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Abstract

Conjugate gradient methods have been paid attention to, because they can be directly
applied to large-scale unconstrained optimization problems. In order to incorporate second
order information of the objective function into conjugate gradient methods, Dai and Liao
(2001) proposed a conjugate gradient method based on the secant condition. However, their
method does not necessarily generate a descent search direction. On the other hand, Hager
and Zhang (2005) proposed another conjugate gradient method which always generates a
descent search direction.

In this paper, combining Dai-Liao’s idea and Hager-Zhang’s idea, we propose conjugate
gradient methods based on secant conditions that generate descent search directions. In ad-
dition, we prove global convergence properties of the proposed methods. Finally, preliminary
numerical results are given.

Keyword; Unconstrained optimization, conjugate gradient method, descent search direction,
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1 Introduction

We deal with the following unconstrained optimization problems:

i 1.1
min - f(z), (1.1)
where f : R" — R is continuously differentiable and its gradient ¢ = V f is available. For

solving (1.1), the iterative method is widely used and its form is given by
Thy1 = T + apdy, (1.2)

where x, € R" is the kth approximation to a solution of (1.1), a € R is a step size and dj, € R"
is a search direction.

Recently, the conjugate gradient method is paid attention to as an effective numerical method
for solving large-scale unconstrained optimization problems because it does not need the storage
of any matrices. The search direction of the conjugate gradient method is defined by

—3Gk, k = 0,
= 1.3
* { —gk + Brdi—1,  k>1, (1.3)
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where gy, denotes g(z) and f is a parameter which characterizes the conjugate gradient method.
Well known formulas for () are the Hestenes-Stiefel (HS) [15], Fletcher-Reeves (FR) [5], Polak-
Ribiere (PR) [19], Polak-Ribiere Plus (PR+) [9], and Dai-Yuan (DY) [3] formulas, which are
respectively given by

HS _ 9k Yr—1 FR _ lgx|”
df_ Yk’ lgr—111?’
. = . , (1.4)
PR _ 9k Yk=1 PR+ _ Ik Y1 py _ _lgkll®
k - 29 k = Imax 29 9 k - 4T 9
llgr—1ll llgr—1l dy_1Yr—1
where yi_1 is defined by
Yk—1 = Gk — Gk—1
and | - || denotes the ¢, norm. Furthermore, we define

Sk—1 = T — Tk—1,

which is used in the subsequent sections. Note that these formulas for [, are equivalent if
the objective function is a strictly convex quadratic function and «y is the one dimensional
minimizer. There are many researches on convergence properties of conjugate gradient methods
with (1.4). The global convergence properties of these methods have been proved in the previous
works (see [14,19], for example).

In this decade, in order to incorporate the second-order information of the objective function
into conjugate gradient methods, many researchers have proposed conjugate gradient methods
based on secant conditions. Dai and Liao [2] proposed a conjugate gradient method based on
the secant condition and proved its global convergence property. Later some researchers gave
its variants based on other secant conditions, and they proved global convergence properties of
their proposed methods [8,22,27]. Kobayashi et al. [16] proposed conjugate gradient methods
based on structured secant conditions for solving nonlinear least squares problems. Although
numerical experiments of the previous works show effectiveness of these methods for solving
large-scale unconstrained optimization problems, they do not necessarily satisfy the descent
condition (g,{dk < 0 for all k), or the sufficient descent condition, namely, there exists a constant
¢ > 0 such that

gtdy, < —éllgr? for all k. (1.5)

In order to overcome this weakness, Sugiki et al. [21] proposed three-term conjugate gradient
methods based on secant conditions which always satisfy the sufficient descent condition (1.5)
with ¢ = 1, by combining the three-term conjugate gradient method by Narushima et al. [18]
with parameters 5 given in [2,8,16,22,27].

On the other hand, Hager and Zhang [11] proposed a formula of [:

1 e IETRY
HZ T Yk—1 HS Yr—1 T
= I |1 —2dp 17— | =6 =2 +—— | 9rdi—1, (1.6)
g Al e ( df_lykq) i dl 1) "

and prove that the conjugate gradient method with (1.6) satisfies the sufficient descent condition
(1.5) with ¢ = 7/8, if dL_,yr_1 # 0 holds for all k. Hager and Zhang [14] extended 8% and
gave the following formula:

2

1 lyk—1])? HS -1l T

BMZ = — gl s — Ay | = B N | | gl i, (1.7)
g dc]illyk:—l g dzflyk:—l g diﬂ,lyk—l g



where A > 1/4. Note that their method satisfies the sufficient descent condition with ¢ =
1 —1/(4)). Following Hager-Zhang’s idea, Yu, Guan and Li [23] proposed a modified Polak-
Ribiere method whose 3 is given by

ot = 71 QT <yk—1 - )\dk_1Hyk1H2> =Bt = A <Hyk1’ >29Tdk;—1 (1.8)
* gr—1]27" lgr—1lI? F lgr—1l2) 7% ’

where A > 1/4. They showed that a conjugate gradient method with ﬂZGL also satisfies the
sufficient descent condition with ¢ =1 —1/(4\). After that, Yuan [24] proposed some variants
of the method of Yu et al.

Considering that ﬁf Z can be regarded as a modification of ﬁf S we propose, in this paper,
new conjugate gradient methods which are based on (3 in [2,8,22,27] and satisfy the sufficient
descent condition. The present paper is organized as follows. In Section 2, we propose the
parameter (3 by making use of the technique of Hager and Zhang [14], and give its related
algorithm. In Section 3, we show global convergence of our method given in Section 2. Finally,
in Section 4, some numerical experiments are presented.

