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Universidad Politécnica de Madrid
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Abstract

The routing of the rolling stock depends strongly on the rolling stock assignment to different opera-

tions and the shunting schedule. Therefore, the integration of these decision making is justified and is

appropriate to introduce robustness in the model. We propose a new approach to obtain better circula-

tions of the rolling stock material, solving the rolling stock assignment accounting for the train routing

phase. Once the rolling stock is known, the routing problem is relatively easy to solve. Then, we solve the

integrated model using Benders decomposition, where the main decision is the rolling stock assignment

and the train routing is in the second level. However, for computational reasons we propose a heuristic

based on Benders decomposition in order to improve sequentially obtained solutions. Computational

experiments show how the current solution operated by RENFE (the main Spanish operator of suburban

trains of passengers) can be improved: more robust and efficient solutions are obtained.

Keywords: Integration, Robustness, Rolling Stock Circulation

1 Introduction

The overall railway planning problem may be summarized by the following steps: the railway network design

problem, the line planning problem, the timetabling problem, the rolling stock assignment, the train routing

problem, and the crew scheduling problem. The logistics of the railway industry focuses on the last four

planning phases.
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The general aim of the railway timetabling problem is to provide a timetable for a number of trains

on a certain part of the railway network based on the previous obtained frequencies. One may distinguish

between cyclic and noncyclic timetables. The noncyclic timetable is especially relevant on rapid transit

networks, where the capacity of the infrastructure is limited.

Given a train fleet and finding the optimal Rolling Stock (RS) assignment to satisfy both the timetable

and the demand in a dense rapid transit network is known as the rapid transit RS problem. In a daily

planning period, the data and the decisions must be considered in the context of a space-time network. The

RS model also makes decisions about the aggregation and disaggregation of the different RS in the depot

stations, that is, shunting operations are also studied.

The train routing (TR) problem is the process of determining the best sequence for each material in

the train network once the RS assignment for each operation is known. The goal is to obtain sequences

that minimize some cost to achieve a robust solution. Train routing planning must allow for each material

to undergo different types of maintenance checks and robustness requirements. However, in our case light

maintenance is done during valley hours, and material that requires maintenance is assigned to sequences with

maintenance opportunities during valley hours, i.e., materials are swapped at the beginning of the planning

period. We suppose that the fleet size is large enough to remove any material requiring heavy maintenance

from the network. Finally, the crew must be efficiently assigned to perform each obtained train sequence.

This paper presents a mathematical model for improving the Robust Circulation of the Rolling Stock

(RCRS) in rapid transit networks. The word circulation refers to both the RS assignment and the TR

problem. Underground and suburban train problems are known as high-density network problems, in which

the distances between the nodes are relatively short and the frequencies are high. The RCRS model (RCRSM)

will consider the optimization of train services’ RS assignment, empty trains, the optimal management of

trains in depot stations and sequences for every RS, all while considering the character and capacities of

these type of networks.

Robustness aspects may be introduced with different criteria. One could be from the RS assignment

point of view. In this case difficult shunting operations may be avoided, delays may be taken into account

for passenger capacity purposes, etc. Another possibility is to deal with delays regarding train connections.

Train connections must be carefully designed in order to avoid the propagation of delays. Moreover, some

train connections need more human resources for being performed. If excessive extra human resources are

needed for train connections they will not be available in case of disruption to drive any other train.
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1.1 Contributions

In the proposed approach the RS assignment and TR problems are jointly studied. In previous developed

research, these two phases are usually treated as independent problems, that is, one of them is well known

before solving the other one. However, this sequential solving approach may lead to inefficient solutions, even

infeasible solutions.

The proposed model is based on the developed work by [Cadarso and Maŕın (2011)]. They introduced a

RS assignment model. However, the assignment was made without accounting for material sequences. Thus,

train connections could not be as good as they should. The issue is to obtain good train connections in the

schedule to minimize propagated delays. However, as the schedule for train services is already fixed it cannot

be changed. Nevertheless, the shunting schedule is to be designed. With this new approach the schedule is

designed accounting for delays and needed human resources for performing train connections in the network.

Therefore, a new integrated model is proposed in order to obtain solutions that improve the sequentially

obtained ones.

In order to solve the huge proposed RCRSM a heuristic has been defined. This heuristic is based on the

Benders Decomposition. In this way, sequentially proposed rolling stock circulations can be improved in a

reasonable computational time.

This paper is organized as follows. A literature overview is given in section 2. We describe the RS

problem for rapid transit networks in section 3. In section 4, the TR is introduced. In sections 5 and 6,

the mathematical formulation and the solution approach are presented, respectively. Section 7 contains the

computational results based on realistic cases provided by RENFE. Finally, we present our conclusions in

Section 8.

2 State of the Art

An integer programming model was considered by [Alfieri et al. (2006)] to determine the RS circulation for

multiple RS types on a single line and on a single day. They used the concept of a transition graph to deal with

this aspect. This concept is based on the assumption that for each trip, the next trip is known a priori. The

objective was to minimize the number of units or the carriage-kilometers such that the given passenger demand

is satisfied. The approach was tested on real-life examples from NS, the main operator of passenger trains

in the Netherlands. The model described by [Alfieri et al. (2006)] was extended by [Fioole et al. (2006)],

to include combining and splitting trains, as happens at several locations in the Dutch timetable. They
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used an extended set of variables to locally obtain an improved description of the convex hull of the integer

solutions. Robustness was considered by counting the number of composition changes. [Maróti (2006)]

focused on planning problems that arise at NS. He identified tactical, operational and short-term rolling

stock planning problems and developed operations research models for describing them. A locomotive and

carriage assignment problem was presented by [Cordeau et al. (2000)]. The authors formulated the problem

as a large integer program and used Benders decomposition to solve it. [Peeters and Kroon (2008)] described a

model and a branch-and-price algorithm to determine a railway rolling stock circulation on a set of train lines.

Given the timetable and the passengers’ seat demand, the model determined an allocation of rolling stock to

the daily trips. They evaluated the solution on three criteria: the service to the passengers, the robustness,

and the cost of the circulation. [Cadarso and Maŕın (2011)] proposed a mixed integer optimization model

to study suburban rapid transit RS assignment. They minimized total costs where the costs include service

trips, leasing costs, robustness-relevant empty train movements and composition change costs.

