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Abstract

We compare two recent variational-analytic approaches to second-order conditions and sensitivity analysis for nons-
mooth optimization. We describe a broad setting where computing the generalized Hessian of Mordukhovich is easy.
In this setting, the idea of tilt stability introduced by Poliquin and Rockafellar is equivalent to a classical smooth
second-order condition.
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1 Introduction

The distinction between active and inactive constraints is fundamental throughout optimization, underlying op-
timality conditions, sensitivity analysis, and algorithm design. The notion of “partial smoothness” [8] (along with
analogues such as “identifiable surfaces” [21] and “UV decompositions” [9]) captures the essential geometry asso-
ciated with activity, and in a fashion suitable for generalization beyond classical nonlinear programming into such
domains as semidefinite programming. Partial smoothness illustrates well the power of modern variational analysis
as a unifying language for concrete optimization. It is, furthermore, a generic property in concrete settings such as
semi-algebraic convex optimization [2].

The partly smooth setting allows intuitive and appealing statements of second-order optimality conditions and
associated sensitivity analysis around a “nondegenerate” critical point (where the subdifferential contains zero in its
relative interior) [8, 5]. In this case the second-order conditions boil down to the classical smooth case, resulting in
the idea of a “strong critical point”. Much more general second-order variational analysis is available: see for the
example the monographs [20, 3, 11]. A particularly attractive approach is via Mordukhovich’s generalized Hessian
[11]. That particular theoretical development is natural and compelling, relying simply on two sequential applications
of the normal cone construction basic to variational analysis, but computing the generalized Hessian in general can be
hard.

Despite computational challenges, the generalized Hessian is clearly a fundamental tool. In particular, [18] consid-
ers one of the most basic questions of sensitivity analysis: under what conditions does a local minimizer of a function
depend in a Lipschitz fashion on linear perturbations to the function? Assuming the function is both “prox-regular”
and “subdifferentially continuous” (as holds, for example, for a composition of a continuous convex function with
a C%-smooth map), this “tilt stability” property turns out to be equivalent to positive-definiteness of the generalized
Hessian [18].

We prove two main results. We first show that, for partly smooth, prox-regular, subdifferentially continuous
functions, the generalized Hessian is easy to compute at a nondegenerate critical point. Then, as a simple consequence
using the characterization of [18], we show that, in this setting, strong criticality is actually equivalent to tilt stability.
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2 Generalized Hessian mappings of simple nonsmooth Functions

Unless otherwise stated, we follow the notation and terminology of [20]. In particular, R denotes the extended
reals, df(x) denotes the set of subgradients of a function f : R" — Rata point x € R”, and Ny (x) denotes the normal
cone to set S C R” at a point x € R”. We denote the graph of a set-valued mapping F by gph F.

The concept of tilt stability, introduced in [18], characterizes the case where the minimizing point of a function by
adding a small linear term shifts in a Lipschitzian manner and is locally unique.

Definition 2.1. A point & will be said to give a il stable local minimum of the function f : R"* — R if f(X) is
finite and there exists a ¢ > 0 such that the mapping

M :v e argming,_gs{ f(x) — f(X) — (v, x = X) },
is single-valued and Lipschitzian on some neighborhood of v = 0, with M(0) = x.

For a C2-smooth function f with V f(¥) = 0, the point X gives a tilt stable local minimum of f if and only if V2 £ ()
is positive definite, according to [18, Prop. 1.2 ]. This fact has been extended to nonsmooth functions in terms of the
positivity of a certain generalized Hessian mapping [18].

Definition 2.2. For any point ¥ and any subgradient ¥ € df(X), define the generalized Hessian mapping &> f(X|9) :
R* =2 R" by
FLED) = w e { 2] (2,~W) € Neph o5 (%, 9) ).

For a function f : R" — R having 0 € df(X), [18, Thm. 1.3] shows that under certain assumptions, the point X
gives a tilt stable local minimum of f if and only if the mapping 8> f(x]0) is positive definite in the sense that

(z,w) > 0 whenever z € 8> f(X0)(w), w # 0.

To compute the generalized Hessian mapping, it is sufficient to know Ngph g7. Let’s introduce the definition of a
manifold first.

Definition 2.3. We say that a set M C R” is a C?-smooth manifold of codimension m around a point X € R" if
X € M and there is an open set V C R” such that

MNV={xeV|0;ix)=0,i=1,--- ,m}

where ®; are C2-smooth functions with V®;(X) linearly independent.
In this case, it is well known that the tangent space to M at x is given by

Ty(%) = {VO,(D)}
and the normal space to M at x is
Np(®) = Z AVD(E)| 1€ R" }.
We call ®;(x) = 0 local equations for M.

Our immediate aim is to compute the normal cone to the graph of the normal cone mapping Np(. An explicit
formula follows from [6, Thm. 3.1], [16, Thm. 7], and [14, Thm. 3.1]- see also [13, Thm. 3.4] and [12, Thm. 1.127].
Here, for completeness and to fix our later notation, we give a self-contained classical approach.

Definition 2.4. When F : U — R™ is a C'-smooth mapping of an open set U c ", the rank of F at a point x € U
is defined as the dimension of range of the gradient VF(x).

The next result shows that functions of constant rank have simple structure.

Theorem 2.5 (constant rank). Suppose U ¢ R™ and V ¢ R" are open sets and F : U — V is a smooth map
with constant rank k. For any point p € U, there exist open sets Uy C U containing p, Vy C V containing F(p) and
diffeomorphisms ¢ : Uy — ¢(Uy), ¥ : Vo — ¥ (Vp), with F(Uy) C Vj, such that
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Proof. See [7, Thm. 7.8]. ]

Note that the above theorem is also true for C*-smooth functions (k > 1), in which case ¢ and ¢ are C* diffeomor-
phisms. The following is standard, but we include a proof for convenience.

