of Propositions 2, 4 and 6

We prove the results stated in propositions 2, 4 and 6 used in the convergence

analysis of Algorithm IDA-OD and Algorithm IDA-O of Section 3.1.

Proof of Proposition 2

Proof. (i) Let x ∈ F and h ∈ {1, . . . , P}. Note that Fh(x) only depends from

Ih(x), and Ih(x) ⊆ {1, . . . , nh}, with Ih(x) 6= ∅. Then we have

|∪x∈F {Fh(x)}| = 2nh − 1

(ii) If

x̄(h) ∈ arg min
x(h)∈Fh(xk)

f(x̄(1), . . . x(h), . . . , x̄(P )),

then, using the optimality conditions, for any i ∈ {1, . . . , nh} such that x̄(h),i > 0

we can write

∂f(x̄)

∂x(h),i
≤ ∂f(x̄)

∂x(h),j
∀j ∈ Ih(xk). (24)

By relabelling, if necessary, the infinite subset K, we have πh(xk) = i? for all

k ∈ K, and by definition of πh(xk), we have

∂f(xk)

∂x(h),i?
≤ ∂f(xk)

∂x(h),j
∀j ∈ {1, . . . , nh}. (25)
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From condition (24), as i? ∈ Ih(xk), it follows

∂f(x̄)

∂x(h),i?
≥ ∂f(x̄)

∂x(h),i
=

∂f(x̄)

∂x(h),j
∀i, j ∈ {1, . . . , nh} s.t. xk(h),i, x

k
(h),j > 0 (26)

Now by contradiction assume that

x̄(h) /∈ arg min
x(h)∈Fh

f(x̄(1), . . . x(h), . . . , x̄(P )). (27)

Then, there exists a pair (̂i, ĵ) of indexes in {1, . . . , nh} such that x(h),ĵ > 0 and

∂f(x̄)

∂x(h),̂i

<
∂f(x̄)

∂x(h),ĵ

. (28)

Note that x̄(h),i > 0 implies xk(h),i > 0 for k ∈ K and k sufficiently large. Hence,

from (28) and (26), we get that x̄(h),̂i = 0 and

∂f(x̄)

∂x(h),̂i

<
∂f(x̄)

∂x(h),j
∀j ∈ {1, . . . , nh} s.t. x̄(h),j > 0. (29)

Taking the limits in (25) for k ∈ K e k →∞, and recalling (29) we obtain

∂f(x̄)

∂x(h),i?
≤ ∂f(x̄)

∂x(h),̂i

<
∂f(x̄)

∂x(h),j
∀j ∈ {1, . . . , nh} s.t. x̄(h),j > 0,

which contradicts (26).

Proof of Proposition 4

Proof. (i) Similarly to Proposition 2, the set Ωh(x) only depends on Ip(x), with

p ∈ D(h). Every Ip(x) is a non-empty subset of {1, . . . , np}. Then

|∪x∈F {Ωh(x)}| =
∏

p∈D(h)

(2np − 1)
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(ii) By point (ii) of Proposition 2, for every p ∈ D(h), it holds

x̄(p) ∈ arg min
x(p)∈Fp

f(x̄(1), . . . x(p), . . . , x̄(P ))

Then, since the set Ωh is separable, it also holds

x̄(h) ∈ arg min
x(h)∈Ωh

f(x̄(1), . . . x(h), . . . , x̄(R))

Proof of Proposition 6

Proof. (i) Trivially, in this case

|∪x∈FΓ(x)| = 2n − 1

(ii) Again by point (ii) of Proposition 2, for every p ∈ D(h), it holds

x̄(p) ∈ arg min
x(p)∈Fp

f(x̄(1), . . . x(p), . . . , x̄(P ))

Then, since the set Γ is separable, it also holds

x̄(h) ∈ arg min
x(h)∈Γ

f(x̄(1), . . . x(h), . . . , x̄(R))
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