In the airline industry, there are different approaches to solve the routing problem. One could build

the sequences after the timetable is known, paying attention only to the timetable. This is the case of

[Barnhart et al. (1998)], in which sequences were built upon the timetable. Another approach might be to

build the sequences once the timetable and the RS assignment are known, as in the cases of [Clarke et al. (1997)],

who built sequences once the timetable and the material assignment have been done, and [Lan et al. (2006)],

where paths were built externally to the model and then the optimal paths were chosen. Some authors

have addressed the integrated fleet assignment and routing problem. A daily scheduling and routing prob-

lem was addressed by [Desaulniers et al. (1997)]. They proposed two equivalent formulations: a nonlinear

multicommodity flow formulation and a set partitioning formulation. [Barnhart et al. (1998)] presented a

string-based model and a branch-and-price solution approach that accommodates the costs associated with

aircraft connections as well as complicating maintenance constraints.

In railway planning, [Almeida et al. (2009)] studied the concept of robustness in railway production plan-

ning. They stated that robustness can be improved by reducing the propagation of delays and increasing the

number of feasible resource allocation exchanges. [Cadarso and Maŕın (2010)] presented an integer program-

ming model to determine a sequence of operations to be rolled by the train units such that each operation is

included exactly in one sequence and there is always the number of necessary train units available for every

operation execution.
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3 Rolling Stock Assignment Problem in Rapid Transit Networks

In this section, the RS problem is described in detail. First, the train supply is introduced. Next, we

introduce passenger demand. Then, some robustness criteria are described. Finally, a RS mathematical

model is introduced.

3.1 Train Supply

The railway infrastructure is described by stations and directed arcs between them. Some stations have

depots attached and at those stations it is possible to change the assignment of RS to trains. Time is

discretized into a set of time intervals. Each time interval represents a certain period time, for example from

8:00 to 8:01.

Train services are defined as commercial trains operating in the network to meet passenger demand.

They are characterized by their departure depot station; their arrival depot station; every arc they travel on;

and their departure time. As the timetable is fixed and well known, headway constraints are automatically

matched and they are not necessary.

There are self-propelled train units of different types; they all have driver seat at both ends. Units of

the same type can be attached to each other to form trains. The number of train units in a train (called

composition) jointly with the assigned type will determine train’s capacity. Each line is served with one train

unit type.

Shunting operations complicate rapid transit networks because the performance time is on the order of

the service frequency. This fact mandates that we explicitly include the rotation time. Every departing

train service must have time to perform a rotation. That is, the material assigned to a train service must be

available at the depot station a certain number of periods before the departure time. Composition changes are

the other shunting operations performed at depot stations. Train units of the same type can be aggregated or

disaggregated. The time needed to perform a composition change is greater than that needed for rotations.

High frequencies and lack of capacity in depot stations make it difficult to operate the network without empty

movements. These are defined by an origin, a destination and a departure time. Empty movements can help

satisfy both capacity and rolling stock material availability in depot stations.
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3.2 Passenger Demand

For passenger demand, we use the expected number of passengers using each service given by RENFE. The

passenger demand for this problem is treated as a passenger flow ga,l through each space-time arc a belonging

to each train service l. This passenger flow is obtained under normal conditions (i.e., assuming that the train

services matched the designed timetable). Under this hypothesis, the model will treat the passengers from a

centralized point of view (i.e., only the operator criteria are optimized). However, since the proposed problem

relates to a suburban rapid transit network, it is obvious that every passenger will have the option to choose

any other available company or transportation mode. Thus, the operator has to factor in passenger behavior

to avoid losing passengers to other transportation companies. In a simplified approach, passenger behavior

can be summarized as follows: if the passenger maintains his/her satisfaction with the transportation mode,

he/she will remain in the system. As long as the system operator maintains certain standards within the

transportation system, we assume that the passenger flow is known.

Under the assumption that public timetables are met, transportation standards might be described by

the capacity offered in each train service. The type and composition assigned to each train service will be a

tradeoff between the operating costs and the behavior of passengers (represented by their comfort level). For

each train unit of each type, the passenger capacity is known. There is a fixed seating passenger capacity

and a variable standing passenger capacity. This may be obtained with different configurations for standing

passengers. If what we know as comfortable capacity is exceeded, the passengers above this level are deemed

passengers in excess. Each passenger in excess represents a moderate penalty, because the operator would

like all passengers to be comfortable.

3.3 Robustness

Robustness is introduced penalizing composition changes and empty movements. When a composition change

is performed, multiple failures can occur, forcing the train to be parked for a long time and causing a

disruption. The mechanical system used to perform a composition change sometimes fails and requires extra

time to enact the change. Above all, composition change times are overestimated to account for the effects

mentioned above and to try to introduce robustness into the system. Finally, if a malfunction has occurred

it must be contained to avoid cascading effects. Containment of cascading effects is easier if the incident

occurs during off-peak hours. Similarly, empty movements during rush hours complicate network operation

because they use the same infrastructure as commercial train services. During rush hours they are also
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heavily penalized. It is also better to avoid (if possible) empty movements to destination depot stations with

time-dependent capacities (i.e., stations that are shared with different lines).

The system is made more robust by assigning only one material type per line (i.e., for every train service

operating the same line, the material must be equal). This constraint allows for all material on one line to

be swapped between different train services at depot stations serving that line. Thus, there will be more

opportunities to swap train services if an incident occurs, and the propagation of the incident can be mitigated

in an easier way.

3.4 Robust Rolling Stock Assignment Model

The goal of the rapid transit RS assignment problem is to determine train units’ type and number of them

that compose trains by considering a given timetable and demand in a context in which shunting is optimized.

The problem output contains the train unit type and number assigned to train services, the RS allocation,

shunting operations in depot stations and empty movements between them.

A brief description of the RS mathematical model presented by [Cadarso and Maŕın (2011)] follows. For

a more comprehensive and detailed explanation see the mentioned reference.