2 Conjugate gradient methods based on the secant conditions
that generate descent search directions

In this section, we propose conjugate gradient methods based on the secant conditions that
generate descent search directions. In Section 2.1, we review conjugate gradient methods based
on secant conditions. In Section 2.2, making use of Hager and Zhang’s idea, we give new formulas

of ﬁkz
2.1 Conjugate gradient methods based on the secant conditions
The conjugacy condition of (nonlinear) conjugate gradient methods is given by
dfyp—1 = 0. (2.1)

In order to incorporate the second-order information into the conjugacy condition (2.1), Perry
[20] extended the conjugacy condition (2.1) by using the secant condition of quasi-Newton meth-
ods:

Bisk—1 = Yk-1, (2.2)
and the search direction dj of quasi-Newton methods:
Bydy = —g, (2.3)

where B}, is a symmetric approximation matrix to the Hessian V2 f(x}). Specifically, based on
the relations (2.2) and (2.3), Perry gave the following relation

df yr—1 = df (Bgsp—1) = (Brdp) " sp—1 = —gf. sp_1.
Thus, Perry’s conjugacy condition is defined by
dfyp_1 = —gF sp_1. (2.4)

After that, by incorporating nonnegative parameter ¢, Dai and Liao [2] proposed the following
condition:

dzyk_l = —tggsk_l. (2.5)



Note that, if ¢ = 0, then (2.5) reduces to the usual conjugacy condition (2.1), and if ¢t =1, (2.5)
becomes Perry’s condition (2.4). Moreover, if we use the exact line search, the condition (2.5) is
equivalent to the conjugacy condition (2.1), independently of choices of t. By substituting (1.3)
into condition (2.5), Dai and Liao proposed a parameter i as follows:

DL __ gg(ykq - tsk,1)
k — .
dg_lykfl

(2.6)

Note that dg_lyk,l > 0 holds for all k if the Wolfe conditions are used in the line search. They
showed that the conjugate gradient method with ﬁ,’? L converges globally for a uniformly convex
objective function under the assumption that the method satisfies the descent condition. They
also showed that the conjugate gradient method with ﬁkD L+ — max{0, ﬁ,? LY converges globally
for a general objective function under the assumption that the method satisfies the sufficient
descent condition (1.5).

Recently, following Dai and Liao, several conjugate gradient methods have been studied
by using other secant conditions instead of the secant condition (2.2). We first introduce some
secant conditions, and next review conjugate gradient methods based on these secant conditions.

Zhang, Deng and Chen [25] and Zhang and Xu [26] presented the following modified secant
condition:

0
Bysg—1 = Zl}g/—Tlv ZZ_T1 = Yr-1+ Pk <Tkluk—1> ) (2.7)
Sk—1Uk—1
where
O—1 = 6(fue1— fu) + 3(gr—1+ gx)" sk_1, (2.8)

and ¢, > 0 is a scalar, f denotes f(xr) and ui_1 € R™ is any vector such that s;‘g_luk_l #£0
holds. Li and Fukushima [17] gave the MBFGS secant condition:

Bisp—1 = 274, 2F4 = k1 + Cllgk | k-1, (2.9)

where ¢ > 0 and ¢ > 0 are constants. Ford and Moghrabi [6,7] proposed the multi-step secant
condition. Later on, Ford, Narushima and Yabe [8] introduced the following specific choices of
the multi-step secant conditions:

Behiti =2l A =si0 —&iskea, 2EN = Yeo1 — S1Uk2, (2.10)
and
Bphi? = 2f2, B = sko1— E18k-2,  ZhA = Ykt — k_1Yk-2, (2.11)
where
0 llsk—1]]
1 = ————> Op—1 =1k , 2.12
T 20, TP (2:12)

and 7 > 0 is a scaling factor.
Based on the modified secant condition (2.7), Yabe and Takano [22] proposed the following
formula for Gy:

T YT

vr 9k (Zpo1 — tsk—1)

ko= T YT
A2, 21

(2.13)

4



On the other hand, based on (2.9), Zhou and Zhang [27] proposed

T(,22
zz 9k (2% — tsk—1)
k= T ZZ

dy 1262

(2.14)

In addition, based on (2.10) and (2.11), Ford et al. [8] proposed two types of formulas for g
given by

gg(zlf—ll - thkF—11)

Bt o= : (2.15)
dgflzlljfll

2 _ gl?(szzl_thgzl) 216

k - qT L F2 ( )
k—17k—1

We now treat a unified formula of fj in (2.6) and (2.13)—(2.16). Secant conditions are
generally represented by

Bkhk,1 = Zk—1- (217)

In the case of hx_1 = sx_1 and zx_1 = yx—_1, (2.17) reduces to the usual secant condition (2.2).

Following Dai and Liao, we have a general form of conjugacy condition d;{zk_l = —tg,{hk_l. By
substituting (1.3) into the above condition,

Brdh_126-1 = g 2h—1 — tgf ha—1 (2.18)

is obtained. If d;{_lzk,l = 0, then [ satisfying (2.18) does not necessarily exist. Thus we set
B = 0 when dg_lzk_l = 0. Taking into account the above arguments, we have the formula for
0y, as follows:

et = gil (21 — thi—1)(dh_1z61)", (2.19)
where T implies the following generalized inverse:
’ a 7& 07
0, a=0.