Proposition 2.6 (Immersion). If M is a C>-smooth manifold of codimension m around a point ¥, then there exist
an open set U ¢ R"™ and an injective C?>-smooth mapping G : U — R” with G(U) = M locally around X.

Proof. Since M is a C>-manifold of codimension m around X, then there exists an open set V ¢ R” such that
MNV={xeV|Di(x)=0,i=1,--- ,m},

where ®; are C?>-smooth with V®;(%) linearly independent. Shrinking V if necessary, we can assume that V®;(x) are
linearly independent for all x € V. The Implicit Function Theorem is stated as follows: Let F : R"™" — R be a
continuously differentiable function, and let R"*™ have coordinates (x, y). Fix a point (ay, - ,a,, b1, - ,b,) = (a,b)
with F(a, b) = ¢, where ¢ € R™. If the matrix [(0F;/dy;)(a, b)] is invertible, then there exists an open set U containing
a, an open set V containing b, and a unique continuously differentiable function g : U — V such that

(g |xeU}={(xy)eUXV|F(x,y)=c}.

According to the Implicit Function Theorem, without loss of generality there exist open sets U ¢ R"™, W ¢ R™ and
a C%-smooth function g : U — W with ¥ € U x W c V such that

{gw)eUxWi={(uw)eUXW|Diuw)=0,i=1,---,m}.
Then define an injective function G : U — R" by
G(u) = (u, g(u)).
It is easy to check that G(U) = M locally around x. O

Proposition 2.7 (Tangents to immersions). Let U ¢ R” be an open set with a pointit € U and G : U — R" be
C*-smooth with VG (i) full rank. Then there exists an open set Uy C U containing & such that G(Uy) is a C*-manifold
around G(iz) and Ty, (G(1)) = R(VG(w)) for all u € U,.

Proof. Since G : U — R" is C*-smooth with VG(i#t) full rank, then G is of constant rank m around #. According to
Theorem 2.5, there exist open sets Uy € R” containing i1, Vy C R” containing G(&) and diffeomorphisms ¢ : Uy —
©(Uyp), ¥ : Vo = ¥(Vp), with Uy € U and G(Uy) C Vy, such that

YoGog (x1, + ,Xn) = (X1, s X, 0, ,0).

Hence,
GU)NVy={xeVy:yi(x)=0,i=m+1,--- ,n}

where Viy;(x) are linearly independent on Vjy. Therefore G(Uy) is a manifold around G(i1). Hence
TGy (G(u) = Ker(VO(G(u)))
where ©(x) = Wpr1,- -+ »¥n)- Since ® o G(u) = 0 for any u € Uy, then by chain rule we get
VO(G(u))VG(u) = 0.
Therefore R(VG (1)) € Ker(VO(G(u))). Since dim(VG(u))=dim(Ker(VO(G(u))))=m, then

Twy)(G(u)) = Ker(VO(G(u)) = R(VG(w)).



Theorem 2.8 (Normals to the normal bundle). Suppose a point X € V C R” where V is an open set and @; : V —
R (@ =1,---,m) are C2-smooth functions with V®;(¥) linearly independent. Then there exists an open set V' C V
containing X such that
M={xeV|O;x)=0,i=1,---,m}

is a C2-smooth manifold around x with

Ty = (VO and Ny(x) = | D" AV, (x) | 1€ R" | (1)

for any x € M. Furthermore, the normal bundle gph Ny, is a C'-smooth manifold around (x, 3, A, V®;(x)) and

Neph vy (%, D" 4V0i(0) = { (@ w) [ w e Tu(), 2+ ) 4V Dix)w € Ny() |

forany x € Mand 4 € R™.

Proof. Since M is a C*-smooth manifold of codimension m, we can choose G : U — R" with G(7) = ¥ as in
Proposition 2.6. According to the proof of Proposition 2.6, it is easy to deduce that VG(«) is full rank for any u € U.
Moreover, (1) holds. Define the following C'-smooth function F : U x R — R" x R" by

F(u,A) = (G(u), Z /l,-VCI)[(G(u))) whereu € U, 1 € R™.
Let’s compute Tgpp n,, (X, 25; 4;V®;(x)) first. Since

VF(M):( VG(u) 0 0 )

S AVO(GC@)NVGw) VO (Gw) -+ VO(G(u)

has full rank for any (u,4) € U X R™, then there exists an open set Uy X Wy € U x R™ such that locally around
(x, 3; 4;VD;(x)), the set F(Uy x Wy) = gph Ny, is a C'-smooth manifold by Proposition 2.7. Moreover, we have that

Toph ny (. Z AVD())

R(VF(u, 1))

{(VGw, Z LV2D(G(u)VG(u)w + Z aVO(GW)) | we R,z e R" |

{@w)ze Ta0,w = AVdi(x)z € Ny(x)).

Since gph Ny, is a C'-smooth manifold around (x, }; 1;V®;(x)), then Naph Ny (X, 2 AiVDi(x)) = Tgph ny (X, X VD ()"
We can calculate this set from the fact that for any linear map A and a linear subspace S

{x|Axe S}t =A*S*t.

In this case,

A :(—Z-/l,-IVZCDf(x) (I)) and S ={(u,v) |u e Tylx),ve Npyx)}.

Therefore
Ngph wpe(: Z AV0(x)) = {(@w) | we Tp(x), 2+ Z AV (x)w € Ny(x)}.
[m]

Note the classic definition of a manifold is via “coordinate charts.” Then the manifold M c R" defined by Defini-
tion 2.3 can be identified as an embedded submanifold of R” according to [7, Prop. 8.12]. In this setting, Proposition
2.6 and 2.7 are standard results in smooth manifold theory.