Rolling Stock Objective Function

min z1(xxx) = c1 · xxx+ c2 · yyy + c3 · πππ (1)

In the objective function, different costs are minimized. First, train services’ operating costs are min-

imized. These costs are represented by c1 · xxx, where c1 is the vector of costs and xxx is the vector of train

services variables. These assignment variables must be either 0 or 1 and determine the train unit type and

the number of them in each train service.

In the second term, shunting costs are minimized. Empty movements and composition changes costs are

minimized in c2 · yyy, where c2 is the vector of costs and yyy is the vector of shunting variables (i.e., parking,

empty movements, composition changes). As explained above, robustness is introduced through these terms

in the objective function. The vector of costs c2 will be modulated depending on the shunting operation.

That is, if a shunting operation is likely to fail, the associated cost to it will be increased.
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Finally, costs related to passengers in excess are introduced in c3 · πππ. Different passengers’ standing

configurations are controlled through these terms. c3 is the vector of costs and πππ is the vector of passengers

in excess variables.

Decision variables are subject to the constraints as follows.

Train Service Constraints

A · xxx = 1 (2)

Constraints (2) ensure that every train service is assigned a train unit type and a determined number of

them. That is, every train service must be run.

Demand Constraints

B · xxx+ πππ ≥ g (3)

C · xxx− πππ ≥ 0 (4)

Constraints (3) ensure that the assigned capacity to each train service is enough to satisfy demand

requirements, where g is the demand vector. If the capacity is not enough, passengers in excess are calculated

by the constraint. These passengers are limited in number by constraints (4).

Material Constraints

D · xxx+ E · yyy = 0 (5)

F · xxx+G · yyy ≤ h (6)

Constraints (5) ensure material flow balance in each depot station for every time period. Material parked in

the immediately preceding period plus the material arriving by train services and finished shunting operations

must be equal to the material parked in the next period plus the departing train services and starting shunting

operations in the next time period. Constraints (6) require that the fleet size is large enough to satisfy the

network flows, where h is the fleet size vector.
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Shunting Constraints

J · xxx = K · yyy (7)

M · yyy ≤ n (8)

Constraints (7) ensure that every departing commercial train service has performed the necessary shunting

operation. Constraints (8) are depot station capacity constraints, where n is the vector of depots’ capacity.

The vector of xxx is composed of binary variables. The vector of yyy is composed of binary and positive

integer variables. Finally, the vector πππ is composed of positive variables.

Therefore, the RS solution is composed of a set of operations (train services, empty movements, shunting

operations, etc.) to be rolled by a determined train unit type. However, in order to implement this solution

train units’ sequences must be known. For this purpose the TR problem is addressed in the following section.

4 Train Routing Problem in Rapid Transit Networks

Train routing is the process of assigning each individual train unit, referred to as an identification number,

to RS operations. Given an assignment of train unit types to operations, we must determine a sequence of

operations to be rolled by an individual train unit such that the assigned operations are included in exactly

one sequence, and there is always the necessary number of train units available for every operation.

Therefore, the routing problem may be understood as a sequencing problem, where the objective is to find

feasible sequences for train units. In order to fin robust plans, some robustness criteria must be introduced

into the problem.

There are different approaches for solving the TR problem as mentioned before. RENFE planners tackle

this problem after the RS assignment has been done. That is, they employ a sequential approach based in

planners’ knowledge. However, this sequential and knowledge based planning may provide solutions that

are quite far from the optimal planning. Therefore, the focus on this paper is to provide a new integrated

approach in order to obtain more efficient solutions but also more robust.

Delay penalization is a way to include robustness to the model. The propagated delay from one operation

to another operation is defined by pd = max (ad− slack, 0), where ad is an aleatory variable representing

the arrival delay for the first operation (see [Cadarso and Maŕın (2010)]), and slack is the planned slack

between both operations. When pd > 0, the train unit performing the first operation will not be on time to
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perform the following operation. However, they will be considered independent operations, and solutions will

be penalized but feasible in the model formulation. This independence is justified for RENFE performance,

because in real operation, they do not permit propagated delays. Although there is a lack of capacity and

resources in the network, RENFE planners always reserve some material and, in case of delays, they swap to

avoid delay propagation. In this way, the obtained statistical data might be considered independent of the

sequence. Thus, this robustness criterion indirectly minimizes the number of necessary swapping operations

and minimizes the human resources required to perform the material swapping.

Another issue affecting train connections is the ability of train units to be ready to perform a service.

Train units are equipped with air compressed circuits to activate brakes. When a train unit is stopped this

circuits are automatically emptied and some time is needed in order to inflate them again to prepare the

train unit for performing a service. Therefore, human resources are needed to prepare train units if they have

been stopped for a while. Thus, robustness may be also introduced through penalizing crew requirement due

to brake malfunction between two operations in a sequence. With this criterion more human resources will

be available in case of disruption in the network because their requirement is minimized in train connections.

In this way, the circulation of the rolling stock is completely determined with the rolling stock assignment

and train routing problems. Up to day, these two phases have been sequentially solved, providing local

optima solutions. Hence, a new integrated model is proposed in the following section in order to improve

sequentially obtained solutions.

5 Robust Circulation of the Rolling Stock Model

Railway planning is currently divided into several optimization steps from first strategic decisions to daily

operations. It is well known that disintegrated planning produce optimal solutions for each stage but non-

optimal global solutions. Up to day, rolling stock assignment and train routing (rolling stock circulations)

have been separately considered in rapid transit networks. A new integrated model is proposed for these two

phases in order to obtain better circulations. Moreover, a greater robustness degree is obtained through this

integrated approach: consider two consecutive planning stages. In order to obtain a high-quality solution in

the second stage, some slack must be introduced in the first stage. In the same way, a robust solution adds

slack to safeguard against data perturbation. This slack may provide a smooth interface between subsequent

planning stages. This fact becomes a connection between robustness and integration.

The Robust Circulation of the Rolling Stock Model (RCRSM) described below is an extension of the

previous explained RS model introduced by [Cadarso and Maŕın (2011)]. The routing of every RS depends
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strongly on the RS assignment to different operations. Prior to the mathematical model formulation some

more details are needed:

- Sets:

• L(l): set of train services. Each train service is characterized by an origin, a destination and a departure

time.

