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Abstract

This paper is a continuation of the paper [3] by the authors where they demonstrated that the
number of iterations of Mizuno-Todd-Ye predictor-corrector primal-dual interior-point methods for
SDP and more generally symmetric cone programs is (asymptotically) expressed with an integral
over the central trajectory called “curvature integral.” It was shown that the number of the iterations
of the algorithm is approximated surprisingly well with the integral for fairly large problems of LP
and SDP with thousands of variables. In this paper, we demonstrate that the curvature integral
admits a rigorous differential geometric expression in view of information geometry. Our result is
a direct extension of [I0] in linear programming to SDP and symmetric cone programs, using the
results for curvature integrals of primal-dual algorithms in SDP and symmetric cone programs in [3].
Together with the numerical evidence in [3], we claim that the number of iterations of the interior-
point algorithm is expressed as a differential geometric quantity.

Keywords: interior-point methods, primal/dual algorithms, primal-dual algorithms, iteration com-
plexities, curvature integral, semidefinite programming, symmetric cone programs, information geom-
etry

1 Introduction

Interplay between interior-point methods and differential geometry is an interesting topic studied by
several authors. It was shown in [3] that the substantial portion of the iteration complexity of Mizuno-
Todd-Ye predictor-corrector primal-dual interior-point method for SDP and symmetric cone programs
is represented with an integral along the central trajectory called ”curvature integral.” The curvature
integral is introduced by Sonnevend et al. for LP and further studied by Monteiro and Tsuchiya, and
recently extended to symmetric cone programming including SDP. The objective of this paper is to
establish a rigorous differential geometric expression for this curvature integral in view of information
geometry. This is done by exploiting a geometric structure of the problems, called a dually flat space, and
relating the primal and dual problems each other by Legendre transformation. In application to convex
programming, by focusing on the duality of the constraint cones, the primal space and the dual space are
naturally associated with an identical manifold through Legendre transformation. As a result, we can
link their curvature integrals together through a certain projection of curvature integrals of primal-dual
algorithms to ones of primal/dual algorithms.

Curvature integrals have been playing an important role in the complexity analysis of interior-point
methods. The concepts of curvature integrals was firstly introduced by Karmarkar [4] in the context of
Riemannian geometry in special LP problems, and then developed by Sonnevend, Stoer and Zhao [12]
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and Zhao and Stoer [13], who gave a concrete formula for LP and gave a lower and upper bound of
its iteration complexity. Curvature integrals are defined along the central path, reflecting the geometric
structure of the central path; they become large in curved parts of the central path and become nearly
zero in approximately straight parts. Path-following methods, which are of our concern in this paper,
trace the central path approximately to seek an optimal solution. Thus intuitively it is considered that
curvature integrals represent the iteration complexities of path-following algorithms. In fact, besides
[12, [13], several researches also have been done in regards to these subjects: for primal-dual algorithms
[5] deals with this in LP case and [3] deals with this in SDP and symmetric cone programs cases, and for
primal/dual algorithms [10] deal with this in a general conic linear program.

Information geometry is a differential geometric framework specifically tailored to deal with convexity
naturally arising in information science, initially developed by Amari and Nagaoka [§] to study the prob-
ability theory and statistics. In [I0], Ohara and Tsuchiya developed an information geometric framework
of interior-point methods for conic linear programs based on the grand work Nesterov and Nemirovski [9].
See also [3] where they focus on information geometric framework and primal-dual interior-point algo-
rithms for LP providing extensive numerical experiments. According to this framework, we can consider
the central path and subsequent curvature integrals of primal and dual problems simultaneously in the
same manifold and thus associate iteration complexities of interior-point algorithms to an information
geometric integral over the central trajectory involving both problems.

To sum up, the objective of this paper, to put it more precisely, is to geometrically relate the curvature
integrals of primal-dual algorithms in SDP and symmetric cone programs obtained in [3], with curvature
integrals of primal/dual algorithms obtained in [I0]. And this is a direction extension of [I0, 3] in LP
case. Together with the numerical evidences in [3, B], we claim that the number of iterations of the
interior-point algorithm is expressed as a differential geometric quantity.

The organization of this paper is as follows. In section 2, we discuss the primal-dual algorithms in
SDP and symmetric cone programs and then summarize the relationship between curvature integrals
and iteration complexities in LP, SDP, and symmetric cone programs. In section 3, we summarize the
information geometry and then in section 4, discuss its framework for conic linear programs. In section 5,
we establish Pythagorean relationship in SDP case and in section 6 we do in symmetric cone programs’
case. We end with conclusions in section 7.

2 SDP and Symmetric Cone Programs and their Curvature In-
tegrals

In this section, we lay out minimal foundations of primal-dual algorithms in SDP and symmetric cone
programs in section 2.1 and 2.2 respectively, and then state the relationship between curvature integrals
and iteration complexities in LP [5] and in SDP and symmetric cone programs [3].

2.1 SDP

Let S™ be a real vector space generated by n x n real matrices, and its associated inner product is defined
by Ae B := Tr(AB) for any A,B € S™ X = 0 and X > 0 denote the positive semidefiniteness and
positive definiteness of X, respectively. Let R™ be a m-dimensional real vector space.

The standard primal form of SDP is formulated as

(P) miny CeX

Ai.X = b17 1= 17 -,Mm, (]‘)
X = 0
and its dual is formulated as
(D) maxy, s by
YriovA o+ S = C, (2)
S = 0,



where C € S™,4; € S™, i =1,...,m and b = (by,...,by,)T € R™ are the given data, and X € S™ and
(y,S) € R™ x S™ are the primal and dual variables, respectively. We assume that A;,i = 1,...,m are
linearly independent.

The feasible regions to () and (@) are defined by

P = {XES”|A¢OX:bi,Z':1,...,m, XEO}, (3)
D = {(1S)eR" x8"| 3" yidi+S=C, §=0}, (4)
and its corresponding strictly feasible regions are defined by

Pt == {XeP|X»0}, (5)
Dt = {(y,S)eD|S 0} (6)

We assume that Pt # () and DT # (.
Using the (normalized) duality gap defined by u(X,S) := X ¢ S/n, we define the distance measure by

dr(X,S) = ||X1/ZSX1/2—,LL(X,S)I||F = [ (Ai(XS)_M)2]1/2 7)

i=1 )

where X1/2 for X = 0 is the positive semidefinite square root, For a given constant 0 < § < 1, we then
define the neighborhood

N(B) = {(X,9,5) € PxD|dp(X,5) < Bu(X,S)}.
Let us simplify the notation slightly; we define the operator A : S™ — R™ by
(AX);:=A4,¢X, i=1,...,m.
Then the adjoint of this operator is A* : R™ — S™ satisfying
Aty = ZZI yidi.
It is known that the system
Ay + § = C,

b, (8)
XS = vl

AX

has a unique solution in (X,y,S) € PT x D¥ for any v > 0 and the set of such solutions are called a
central path.
Now we introduce Monteiro-Zhang (MZ) family of directions [6], which are obtained from the system:

A*Ay  +AS = C-S-— Ay,
AAX = b—AX, (9)
Hp(AXS +  XAS) = oul —Hp(XS),
using an operator Hp : R"*" — S™
Hp(M) = % [PMP' + (PMP )], (10)

with a nonsingular scaling matrix P. o is called the centering parameter; when o = 0, the derived
direction is the Newton direction or an affine scaling direction and when o = 1, it is a centering direction.
We will now state the scheme we will consider in this paper.