In Table 1, we give 251 and hy_1 in (2.19) for the cases BPL, YT 2% gI'l and pf2.

Table 1: z;_1 and hg_1 in (2.19)

Name zp_1 hi—1
I Yk—1 Sk—1

BYT 2T in (27)  sp

BZZ  ZZZ in (2.9)  sp

BEY 2F' in (2.10)  hf'y in (2.10)
2 22 i (2.11)  AE2 in (2.11)

The conjugate gradient method with (2.19) does not necessarily generate descent search
directions. If we try to establish the global convergence of conjugate gradient method with
(2.19), we need to assume that the search direction satisfies the (sufficient) descent condition.



In order to overcome this weakness, Sugiki et al. applied (2.19) to the three-term conjugate
gradient method by Narushima et al. [18] and proposed three-term conjugate gradient methods
satisfying the sufficient descent condition (1.5). On the other hand we propose, in this paper,
a conjugate gradient method which satisfies the sufficient descent condition by modifying the
unified formula (2.19).

2.2 Proposed method

In this section, we give conjugate gradient methods that are based on secant conditions and
satisfy the sufficient descent condition. Taking into account BM#Z in (1.7) or ﬁzGL in (1.8), we
propose the following formula of G:

7= B = Mlzkor — thia |Pgk di {(df_ 12 1) )}
= g (ze1 — thi 2 )(di_126-0)" = Mlze1 — thi 1 Pgi dea {(df_126-1)?}, (2.20)
where ) is a parameter such that A > 1/4, and “DS” denotes “Descent and Secant conditions”.

If df 211 = 0, then BP9 = 0 and g}fd, = —|gx||?, otherwise, considering the fact that
uTv < 5(||u]|® + [|v]|?) holds for any vector u and v, we have

gide = —|lgel® + B8P gl di—a

L —
= —1|9k P
(d{—lzkfl)Q

x{dt 126197 (z—1 — the—1)gt di—1 — Mgt dx—1)?| 261 — the_1|*}

= ol +
’ H (d{_12k71)2

y [(d;{lzk—lgk)T
V2X
1
(dg_ﬁk—l)z

) {nd;{’lzk_lgkuz

{(V2AgEd—1(z1—1 — thi—1)} — Mg} di—1)?|| 251 — thk—1||2]

IN

~llgwl® +

4N

1
= —(1—-— 2,

Summarizing the above arguments, the following lemma is obtained.

+ Mlgh di—1(zp-1 — the—)|I” = Mg d—1)?||z5—1 — thk—1||2}

Lemma 2.1. Consider the conjugate gradient method (1.2)—(1.3) with (2.20). Then the sufficient
descent condition (1.5) holds with ¢ =1 — }5.

To establish the global convergence of the methods for a general objective function, B > 0
is often needed. Then we replace ﬁkD S by

BPT = max{0, BP°}. (2.21)

Note that Lemma 2.1 still holds for the conjugate gradient method with (2.21). We now give
an algorithm of conjugate gradient method with (2.20) or (2.21).

Algorithm 2.1.

Step 0 Give an initial point xo € R"™ and positive parameters A > 1/4, 0 < 01 < 09 < 1.
Set the initial search direction dy = —go. Let k =0 and go to Step 2.



Step 1 Compute di, by (1.3) with (2.20) (or (2.21)).

Step 2 Determine a step size oy satisfying the Wolfe conditions:

f(xk + akdk) - f(l‘k) S alozkg,{dk, (2.22)
g(a?k + Oékdk)Tdk > Ugggdk. (2.23)
Step 3 Update xp4+q by (1.2).
Step 4 If the stopping criterion is satisfied, then stop. Otherwise go to Step 5.
Step 5 Let k:=k+ 1 and go to Step 1.

Note that the Wolfe conditions and (1.5) yield
df_1yr—1 > (02 = 1)g}_1dr—1 > &(1 = 02)|lge—1[*(> 0). (2.24)

Now we introduce the concrete choices of ﬂkDS and ﬂ,? S+ by using the same arguments in
Section 2.1. Considering Table 1 and (2.20), concrete choices of ﬁkD S and ﬁ,? 5t are respectively
given by the following;:

BPSPL — gT(ye | — tsp_1)(dl lyk D = Muyr—1 — tsr—112g8 dr—1{(d}_ 1yk D2,
BDSYTZQkT(Zk 1 — Usk— 1)(dk 173 )T >‘||Zk 1—t5k 1” Ik dk 1{(dk 1Z )Q}T’
ﬂ]?SZZ:gg(Zk | — tsp_1)(dT_ 12 IV = N4 — tspoallPal di—1 {(di_12F %)},
BT = gf (A2 — thity)(d}. k: 1Zk DT = A=y = thi P di—a {(df- 1Zk: 2,
B2 = gl (22 — thi 2 ) (dh_y 2 2)T - /\sz—1—thk—1|| gk e {(df_1 212"},

and

DSDLY — max{0, BPSPLY, (2.25)
BPSYT+ — max{0, BPSYTY, (2.26)
ﬁDSFH = max{0, BP51}, (2.27)
BPSF2H — max{0, P72}, (2.28)
where ﬂDSYT is ﬂkDS with hyp_1 = sp_1 and
— Z;’_Tfr = Yr—1 + Ok (W _1> ) (2.29)

3 Global convergence of the proposed methods

In this section, we investigate the global convergence property of Algorithm 2.1. For this purpose,
we make the following assumptions for the objective function.