• E(e): set of empty movements. Each empty movement is characterized by an origin and a destination.

• T (t): set of time periods.

• S(s): set of stations.

• A(a): set of arcs.

• M(m): set of train unit types.

• C(c): set of train unit number. A train unit is a carriage composition. It can move in both directions.

The index of this set is the number of train units composing the train.

• SC(s): set of depot stations.

• EAs, (EDs): empty movements arriving in (departing from) depot station s ∈ Sc.

• I(i): set of operations composed of commercial operations (index 1), empty operation (index 2), cou-

pling (index 3) and uncoupling (index 4) operations, and parking operations (index 5). This set is also

indexed by j.

- Parameters:

• αl,s,t: =-1, if train service l leaves from station s at time period t; =1, if train service l arrives at station

s at time period t; = 0, otherwise.

• es, ds: junction and separation between train units time durations in depot station s.

• ti, tf : initial and final period times in the planning period.

• ete: empty movement e travel time.

• E
[
pdj,t

′

i,t,s

]
: expected delay time periods propagated from operation i ending during time period t in

station s to operation j beginning during time period t′.

11



• crj,t
′

i,t : time periods during which extra human resources are necessary to perform connection between

operation i ending during time period t and operation j beginning during time period t′.

• ψ, ζ: cost per train delay time period and per human necessity and time period, respectively.

• α̃i,c: =2, if i is an uncoupling operation (index 4) followed by trains with c composition; =1, otherwise.

• β̃j,c: =2, if j is a coupling operation (index 3) preceded by trains with c composition; =1, otherwise.

- Variables:

• xl,m,c: = 1, if train service l uses train unit type and composition (m, c); = 0, otherwise.

• ytm,cs,t : integer variable, number of trains with composition of type (m, c), in station s at time period t

(train inventory in station s).

• εm,cs,t ,
(
δεm,cs,t

)
: =1, if we begin the coupling (uncoupling) at station s at period t, with type and compo-

sition (m, c) ; = 0, otherwise.

• emm,c
e,t : =1, if empty movement e is started during period t, with type and composition (m, c); = 0,

otherwise.

• seqj,t
′

i,s,t,m,c: =1, if operation i ending at station s during time period t with material and composition

m, c is followed by operation j beginning during time period t′; = 0, otherwise.

• φm,ci,s,t,
(
ϕm,cj,s,t

)
: positive variable. It determines the number of operations i that end (j that begin) in

station s during time period t with material and composition m, c; = 0, otherwise.

When the RS model was explained different vectors of variables were introduced. They are identified with

the explained variables as follows: xxx = [xl,m,c] and yyy =
[
ytm,cs,t , em

m,c
e,t , ε

m,c
s,t , δε

m,c
s,t

]
.

The RCRSM for rapid transit networks can be formulated as a multicommodity flow model. It is the

previous presented model extended with additional new constraints and some objective function terms. These

new constraints and objective function terms represent the TR problem. In this way, the RS assignment model

is complemented and integrated with the TR problem. The former cannot be realized without the latter.

5.1 Objective Function

min c1 · xxx+ c2 · yyy + c3 · πππ +
∑
i,j∈I

∑
t,t′∈T

∑
s∈S

∑
m,c∈M,C

[
ψ · E

[
pdj,t

′

i,t,s

]
+ ζ · crj,t

′

i,t

]
· seqj,t

′

i,s,t,m,c (9)
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The linear objective function is composed of the RS assignment costs c1 ·xxx+ c2 ·yyy+ c3 ·πππ and the routing

costs (these may be summarized as c4 ·uuu, where uuu =
[
seqj,t

′

i,s,t,m,c

]
): expected delay cost and human resources

cost for every train connection.

For calculating the pdj,t
′

i,t,s values, expressed in minutes, we take advantage of the fact that the slack

between operations is always a constant value. In this way, this value can be captured through the location

parameter θj,t
′

i,t,s, and the propagated delay is calculated in (10) for each compatible train connection:

E
[
pdj,t

′

i,t,s

]
= θj,t

′

i,t,s ·

1− φ

 ln
(
a−θj,t

′
i,t,s

mi,t,s

)
σi,t,s


+mi,t,s · e

σ2i,t,s
2 ·

1− φ

 ln
(
a−θj,t

′
i,t,s

mi,t,s

)
σi,t,s

− σi,t,s


 (10)

, where φ(x) is the cumulative distribution function of a standard normal distribution, mi,t,s is the scale

factor, σi,t,s is the standard deviation, and a is equal to 0 if θj,t
′

i,t,s ≤ 0 or a is equal to θj,t
′

i,t,s, otherwise.

The time needed to inflate air compressed circuits vary with the time that the train has been stopped. At

first, it is supposed to grow linearly with time, and then when they are totally empty this time is constant.

In this way a piecewise penalization function is proposed for crj,t
′

i,t .

5.2 Rolling Stock Assignment Constraints

A · xxx = 1 (11)

B · xxx+ πππ ≥ g (12)

C · xxx− πππ ≥ 0 (13)

D · xxx+ E · yyy = 0 (14)

F · xxx+G · yyy ≤ h (15)

J · xxx = K · yyy (16)

M · yyy ≤ n (17)

Constraints (11)-(17) are the previous introduced RS model constraints.
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5.3 Coupling Constraints

xl,m,c = 0.5 · (
∑

s,t∈S,T
αl,s,t=1

φm,c1,s,t +
∑

s,t∈S,T
αl,s,t=−1

ϕm,c1,s,t) ∀l ∈ L,m, c ∈M,C (18)

1− emm,c
e,t ≥ 0.5 · (

∑
s∈EAs

φm,c2,s,t+ete
+
∑

s∈EDs

ϕm,c2,s,t)− 1 ∀e ∈ E, t ∈ T,m, c ∈M,C (19)

emm,c
e,t ≤ 0.5 · (

∑
s∈EAs

φm,c2,s,t+ete
+
∑

s∈EDs

ϕm,c2,s,t) ∀e ∈ E, t ∈ T,m, c ∈M,C (20)