Corollary 2.9 (Generalized Hessians: smooth case). Suppose a point X € V C IR” where V is an open set and
®;:V->R(@G=1,---,m) are C2-smooth with V®;(¥) linearly independent. Then there exists an open set V' C V
containing X such that

M={xeV|Ox)=0,i=1,---,m}

is a C2-smooth manifold around ¥ with the following property. Suppose 4 : R" — R is a C2-smooth function around &
with 0 € d(h+ 6 ()(X). Then there exists a unique A € R™ such that the Lagrangian L = h+ Y; A;®; satisfies VL(¥) = 0

and
- ] i
5 + SO ) = { o

Proof. Since 0 € (h + 6,)(X) and V®,(%) are linearly independent, then there exists a unique A € R such that
-Vh(x) = 3; 4;V®;(¥). According to [18, Prop. 4.1], we have that for any ¥ € M and w € R”

F(h + Sp)(FI0) W) = V(D)W + 8?6 m(X] — VAE)(W).

Since
POME — VA(E) 1 w > { 2] (2, W) € Ngph 3y (8, =VA(T)) },

then this problem boils down to computing the normal cone of gph N, at (X, —Vh(X)). According to Proposition 2.8,
we have that for any w € T y((X)

F6u (| - VAE)(w) = P6y( Z LVD(E))(w) = Z LV, (D)W + Ny(F).

Hence
V2L(E)W + Np(%)  w € Ta(3)

O (h + Sp)(F|0) W) = V(D)W + 8PS m(X] — VA(E) (W) = { 0 W& To(o.

]

Since Ngph n,, is only determined by the geometry of M, we can use intrinsic geometric objects to formulate it.
Next, we will introduce the concept of covariant derivative and Hessian.

Definition 2.10. Let a C>-smooth manifold M c R” contain a point ¥. We say a function f : M — R is C*-
smooth around X if there exists a representative function h : R" — R which is C2-smooth around ¥ with iy = fium
locally around X.

Let M be a C*-smooth manifold around X. Then the projection mapping u +— Py(X + u) is well-defined and
C2-smooth around 0 on T (%) as proved in [10].

Definition 2.11. Suppose M C R” is a C>-smooth manifold around a point ¥ and a function f : M — R is
C2-smooth around %. Then the covariant derivative V Im(X) € Tp(x) is defined by

d
(VMmf(x),u) = d—tf(PM(fC + tu))li=o for all u € T (%),

and the covariant Hessian V%v( f(%) 1 Tp(X) X Tp(x) = R is the unique self-adjoint and bilinear map satisfying

2
(Vi @u,u) = % FP (R + tu))|=o for all u € Tpy(X).

This definition agrees with the classic definition of covariant derivative and Hessian using geodesics as proved in
[10]. Suppose the function f : M — R is C>-smooth around %. Let & be any C?>-smooth representative of f around
% and C2-smooth functions ®; define local equations for M. If VA(X) € Ny (%), then using the notation of Corollary
2.9, there exists a unique A such that VA(X) + 3. 1;V®;(x) = 0. Furthermore, the following results have been showed in
[10]:

Yf(®) = ProVh(®) and V3, f(%) = Pry@V LB Py .



Theorem 2.12 (Generalized and covariant Hessians). Suppose M c R” is a Cz—sLnooth manifold around a point
% and the function f : M — R is C>-smooth around . Define the function f : R” — R by
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Then
0€df(X) © Viu(XE) =0

and in that case > _ _

Proof. Let h be a C>-smooth representative of f around %. Then we have
Vmf(x) =0 & VA(X) € Npy(3) & 0 € ().

Let A be the unique multiplier satisfying Va(%) + 3; 1;V®;(X) = 0. Since f(x) = h(x) + 5 4((x), then for any w € T (%)
we have, by Corollary 2.9

O (h + S p)(FI0) (W)
= Vh(D)w + Z LV2D;()w + Np((F)

& F(xI0)(w)

= Pryo(VH® + ) AV iE))Pryow + Nu(D)
= V3 SOw + Ny(D).
The result follows. O

We refer to functions of the form f as extended-C>-smooth at %. The above theorem gives us some indication
of how to calculate a generalized Hessian mapping. The smooth manifold M simplifies the calculation. “Partial
smoothness”, which was introduced in [8], gives some underlying smooth structure for a non-smooth function. In this
paper, we are going to show that for a partly smooth function relative to manifold M, the local geometry of gph df(x)
is determined by the restriction of f to M, under certain assumptions. In this way, we can extend Theorem 2.9 to
partly smooth functions.

3 Definitions and results

Definition 3.1. Suppose C ¢ R” is a nonempty convex set. The subspace parallel to the set C, denoted by par C,
is defined by
par C = aff C — x forany x € C,

where aff C is the affine span of C.

Definition 3.2. Suppose that the set M C R” contains the point x. The function f : R" — R is C2-partly smooth
at ¥ relative to M if M is a C2-smooth manifold around ¥ and the following four properties hold:

1. (restricted smoothness) f|, is C?-smooth around &;
2. (regularity) at every point close to X in M, the function f is subdifferentially regular and has a subgradient;
3. (normal sharpness) N(x) = par df(X);

4. (subgradient continuity) the subdifferential map df is continuous at X relative to M.



Definition 3.3. Let f be a C?-partly smooth function at a point ¥ relative to a C>-smooth manifold M. Then we
call x is a strong critical point of f relative to M if

0 € 1i f(F)

and there exists € > 0 such that
() > f(X) + elx — 7

for all points x € M near x.
Given certain assumptions, critical points of parametric partly smooth functions are stable.

Theorem 3.4 (Strong critical points with parameters). Suppose the set @ ¢ R x R”" is a C>-smooth manifold
containing the point (¥, X) and satisfies the condition

w,0) € Ng(5, %) = w = 0.

For each y € R we define the set
Q={xeR":(y,x) Q)
Given any function p : R x R" — R, define a function py R — R by
py(x) = p(y,x) fory e R" and x € R".