Assumption 3.1.

A1l. The level set L = {z|f(x) < f(xo)} at xo is bounded, namely, there exists a constant
a > 0 such that

x|l <@ forall z€L.



A2 In some open convex neighborhood N of L, f is continuously differentiable, and its gra-
dient g is Lipschitz continuous, namely, there erists a positive constant L such that

lg(x) —g(@)| < Llle =z forall z,ZeN.

Note that Assumption 3.1 means that there exists a positive constant v such that
lg(z)]| <~y  forall zelL. (3.1)

We also assume g # 0 for all k, otherwise a stationary point has been found.

To establish the global convergence of the methods, we give a lemma for general iterative
methods. The lemma can be easily shown by using the Zoutendijk condition [28], and hence we
omit the proof (see [18], for example).

Lemma 3.1. Suppose that Assumption 3.1 holds. Consider any iterative method of the form
(1.2), where di, and i, satisfy the sufficient descent condition (1.5) and the Wolfe conditions
(2.22) and (2.23), respectively. If

E = 00
=

then liminfy o ||gx|| = O holds.
By using Lemma 3.1, we have the following theorem.

Theorem 3.1. Suppose that Assumption 3.1 holds. Let the sequence {xy} be generated by
Algorithm 2.1. If there exist positive constants ¢ and co such that zp_1 and hg_1 satisfy

|zk—1 — the—1]| cillsk—1l]; (3.2)

<
< e (3.3)

ag||dp1|* [df_y 25 [
for all k, then the method converges globally in the sense that likm inf ||gx|| = 0.
—00

Proof. By (2.22) and Lemma 2.1, the sequence {xj} is contained in the level set £. It follows
from (2.20), (3.1), (3.2) and (3.3) that

8% -]l < ‘ng(Zk—l—thk—l)(d;‘f_lzk—lﬂ ldk—l]

X gh di—1| llzr—1 — the—1 |P{(di_12k—1)*} [|di1]
< cran—1llgellllde—1lP1di—1 21| + Acioi_ lgellllde—1l|*(|df—1 2e-1]")?
< (cre2 + Acicd)y,

and hence we have from (1.3) that
ldill < Nlgnll + 18] ldk-ll < (14 crea + Acke3)y,

which implies that Y22 1/||dk||* = oo holds. Therefore from Lemma 3.1, the proof is complete.
U

By using Theorem 3.1, we can show global convergence properties of Algorithm 2.1 with
ﬂ,?SDL, ﬁ,?SYT, ﬁ,?SFl, and ﬁ,?SFZ for a uniformly convex objective function, and Algorithm 2.1
with ﬂ,’? SZZ for a general objective function.

First we give the definition of uniformly convex function. The function f is said to be
uniformly convex (on R") with modulus g if f((1 — ANz 4+ Ay) < (1= N)f(z) + M (y) — sp(1 —



MA|lz—y|? holds for any x, y € R™and X € (0, 1). Note that, if f is a continuously differentiable
uniformly convex function, the following holds:

(g(z) —g@)N T (z — 2) > pllz — 7|2 for all z,z € R". (3.4)

We also note that, if f is a uniformly convex function, then the level set £ is bounded for any
g, and hence Assumption Al is satisfied.

The proof of the following theorem is similar to that of [21, Theorem 2], but we do not omit
the proof for readability.

Theorem 3.2. Suppose that Assumption 3.1 holds and that f is a uniformly convex function.
Let x* be a unique optimal solution to (1.1).

(i) Algorithm 2.1 with ﬁkDSDL converges globally, i.e. klim T, = 1"
— 00

(ii) Assume that ¢y and uy satisfy 0 < ¢p < ¢ and
|sh—quk—1] > sk [ [lur—1ll; (3.5)
where ¢ is a positive constant such that ¢ < u/(3L), and m is some positive constant.

Then Algorithm 2.1 with 5£SYT converges globally, i.e. klim T =",
— 00

(iii) If i satisfies 0 < ni < 7 for some positive constant 7 such that 2u — 7L > 0 holds, then
Algorithm 2.1 with ﬂ,?spl converges globally, i.e. klirn T =x*.
—0Q

(iv) If ny satisfies 0 < mp < 7 for some positive constant 7 such that 2 — tnL > 0 holds, then
Algorithm 2.1 with Bszm converges globally, i.e. klim xp =",
— 00
Proof. (i) By Table 1, we have
k-1 — thi—1ll = lyk—1 — tsk—1ll < (L +1)[sk—1l, (3.6)
which implies (3.2) with ¢; = L +¢. Since from (3.4), y! ;sk—1 > p|sk—1]* holds, we have
|di—1zk-1] = [ di_yyn] > pag—i || di—a .

Thus (3.3) is satisfied with ca = 1/p. It follows from Theorem 3.1 that likm inf || gk|| = 0 holds.