εm,cs,t = 0.5 · (φm,c+1
3,s,t+es

+ ϕm,c3,s,t) ∀s ∈ SC, t ∈ T,m, c ∈M,C (21)

δεm,cs,t = 0.5 · (φm,c−14,s,t+ds
+ ϕm,c4,s,t) ∀s ∈ SC, t ∈ T,m, c ∈M,C (22)

ytm,cs,ti = φm,c5,s,ti
∀s ∈ SC,m, c ∈M,C (23)

ytm,cs,tf
= ϕm,c5,s,tf

∀s ∈ SC, t ∈ T,m, c ∈M,C (24)

These constraints (18)-(24) determine the place at which each operation is performed, the time period

at which it starts and the composition it is performed with. This information is stored in the new variables

φm,ci,s,t, ϕ
m,c
j,s,t, which will pass the information to the routing model. For example, in constraints (18) each time

that variable xl,m,c takes the value of one, the right hand side of the constraint will also be one. Therefore,

there will be two unique variables (φm,c1,s,t, ϕ
m,c
1,s,t) that will also take the value of one. Thus, these two variables

will show the characteristics (starting and ending depots and time periods, assigned train units) of the

operation and they will be used in the routing constraints.

These group of constraints may be summarized as follows:

P · [xxx;yyy] = Q · vvv (25)

, where the vector vvv of variables is composed of vvv =
[
φm,ci,s,t, ϕ

m,c
j,s,t

]
.

5.4 Train Routing Constraints

∑
j,t′∈I,T

seqj,t
′

i,s,t,m,c = α̃i,cφ
m,c
i,s,t

(
κm,ci,s,t

)
∀i ∈ I, s ∈ S, t ∈ T,m, c ∈M,C (26)

∑
i,t′∈I,T

seqj,ti,s,t′,m,c = β̃j,cϕ
m,c
j,s,t

(
λm,cj,s,t

)
∀j ∈ I, s ∈ S, t ∈ T,m, c ∈M,C (27)
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Constraints (26)-(27) are sequencing constraints. They ensure that every operation is preceded by another

one and that every operation is continued by other operation. Here, the variables φm,ci,s,t, ϕ
m,c
j,s,t in coupling

constraints are used. The former introduces i’s operation ending information in order to find a following

compatible operation. Similarly, the latter shows beginning information of operation j to find a preceding

compatible operation. κm,ci,s,t, λ
m,c
j,s,t are dual variables.

The variable domain for these variables is:

seqj,t
′

i,s,t,m,c ∈ {0, 1} ∀i, j ∈ I, t, t′ ∈ T, s ∈ S,m, c ∈M,C (28)

φm,ci,s,t ∈ R
+ ∀i ∈ I, s ∈ S, t ∈ T,m, c ∈M,C (29)

ϕm,cj,s,t ∈ R
+ ∀j ∈ I, s ∈ S, t ∈ T,m, c ∈M,C (30)

These constraints (26)-(30) may be summarized as follows:

R · uuu = S · vvv (31)

uuu ∈ UUU (32)

vvv ∈ VVV (33)

, where the vector uuu of variables is composed of uuu =
[
seqj,t

′

i,s,t,m,c

]
. VVV is defined by constraints (29)-(30). UUU

is defined by constraints (28).

Hence, the RCRSM may be summarized as follows:
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min c1 · xxx+ c2 · yyy + c3 · πππ + c4 · uuu (34)

A · xxx = 1 (35)

B · xxx+ πππ ≥ g (36)

C · xxx− πππ ≥ 0 (37)

D · xxx+ E · yyy = 0 (38)

F · xxx+G · yyy ≤ h (39)

J · xxx = K · yyy (40)

M · yyy ≤ n (41)

P · [xxx;yyy] = Q · vvv (42)

R · uuu = S · vvv (43)

xxx ∈XXX (44)

yyy ∈ YYY (45)

uuu ∈ UUU (46)

vvv ∈ VVV (47)

However, this formulation leads us to a huge model size. For a real instance in the regional network

in Madrid, we have with this new integrated formulation more than one hundred million binary variables.

Therefore, we decompose it with Benders Decomposition.

6 Solution Approach: Benders Decomposition

Benders decomposition may be obtained by classifying variables in difficult and easy variables. Difficult

variables are RS variables xxx,yyy,vvv. That is, once xxx,yyy,vvv variables are known it is relatively easy to determine

the optimal sequence associated to them. So, easy variables are sequence variables uuu. Hence, we have that

the master model (MM) will be the RS model plus coupling constraints and Benders optimality cuts, and

the submodel (SM) the routing model.
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6.1 Benders Submodel

The Benders SM at each iteration it (SM it) will be the routing model:

min c4 · uuu (48)

R · uuu = S · vitvitvit (49)

uuu ∈ UUU (50)

where vitvitvit is the MM for iteration it (MM it) solution for variables vvv. As we know the vvv variables values from

the MM for every iteration, the right hand side of the routing equations becomes a datum
(
T it = S · vitvitvit

)
and the SM it remains as:

min c4 · uuu (51)

R · uuu = T it (52)

uuu ∈ UUU (53)

Therefore, the SM it can be reformulated as it was exposed in [Cadarso and Maŕın (2010)], where the

authors developed an integer model to determine train sequences once the RS assignment was known. In

this case, for each iteration we will know the RS assignment (determined by T it) from the MM , so we can

reformulate the SM into the mentioned formulation.

In the reformulated SM (54)-(57) indexes i′, j′ are appearing. However, they do not have the same

meaning as before. In the previous formulation i, j only referred to the type of operation (commercial trains,

empty train, ect.). However, i′, j′ are now numbering operations. For example, a commercial train may be

numbered as operation number 56: departure and arrival stations and times as well as assigned train unit

type and number of them are associated to this operation number. In this way, we can know whether two

different operations are compatible or not by only the operation number. This compatibleness is showed by

the new set COj
′

i′ , which elements represent whether operations i′, j′ are compatible or not.