Suppose the function p is C2-partly smooth relative to Q. If ¥ is a strong critical point of the function p; relative to
the set @;, then there are open neighborhoods U ¢ R" of X and V ¢ R™ of y and a C'-smooth function ¥ : V — U
satisfying W(¥) = X, and with the following properties, for all vectors y € V:

1. forall vectorsy € VthesetQ, NUisa C?-smooth manifold;
2. for all vectors y € V the function p, is C?-partly smooth relative to Q,NU,;
3. the function py|g v has a unique critical point P(y);
4. ¥(y) is a strong critical point of the function p, relative to @, N U.
Proof. See [8, Thm. 5.2,5.3,5.7] . O

The concept of prox-regularity extends properties of convexity to a broader class of functions. It is essential for
partly smooth functions to locally identify their manifolds uniquely.

Definition 3.5. A function f : R" — R is prox-regular at a point X for a subgradient v € df(%) if f is finite at X,
locally lower semi-continuous at X, and there exist r > 0 and € > 0 such that

f&D) > fo)+ v, x" —x) - %Ix' — x|2 for x # x when

X =X <€ |x—X<e€ |f(x) - fRD)| <€ V-7 <e veIflx).

More precisely, we say f is prox-regular at X for v with respect to € and r. Further, f is prox-regular at X if it is prox-
regular at ¥ for every ¥ € df(X). A set S is prox-regular at X for ¥ € Ng(X) if its indicator function dg is prox-regular
at X for v € 965 (x).

Proposition 3.6. Suppose the set S ¢ R” is closed. Then S is prox-regular at the point ¥ € S if and only if the
projection mapping Pg is single-valued near x.

Proof. See [19, Thm. 1.3]. ]

Definition 3.7. For a proper, lower semi-continuous function f : R” — R and parameter value A > 0, the proximal
mapping P, f is defined by

1
Pf(x) := argminw{ fw) + ﬁ|w —x }



Definition 3.8. For € > 0, the f-attentive e-localization of df around (X, V) is a (generally set-valued) mapping
T : R" =3 R” defined by

T(x):{ é)veaf(x)llv—f/|<e} if [x — ¥| < € and |f(x) — f(¥)| <€,

otherwise.

Definition 3.9. For a function f : R" — R, aset V c R is called an f-attentive neighborhood of x if there exists
a 0 > 0 such that
{xeR"|Ix=xI <6, If(x) - f(D <o} V.

Definition 3.10. A function f : R" — R is subdifferentially continuous at a point X for ¥, where v € df(%), if for
every ¢ > 0 there exists € > 0 such that |f(x) — f(X)| < § whenever |x — X| < € and [v — V| < € with v € 0f(x).

Proposition 3.11 (Prox-regularity and proximal mapping). Suppose that the function f : R" — Ris prox-regular
at x = 0 for v = 0 with respect to € and r. In particular suppose f satisfies the following assumption:

f is locally lower-semicontinuous at 0 with £(0) = 0, and
r > 0 is such that f(x) > —§|)c|2 for all x # 0.

(which implies that P, f(0) = {0} when 2 € (0, %)) Let T be the f-attentive e-localization 7' of df around (0, 0).
Then for each 1 € (0, %) there is a neighborhood X of ¥ = 0 such that, on X, the mapping P, f is single-valued and

continuous and
Pif(x) =+ AT)" ().

Proof. See [17, Thm. 4.4]. ]

Lemma 3.12. Suppose the function f is extended-C>-smooth at %. Then f is subdifferentially regular, prox-regular
and subdifferentially continuous at X.

Proof. See [17, Ex. 2.8]. o

Note that function f being prox-regular at X doesn’t imply that f is subdifferentially regular at ¥. Here is an
1 . . . . .
example. Let f(x,y) = (x — |y|)3. Since there is no subgradient at (0, 0), then f is prox-regular there. However, epi f
is not Clarke regular at (0, 0, 0) which implies f is not subdifferentially regular at (0, 0).

4 Identification for functions

A partly smooth function has a smooth structure on its corresponding manifold. [5, Thm. 5.3] gives a nice
“identification” property for partly smooth, prox-regular functions. Though this theorem is true, its proof is flawed
because it depends on the assumption that the prox-regularity of a function implies the prox-regularity of its epigraph.
We will prove this theorem by using proximal mappings in this section. First, let’s see an example which shows that
the prox-regularity of a function isn’t equivalent to the prox-regularity of its epigraph.

Example 4.1 (Prox-regularity of functions versus epigraphs). Consider the function f : R — R defined by
f@2n = V2" for any n € Z, f affine on [2",2"*'], £(0) = 0 and f(x) = f(—x) for any x. First note that

1 1
af(£2") =1{ + , =+ ,
{ \/2n—1 + \/211 \/2n + 2n+1}
1
Af(xx) = +——————— x e (2", 2™,
\/2}1 + \/2n+l

df(0) = (—o0, +00).

Next, we are going to prove that f is prox-regular at 0 for any v € df(0). It is equivalent to show that there exist € > 0
and r > 0 such that ,
FO&) > f0) + u, X' — x) - Elx’ — x[? for x # x’ when

X <€ |xl<e |[f(X)| <€ v—ul <€ ucdf(x).



For any x — 0 and u € df(x) we have that |u| — +o0. Since |[v — u| < € and |x| < €, then x has to be 0 when € is
small. Hence we just have to prove

&) > () = S P,

By the definition of f, we know that f(x) > I(W,x’ﬂ. Thus f is prox-regular at 0. However, epi f is not
prox-regular at (0,0). If so, there should be a neighborhood V of (0,0) such that the projection mapping Pep; 5 is
single-valued on V by Proposition 3.6. However, Pep; f is not single-valued around (+2", V2") for any n € Z. Thus

epi f is not prox-regular at (0, 0).

Lemma 4.2. Suppose the function f : R” — R is C?-partly smooth at a point ¥ relative to a C2-smooth manifold
M. Then f + §pq is prox-regular at X and df(X) C d(f + Sp)(X).