MTY Predictor-Corrector Algorithm in SDP:
Fix some constants 8 € (0, 1).
Let w® = (X°,4°,5% € N (8?) and pr < pto := (X°  S°)/n be given.
Repeat until p;, < py, do
(1) Choose a nonsingular scaling matrix P¥;
(2) Compute the solution Aw* = (AX*, Ay* AS*) of
the system (@) in MZ direction with
P = P* p=p, 0 =0and (X,y,5) = (X*,y*, ),
(3) Set 2+ := w* + ap Awk, where a > 0 is the largest a > 0
such that w* + aAw* € N (B) for all & € [0, a];
(4) From 2**! compute a point wh+! = (XKL yh+1 Ght1) e N7 (52)
with the same duality gap as w**?;
(4) Set g1 := (X**1 @ S¥¥1)/n and increment k by 1.
End do
End

2.2 Symmetric Cone Programs

Since symmetric cone programs are described by Euclidean Jordan algebra, we firstly summarize Eu-
clidean Jordan algebra and then state the problem and its algorithm. More detailed discussions are
found in [2] [7, [IT].

Let V be an n-dimensional real vector space with a bilinear mapping (z,y) — z oy from V x V into
V. Jordan algebra is a vector space V with a multiplication o satisfying

1. xoy=yox

2. xo(x?oy) =220 (z0Y)
where 22 = z o 2. Note that in general it is not associative, i.e., z o (y o0 z) # (z o y) o 2, but it is power
associative, i.e., z¥t! = zF o 2! for nonnegative integers k and [. In this paper, we assume that there
exists a unique identity e € V such that zoe=cecoz =z forall z € V.

If there exists a positive definite bilinear form (-, -) on V' which is associative, namely,

(roy,z)=(x,yoz) forVa,y,z €V, (11)

then, Jordan algebra is Fuclidean. Since Euclidean Jordan algebra is power associative, the notion of
rank and spectral decomposition are naturally defined. Using spectral decomposition, symmetric cones
are defined as the set of elements in V' whose spectral values are all nonnegative. Or equivalently, they
are defined as the cones of squares of Euclidean Jordan algebra V. We denote that the interior of the
symmetric cone by €. It is known that symmetric cones are self-dual, i.e.,

Q=" ={yeV | {y,xz) >0, VzreV\{0}}.

We introduce a linear form L, and two types of quadratic forms (), and Q.. as follows. L, is a linear
mapping of V defined by L,y := zoy for Vo,y € V and Q, := 2L2—L,2 and Q4 := Ly Ly+ LyL, — Lyo,.

Let V be an n-dimensional Euclidean Jordan algebra with rank r and  its associated symmetric
cone. We consider a primal-dual pair of the symmetric cone program:

(P)  min(e,z) (12)
ot (aj,z) =b;, 1=1,...,m,
x € cl(),
and
(D) mind"y (13)

m
Zi:1 Yia; + 8 =c,

st € cl(2),



wherec € V, a; €V, i = 1,...,m and b = (by,...,b,,)T € R™ are the given data, and € V and
(y,s) € R™ x V are the primal and dual variables, respectively.
The feasible regions of (IZ) and (I3)) are defined as

P = {zeV]|{ax)y=b;, i=1,...,m, z€cl(Q)}, (14)
D = {(y,s) ER™ xV | Zi:l yia; +s=c¢, SE€E cl(Q)} , (15)
and its corresponding strictly feasible regions are defined as
Pt = {zeP|zeQ} (16)
DY = {(y,s) €D |seQ}. (17)

We assume that Pt # () and DT # (.
Using the normalized duality gap p(z,s) := (s, z) /r, the distance measure is defined as

d(x,s) = |Qurs—ple.s)e] = [Tio,(ilzos) - w?]'"?, (18)
and, for a given constant 0 < 5 < 1, we then define the neighborhood:
NB) = {(z,y.5) €PT x D" | d(z,s) < Bu(z,s)}.

Using the notations:
(Ax)l = (aiax>7 izla"'ama
and letting A* be an adjoint operator of A, the system:

Ay + s = ¢
Az = b, (19)
ToS = ve,

has a unique solution in (x,y,s) € PT x Dt for any v > 0 and the set of such solutions are called the
central path.
Based on this, we introduce Monteiro-Zhang (MZ) family of directions [6], which are given by

A*Ay +As = c¢—s— A*y,
AAz = b— Az, (20)
(97"s)o(gAz)  +  (gz)o(g "As) = ope—(gz)o(g "s).

Note that o is a centering parameter where the solution is the Newton direction when o = 0 and one is
the centering direction when ¢ = 1. The MTY-PC algorithm in symmetric cone programs is identical to
one in SDP except that it solves (20) instead of (@) for computing the direction.

2.3 Curvature Integrals and iteration Complexities in MTY-PC algorithms

We briefly lay out the results in regard to the relationship between curvature integrals and iteration
complexities in SDP and symmetric cone programs discussed in [5] and [3].

Theorem 2.1. Let 8 € (0,1/2]. For given w® € N'(8) and 0 < vy < p(w®) denote by #pp(u(w®),vys,B)
the number of iterations of the MTY-PC algorithm with 8 € (0,1/2] needed to reduce the duality gap from
vi .= u(w®) to vg. Then, using curvature integral:

Ipp(vs,vi) = / T2, (21)
vy
with the square of the integrands:
hpp(v) := ”m—;S” (LP case),
hpp(v) := HX*1/2XX*1/2 o 571/25571/2HF (SDP case),
hpp(v) = ||Qu-1/280Q4-1/28||  (symmetric cone programs case),

we have
lim Ipp(vy,vi) /B _ L
8o #pp(vi,vy,B)



3 Brief Overview of Information Geometry

In this section, we lay out a minimal foundation of information geometry and its relation to interior-point
methods. We firstly introduce the structure of informaion geometry and then discuss how information
geometry fits into the framework of convex programming. For more concise information, please refer to
[1] for information geometry and [9] for a general theory of interior-point methods. The contents of this
section has considerable overlap with [3]. To make the paper self-contained, we repeat them here.

3.1 Setting and Background
3.1.1 Dually Flat Space

Let E and E* be an n-dimensional real vector space and its dual space. We denote by (s, z) the duality
product of z € E and s € E*. Let {e1,...,e,} be the basis of E and {e7,..., e} be its dual basis of E*
with a biorthonormal property, i.e., (e;,e}) = d;;. We consider the affine coordinate system (z',...,z")
based on {ei,...,e,} so that any z € E is represented by # = > I, z’e;. Similarly, we consider
(s',...,s") based on {ef,...,es} with any s = 31" | s’ef. In this setting, the inner product is now
computed as (s,z) =Y 1 | z's’.