Therefore, every time we are writing the indexes i′, j′ in the reformulated SM , we are actually referring

to i, s, t,m, c. So the relationship between both formulations may be summarized as: αi′ = α̃i,cφ
m,c
i,s,t;βj′ =
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β̃j,cϕ
m,c
j,s,t,∀i, s, t,m, c ∈ I, S, T,M,C for each iteration it. Similarly, dual variables κi′ , λj′ are related to

κm,ci,s,t, λ
m,c
j,s,t.

min
∑
i′∈I

∑
j′∈I

(
ψE

[
pdj

′

i′

]
+ ζcrj

′

i′

)
seqj

′

i′ (54)

Subject to:∑
j′∈COj

′
i′

seqj
′

i′ = αiti′ (κi′) ∀i′ ∈ I (55)

∑
i′∈COj

′
i′

seqj
′

i′ = βitj′ (λj′) ∀j′ ∈ I (56)

seqj
′

i′ ∈ R
+ ∀i′, j′ ∈ I (57)

where ψ, ζ have been introduced to transform time penalties into economic penalties. We have relaxed the

integrality property of the binary variable seqj
′

i′ considering that the relaxed SM with integer data has an

integer solution (see Theorem 6.1). The TR model formulation used in this work was developed in order

to provide feasible sequences whatever the RS assignment is. This is achieved by ensuring minimum times

between operations needing rotations. Hence, the routing SM will always be feasible and no feasibility cuts

are needed for the MM .

The dual model of the reformulated SM is as follows:

max z =
∑
i′∈I

αi′κi′ +
∑
j′∈I

βj′λj′ (58)

κi′ + λj′ ≤ ψE
[
pdj

′

i′

]
+ ζcrj

′

i′ (seqj
′

i′ ) ∀i′, j′ ∈ COj
′

i′ (59)

κi′ ∈ R ∀i′ ∈ I (60)

λj′ ∈ R ∀j′ ∈ I (61)

Theorem 6.1. The linear programming relaxation min {z2(uuu) : R · uuu = T,uuu ∈ R+} of the TR problem

min {z2(uuu) : R · uuu = T,uuu ∈ Z+} with integer data T will have an optimal solution that is integer.

18



Proof. Suppose we have an optimal basis B from the reformulated SM . From linear programming we know

that B is a non singular submatrix of R where R is the coefficient matrix. Therefore, the optimal basis

will be composed of {0, 1}. Then, the first condition for B being totally unimodular ([Wolsey (1998)])

is matched. Moreover, due to the problem characteristics, B will be always totally unimodular because

feasibility mandates that every operation j must be preceded by a unique one, except for aggregations where

at most two different operations must precede.

Hence, the optimal basis B will always be totally unimodular and det(B) = ±1 (B is an optimal basis:

det(B) 6= 0), so the linear relaxation solves the integer problem ([Wolsey (1998)]).

�

In order to build the Benders optimality cuts, once we know the dual variables κi′ , λj′ we must do a

mapping to the variables in the MM : κm,ci,s,t, λ
m,c
j,s,t.

6.2 Benders Master Model

The Benders MM it will be as follows:

min c1 · xxx+ c2 · yyy + c3 · πππ + ω (62)

A · xxx = 1 (63)

B · xxx+ πππ ≥ g (64)

C · xxx− πππ ≥ 0 (65)

D · xxx+ E · yyy = 0 (66)

F · xxx+G · yyy ≤ h (67)

J · xxx = K · yyy (68)

M · yyy ≤ n (69)

P · [xxx;yyy] = Q · vvv (70)

ω ≥
∑
i∈I

∑
s∈S

∑
t∈T

∑
m∈M

∑
c∈C

α̃i,cφ
m,c
i,s,tκ

m,c
i,s,t,it+

∑
j∈I

∑
s∈S

∑
t∈T

∑
m∈M

∑
c∈C

β̃j,cϕ
m,c
j,s,tλ

m,c
j,s,t,c,it ∀it ∈ AOBCit (71)
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xxx ∈XXX (72)

yyy ∈ YYY (73)

vvv ∈ VVV (74)

ω ∈ R (75)

where (71) are Active Optimality Benders Cuts at iteration it (AOBCit).

7 Computational Experiments

All of our computational experience is for realistic cases drawn from RENFE’s regional network in Madrid,

also known as ”Cercańıas Madrid”.

The network presented in this study case is characterized by its modular structure. That is, in real life

it is separated into different and independent modules for operating purposes. Every module has its own

infrastructure (stations, depot stations, sections, etc.).

Our runs were performed on a Personal Computer with an Intel Core2 Quad Q9950 CPU at 2.83 GHz

and 8 GB of RAM, running under Windows 7 64Bit, and our programs were implemented in GAMS/Cplex

11.1.

7.1 Polishing Sequentially Obtained Solutions

In the Benders MM we have optimality cuts (71). In these cuts, two different terms are appearing on the

right hand: the first one representing ending operations, and the second one beginning operations. Applying

Benders Decomposition with AOBCit, we have observed that the algorithm needs a lot of iterations to

provide acceptable solutions: during the initial iterations it provides solutions with an unaffordable number

of composition changes, empty movements and passengers in excess. Therefore, the algorithm runs many

iterations without providing any improvement with respect to sequentially obtained solutions, making bigger

and more difficult to solve the Benders MM due to the large number of Benders optimality cuts.

The issue is to design timetables properly to achieve robust sequences. However, commercial services’ and

initial and final parkings’ timetables (they are shunting operations but their initial time is fixed) are already

defined. Hence, it makes no sense to try to change these timetables. But shunting operations’ timetables are

not fixed , we are able to decide them. Therefore, we will only include in the optimality cuts those terms

referring to shunting operations.
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Table 1: Train unit capacity and length in Line C5
Material Type Seats Standing Density (Pax/m2) Length (m)

261 3
m1 240 348 4 80

870 10

In this way, a new set I ′ is defined. It is the operations’ set composed of empty operations (index

2), coupling (index 3) and uncoupling (index 4) operations. So the new Benders based Heuristic AOBCit

(HAOBCit) are showed in (76).