Proof. Let h be any C?-smooth representative of f around %. Since f < f + 0y = h+ dpq and f + 5y is extended-C?-
smooth at X, so f + 0y is prox-regular at X, and df(X) C d(f + dy)(X). The result follows since f and & + ¢ are both
regular at X. o

Proposition 4.3 (Subdifferential smoothness). Suppose that the function f : R” — R is C*-partly smooth at a
point ¥ relative to a C2-smooth manifold M with j € ri f(X). Let h be any C>-smooth representative of f around X.
Then

gph df N (M x R") = gph (VA + Np) N (M X R") locally around (%, 3).

Proof. According to [8, Prop. 2.4], we know
df(x) c aff df(x) = Vh(x) + Np(x)
for any x close to X in M. Thus
gph df N (M x R") c gph (Vi + Np) N (M X R") locally around (%, 3).

Next, we claim the reverse inclusion: given (x,y) is close to (%, 3), then y € Vh(x) + Np(x) implies y € df(x). If this
is not true, then there exist sequences x, — X in M and y, € aff df(x,) — y with y, ¢ df(x,). Since f is regular at x
when x is close to X in M, then df(x) is closed and convex. According to the Separation Theorem, for all large n there
exists a unit vector z,, € par df(x,) = Np(x,) such that

(Zns ) > (Zps V)

for all u € df(x,). Passing to a subsequence if necessary, we can assume z, approaches a unit vector z. Since df is
continuous at ¥ relative to M, then df(x,) converges to df(X). Also, Np(x,) converges to Ny((¥). As a result, we have

7 € Np(X) and (z, u) > (z, 3

for any u € df(x). To see this, choose u,, — u satisfying u,, € df(x,), note {z,, u,) = {zZu, yn), and take limits. This
shows that y is separated from the convex set df(X) in its affine span. But this contradicts the fact that y € ri df(%).
The result follows. m]

Corollary 4.4 (Set version of subdifferential smoothness). Suppose a set S C RR” is partly smooth at a point X
relative to a C?-smooth manifold M with ¥ € ri Ng(X). Then

gph Ng N (M x R™) = gph Nyy N (M x R") locally around (X, ).

Proposition 4.5 (Extended-smooth reduction). Suppose that the function f : R* — R is C2-partly smooth at a
point ¥ relative to a C>-smooth manifold M with 0 € ri df(X), and f is prox-regular at ¥ for 0. Then if 1 > 0 is
sufficiently small, there exists a neighborhood V of X on which the proximal mappings P, f and P,(f + o) agree.



Proof. Without loss of generality, let ¥ = 0. According to Lemma 4.2, we know f + J,, is also prox-regular at 0.
We can choose € and r such that f and f + d are both prox-regular at 0 for O with respect to r and €, in particular
with the assumption in Proposition 3.11 holding. Let T be the f-attentive e-localization of df around (%,0). For
any A € (0, 1/r) there exists a neighborhood X of ¥ = 0 such that both P,f and P,(f + o) are single-valued and
continuous, by Proposition 3.11. In order to prove this proposition, it is sufficient to prove for any x, — X we have
Pif(x,) = Pa(f + dp)(x,) for large n. Let i be any C?-smooth representative of f on M and define

wp = Py(f + 0p)(xn) = argminx{h(x) + opm(x) + %Ix - xnlz} e M.

Since the assumption in Proposition 3.11 holds for f + 6, we have P,(f + dp()(X) = X. Moreover, the continuity of
P,(f + op) implies w, — X. Consequently, x, —w, — 0. Since w,, minimizes h(x) + dp(x) + ﬁlx — x,|?, then

1 1
0 € O(h(wn) + Splwa) + Sl = Xal?) = Vh(w,) + Npwy) + 2% = )
or equivalently
1
Z(xn - Wn) € Vh(wn) + NM(Wn)

Since 0 € ri df(x) and %(xn —w,) — 0, then by Proposition 4.3 we know

%(xn —wy) € df(w,) for large n,
which also implies

%(xn - wy,) € T(w,) for large n,
since w, — X in M, so f(w,) — f(x). Thus

X, € (I + AT)(wy,) for all large n,

from which we get
wa € (I + AT) ' (x,) = Pof(x,) for all large n

by Proposition 3.11. Hence P, f(x,) = P(f + dm)(x,) for all large n. O
If 0 € ri df(X) doesn’t hold, the above result can fail. Here is an example.

Example 4.6. Define the function f as follows:

+00  x € (—00,0)

f(x)z{ 0 xe[0,c0).

It is easy to see that f is prox-regular at x for all x € [0, o), and partly smooth at O relative to M = {0}. Since
df(0) = (—o0,0], then 0 doesn’t lie in the interior of df(0). For any small 1 > 0,

1
P,f(x) = argmin, { f(w) + ﬁ|x - w|2 } = x for alll x > 0.

Corollary 4.7 (Set version of extended-smooth reduction). Let M be a C>-smooth manifold around a point .
Suppose a set S is partly smooth at ¥ relative to M, and S is prox-regular at X for ¥ € ri Ng(X). Suppose 4 > 0 is
sufficiently small. Then for x sufficiently close to ¥, the projections Pg(x + AV) lies in M.

Proof. Applying Proposition 4.5 to f = dg — (¥, -). O

Corollary 4.8 (Active manifold as proximal range). Under the same assumption as Proposition 4.5, the set P, f(V)
is a neighborhood of x in M for any sufficiently small neighborhood V of x.

Proof. By Proposition 4.5, it is sufficient to prove that for any x,, — X in M, there exists w,, — X with P, f(w,) = x,
for large n. Since f is partly smooth at X relative to M, then there exists y, € df(x,) — 0. For large n, we have
Yn € T(xy). So x,, + Ay, € (I + AT)(x,,), which implies x, = P, f(x, + Ay,). Let w, = x,, + Ay,. The result follows. O
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Corollary 4.9 (Set version of active manifold as proximal range). Under the same assumption as Corollary 4.7,
for any sufficiently small neighborhood V of X, the projection Ps(V + Av) is a neighborhood of x in M.