Let C be an open convex set in E with nonempty interior and let C* be its z-coordinate expression, i.e.,
C*={¢eR" Y E%e € C}. We introduce dually flat structure on C. Let ¥(z) be a strongly convex
smooth function on C. In the following, ¥ is also regarded as a function on R™ under the coordinate

system (z!,...,2"). Then the gradient mapping
5(-):reC"—35eR", 5 =-0¥/0s (22)

is smoothly invertible on its image C® := 5(C*) C R" because the Hessian matrix of ¥ is positive definite.
We call (5%,...,5") the dual coordinate of C. C*® becomes convex in R™ under appropriate regularity
conditions, e.g., ¥(z) — oo as x — IC*. Obviously, the set

Gg(@C) := {2;1 sie;»* s € Cs} = {Z;l Ei(a:)e;k

is a convex set in E*. The set G(C) does not depend on the choice of the basis {ei,...,e,} (nor
{ef,...,e;}). Later we will take C to be  and ¥ to be a normal barrier function on . Then G(C) will
be the dual cone *. This is a fundamental fact which connects information geometry and interior-point
algorithms. In the following, the original coordinate is referred to as z-coordinate and the dual coordinate
is referred to as s-coordinate.

ve cw} (23)

(convex)

i = Affine-coordinate
Affine coordinate = (s-coordinate)
(x-coordinate)

05 =35(C%)
C* C R" CS C R"™
(convex) C‘(; '=" '.%'('C',;) (convex)

Figure 1: Dually flat space.

The conjugate function ¥* is defined by

U*(s) = sup {— (s,z) — ¥(z)}.
zEeC™
The domain of ¥*(s) is C*. As to U*, we use a similar convention as ¥, namely, U* is regarded as a
function on E* by associating (s*,...,s™) € R" with .7 , sier € E*. Obviously the domain of U* as a
function on E* is G(C). If we start our discussion from G(C) C E* and ¥*, we will recover C C E and ¥
exactly in the same manner, i.e., the dual coordinate Z(-) : G(C)® — C® is given by

7(-):s€G(C) = TER", F =-90" /s (24)



and we have C* = Z(C?). 5(-) and Z(-) are mutually inverse maps. This fact readily follows by notifying

that P
U*(5(z)) = —CUT£ + U (z)

and differentiating the both sides with respect to x.

The sets C* and C® are coordinate expressions of C in z- and s-coordinate, respectively. While z-
coordinate is an affine coordinate on C, s-coordinate is a nonlinear coordinate on it. On the other hand,
we may regard C* and C*® as coordinate expressions of G(C) as well, with s-coordinate being an affine
coordinate and z-coordinate being a nonlinear coordinate on it. Thus, C and G(C) share C* and C? in
common as coordinate representations. This is a remarkable primal-dual symmetry which should be kept
in mind throughout this paper. The information geometric structure induced on C by ¥ is translated into
G(C) through s-coordinate and the relation (23)), and this structure is exactly the same as the information
geometric structure induced on G(C) with ¥*.

In the following, we will use the letters p, p1, p2, etc to represent points in C. We denote by z(p) and
s(p) the coordinate functions to give the coordinate values of p € C in z- and s-coordinates, respectively.
The following relation is obvious but worth mentioning:

Z(s(p)) = x(p), 5(x(p)) = s(p). (25)

For a submanifold M of C, we denote by T, M the tangent space of M at p € M, and by T M the set
UpemTp M. The representations of M in z- and s-coordinates are written as M?* and M?, respectively,
namely, we let M* := {z(p) € R" | p € M} and M® :={s(p) e R* | p e M}.

A vector (or a tensor) at p € C is written V), say, with the lower subscript. If we consider a vector (or
a tensor) field V over C or its submanifold, then its value at p is also written as V,,. We also use notations
Va(p) and V() to represent a vector (or a tensor) V, in z- and s- coordinate, respectively.

Now we introduce a Riemannian metric on C. Let p € C and V,,,W,, € T,C. Riemannian metric G,
is given by the Hessian matrix G, (,) of ¥ in x-coordinate and using this G(,), the inner product of two
vectors V),, W, € T, M is defined as follows via z-coordinate:

: . 0%
(Gw(P))iij(p)W;(p) = VxT(p)GW(P)Ww(P)’ (Gap))is = OridTi (z(p))-

Gp(Vp, W) = Z
The Jacobian matrix of the gradient map is

05
% (l‘(p)) = _Gx(p) .

i,j

Thus, for a vector V), we have V) = —Gyp)Va(p). Therefore, the metric G, in s-coordinate becomes
21
z(p)”

To confirm that the information geometric structures introduced by (C, ¥) and (G(C), ¥*) are consis-
tent, we observe that the Riemannian metric G}, defined by the Hessian matrix of ¥* coincides with G,.

Let

the inverse of G (), i.e., Gyp) = G

. 0*U*
(Gs(p))ij = m(S(P))

By differentiating the both sides of Z(5(x)) = « with z, we obtain G}, = ;(11)) =Gyp)-

For V,, € T,C, the length \/G,(V,,V,) of V}, is denoted by ||V,||p. Let V, € T,C, and let V, and Vj
be its expressions in z- and s- coordinate, respectively. Then we have G,(V,,V,) = V,JG,V, = VTGV
and G, = G .

Now we introduce affine connections and covariant derivatives on C, which determine the structure
of the manifold such as torsions and curvatures. One of the distinct features of information geometry is
that it invokes two affine connections V and V*, which accord with dualities in convex analysis, rather
than the Levi-Civita connection in Riemannian geometry. The connections V and V* are defined so that
the straight lines in z- and s-coordinates become geodesics.

Formally, the connections are determined by the associated Christoffel symbols. The Christoffel
symbols I and I'* associated with the connections V and V* become zero in z- and s-coordinates, i.e.,

Ffj =0, (in z-coordinate), I‘;‘f =0, (in s-coordinate).



As was mentioned before, this means that a V-geodesic is nothing but a straight line in 2-coordinate and
so is a V*-geodesic in s-coordinate.

Next we derive formulas for covariant derivatives. Since the Christoffel symbols associated with the
connections V and V* vanish in z- and s-coordinates, respectively, the ordinary derivative in z-coordinate
coincides with the covariant derivative with respect to V and the ordinary derivative in s-coordinate
coincides with the covariant derivative with respect to V*. Consequently, we have the following simple
expressions of the covariant derivatives of a vector field X at p with respect to Y € T},C, namely,

(VYX)z(p) = axp Yo (p)s

in z-coordinate where X, (,) and Y, (,) are their z-coordinate expressions, and
an(p _ 8X;
or ), - oxd

0Xy(
0Os

in s-coordinate, where X,(,) and Y, are their s-coordinate expressions.
Furthermore, let v := {y(t) € C | t € [a,b] C R} be a curve in C. Then, for any t € [a, b], we have

: d*z((t)) . d?s(v(t))
Vitetven = —q— and (Vi¥ston =~ (26)

Similarly, we have

(V3 X)stp) = LY,

These relations follows since I' = 0 and I'™* = 0 in z-coordinate and s-coordinate, respectively.
We also have
dGs(r(0))

dt

dGoy (1))
dt
as I' and I'* vanishes in x-coordinate and s-coordinate, respectively.