(ii) By the mean value theorem, the following holds:

foo1— fo = —g(Top_1 + (1 — 7)ag) 851

for some 7/ € (0,1). Then it follows from (2.8) and Assumption A2 that

0k—1] = 16(fr—1— fr) + 3(gr—1 + g&)" 551
| = 6g(Twp—1 + (1= 7)) sk + 3(gre—1 + gr) " sk
3{llgr—1 — 9(7'zp—1 + (1 = Taw)ll + llgr — 9(7'wp—1 + (1 — 7")aw) [ HIse—1]
BL{||wp—1 — (T'wp—1 + (1= Taw)ll + loe — (T'2p—1 + (1= 7)aw) [ lsp—1
3L||sp_1]* (3.7)

We have from Table 1, (3.5), (3.7) and Assumption A2 that

Ok—1
Yk—1 + Pk (;puk1> — tSk—1

VANVAN

lzk—1 —thx—1l| =

Sp—1Uk—1
3L Sk— 2
< Llspotll + ooty s
P T
3L
< @402 1 psl. 58)
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The relations (3.7) and (3.4) yield

01—
di1zk-1l = |dioyyrr + ¢kT71d£_1uk_1
Sp_1Uk—1
> |dF Pk 2
> |dg_1Yk—1| — ——3L|[s—1]|
ap—1
> (= 3¢L)aj 1|1 (3.9)

We note that p — 3¢L > 0. The relations (3.8) and (3.9) imply (3.2) and (3.3) with ¢; =
(L+3¢L/m~+t) and ¢ = 1/(u—3¢L), and hence we get, from Theorem 3.1, that lik‘fn inf ||gr|| = 0.

(iii) The relation (2.12) yields

Ok—1 _ 1k ||sk—1]|

§k—1 < > 2 snal’ (3.10)
and hence we have from Table 1 and (3.10) that
[2k—1 = the—1ll = [lyk—1 — E—1Yr—2 — t(sk—1 — Ek—15k—2) |
< Myl + Ee—1llyr—2ll + tllsk—1ll + t&k—1]lsk—2]l
< (@Ol + B 4 ]
< (1+ D@+ olsial, (3.11)

which implies (3.2) with ¢; = (1 +7/2) (L +t). We have from (3.4), (3.10), and Assumption A2

df_ 1261 = |11 — Ee—1d}_ Yk
\diyk—1] = Er—r|di_ 1Yk
Mk ||Sk—1]]
2 |Isk—2|

Y

Y

pog—tlldp—1* — k1 [[l[y—2]l

v

pevldir|? = 3 Lo [[di |
= (1= 3L) an-illdia?

We note that p—nL/2 > 0, and hence (3.3) holds with ¢ = 1/(1n—7L/2). Thus by Theorem 3.1,
we get likminf llgr|| = 0.

(iv) By Table 1 and (3.10), we have

k-1 —thi—1ll = llye—1 — t&—1Yk—2 — t(sk—1 — Ek—15k—2) |l
< (LA O)lsioall + (14 L) s |
< ﬁH¢+%ﬂ+L&mmﬁ. (3.12)

It follows from (3.4) and (3.10) that

iy 2k-1] = |di_1yk—1 — t&—1dr_1Yk—2|

Tk
> pog|ldp-|® - tL= llsk-1lllldr—1ll

Vv

(u—gLOahﬂuhﬂP. (3.13)

10



We note p — 7Lt/2 > 0. Therefore, we have from (3.12) and (3.13) that (3.2) and (3.3) hold
with ¢ = L+t + nt(1 + L)/2 and co = 1/(n — 7Lt/2). It follows from Theorem 3.1 that we
have ligninf llgx|| = 0.

Summarizing (i)—(iv), we have likm inf || gx|| = O for each case. Since f is uniformly convex,
—0Q

we obtain the desired result. Therefore the theorem is proved. O

Although condition (3.5) for uy_; is assumed in (ii) of Theorem 3.2, this condition is rea-

sonable. For example, if uy_1 = sp_1, (3.5) is satisfied with m = 1. If up_1 = yx_1, it follows
from (3.4) that

k-1l llyr—1ll;

i
|st_1ub—1] = |$t_1yk—1] > pllsp—1]* > I

which implies that (3.5) is satisfied with m = /L.
Next we show global convergence of Algorithm 2.1 with ﬂkD SZZ for a general function.

Theorem 3.3. Suppose that Assumptions 3.1 holds. Consider Algorithm 2.1 with ﬁkDSZZ. Then
the method converges globally in the sense that likm inf || gx|| = 0.
—00

Proof. To prove this theorem by contradiction, we suppose that there exists a positive constant
€ such that

llgrl] > € for all k. (3.14)

It follows from Table 1 and (3.1) that

lzk—1 = thi—1ll = llyr—1 + Cllgrll®se—1 — tsp—all < (L + ¢y + D)[sp—all (3.15)

We have from (2.24) that d _,yx_1 > 0, and hence it follows from (3.14) that
(-1 2k-1] = di_yy—1 + Cllgr-1]19di_1 561 > (el di—r |- (3.16)

Therefore, it follows from (3.15) and (3.16) that (3.2) and (3.3) hold with ¢; = L 4 {79+t and
¢z = 1/(Ce%). Although, by Theorem 3.1, we have liminfy_, ||gx|| = O, this contradicts (3.14).
Therefore the proof is complete. O

Although we proved, in Theorem 3.2, global convergence properties of the method with
B,?SDL7 ﬁ,? SYT, ﬁ,? SF1 and 6,? SEF2 for uniformly convex objective functions, we have not shown
their global convergence properties for general objective functions. Accordingly, in the rest of
this section, we consider the global convergence properties of the methods for such functions.

The following property is originally given by [9], and this property shows that (§; will be
small when the step s,_71 is small.