Proof. Apply Corollary 4.8. O

Theorem 4.10 (Identification). Let the function f : R — R be C2-partly smooth at a point ¥ relative to a
C?-smooth manifold M and prox-regular at % for j € ri df(X). Suppose x; — % and f(x;) — f(X). Then

x; € M for all large k

if and only if
dist(y, df (xx)) — 0.

Proof. By subtracting an affine function from f, we can assume ¥ = 0, § = 0 and f(X) = 0 without loss of generality.
Since f is prox-regular at O for O, then there exist € > 0 and r > 0 such that

fOX) > fX)+ (v, x" —x) - §|X— X forx’ # x
whenever |x| < €,|f(x)| < €,|X| <€, |v] < € and v € df(x). Letting x = 0,v = 0, we have
’ r 712
> —_——
J&x) 2IxI

for any |x’| < € and x” # x. Since we are only interested in the local geometry of epi f around (0, 0), then we can add
to f the indicator of a compact neighborhood B¢ (0), which is a closed ball centered at 0 with radius §, to make the
assumption in Proposition 3.11 hold for f: if this proposition is true for f + 6z, ), it is also true for f. To sum up,

we can assume f satisfies the assumption in Proposition 3.11 without loss of generality. Fix A such that Proposition
4.5 holds for f. Let T be the f-attentive e-localization of df. If dist(0,df(x;)) — 0, then there exists a sequence of
vk — 0 with y; € df(x;). Then we have

1
7@+ Ay) = xi) € Of (x),
which implies

1
Z((Xk + Ayi) — xx) € T(xy) for large k.

Thus
X; + Ayx € (I + AT)(xy) for large k.
Consequently
xe = (I + AT) (o + Ay) = Paf(x + Aye) € M for large k
by Proposition 4.5. Thus the result follows since the converse is immediate by partial smoothness. O

Corollary 4.11 (Identification for sets). Let the set S be C?-partly smooth at the point ¥ relative to the C?>-smooth
manifold M and prox-regular there for 7 € ri Ng(X). If the sequence {x;} € S satisfies x; — X, then

dist(71, Ns (x)) = 0 & x; € M for all large k.

Proof. The result follows by applying Theorem 4.10 to the indicator function Js. m}

Corollary 4.12 (Uniqueness of active manifold). Consider a set S that is prox-regular at a point X for 71 € ri Ng (%)
and C*-partly smooth there relative to each of the two C?>-smooth manifolds M; and M,. Then near ¥ we have
M] = Mz.

Proof. If this is not true, then there exists a sequence of points x; converging to ¥ such that x; € M; \ M,. Since
S is partly smooth relative to M, then the normal cone Ng(x;) — Ng(x). Hence dist(7z, Ns(x;)) — 0. Applying
Corollary 4.11 to §s with M = M, implies x; € M, for all large k, which is contradictory to x; ¢ M,. Thus the result
follows. ]



The definition of strong critical points demands quadratic growth along the manifold. Under the assumption of
prox-regularity, strong critical points of such functions are actually locally quadratic minimizers. [5, Thm. 6.2] gives
a proof, requiring such functions to be prox-regular at the local minimizer. In this paper, we use another approach
to prove this with a more natural, slightly weaker assumption, only requiring such functions to be prox-regular at the
minimizer for the subgradient 0.

Proposition 4.13 (Sufficient optimality conditions). Suppose the function f : R" — R is C2-partly smooth at the
point ¥ relative to the C?-smooth manifold M and prox-regular there for 0 € i 9 f(X).

1. X is a strict local minimizer of the restricted function f|y < X is in fact an unconstrained strict local minimizer

of f.
2. X is a strong critical point of f relative to M < f grows at least quadratically near .

Proof. One direction of both cases is obvious. Let’s prove the other direction. First we are going to prove that X being
a strict local minimizer of the restricted function f|u4 is equivalent to X being an unconstrained strict local minimizer
of f. Without loss of generality, let ¥ = 0, f(¥) = 0 and f satisfy the assumption in Proposition 3.11. We are going to
prove this proposition by contradiction. Suppose there exists a sequence x; ¢ M — X with

f(x) < f(X) for all .

For large k, we know that x; lies in the f-attentive neighborhood of X in Proposition 4.5. Hence x; # yx = P f(xx) € M
and y; — P,f(X) = . Then we have

()

\%

Sx)
1
min,, {00) + g~ w}

\%

1
= f(yk)+ﬁ|yk—xk|2
1 5
> f(x)+ﬁ|.37k_xk|~

Consequently, we get a contradiction
1
0> —ly — x>
71 vk — Xl

Next we are going to prove case (2). Since f grows quadratically at X relative to M, then there exists a 6 > 0 such
that f(x) > d|x — %|?> around  relative to M. Define & by h(x) = f(x) — olx — %%, Since d)x — x* is C2-smooth, then
h is also prox-regular at X for O € ri 9h(X) and partly smooth at X relative to M. Moreover, we know that 4(x) > h(X)
locally around  restricted to M. According to case (1), we know that h(x) > h(X) locally around %. Then the second
case follows. ]

S Calculation of generalized Hessian mappings

In general it may be hard to compute the generalized Hessian mapping. Our goal is to analyze the generalized
Hessian mapping in the easier special case of partly smooth and prox-regular functions. Given these assumptions
plus subdiffential continuity property, Theorem 4.10 guarantees that the local geometry of gph df is determined by
fIm. This smooth structure simplifies the computation of the generalized Hessian mapping and also gives a geometry
explanation of the second condition in Theorem 6.1.

Proposition 5.1 (Subdifferential localization and active manifolds). Suppose the function f : R* — Ris C?-partly
smooth at the point ¥ relative to the C2-smooth manifold M, and both prox-regular and subdifferentially continuous at
X for y € ri df(x). Then

gphdf c MxR"

locally around (X, y).