(V5G)z = and (ViG)s =

3.2 Autoparallel Submanifolds and Embedding Curvature

Let M be a submanifold of C. M is a V-autoparallel submanifold of C if M? (M in z-coordinate) is
written as an open subset of the intersection of C* and an affine subspace in R”:

M

N

{peClz(p) =co+ Z yici, ¢; € E,y' € R}, or equivalently,

M?* C {xECm|x:co+z,lylci, ci € R",y' € R}.
1=

N

Similarly, a V*-autoparallel submanifold M is defined as a manifold which is represented in s-coordinate
as an open subset of the intersection of C* and an affine subspace.
Let M be a V-autoparallel submanifold of C and consider its homogenization in z-coordinate:
Hom(M) := Ut OtM—{p€C| —tco—l-z y'ei,t >0, z(p)/t € M7},
tM = {peClz(p) =tx(p'),p € M}.

Since Hom(M)® is an open subset of C* contained in the affine space {z € Rz = tco + >, y'c;i},
Hom(M) is a V-autoparallel submanifold of C.

An analogous notation is applied to a V*-autoparallel submanifold in C using s-coordinate, namely,
if M is V*-autoparallel submanifold, we let

Hom(M) := Ut>0 tM, tM={peCCls(p) =ts(p'),p € M}.

Hom(M) is an V*-autoparallel submanifold.



Let M be a k-dimensional submanifold in the dually flat manifold C. We define the embedding curva-
ture Haq(-,-) of M as follows. Since the tangent space T,C at p € M has the orthogonal decomposition
with respect to the Riemannian metric G, i.e.,

Tp,C =TyM® (TpM)La

we can define the orthogonal projection II- : T,C — (T, M)* at each p. For tangent vector fields X and
Y on M, let Hyp(X,Y) be a normal vector field on M defined by

(HM(XaY))p = H;(VXY)P € (TpM)La

at each p. Such a tensor field Hxq is called the (Euler-Schouten) embedding curvature or the second
fundamental form of M with respect to V. Similarly, we can introduce the dual embedding curvature
H’, by replacing V with V*, i.e.,

(H3(X,Y), =TI, (VXY), € (TM)*.

It is shown that M is V-autoparallel (V*-autoparallel) iff Hy =0 (H}, = 0).

For later use, we provide a concrete formula of Hj; in xz-coordinate and s-coordinate. We will denote
them as Hm(p) and Hs(p), respectively. In z-coordinate, suppose that T, M C T,C is represented by the
kernel of a certain linear operator A : R* — R™, i.e.,

Vp € TpM — AVI(p) =0.

Then we have

G AT(AG 1 AT) 7! A,

p)_

and since G,(,) = G;lp and —G, () is the operator of the coordinate transformation from z-coordinate

to s-coordinate at the tangent space 7,C, we have

Hs(p) =G, p)H (» )Gx(p) = AT(AGS(p)AT)_lAGs(p). (28)

Figure 2: Embedding curvature.

3.3 Self-Concordant Functions and Information Geometry
If

n 83\1’(21,') ik n BQ\I’(ZI}) o 3/2
—_— v < _ 4 LY
Zm}k axlaxJBka XIXT <2 <Zz] Oxidr XX ) (29)

holds for all z € C* and X € R, then ¥ is called a self-concordant function on C.
A self-concordant function ¥ is said to be a self-concordant barrier if it satisfies

U(zx) — oo as ¢z — OC.



If, in addition, the self-concordant barrier satisfies the condition

2

for all z € C* and X € R”, then we call ¥(z) @-self-concordant barrier on C.

Let © be a proper open convex cone, and let Q* = {s € E*| (z,s) > 0, Vz € Q\{0}} be the open dual
cone. A barrier function ¥(z) on {2 is called #-logarithmically homogeneous if ¥ (tx) = ¥(z)—6logt holds
for t > 0. If ¥(x) is a f-logarithmically homogeneous barrier on Q, so is ¥* on Q*. A self-concordant
barrier is called a #-normal barrier if it is #-logarithmically homogeneous. A #-normal barrier is known
to be a f-self-concordant barrier. If ¥(z) is a f-normal barrier function on Q, so is ¥* on Q*.

Now, let us consider the information geometry introduced on Q with a #-self-concordant barrier 1) as
the potential function. This means that we take €2 as C and consider ¢ as the potential function ¥. In
the following, we denote the common coordinate representations C* and C® of Q(= C) and G(Q)(= G(C))
by Q% and QF, respectively.

Let Qf be the coordinate representation of 0%, i.e.,

0¥ (z)
Ozt X

s (Zn V() X]-)” g (30)

i,j OxiozrI

Oz = {s € R?| Z‘sie; EV}={scR"s"z>0VzecQ®\{0}}.
(2

The next result plays a fundamental role in this paper. The theorem claims that the primal cone € can
be identified with the dual cone Q* through the gradient map. We illustrate the situation in Fig. Bl

Theorem 3.1. Under the notations as above, Q° = Q% and hence G() = Q*. QOF and Q° are coordinate
representations of Q0 and Q* such that

(a) Q={z€E|z= Z:;l le;, €€ Q%) (b) ¥ ={se€E*| s= Z:’; olel, o € O}, (31)

that is, x-coordinate and s-coordinate are affine coordinate systems on Q and Q*, respectively. On the
other hand, s-coordinate is a nonlinear coordinate system of Q0 and x-coordinate is a nonlinear coordinate
system of Q*. Thus, Q% and Q° are common coordinate systems of Q0 and Q*.

Proof. What we need to show here is Q2° = (}y,. Other statements are obvious from previous discussions
and definitions. First we observe that Q% C Q. Let s € °. This implies that the optimization problem:
mingecq= —s'z + 1(x) have an optimal solution. Since v (z) is strongly convex, the set {z € R"| sTz =
1} N Qg is bounded, and hence {z € R"| sTx = 0} N Qr = {0}. Due to the convex conic version of
Gordan’s theorem, we have s € Q.

Next we show Q% C Q°. If s € QF, then the set X = {z € O%| sz = 1} is bounded because s is
an interior point of cl(Q) which is the dual cone of cl(Q2*). Therefore, mingex ¢(z) have an optimal
solution & which satisfies As = —0y(&)/0x = 5(Z). Due to logarithmically homogeneous property of ),
we have s = 5(2/)\), and therefore s € Q°. O

@Elb(fc) ¥*(s)

Affine coordinate Affine-coordinate
(x-coordinate) (s-coordinate)

Q5 = 5(Q%)
—_—
C——
Q% = z(Q%)
(G(2) = Q* (dual cone))
Figure 3: Dually flat space (Conic case).