Property A. Consider the conjugate gradient method (1.2)—(1.3) and suppose that there exist
positive constants € and 7y such that ¢ < ||gi|| < for all k. If there exist b > 1 and v > 0 such
that |Bk| < b and

lscal <v = 16 < o,
then we say that the method has Property A.
The general result under Property A is the following (for example, see [14]).
Theorem 3.4. Suppose that Assumption 3.1 holds. Let {xj} be the sequence generated by the
congugate gradient method (1.2)—(1.3) which satisfies the following conditions:
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Cl) Bx >0 for all k,

C2) the sufficient descent condition,

C3) the Zoutendijk condition,

(C1)
(C2)
(C3)
(C4) Property A.

Then the sequence {xy} converges globally in the sense that lign inf ||gx|| = 0.
—00

In order to adopt Theorem 3.4 to Algorithm 2.1, §; must be nonnegative. As mentioned
around (2.21), we consider Algorithm 2.1 with ﬁ,?s+ instead of ﬂ,?s. We note that, if ﬁ,?s <0
and B£S+ = 0, the search direction becomes the steepest descent direction (i.e. dy = —gi), and
hence Algorithm 2.1 with ﬂ,? 5 still satisfies the sufficient descent condition (1.5).

Now we give the following global convergence property for general objective functions.

Theorem 3.5. Suppose that Assumption 3.1 holds.

(i) Algorithm 2.1 with ﬂ,?SDLJF in (2.25) converges globally in the sense that likm inf || gk || = 0.
—00

(ii) Assume that uy, and ¢y, satisfy (3.5) and 0 < ¢ < ¢ where ¢ is any fized positive con-
stant. Then Algorithm 2.1 with ﬁ,?SYT+ in (2.26) converges globally in the sense that
likminf llgr|| = 0.

— 00

(iii) Assume that there exists a positive constant p1 such that, for all k,
max{|gi_1di-1|, g de—1[} [di_125 21" < 1 (3.17)

holds. If ny, satisfies 0 < mi < 7 for any fized positive constant 7, then Algorithm 2.1 with
,BI?SFH in (2.27) converges globally in the sense that th:n inf ||gx|| = 0.
—00

(iv) Assume that there exists a positive constant pa such that, for all k,
max{|gi_1dx-1], 198 de1|} [di_122 [T < 2 (3.18)

holds. If ny, satisfies 0 < mp, < 7 for any fixed positive constant 7, then Algorithm 2.1 with
B,?SF?JF in (2.28) converges globally in the sense that lign inf || gx|| = 0.
—0Q

Proof. By (2.21), B]?SJF > 0 holds, and hence condition (C1) is satisfied. As mentioned above,
the method with ﬁ,? St gsatisfies the sufficient descent condition, which implies condition (C2).
Assumption A2 and the Wolfe conditions yield the Zoutendijk condition, and hence condition
(C3) is also satisfied. Therefore, we need to prove Property A only, and hence we assume, in
the rest of the proof, that there exists a positive constant ¢ such that

e < [lgrll (3.19)
holds for any k. Note that there exists a positive constant @ such that
[sk-1]l <@ (3.20)

because the level set £ is bounded and {z;} C £. Under the condition (3.19), if there exists a
positive constant c3 satisfying

1875 < esllsk—all (3.21)
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for all k, then we have, by putting v = 1/(2bcs), that |ﬁ,?s+| < max{l,ac3} = b and
1
2b’
which implies that Property A is satisfied. Thus it suffices to prove that (3.21) holds for cases
(i)-(iv).
Here, we give some facts. It follows from (2.24) and (3.19) that
di_1yp—1 > &1 = 02)||gr-1]* = &(1 — av)e®. (3.22)

The relation g ,di—1 < 0 and (2.23) yield

skl v = 1675 <

gt dp_y Gde_1 — g _1dp_1 = dt_qyp_1,

<
ghdk—1 > o2gf 1dp—1 = —0adi_ Yp—1 + 029} di_1,
and hence we have from o9 € (0,1) and dk 1Yk—1 > 0 that

02

|97 dy,—1| < max {17 _02} di 1 Yr—1 = cadf_yp—1, (3:23)

where ¢4 = max{1,02/(1 — 02)}.
Now we prove (3.21) for each case.

(i) By taking into account 224 = yx_1 and hPH = s;_q, it follows from (3.6), (3.22), (3.23),
(3.20) and the Lipschitz continuity of g that

1BPFPEE < |gE (PR — th )| | 225 T+ MzEs — th 1P g dr—a [{(dh_2P5) 2}
< M” [ MH 2
= F1— gg)e2 0(1—02)2 k=1

Y(L +t) ca(L +t)%a

< A _

< (Eu__0®€2+ S ) el
which implies that (3.21) holds.