ω ≥
∑
i∈I′

∑
s∈S

∑
t∈T

∑
m∈M

∑
c∈C

α̃i,cφ
m,c
i,s,tκ

m,c
i,s,t,it+

∑
j∈I′

∑
s∈S

∑
t∈T

∑
m∈M

∑
c∈C

β̃j,cϕ
m,c
j,s,tλ

m,c
j,s,t,c,it ∀it ∈ HAOBCit (76)

The proposed heuristic is not an exact method. Therefore, a stopping criterion must be selected. For

these study cases this criterion will be as follows: the heuristic will terminate if five consecutive iterations do

not improve the best found solution up to that iteration. We define the best solution as that one with lowest

expected propagated delay.

7.2 Line C5

Line C5 has 23 stations (Figure 1) and 4 depot stations: Mostoles el Soto, Atocha, Fuenlabrada and Humanes.

It has more than 320 train services scheduled each day with frequencies on the order of 3 minutes at rush

hour, equivalent to the rotation time in this line.

Figure 1: Line C5

There is one material type available, and the trains can be of simple (one train unit) or double (two train

units) composition. Train units for the material in Line C5 have definite characteristics, as shown in Table 1.
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Table 2: Line C5 RS & TR sequential solution vs. current solution
#C TSOC EMOC PEC #CC EDP EDR

RS & TR solution 64 80099.7 1265 3554 20 111.8 20.91%
Current solution 74 109765.2 2232.1 874 0 141.3 -

Sequentially obtained results

Sequentially obtained results are summarized in Table 2. For simplicity, we show in the first column two

different cases: the solution sequentially obtained by the RS and TR models ([Cadarso and Maŕın (2011)]

and [Cadarso and Maŕın (2010)]) in the first row, and the current solution operated by RENFE in the second

row (they obtain this solution based on the experience of the planners). The number of train units used in

the proposed solution (#C) in the second column, the train service operating costs (TSOC) in the third

column, the empty movement operating costs (EMOC) in the fourth column, excess passenger costs (PEC)

are shown in the fifth column, the number of composition changes (#CC) in the sixth column, the expected

delay propagation (EDP) in minutes in the seventh one, the expected delay reduction (EDR) in the final

column.

The number of used train units is slightly reduced in the RS solution compared to the current solution op-

erated by RENFE. TSOC and EMOC are also reduced. However, PEC increase. This increase arises because

we are counting as passengers in excess those passengers above 3 pax/m2 (see [Cadarso and Maŕın (2011)]).

However, they are not passengers in excess for the operator. The operator states that passengers in excess

are those above 3.5 pax/m2. The increase in PEC is mostly due to passengers between 3 and 3.5 pax/m2.

Therefore, this increase does not incur in a worse solution for passengers. Composition changes appear to

enable different compositions of the train services. It is also worth noting that the solution time is nearly

real time (the computational time is less than a minute), substantially reducing the manual planning time.

Solutions in Table 2 need a sequence for every used train unit in order to operate them. These sequences

are obtained with the routing model. Hence, in the sequential approach once the RS assignment is known,

sequences are designed. The routing EDP in minutes for each of the RS assignments in Table 2 are showed.

We can see EDP for both cases the RS solution and the current solution operated by RENFE. Comparing

both solutions, the EDR with respect to the sequential approach is of the 20.91%.

Obtained results with the integrated approach

Using the proposed Benders heuristic, sequentially obtained solutions are polished. The heuristic consists

of obtaining an initial RS assignment. Then the routing is obtained, and based on that routing a new RS
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Table 3: Line C5 Benders based heuristic solution solution
Iteration #C TSOC EMOC PEC #CC EDP

1 64 80099.7 1265 3554 20 111.8
2 65 80563.44 1672.8 3248 14 69.887
3 67 80413.68 1395.04 3554 12 64.413
4 66 80413.68 1423.84 3554 14 70.950
5 66 80413.68 1423.84 3554 14 72.975
6 65 80256.72 1592.64 3554 14 68.517
7 66 80413.68 1457.44 3554 14 61.030
8 66 80413.68 1547.44 3554 12 62.801
9 65 80585.04 1611.04 3299 14 69.851
10 66 80585.04 1660.24 3333 12 69.554
11 66 80585.04 1660.24 3333 12 69.007
12 66 80742 1545.44 3326 12 67.968

assignment is obtained. In this way, RS assignment and shunting schedules change every iteration. For the

first iteration we provide to the heuristic the obtained optimal solution by the sequential approach.

In Table 3 we can see the evolution of the solution for each of the performed iterations. In the first column

the iteration number is shown. In the second one, the number of used train units (#C). TSOC appear in

the third column. In the fourth one, EMOC are shown. In the fifth column, PEC are listed. #CC in the

sixth one and EDP in the last column. In each iteration a different solution is obtained. It may seem that

some solutions are equal in some costs. However, we must account for the fact that the shunting timetable

is being changed. In this way, operating costs might be equal but the sequences are being changed and so

does the EDP.

The obtained solution is summarized in Table 4. In the second column #C is showed, which is slightly

reduced. TSOC are in the third column, EMOC in the fourth one, PEC in the fifth column, #CC in the sixth

one, EDP in the seventh column, and EDR in the last one. The Benders based heuristic chooses the solution

that produces the lowest EDP. We can see how the obtained solution by the integrated approach solved

with the proposed heuristic improves the EDP with respect both the current solution operated by RENFE

and the solution obtained by the sequential approach, and reduces the number of performed composition

changes with respect the solution obtained by the sequential approach. However, the achievement of this

robustness is not for free. We must mention that TSOC and EMOC increase a bit compared to the sequential

approach. However, a great EDR compared to the current solution is obtained. In this integrated approach

the computational time is of 2460 seconds. It is higher than in the sequential approach. However, the

provided solution is more robust and the computational time is reasonable for a planning horizon.
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Table 4: Line C5: Benders heuristic solution vs. current solution
#C TSOC EMOC PEC #CC EDP EDR

Benders Heuristic 66 80413.68 1457.44 3554 14 61.03 56.9%
Current solution 74 109765.2 2232.1 874 0 141.37 -

7.3 Lines C3&C4

In lines C3&C4, there are nearly 400 scheduled train services each day with frequencies on the order of

10 minutes. Line C3 is composed of 12 stations (Figure 2) and 3 depot stations: Chamart́ın, Atocha and

Aranjuez. In line C4, there are 18 stations (Figure 3) and 8 depot stations: Parla, Parla Industrial, Getafe

Centro, Atocha, Chamart́ın, Tres Cantos, Alcobendas and Colmenar Viejo. Some depot stations are shared

between both lines.