Proposition 3.2. Let ¥(x) be a 8-logarithmically homogeneous barrier on Q, and consider information
geometry of Q based on 1. Let p,p' € C, and let t > 0. Then the following statement holds:

10



(a) ts(p') = s(p) iff =(p) = ta(p).
(b) Gugy) =t Gy if 2(0') = ta(p), and Gy(p) = t72Gyp) if s(p') = ts(p).
(c) s(p) z(p) = 0.
(d) s(p) = Gopyz(p) and z(p) = Gy s(p)-
Proof. Basically the proof is the same as Proposition 2.3.4 of [9] (just the notation is different). O

In the end of this section, we provide a list of symbols and notations which will frequently appear in
the following sections:

z(p), s(p) : z- and s-coordinate representations of a point p in a dually flat manifold,

Z(s) : Gradient map (Legendre transformation) from C*® to C”,

5(x) Gradient map (Legendre transformation) from C® to C?,
G, : Riemannian metric in z-coordinate,
Gs : Riemannian metric in s-coordinate,

M z-coordinate representation of a submanifold M : {£ € R"| £ = z(p), p € M},

M? s-coordinate representation of a submanifold M : {o € R"| ¢ = s(p), p € M},
Vp: Vector or tensor at p in a manifold,

Ve, Vsp) - Vector V' at p represented in z-coordinate and s-coordinate, respectively.

4 Information Geometric Framework of Conic Linear Programs

In this section, we first introduce the canonical form of conic linear programs and then state the infor-
mation geometric framework for conic linear programs, their algorithms, and the relation between the
embedding curvature and iteration complexity.

4.1 Conic Linear Programs

Let Q2 € E be a proper open convex cone and 2* € E* be its dual cone. The standard pair of conic linear
programs are formulated as

(P) mmin (¢, x) (32)
(aj,z) =b;, i=1,...,m,
st 4 € cl(9),
and
(D) minbTy (33)

m
Zi:1 Yia; + 8 =c,

st € cl(Q2%),

where c € E*, a; € E*, i = 1,...,mand b = (by,...,b,)T € R™ are the given data, and = € E and
(y,s) € R™ x E* are the primal and dual variables, respectively. The operator cl returns the closure of
a given set. We assume that a;,7 = 1,...,m are linearly independent. Using the notations:

(./4{17)1 = ((li,ﬂ?), 'L.ZI,...,’ITL,

and letting A* be an adjoint operator of A, ker 4 = L, £* be its orthogonal complement, and d be the
vector satisfying Ad = b, we can rewrite (32) and (B3] in the geometrical forms:

min (c,z), s.t.x € (d+ L) Ncl(), (34)

11



and
min (z,d), s.t.s € (c+ L") Ncl(QY), (35)

where £ is (n — m)-dimensional linear subspace and £* is m-dimensional linear subspace.

We consider the standard (biorthogonal) bases {e1, ... ey} and {ef,..., ek} in E and E*, respectively,
and assume that (32) and ([B3) are represented with respect to these bases. We use the same letters for
vectors and subspaces and their coordinate expressions. In particular, ¢,d, £ and £* below mean vectors
and linear subspaces in R” representing ¢, d, £, and £* in [34) and in ([B5) with respect to these bases.
Note that if z € E and s € E*, we have (z,s) = x"s, where 2 and s on the righthand side are their
coordinate expressions.

Let Qix C R® and Qf C R™ be coordinate representations of (2 and 2* with respect to their bases,
respectively, and we define

P?:=(d+ T)N Qg and D° := (¢ + T*) N Q.
Then (34) and (B3] are written, as optimization problems on R™, as
min ¢'z, s.t.z € cl(P?), (36)

and
min s'd, s.t.s € cl(D?), (37)

respectively.
We assume that both (34) and (B5) have interior feasible solutions. Then we have P* # () and D* # {).
Under this assumption, [B6) and (B7) have an optimal solution satisfying the following conditions:

s'x =0, x € cl(P7), s € cl(D?).

Let ¢ (x) be a #-normal barrier whose domain is 2. The conjugate function *(s) of ¥(z) is a 6-
normal barrier whose domain is * as noted before. Based on ¢(z) and ¢*(s), we introduce the central

trajectories of (36) and (B7).

As for [B8), we consider the following optimization problem with parameter ¢
min tc'x + () st.z € P (38)
The optimality condition of this problem is written as:

<tc+g_f:> tc—3§(z) e T, zed+T, xze.

or equivalently,
5(x) €tD®, =z € P”. (39)

Let zp(t) be the unique optimal solution to ([B). The set of zp(t) with parameter ¢ varying from 0 to
infinity is called the central trajectory of (36]).
Similarly, we consider the following optimization problem with parameter ¢ associated with (37]).

min ts'd +¢*(s) s.t. s € D°. (40)

The optimality condition for this problem is

(td+aa¢ :>td—5f(5)€T, s€c+ T seQ (41)
S

Let sp(t) be the unique optimal solution to ([@Q). The set of sp(t) with parameter ¢ varying from 0 to
infinity is referred to as the central trajectory of (37).

12



4.2 Framework

Now we consider information geometric structure on 2 induced by the #-normal barrier 1) on the domain
). We choose Q as C and ¢ as the potential function ¥. The primal problem ([B4) is an optimization
problem in Q, and is expressed as ([B6) in z-coordinate. We formulate the dual problem (B5]) as an
optimization problem in Q as follows. The dual problem is equivalent to ([B7) as an optimization problem
on Q. Due to Theorem B.I] we have Qr = Q7 and Qf = Q°. Furthermore, Q° is a global coordinate of Q2
defined by the gradient map. Therefore, (37) can be considered as an optimization over 2 by associating
each feasible solution s € D* with 57 !(s) € Q.

Under the setting above, we define the feasible region P and the dual feasible region D as submanifolds
in Q as follows:

P={peQap) P}, D={pecqsp)eDY

By definition, P is in z-coordinate the intersection of Q* and the affine space d + T, and D is in
s-coordinate the intersection of Qf and the affine space ¢ + T*. Therefore, in reference to the definition
in Section 2.2, P is an (n — m)-dimensional V-autoparallel submanifold and D is an m dimensional V*-
autoparallel submanifold. Note that a V-autoparallel (V*-autoparallel) submanifold is not necessarily
V*-autoparallel (V-autoparallel). Thus, in view of z-coordinate and the connection V, the primal feasible
region P is an autoparallel manifold and the dual feasible region D is a curved submanifold, while, in
view of s-coordinate and V*-connection, D is an autoparallel manifold and P is a curved submanifold.
P and D intersect at a unique point, which is a point on the central trajectory as discussed below. See
Fig. [

738
Q® as/ /) D’
7):17

Dw\

Point on the central
trajectory

Figure 4: Primal and dual feasible regions in z-coordinate (left) and s-coordinate (right) .

Let vp(t) be the point in Q expressed as zp(t) = z(yp(t)) in z-coordinate. We define the central
trajectory yp of (B34))/([B6) as one dimensional submanifold vp = {yp(t)| t € [0,00)} in Q. z(yp(t))
converges to the optimal solution of [B6) as t — oo.