Proof. Sincef is subdifferentially continuous at X for y € df(X), then (x,,y,) — (X,¥) with y, € Jdf(x,) implies
f(x,) = f(X). According to Theorem 4.10, we know x,, € M for all large n, so the result follows. ]
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Corollary 5.2 (Smooth reduction for subdifferential localization). Suppose the function f : R” — R is C2-partly
smooth at the point % relative to the C2-smooth manifold M, and both prox-regular and subdifferentially continuous at
% for y € ri df(%). Let h be any C-smooth representative of f around ¥. Then

gph 8f = gph (VA + Ny) N (M X R") = gph 0(f + dpm)
locally around (X, y).
Proof. This result is easily derived from Proposition 4.3 and 5.1. O

The following result gives a formula for the generalized Hessian mapping for partly smooth and prox-regular
functions.

Theorem 5.3 (Generalized and covariant Hessians). Suppose that the function f : R" — R is C2-partly smooth
at the point ¥ relative to the C>-smooth manifold M and both prox-regular and subdifferentially continuous at ¥ for
0 €ri df(x). Then

V2 (@)W + Np(X) for w € Tp(%)
2 ro= — M M M
O FEHOW) { 0 for w ¢ Tp(E).

Proof. According to Corollary 5.2, we have that 8*f(%0) = 0*(f + d)(x|0). Then by Theorem 2.12, the result
follows. o

Corollary 5.4. Suppose that the function f : R” — R is C?-partly smooth at the point X relative to the C2-smooth
manifold M and both prox-regular and subdifferentially continuous at ¥ for ¥ € ri df(x). Let f(x) = f(x) — (¥, x).

Then L s ) i
O f(EP)(w) = { Z f%{(::);v T+MA([/)"C\;FX) or T

Proof. First note that
0% F(F10)(w) = O*(f — (¥, N(FO0)(w) = &> F(x[7)(w) for all w.

Furthermore, we know f is partly smooth at X relative to M and both prox-regular and subdifferentially continuous at
X for 0 € ri f(X). According to Theorem 5.3, we have

V2 S@w + N (%) for w € Ty(%)

2 0515 = f(x =
0" f(x)(w) = 0° f(X0)(w) = { 0 for w ¢ Tp(X).

Without subdifferential continuity, the above result will fail in general.
Example 5.5. Define the function f : R — R as follows:

1 x€(-00,0)
x x€][0,0)

f(x)={

It is easy to check that f is prox-regular at 0 with O € ri df(0), and partly smooth relative to the manifold M = {0}.
However, the function f is not subdifferentially continuous at 0 for 0 € df(0). Then gph df # gph d(f + o) locally
around (0, 0).

Note Corollary 2.9 gives a more concrete description of the generalized Hessian in terms of a smooth representative
of f and smooth equations for M. Next, we will use Theorem 5.3 to calculate the generalized Hessian mapping for
the maximum eigenvalue function. We will use U/-Lagrangian in this example. Let’s introduce the definition first. (cf.

[10D).

Definition 5.6. Suppose a convex function f : R” — R is C2-partly smooth at a point ¥ relative to a C2-smooth
manifold M. Let U(x) = Tp(x) and V(X) = Np(X). Given g € df(X), then the U-Lagrangian of f is the function
LZ;I()"C; 2;") : U(X) — R defined by

LL()E; gu) = infepm{ fE+u+v)—g'v).
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Let g4/(%) = Vpf(¥). According to [10], we have g¢/(¥) = V, L} (%; g/(%);0) and V2, f() = V2, L] (%; g0(%); 0).

Example 5.7. Let $" be the space consisting of the n-by-n real symmetric matrices. Suppose the function 2;(X) :
3" — R maps every real symmetric matrix to its maximum eigenvalue. According to [8, Exp. 3.6], we have the
following results:

1. A4; is partly smooth relative to the manifold

M, ={X e 3" : 2(X) has multiplicity m } (1 <m < n).

2. A; is a finite-valued convex function. Hence A, is prox-regular and subdifferentially continuous everywhere.

3. There is an nxm matrix Q(X), depending continuously on X € M,,, whose columns are a basis for the eigenspace
of X corresponding to 4;(X), and then we have

O(X){W € §™ : trace W = 0}Q(X)T,
QX){W € 8" : trace W = 1}Q(X)T,

Nm, (X)

m

1 (X)

where 37 denotes the positive semidefinite matrices.

Now suppose X € M,, and G € ri 84;(X). Let u(X) = 1;(X) — (G, X). According to Theorem 5.3, we have

V2, u(ROW + Ny, (%) for W € Ty
0 for W ¢ Ty (X).

m

,(X)

P (XIG)(W) = *uX|0)(W) = {

By definition
LfL'l()_(;G; U) = infyeqpg{ (X + U + V) —(G, V) } for U € Ty, (X), V(X) = Ny, (X).

m

Since 0 € u(X), we have V q u(X) = 0 and
L4 (X;0;U) = infyeypy{ WX + U+ V) = (G, X + U + V)} for U € Tay, (X), V(X) = Ny, (X).

m m

Note that L (X;0; U) = Lj}(X;G; U) — (G, X + U). Then we have VA X)) = Vi, L,(X;0;0) = V2, L(X; G 0).
According to [15, Thm. 4.12], we have
ViuL(X;G;0) = projz,, (x)© H(X,G) o Proj; ()

where H(X, G) is the symmetric linear operator on $" defined by

H(X,G) Y = GY[4(X)1, - X]" + [4,(X)1, - X]'YG forall Y € $".

([A1(X)1, — X]" is the corresponding generalized inverse.)
Forall W e Ty, (X), we therefore have

HX,G)-W =GW[A,(XI, - XI" + LX), - XTTWG.
Hence we have

GWIAL XL, = X' + [ (X, — XTTWG + Ny, (X) for W € Ty, (X)

2 7 ~ p—
" L(XIGYW) = { 0 for W ¢ T, (X).