There is one material type available (Table 5), and the train services can have simple (one train unit) or

double (two train units) compositions. The same material is used for both lines, so th RS can be interchanged

between them.

Figure 2: Line C3

Figure 3: Line C4
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Table 5: Train unit capacity and length in line C3&C4
Material Type Seats Standing Density (Pax/m2) Length (m)

360 3
m2 277 480 4 80

870 10

Table 6: Line C3&C4 RS & TR sequential solution vs. current solution
#C TSOC EMOC PEC #CC EDP EDR

RS & TR solution 63 87837.52 4090.83 2177 34 163.983 16.19 %
Current solution 72 136633.86 6083.88 1550 0 195.65 -

Sequentially obtained results

Again, sequentially obtained results are summarized in Table 6. We show two different cases: the sequentially

obtained solution by the RS and TR models ([Cadarso and Maŕın (2011)] and [Cadarso and Maŕın (2010)])

in the first row, and current solution operated by RENFE in the second row. Table 6 may be read as Table 2.

The obtained results with this approach lead us to similar conclusions as in the previous study case. In this

case, the computational time is less than three minutes.

Obtained results with the integrated approach

Using the proposed Benders heuristic, sequentially obtained solutions are polished. In Table 7 we can see the

evolution of the solution for each of the performed iterations. The results obtained in this study case lead us

to similar conclusions as that ones presented for Line C5 study case.

The obtained solution is summarized in Table 8. Table 8 may be read as Table 4. We can see how

the obtained solution by the integrated approach solved with the proposed heuristic improves the EDP

with respect both the current solution operated by RENFE and the solution obtained by the sequential

approach, and reduces the number of performed composition changes with respect the solution obtained by

the sequential approach. However, the computational time is increased compared to the Line C5. Now, the

Table 7: Line C3&C4 solution evolution
Iteration #C TSOC EMOC PEC #CC EDP

1 63 87837.52 4090.83 2177 34 163.983
2 62 89059.27 3736.02 2177 34 162.362
3 64 88653.73 3796.80 2723 32 147.959
4 65 89537.44 4145.97 2177 38 151.272
5 64 89561.74 3605.91 2177 38 185.673
6 65 89597.65 3601.74 2177 36 179.546
7 65 89499.10 4070.37 2177 36 187.145
8 65 89321.56 3970.76 2177 36 171.247
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Table 8: Lines C3&C4 heuristic solution vs. current solution
#C TSOC EMOC PEC #CC EDP EDR

Benders Heuristic 64 88653.73 3796.80 2723 32 147.959 24.4 %
Current solution 72 136633.86 6083.88 1550 0 195.65 -

time needed to solve the model is of 15621 seconds. Something similar also occurred for the RS model. This

is due to the fact that in this case two different lines are being solved, there are more depot stations and

possibilities for shunting operations are greater. Thus, Benders heuristic’s cuts are larger and become the

problem more difficult to solve. Nevertheless, as the purpose of this work is to propose schedules some time

in advance to the execution of them, the computational time required is still reasonable.

8 Conclusions

The two different but interrelated planning phases we have integrated are the rolling stock assignment and the

subsequent routing of the rolling stock in rapid transit networks. These networks are usually characterized

by high frequencies and low distances between stations. Up to now, they have been solved in a sequential

manner. However, the routing of the rolling stock depends strongly on the rolling stock assignment to

different operations and on the shunting schedule, which is designed in the rolling stock assignment phase.

Consequently, an integrated approach provides global optima to the problem. Moreover, this integration

makes easier to produce robust plans in order to alleviate possible incidents in the network operation.

Robustness is introduced through both problems: rolling stock and routing. This is achieved by pe-

nalizing composition changes and empty trains, difficult shunting operations, accounting for expected delay

propagation between different operations and for human resources to perform train sequences. Moreover,

the integration provides the possibility of getting a greater robustness degree by designing shunting plans

accounting for material sequences’ expected delays.

The proposed integrated model to solve jointly the rolling stock assignment and routing has an enormous

size to be solved by current commercial software. Therefore, we propose to decompose it using Benders

decomposition. Using this technique the submodel may be reformulated in order to make it easier to solve.

However, for computational reasons we propose a Benders based heuristic to solve the proposed model.

Nevertheless, development of more intelligent heuristics to reduce the model size and computation costs may

be defined, although computational times are still good for planning purposes.

Computational experiments show how the current solution operated by RENFE can be improved: more

robust and efficient solutions are obtained. In addition, sequentially obtained solutions are also improved. In
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this case, robustness is increased. However, this robustness is achieved because some efficiency is sacrificed.

That is, for example operating costs are increased in order to obtain sequences that are more resistant to

delays than those ones obtained with the sequential approach. This is known as the price of robustness.
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[Cadarso and Maŕın (2010)] Cadarso, L., Maŕın, A., “Robust Routing of Rapid Transit Rolling Stock”, Public

Transp, vol. 2, pp. 51-68, 2010.

[Clarke et al. (1997)] Clarke, L., Johnson, E., Nemhauser, E., “The Aircraft Rotation Problem”. Ann Oper

Res, vol. 69, pp. 33-46, 1997

[Cordeau et al. (2000)] Cordeau, J.F., Soumis, F., Desrosiers, J., “A Benders Decomposition Approach for

the Locomotive and Car Assignment Problem”, Transp Sci, vol. 34, pp. 133-149, 2000.

[Desaulniers et al. (1997)] Desaulniers, G., Desrosiers, J., Dumas, Y., Solomon, M., Soumis, F., “Daily Air-

craft Routing and Scheduling”, Manag Sci, vol 43, pp. 841-855, 1997.
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