Let sp(t) be the unique optimal solution to [B8), and yp(t) be the point in Q expressed as sp(t) =
s(yp(t)) in s-coordinate. We define the central trajectory vyp of (B0)/[B1) as one dimensional submanifold
vp = {yp(t)| t € [0,00)} in Q. s(yp(t)) converges to the optimal solution of B1) as ¢ — oo.

Proposition 4.1. vp and vp are represented as the intersection of two submanifolds:
vp(t) = PNtD and vp =P N Hom(D), (42)

and
yp(t) = DNtP and yp = D N Hom(P). (43)

Proof. Let p = vp(t). Then z(p) satisfies 89). Since 5(xz(p)) € tD* and z(p) € P, the relation (42
follows from the definition of Hom(D). The relation (@3] follows similarly. O

The following proposition shows that yp(t) (yp(t)) is also characterized as a convex optimization
problem in s-coordinate (z-coordinate).
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Proposition 4.2. The following holds.

1. s(yp(t)) is the optimal solution of the following problem:
min s'd+*(s) s.t. s € tD°. (44)
2. x(yp(t)) is the optimal solution of the following problem:

min ¢'z 4 (x) st x € tPT.

Proof. We just prove the first relation. The optimality condition of (@) is:
—Z(s) +deT, setD?,
which is equivalent to Z(s) € P*, s € tD*. Comparing this condition with [3J), we obtain the result. O

In our framework, vp and yp are two different curves in 2. But they are related to each other in the
sense that, for any ¢ > 0, yp(t) and yp(¢) exist on the same ray in both z- and s-coordinate. We have
the following proposition.

Proposition 4.3.
z(yp(t)) = tz(yp(t)) and s(yp(t)) = ts(yp(t)). (45)

Proof. We show the second relation of ([@3]). Once this is done, the first one immediately follows from
proposition B.2(a). The point s(yp(t)) satisfies that Z(s) € P*, s € tD*. Now, we let p’ be a point such
that s(p") = s(yp(t))/t, and show that p’ = yp(¢). It is enough to check that p’ € tPND. We have p' € D
since s(p') = s(yp(t))/t € D?. Since ts(p’) = s(yp(t)), we have z(p') = tz(yp(t)). Since z(yp(t)) € P,
we have z(p') € tP”* as we desire. O

Central
Trajectory

7)8
(Primal
feasible

region) (Hatched area)

Figure 5: Central trajectory.

In the following, we assume that D is written as, through s-coordinate,
D={peQsp)=c— ATy, yeR"},

where A € R™*" and the rows of A are linearly independent. On the other hand, for b € R™ satisfying
Ad = —b we can express P as
P ={pe Q| Azx(p) = b}.

Now we derive the differential equation of the central trajectory vp written through s-coordinate. In
the following, we let z(t) = z(yp(t)) and s(t) = s(yp(t)). The point yp(t) on the central trajectory yp
in z-coordinate is the optimal solution of

min te'x + ¢(z) s.t. Az = b, z € Q.
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The optimality condition implies that

tc—s=A"y, Az =0, s:—aq/}—(x).
Oz

One more differentiation with respect to ¢ yields that
c+Gui=A"y, Ai=0.
Multiplying the first equation by G, ! and then A from left, we have §y = (AG,;1AT) 1 AG, ¢ and
§=—Gui= (G, — AT(AG, ' AT TA)G e = G.(I - TIH)G e = (I - T )e. (46)

Observe that the rightmost hand side of (46) is well-defined for any p € Q. Therefore, we consider the
vector field V') defined on © which is written, in s-coordinate, as the rightmost hand side of (@), i.e.,

VAP = (T —T1))e.
The differential equation of the central trajectory vyp in z-coordinate is written as:
& = TI1d.
Th:e( g)ighthand side is well-defined over {2 and defines a vector field. We will denote this vector field as
Ve,

4.3 A Geometric Predictor-Corrector Algorithm and Curvature Integral

In [10], we developed a geometric predictor-corrector algorithm which follows the central trajectory vp
in s-coordinate. We briefly outline the algorithm and explain how the complexity of the algorithm is
related to the curvature integral. In the following, we denote s(yp(t)) by sp(t).

Central
Trajectory

(t + At)D?
tDS

Figure 6: Path-following algorithm.

[Predictor-step]
The central trajectory yp which we follow is an integral curve of the vector field V°*(P) we introduced
in the last section. Therefore, we take V<%®) as the direction in the predictor step. Let § € tD*, and let

st =54 ' —t)(I —Y)e. (47)

Since (I — I} )e =c — ATy’ for some y' € R™, we have
5,(t'") € D (as long as s, (t') € Q°). (48)
As we observed in (48), we have §1,(t') € t'D® We choose a step At and adopt S (t + At) as the result of

the predictor step.
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[Corrector-step and the Neighborhood of the Central Trajectory]

Let §' € 'D*. Recall that s(yp(t')) is characterized as the optimal solution to the problem ([@4]) (with
t:=1t") and §' is the feasible solution to ([#4]). The corrector step at §' is the Newton step for the point §'
to solve the problem ([@4). Let Ny be the Newton displacement vector for (@4) at §' € t'D*. The Newton

decrement is written as \/ NJGy Nz. We introduce the neighborhood Ny (3) of the center point yp(t')
as the following subset on the slice ¢'D*:
M! (ﬂ) = {§ et'D? | N;GglNgl < ﬂ}

The neighborhood N () of the central trajectory is determined as
N(B) = Urefo,c0)Ne(B) = {3 € Hom(D) | \/N]GsN;s < B}.

After the predictor-step is performed, we have
5" == 5(t+ At) € (t + AH)D NN (B).

As we discussed above, the corrector-step is the Newton step for the convex optimization problem (@4)
(with t := ¢ + At) whose optimal solution is s(yp(t + At)). The point 3" is a feasible solution to this
problem, and we apply a single step of the Newton method. This is the corrector step.

Now we are ready to describe the algorithm.

[A Predictor-Corrector Algorithm]
1. Let B < 1/4.
2. Let s € tD such that s € N'(1£?).
3. (Predictor step) Let At > 0 be such that

\/NsTL(t+At)G8L(t+At)NsL(t+At) =0,
where sz (-) is as defined in ([@T). Let s¥ := sp(t + At).

4. (Corrector step) At s, compute the Newton direction for the corrector-step N, s.(t+At) as above,
and let s :=s" + Ny, ra4).

5. t:=t+ At, s:= s and return to step 1.

[Asymptotic Iteration-complexity and the Curvature Integral]

Let
= —1 - ||H ( )||1/2dt
Ip t ,t : / p* ’5/73,’5/73 .
(1 2) \/5 ty T

It can be shown that the algorithm follows the central trajectory from ~vp(t1) to vp(t2) (1 < t2) in
O(V8log(ty/t1)) iterations and the number of iterations is approximated with the integral ﬁ[‘p (t1,t2)
involving the embedding curvature Hp as 3 goes to zero. In other words, we have

. VB x #p(ti,t2,8)
im =1,
50 Ip(ti,ts)

(49)

where #p(t1,t2,3) is the number of iterations of this algorithm to follow the central trajectory from
vp(t1) to yp(t2) with the neighborhood opening . See [10] for the proof. This is an asymptotic result
which would hold by fixing ¢; and ¢» and then letting g — 0.

