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Abstract

It is well-known that the search direction generated by the standard (unmodified)
PRP nonlinear conjugate gradient method is not necessarily a descent direction of
the objective function, which brings difficulty for its global convergence for general
functions. However, to our surprise, it is easily proved in this short note that the
unmodified PRP method still converges globally even for nonconvex optimization by
the use of an approximate descent line search.
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1 Introduction

It is well-known that the PRP method [6, 7] is one of the most efficient nonlinear con-
jugate gradient methods for optimization. However, a shortcoming of the PRP method
is that it can not guarantee to produce a descent direction of the objective function,
which brings difficulty for its global convergence for general functions. To ensure global
convergence of the PRP method, some modifications (or some line searches which force
it generate descent direction such as that of [3]) are often adopted such as the PRP+
method [2] and the three-term PRP method [8]. We refer to the book [1] and the survey
paper [4] for more related topics.

The purpose of this paper is to investigate the global convergence of the unmodified
PRP method for general unconstrained optimization. Consider the problem:

min
x∈Rn

f(x), (1.1)

where f : Rn → R is a smooth function and its gradient g(x) , ∇f(x) is available. The
direction generated by the standard PRP method is given by

dk =

{
−gk, if k = 0,
−gk + βPRP

k dk−1, if k ≥ 1,
(1.2)

where gk = ∇f(xk) and

βPRP
k =

gT
k yk−1

‖gk−1‖2
, yk−1 = gk − gk−1. (1.3)
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In this short note we use another way to globalize the PRP method, that is, we
use the following approximate function descent backtracking line search to compute the
steplength αk = max{1, ρ1, ρ2, . . .} satisfying

f(xk + αkdk) ≤ f(xk)− δ‖αkdk‖2 + εk, (1.4)

where {εk} is a positive sequence satisfying

∞∑

k=0

εk ≤ ε < ∞, (1.5)

ρ ∈ (0, 1), ε and δ are positive constants.
It is clear that the line search (1.4) is well-defined whether dk is a descent direction

or not, which is a variation of the approximate norm descent line search proposed by Li
and Fukushima [5] for solving nonlinear equations.

For clarity, we give the steps of the PRP method for (1.1) as follows.
Algorithm 1.

Step 0. Choose x0 ∈ Rn, δ > 0, ρ ∈ (0, 1), ε > 0 and a positive sequence {εk}
satisfying (1.5). Let k := 0.

Step 1. Compute dk by (1.2)-(1.3).
Step 2. Compute the stepsize αk by (1.4).
Step 3. Set xk+1 = xk + αkdk. Let k := k + 1 and go to Step 1.
In the next section, we make some assumptions and show its global convergence.

Throughout the paper, we denote sk = xk+1 − xk = αkdk.

2 Global convergence

To begin with, let us define the level set

Ω = {x| f(x) ≤ f(x0) + ε}. (2.1)

It is clear that xk ∈ Ω for all k ≥ 0. Then we make the following assumptions to ensure
global convergence of Algorithm 1.
Assumption 1.

(i) The level set Ω defined by (2.1) is bounded.
(ii) In some neighborhood N of Ω, the gradient is Lipschitz continuous, namely, there

exists a constant L > 0 such that

‖g(x)− g(y)‖ ≤ L‖x− y‖, ∀x, y ∈ N. (2.2)

Assumption 1 implies that there exists a positive constant M such that

‖g(x)‖ ≤ M, ∀x ∈ N. (2.3)

Lemma 2.1. Let Assumption 1 hold. Then we have

∞∑

k=0

‖αkdk‖2 =
∞∑

k=0

‖sk‖2 < ∞.
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Proof. It follows from the line search (1.4) and (1.5) directly. ¤
Lemma 2.1 implies

lim
k→∞

αkdk = lim
k→∞

sk = 0. (2.4)

Lemma 2.2. Let Assumption 1 hold. If there is a constant τ > 0 such that

‖gk‖ ≥ τ, ∀k ≥ 0, (2.5)

then there is a constant M1 > 0 such that

‖dk‖ ≤ M1, ∀k ≥ 0. (2.6)

Proof. The proof is similar to that of Lemma 3.1 in [8]. From (1.3), (2.3), (2.5), (2.2)
and (2.4), we have

|βPRP
k | ≤ ‖gk‖‖yk−1‖

‖gk−1‖2
≤ ML

τ2
‖sk−1‖ → 0, (2.7)

which implies that there exist an integer k0 and a constant r ∈ (0, 1) such that

|βPRP
k | ≤ r,∀k ≥ k0.

This and (1.2) yield

‖dk‖ ≤ ‖gk‖+ |βk|‖dk−1‖
≤ M + r‖dk−1‖
≤ M(1 + r + r2 + · · ·+ rk−k0−1) + rk−k0‖dk0‖
≤ M

1− r
+ ‖dk0‖

≤ M1,

where M1 = max{‖d0‖, ‖d1‖, . . . , ‖dk0‖, M
1−r + ‖dk0‖}. This finishes the proof. ¤

Theorem 2.1. Let Assumption 1 hold. Then the sequence {xk} generated by Algorithm
1 converges globally in the sense that

lim inf
k→∞

‖gk‖ = 0. (2.8)

Proof. We prove this theorem by contradiction. Suppose (2.8) is not true, then there
exists a positive constant τ such that (2.5) holds for all k ≥ 0. Hence Lemma 2.2 holds.

(i) If lim infk→∞ ‖dk‖ = 0, then from (1.2), (2.7) and (2.6), we get

lim inf
k→∞

‖gk‖ = lim inf
k→∞

‖dk − βPRP
k dk−1‖ ≤ lim inf

k→∞
‖dk‖+ lim

k→∞
‖βPRP

k dk−1‖ = 0,

which contradicts to (2.5).
(ii) If lim infk→∞ ‖dk‖ > 0, then (2.4) implies

lim
k→∞

αk = 0. (2.9)

This and (1.4) show that α′k = αk/ρ does not satisfy (1.4), namely,

f(xk + α′kdk) ≥ f(xk)− δ‖α′kdk‖2 + εk > f(xk)− δ‖α′kdk‖2, (2.10)
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which yields
f(xk + α′kdk)− f(xk)

α′k
≥ −δα′k‖dk‖2. (2.11)

By the mean-value theorem and (1.2), there exists θk ∈ (0, 1) such that

f(xk + α′kdk)− f(xk)
α′k

= g(xk + θkα
′
kdk)T dk

= −g(xk + θkα
′
kdk)T gk + g(xk + θkα

′
kdk)T (βPRP

k dk−1). (2.12)

Note that (2.7), (2.6) and (2.3) imply

lim
k→∞

g(xk + θkα
′
kdk)T (βPRP

k dk−1) = 0. (2.13)

Since {xk} ⊂ Ω is bounded. Then without loss of generality, we assume xk → x∗.
Let k →∞ in (2.11)-(2.13), we obtain

−g(x∗)T g(x∗) = −‖g(x∗)‖2 ≥ 0,

which means
g(x∗) = 0.

This leads to a contradiction to (2.5). The proof is then completed. ¤
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