(ii) By (2.29), (3.22) and ¢ > 0, we have

YT+

di 12621 | = > dl yr_1 > (1 — o9)e”. (3.24)

d —1Yk— 1+qzlmax{0 01}

It follows from (3.23) and (3.24) (namely, |dF 2} 7| > |dF_ yx_1]) that
|97 di—1| < caldi_yyp—1| < caldi_y2) ). (3.25)
Similar to (3.8), we have from (2.29) that

maX{O 01}

Sk Uk—1

HzYT+ thYT|| = < csllsp—1]],

Yk—1 + Ok Up—1 — TSp—1

where c5 =t + (1 + 3¢/m)L. Therefore, it follows from (3.24), (3.25) and (3.20) that

BT < gk (T =t D] | 2 T+ M 2 = th P lgk dea {(dfy 2 1))

YCs C4C5 2
< — — s
< Tl 1= oz Il

L) cacsa
< A )
B <C(1 — 02)52 * e(1— 02)52) Hsk 1”,

13
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which implies that (3.21) holds.
(iii) The relations (1.5) and (3.17) yield

|di 24| < 27 |9k die—1| dE_ 26 |1 <

and therefore, it follows from (3.11) and (3.20) that

DSF F F F
1B < gk (212 — thily)] Idk vz T+ Mzt = th 1P dr—a [{ (df_ 1 247)}
901’706 <P
< [sk—1ll + A ”Hssz
<

¢ cta
<Wf Iptat: ) sl
ce ce
where ¢g = (1 +77/2)(L + t), which implies that (3.21) holds.
(iv) The relations (1.5) and (3.18) yield
|12 1’T< 5 gk dal 152 [T < o

and therefore, it follows from (3.12) and (3.20) that

DSF
|/8k 2+‘ < ‘gk (Zk 1—th 1) ’dT 12'Ff2 ‘T+)\‘|25—21 1|| |9kdk 1‘{(dT 1Zk 1)2}T
2 2
902767
< [sk—1 + A 27H87H2

IN

p27yCr 30 cza
< = AT )HSk—1||,
ce ce

where ¢; = L+t + 7t(L + 1)/2, which implies that (3.21) holds.
Summarizing (i)—(iv), the proof is complete. O

Although (3.17) and (3.18) look like strong assumptions, these are reasonable if we use (2.22)
and the condition

—o3gt dy > g(xp + andp) T dy > oogl dy, (3.26)

as the line search rules, where 0 < 07 < 02 < 1 and 0 < o3 < 1. Note that the conditions (2.22)
and (3.26) are the Wolfe conditions with the additional condition —ogggdk > g(zp + apdy) T dy.
We also note that, if o3 = o9, then the conditions (2.22) and (3.26) become the strong Wolfe
condition: (2.22) and

|g(zx, + owdy) T di| < —o2g] di,

and in addition, if o3 = 1 — 207 and o1 < 1/2, then (2.22) and (3.26) become the approximate
Wolfe condition: (2.22) and

—(1 = 201)gkdy > g(zp + ardy)Tdy, > oogi dy. (3.27)

We now demonstrate why (3.17) is reasonable under the conditions (2.22) and (3 26) If
df_zF1 =0, then (3.17) is automatically satisfied. So that, we consider the case df_,z}/1, # 0.
Then we need to justify

’9%—1%—1\ < ¢1|dz—125—11|7 (3.28)
|ngdk—1| < ‘;Olydg_lzjf_l1|- (3.29)
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It follows from (3.26) that
|9 di—1| < max{o2, o3}|gf_1dk—1| < |gi_1dk1l,

which implies that (3.29) holds if (3.28) is satisfied. Thus it suffices to consider (3.28). From
the definition of 2/, in (2.10), we have

di_12 0y = di qyk—1 — S—1df_ ye—2. (3.30)
If sT'  yr_o <0, then we have, from (3.30), &—1 > 0 and (3.26), that
di 12ty > di iy = —(1— 02)gi_ydk—1 (> 0),

which implies (3.28) with ¢1 = 1/(1 — 03). If sL  yr_2 > 0, we can control the magnitude
of the last term in (3.30) by using the parameter 7. For example, if we choose n; = 0, then
—&k—1d}l  yr—o = 0, which implies (3.28) holds with ¢ = 1/(1 — 02). Thus (3.28) is justified.
Therefore, (3.17) is reasonable. We can also justify (3.18) in a similar way for (3.17).

4 Numerical results

In this section, we give numerical results of Algorithm 2.1 to compare our methods with other
conjugate gradient methods. We investigated numerical performance of the proposed algorithms
on 70 problems from the CUTEr library [1,10]. Note that we tested the proposed algorithms
on 145 problems, but we omit the numerical results on small-scale problems. Table 2 shows
problem names and dimensions of 70 problems.

Table 2: Test problems (problem name & dimension)
ARWHEAD 5000 DIXMAAND 9000 FLETCHCR 10000 PENALTY1 10000

BDEXP 5000 DIXMAANE 9000 FMINSRF2 5625 POWELLSG 20000
BDQRTIC 5000 DIXMAANF 9000 FMINSURF 5625 POWER 20000
BIGGSB1 5000 DIXMAANG 9000 FREUROTH 5000 QUARTC 10000
BOX 7500 DIXMAANH 9000 GENHUMPS 5000 SCHMVETT 5000
BROYDNT7D 5000 DIXMAANI 9000 GENROSE 5000 SINQUAD 10000
BROYDN7D 10000 DIXMAANJ 9000 GENROSE 10000 SPARSINE 5000
BRYBND 10000 DIXMAANK 3000 LIARWHD 10000 SPARSQUR 10000
CHAINWOO 4000 DIXMAANL 9000 MODBEALE 10000 SROSENBR 10000
CHAINWOO 10000 DIXON3DQ 10000 MOREBV 5000 TESTQUAD 5000
COSINE 10000 DQDRTIC 5000 MOREBV 10000 TOINTGSS 10000
CRAGGLVY 5000 DQRTIC 5000 NONCVXU2 5000 TQUARTIC 10000
CURLY10 10000 EDENSCH 10000 NONDIA 10000 TRIDIA 10000
CURLY20 10000 EG2 1000 NONDQUAR 5000 VAREIGVL 5000
CURLY30 5000 ENGVAL1 10000 NONDQUAR 10000 WOODS 4000
DIXMAANA 9000 EXTROSNB 1000 NONSCOMP 5000 WOODS 10000