The proof of ([@3) is outlined as follows. We consider an ideal algorithm with perfect centering for
simplicity. Then, due to Step 3, if g is sufficiently small, then the Newton decrement is approximated
well as

B2 = NJ_ranGsntranNeyran ~ (51(t+ At) = sp(t + A1) Gy 1y an (s1(t+ At) — sp(t + At)),
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as the corrector-step at sp(;4a¢) is almost pointing sp(t+ At) (if 3 is sufficiently small.) We apply Taylor
expansion to sp(t + At) and ignore the second order of At. By using the fact that the change of the
metric G is the order of At, we see that

T AN\ AR,
(si.(t + At) — sp(t + At)) GSL(t+At)(SL(t+At)—Sp(t+At)) ~ 7873 Gs(t)TS'P

At L.
5 V32l ~ 87

holds. Furthermore, as we will see in the lemme below, we have

Vi dp = Hp(¥p,9p). (50)
Therefore,
Lo V242
— 5 (i, )1y At = —o— At ~ /B (51)
\/5 v (t) \/§

holds at one iteration of the predictor-corrector algorithm.

Taking summation of the both sides of (5I)) throughout the iterations, we see that the lefthand side
is approximated with the integral and the righthand side is v/8 multiplied by the number of iterations
and therefore (@) follows.

In spite of its asymptotic nature, we consider that (@) is a relevant relation which connects directly
the number of iterations of interior-point algorithms to the curvature structure of the central trajectory
in a differential geometric framework.

Let
to

1 L
Ip(ti,ts) == ﬁ ||HD(’YD7’YD)||%2(t)dt'
t1

Then an analogous result holds for the predictor-corrector algorithm which follows vp. We call I» and
Ip the curvature integrals of the central trajectories.

In the end of this section, we prove (B0). This relation plays an important role in connecting geomet-
rical structure to computational complexity.

Lemma 4.4. We have the following relations:
(2) Vi 9P = Hp(¥p,4p),  (Hp(¥p,3p))s = —13G Gy,
(b) Vipip = Hp(¥p,9p), (Hp(ip,9D))e = —(I = 3)G, Gyt
Proof. We prove (a). The proof of (b) is similar. Let s(t) = s(yp(t)). Recall that (Vi _ 4p)s = 3

(see (26)). Due to @), Vi vp = § = —IT1c. We derive an expression for L, below. Recall that
I, = AT(AG ) AT) T AG (). (see [28)). Since

s(p

AT <i(AGsAT)‘1> AG,

- —AT(AG,AT)! (%(AGSAT)> (AG,AT)TAG,

= -GG,
we have [T+, = IILG; LG, (I — IIL). Therefore,
(V3.9p)s = 8 = —TI; G Gy,
From this relation, it immediately follows that
(Hp (p,4p))s = (V3 4p)s = TG Gad = TG Gad = (V,p)s-
This completes the proof of (a). The proof of (b) is similar by using that # = IT-d and II+ = (II1)T and

G,G7' = -G 'G,. O
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5 Pythagorean Relationship in SDP case

In this section, we derive the information geometric expression of the curvature integral (2I)) of primal-
dual algorithms in SDP, proving the SDP part of the main theorem of this paper.

The vectorization operator vec is defined by vec M := (M1, ..., M, ,)T for M € R"™" where M, ;
denotes the jth column of the matrix M. Let AT := (vec A; ---vec A,,), © := vec X, 5 := vecS. Also
note that we use Jordan product o in S™ for both matrix forms and vector forms in the same sense, i.e.,
zoy=1/2-vec(XY +YVX) for VX,V € S™.

Using the above notations, the central path equation (®) is rewritten as

Az = b,
ATy +s=¢, (52)
ros=ve,

where e := vecI. By differentiating (52) w.r.t. v, we have

Ai =0,
ATy +s=0, . (53)
L+ L,s=e,

where L, ;== 1 (X ® I+ I ® X) and L, := 3 (S® I + 1 ® S). Then we have
j=—(AL3'Lx AT) " ALgle,
§=AT (AL3'Lx AT) " ALZ'e, 1 . (54)
i=L5" (e~ LxAT (AL'Lx AT) " ALG'e).

Noting that the relation L;1L, = v(S™' ® S~!) holds on the central path, it follows that

(X—1/2 ® X_I/Q)II‘}' — (X—1/2 ® X_1/2)S_1€
(X2 0 X2)STIX AT (ASTIXAT) T AS e
= ls2p517ste

14

—%(51/2 © 51205 0 5 AT (Av(S ' @ S ) AT) " AS e

-1
_ le _ 1(571/2 ® 571/2)AT (A(571/2 ® 571/2)(571/2 ® 571/2)AT)
v v
LA(STH?2 @ 572)e
1
= ;(Z_ P)e,
1 -1
—1/2 —1/2\. . Lig-1/2 —1/2\ 4T —1/2 —1/2\(q—1/2 —1/2\ 4T
(ST2osNs = S(STV2esTH)A (A(S ® §12)(S71/2 g 57124 )
LA(STH?2 @ 572)e
= l’])e,
v

where P is a projection onto Im((S~/? @ S~1/2) AT).

Therefore, by changing the variable ¢ = 1/v and letting ¢, := 1/v; and t» := 1/v;, we obtain
1/vi 1/2
(X120 X V2)io(S /2 571/2)6-,HF dy

IPD(]./I/f,]./l/i) = /1

/vs

1/l/l' 1 1/2
/ (T = Pe o Pelly*dv
1

/vs

t11
_ / SlIPeo (T Pely/

2
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The first equality is the main result of [3]. Thus, we have the square of integrand of Ipp by hpp:

1
hpD(t) = t—2||7)60(Z—P)6H2. (55)
Then, the following geometrical relationship of iteration complexities between the primal-dual algorithms
and primal/dual algorithms holds.

Theorem 5.1 (Pythagorean Relationship).

2 2

o) = [55Gr0. 30|+ |3H0 600, 500)

7P (t) vp(t)
In integral forms, Ipp is expressed in terms of information geometry as
1/4

dt.

[ oot a= [ [H%Hmp(w,w)) +[300600.500)

t2 e (t) 7o (t)

Proof. Since G, = S~' ® S71, ML = AT(AG,AT)'AG, = G, *PGY?, and (T — P)GL*(tc —
s(yp(t))) = 0 , we have G¥/%s = GY*(T — TTY)e = (T — P)GY?c = t~1(T — P)e. Note that $ and
all the differential operations in this proof are done in terms of t. Also we have
Gi=(ST'2S™ )Y =-(S'eS™HSesS+S®9) (St os™).
Therefore, we obtain
(Hp(3p,dp))s = —I;GI'Ges
= G;VPP(S VeS8 (S®S+S®8) (ST e STVt HT — Pe
— t*lG;1/2rP(Sfl/25vSfl/2 I+I® 571/25571/2)(2_7))6
2
= &G, L2P((T —P)eo (T —P)e)

2
= _t_2GS 2P (Peo (T —P)e).