DIXMAANB 9000 EXTROSNB 10000 OSCIPATH 10000
DIXMAANC 9000 FLETCHCR 1000 PENALTY1 1000

We tested the following methods:

CG-DESCENT : Software by Hager and Zhang [11-13],

DSDL+ : Algorithm 2.1 with 8P7°P5F and (\,t) = (2,0.3),

DSYT+ : Algorithm 2.1 with B29YTF (A ¢, é%) = (2,0.3,0.3) and uy = yg,
DSZZ+ :Algorithm 2.1 with ﬁ]?SZZJr = max{0, BP%%%} and (\,t) = (2,0.3),
DSF1+ : Algorithm 2.1 with 8°"1 and (\,¢,7m;) = (2,0.3,0.3),

DSF2+ : Algorithm 2.1 with B7%72% and (A, ¢, %) = (2,0.3,0.3).
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Following Zhou and Zhang [27], we chose, in DSZZ+, ¢ = 0.001, and ¢ = 1.0 if ||gx|| > 1.0,
otherwise ¢ = 3.0. Although Algorithm 2.1 with ﬁ,? SZZ converges globally for a general objective
function, we used ﬂkDSZZJF, instead of ﬁ,?SZZ, because the methods with ﬁ,?SZZ+ performed a
little better than the methods with G, = ﬁ,? S2Z did. We should note that the global convergence
property of the method with ﬂ,? SZZ+ g still established. To choose values of parameters \, t, ¢
and 7, we had preliminarily performed the algorithm by using two or three kinds of values for
each parameter. In this numerical experiment, we chose values of parameters which relatively
performed better in these preliminary numerical results. CG-DESCENT is a software package
of conjugate gradient method with (1.6) and an efficient line search which computes the step size
oy, satisfying the approximate Wolfe conditions (2.22) and (3.27). We coded DSDL+, DSYT+,
DSZZ+, DSF1+ and DSF2+ by using CG-DESCENT [11-13], in which parameters were set as
o1 = 10* and o9 = 0.1. The stopping condition was

lg]loo < 1076,

We also stopped the algorithm if CPU time exceeded 500(sec). We note from the numerical
results in [21] that the three-term conjugate gradient method given by Sugiki et al. [21] is
almost comparable with CG-DESCENT. Thus we omit numerical comparisons our methods
with the three-term conjugate gradient method by Sugiki et al.

We adopt the performance profiles by Dolan and Moré [4] to compare the performance among
the tested methods. For ng solvers and n, problems, the performance profile P : R — [0,1] is
defined as follows:

Let P and S be the set of problems and the set of solvers, respectively. For each problem
p € P and for each solver s € S, we define t, ; := (computing time (or number of iterations,
etc.) required to solve problem p by solver s). The performance ratio is given by r,, =
tp.s/ Minges ty ;. Then, the performance profile is defined by P(7) := nl—Psize{p € Plrps < 7}
for all 7 € R, where size{p € P|r,s < 7} stands for the number of elements of the set {p €
Plrp.s < 7}. Note that if the performance profile of a method is over the performance profiles
of the other methods, then this method performed better than the other methods.

Figures 14 are the performance profiles measured by CPU time, the number of iterations,
the number of function evaluations and the number of gradient evaluations, respectively. From
the viewpoint of CPU time, we see from Figure 1 that CG-DESCENT performed well in the
interval 1 < 7 < 2, and DSF1+ and DSF24 were at least comparable with CG-DESCENT in
the interval 2 < 7 < 5. On the other hand, DSDL+ and DSYT+ were outperformed by CG-
DESCENT. From the viewpoint of the number of iterations, the number of function evaluations
and the number of gradient evaluations, Figures 2—4 show that DSF1+ and DSF2+ were supe-
rior to CG-DESCENT, and that DSDL+, DSYT+ and DSZZ+ were almost comparable with
CG-DESCENT. CG-DESCENT is coded to reduce the computational costs of inner-products
that is needed in Hager-Zhang’s method [11]. On the other hand, DSDL+, DSYT+, DSZZ+,
DSF1+ and DSF2+ are not tuned to reduce the computational costs of inner-products, and
hence, as mentioned above, DSDL+, DSYT+, DSZZ~+, DSF1+ and DSF2+ need more compu-
tational costs for inner-products than CG-DESCENT does. This is a reason why CG-DESCENT
is superior to the other methods in the interval 1 < 7 < 2 of Figular 1. We may reduce compu-
tational costs of DSDL+, DSYT+, DSZZ+, DSF14 and DSF2+ by effectively tuning the code.
However, it is beyond the scope of this paper.

Summarizing the above observations, we can conclude that DSF1+4+ and DSF2+ are efficient
in this numerical experiments, and DSDL+, DSYT+ and DSZZ+ are almost comparable with
CG-DESCENT. On the other hand, since the methods have some parameters, a suitable choice
of parameters in the methods is our further study.
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5

Conclusion

In this paper, we have proposed conjugate gradient methods based on secant conditions that
generate descent search directions. Under suitable assumptions, our methods have been shown to
converge globally. In numerical experiments, we have confirmed the effectiveness of the proposed
methods by using performance profiles.
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