The last equation is due to the fact that
P(eo (I —-P)e)=P(I—-P)e=0.

Thus, we have the embedding curvature of the primal problem as

A HE G )T Ga(Hp G370 = | 5P (Peo (T -Phe)| - (57

Lo o .
S IHEGr. AP, = 2

Similarly, on the central path, the following identities hold: II+ = G, ' AT (AG, A7)t A = G:'*PGl”?,
Gima} = t_lGimﬂjtd = t_IPG;1/2(a: + 2) = t~1Pe where z € ker A. Therefore, we have

(Hp(ip,9p)), = —(I-T})G, G,
= —(IT-G,'*PGY*G, (G, )&
= —G;V*I-P)GY?G; G (X ® X + X @ X)GY2GY %
= GVAIT-PYXTVPXXTVP @I+ To X V2XX12) i 1pe

2
= 5G.A(T=P)(PeoPe)
2
= —t—QG;W(z —P)(Peo (I —P)e).
The last equation is due to the fact that

(T —P)eoPe).=(T—P)Pe=0.
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Thus, we have the embedding curvature of the dual problem as

1 L 1 .. . 1
3 100,301, = 5V ol 30 G (o)), = | 5T = P)Peo@-Pie)| . (59)
2
Since P is a projection, it is easy to verify the following equation:
IPeo (T ~Plelly = I(Z ~P) (Peo (T ~Ple)ll; +|IP (Peo (T ~P)e)lls. (59)
Lastly, combining (53), (57), (68)) and (5Y), we obtain (B0]). O

6 Pythagorean Relationship in Symmetric Cone Programs

In this section, we discuss the geometric relationship of iteration complexities for predictor-corrector type
methods between primal/dual algorithms and primal-dual algorithms in symmetric cone programs. This
result includes the ones in LP and SDP as special cases.
By differentiating the central path equation (I9) w.r.t. v, we have
Az =0,
ATy +s5=0, . (60)
Lsi + L;s =e.
By solving this system of equations w.r.t. (&,y,$), we have

== (AL LoAT) " AL e,
§= AT (ALT' L AT) T ALY, . (61)
&=L (6 — L, AT (AL, 'L, AT) AL;le) )
Since the following identities hold on the central path: L7'L, = vQ5!, L7'e = Q5 /e, Gy = Qp-1 =
%Qsa Gs = Qs—l = V_12QI7 we have
GY%5 = GYPAT (AL;'L,AT) AL le
= Q7'V2AT (AvQT AT)  AQT %
1
= —Pe,
v

and

Gl2; = GY2L7 (e — L AT (AL;'L, A7) AL;le)
= %Qim[/;l (e — L, AT (.AVQs_lAT)71 AQS_I/QG)

1 _ _ - -1 —
= = (Qisz 1/2, _ Qi/2st 1T (AI/QS IAT) AQ; 1/26)
1
= Z(I-
(TP,
. L —1/2 (T . . . 1/2 . 1/2. . .
where P is the projection onto Im Qs '~ A" . Then using the identity G/ "2 0 Gs' "8 = Q,—1/28 0 Q4-1/25

Therefore, by changing the variable ¢ = 1/v and letting ¢, := 1/v; and t» := 1/v;, we have

GY/%3 0 GY/%5

1/2
H dv

1/l/l'
Ien(ifvp /) = [
1

[vs

Yl 12
/ ~|I(Z = P)eo P/ dv
1

/vs

t1
= / %||Peo(z—7>)e||1/2dt.

2]
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Thus we have the square of integrand of Ipp:

1

hpp(t) = 2] [|[Peo(Z —Pe|. (62)

Then we have the final theorem in this paper.

Theorem 6.1 (Pythagorean Theorem).

| N BN ’
ep 0 = | 55 e0. 300+ 360,50 (0) (63)
P YD
Integral forms, we have
" . 5 . 5 71/4
[ o= [ [H§H;3(7P(t),7p(t)) + 3060, 0(0) ] at
t2 t2 vp D
Proof. Since tc — s(yp(t)) € Im(AT) and (Z — ’P)Gi/QAT =0, we have
(T - P)Gy/*(tc = s(vp(1)) = 0.
Using the above fact and identity: I = AT(AL;1AT)tAQ; ! = G:'/*PGY?, we have
Q7Y% = t7'GYHT - Tt)te

t™H(Z — P)G*te =t (T — P)e.

Noting the fact that
Q;1/2Q;Q;1/2 — Q;1/2 2@,95@;1/2 ZQQ;1/2Q§/2L(Q—1 )_Q1/2Q71/2
)t s s
2
= QLQ—ll/Qé =2L (I—i’P)e = ;L(I,'p)e,
it follows that
Hp (e AP)e = ~T3Qs (Q571)'3
= _(Qsl/QPQs_1/2)QS(_leQ;le)’é
= QP2 Q.Q77) Q%3
1 2
= ;Qiﬂp (zLI—Pe> (t~'(Z - P)e)
2
= 5G; L2p((T = Pe) o (T — P)e)
2

= —5G; L2p(Peo (T - Pe).

Therefore, we have the embedding curvature of the primal problem as
1 .. . 1
SNG4, = | 5P(Peo (T —P)e)| (64
2

In the similar way, noting the identities on the central path: I = G, ' AT (AG,;*AT) 1A = G7'*PGL,
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;1/23': = t’lQ;1/2H;—td = t*1PQ51/2(aj + 2) =t 'Pe where 2z € ker A, we have

—(I -TIHG G
= —(T-QY*PQ,"*Q.(Q.")®
QYT - P)Q;'*Q.(-Q;'QLQ; )i
= QYT -P)Q;'*QLQ;' ) Q1)
~ @@ -7 (3L ) (P
= %G;lﬂ(z —P) (Peo Pe)

2
= —5GA(T=P)(Peo(I-Pe).

(Hp(¥p,9D)),,

Therefore, we have the embedding curvature of the dual problem as

LT -P)(Peo(T-P)e)

t . (65)

2

1 L
3 o Gip. o), = |

Since P is a projection, the relation (B9) again holds here. Thus, combining (62), (64), (65) and (E9),
we obtain (63)). O

7 Conclusions

In this paper, we extends the following geometrical relationship in linear programming, originally devel-
oped in [I0], to those in SDP and symmetric cone programs:

2 ; (66)

hen(] = HlH;awp(t),vp(t»

2

ip - H%HDWD(tMD(t))

where hpp(t) is the square of the integrand of curvature integrals in primal-dual algorithms with changing
variable t = 1/v discussed in section 2.3 and 1/v/2-||H5(¥p(t),4p (t))||,1“/p2 represents the integrand of the

curvature integral in primal algorithms and 1/v/2-||Hp (4p(t), ﬁD(t))H}YQ > represents the integrand of the
curvature integrals in dual algorithms. In integral forms, above relation is translated into

5 71/4
|

~

2

/t1 Ipp(t)dt = /: [H%Hfa(’YP(t)ﬁP(t))

to

N H%HDWD@),&D@))

TP
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