6 Stability and partial smoothness

The following theorem in [18] gives a generalized Hessian characterization for tilt stability.



Theorem 6.1. For a function f : R" — R having 0 € df(x) and such that f is both prox-regular and subdiffer-
entially continuous at ¥ for 0, the point X gives a tilt stable local minimum of f if and only if the mapping 4> f(%/0) is
positive definite in the sense that

(z,w) > 0 whenever z € 8 f(x/0)(w), w # 0.
In this case, the mapping M from Definition 2.1 and (0f)! have locally identical graphs around the point (0, X).

Proof. See [18, Thm. 1.3]. ]

With the assumption of Theorem 6.1, suppose in addition that f is C>-partly smooth at X relative to the C>-smooth
manifold M. Then, by combining the result above with our Hessian calculations in the previous section, we easily
deduce the equivalence of the following properties.

(a) The point X is a tilt stable local minimum of the function f.
(b) The point X is a tilt stable local minimum of the function f + d .
(¢) The point X is a strong critical point of f relative to M.

To see this note that 6% f(#0) = 0*(f + o) (xl0) by Corollary 5.2, so (a) and (b) are equivalent by Theorem 6.1. We
also know that (b) is equivalent to 0%( f + dpm)(x]0) being positive definite, which is also equivalent to

(VEL(Z)w,w) > 0 for any 0 # w € T (%)

with L the Lagrangian of Corollary 2.9. This in turn is equivalent to X being a strong critical point of f relative to M,
according to [8, p. 25]. Therefore the result follows.

With a little extra care, we can dispense with the assumption of subdifferential continuity. We use the following
easy tool.

Proposition 6.2 (Local minimizers and perturbation). Suppose the point X gives a tilt stable local minimum of the
function f : R” — R. If a sequence of points v, € R” — 0, the mapping M in Definition 2.1 satisfies

M(vy) — X and f(M(v)) — f(%).

Proof. Since M is Lipschitz at O, then x; := M(vy) — X. Note f(x) > f(¥) for any X # x € Bs(X). Suppose
f(xx) — f(%)isnot true. Without loss of generality, we can assume that there exists an € > 0 such that | f(x;)— f(%)| > €
for all large k. Since X is a strict local minimizer, then

) > f(X) + e

Take limits on both sides. We get
liminfy e f(xi) 2 f(X) + €,

which is contradictory to the fact that f(x) is locally L.s.c at X. Therefore f(x;) — f(X). O
We now have our main result.

Theorem 6.3 (Strong criticality point and tilt stability). Suppose the function f : R" — R is C2-partly smooth
at the point ¥ relative to the C?-smooth manifold M, and prox-regular at % for O € ri 9f(%). Then the following are
equivalent

(a) The point X is a tilt stable local minimum of the function f;
(b) the point X is a tilt stable local minimum of the function f + 4;
(c) the point X is a strong critical point of f relative to M,

(d) the function f grows quadratically near Xx.



Proof. By Proposition 4.13, we know (c)&(d). Since f + d ¢ is both prox-regular and subdifferentially continuous at
x for 0, then we know that
(VZL(Z)w,w) > 0 for any w € Tp(X)

by Theorem 6.1. This is also equivalent to X being a strong critical point of f relative to M by previous argument.
Therefore (b)&(c). Since f is partly smooth at X relative to M and prox-regular at X for O € ri df(%), then for any
(X, vi) — (%,0) with v € df(x), we have xp = M(v;) and f(x;) — f(X) for large k by Proposition 6.2. Hence
Xy = M(vy) € M for all large &, according to Theorem 4.10. Therefore for all large k, we have

My = argmin | { f) — f() — (o x— B) )

= argmin s ( FO0) + () — F(R) — Sp(®) — (v x — B ).

Hence the point X gives a tilt stable local minimum of f if and only if X gives a tilt stable local minimum of f + d (. In
other words, we have (a)<(b). Then the theorem follows. m]

Note that it is possible to give a direct proof of the above theorem without using generalized Hessian mappings.

7 Strong metric regularity and tilt stability

In this section, we first note that tilt stability is equivalent to “strong metric regularity” of the subdifferential.'

Definition 7.1. A set-valued mapping S : R" =3 R” is strongly metrically regular at X for v if S ! has a Lipschitz
continuous single-valued localization around v for X. (cf. [4])

Proposition 7.2 (Strong metric regularity). Suppose the function f : R” — R is locally lower semicontinuous at
X. Then the following are equivalent:

1. The point X gives a tilt stable local minimum for the function f.

2. The point X is a strict local minimizer of the function f and the subgradient mapping df is strongly metrically
regular at x for 0.

Proof. (1) = (2) Suppose the point X gives a tilt stable local minimum to the function f. Then we know
M) : v argmin,_g sl f(x) — f(%) = (v, x = %) }

is single-valued and Lipschitz continuous on around 0 with M(0) = %. Note that M(v) = (0f)"'(v) N B;(X), where
Eg()"c) ={x]||x— Xl <6}, forany v close to 0. Hence 9f is strongly metrically regular at x for 0.

(2) = (1) Since X is a strict local minimum , then there exists a 6 > 0 such that f(x) > f(x) for any X # x € E(;(J_C).
We claim that if vy — 0 and x; minimizes f(x) — (v, x) over Bs(X), then x; — . Suppose the claim is not true. Then,
there exists an € > 0 such that there are sequences vy — 0 and x; minimizing f(x)— (v, x) over Eg()_C) with |x; — X| > €.
So

SO) = e x1) < f(2) = (v, X).

Without loss of generality, choose a subsequence of x, which converges to %. Since f is locally lower semicontinuous
at x, we have

J(®) < f(x)

by taking limits on both sides. We get a contradiction. Next we define the following mapping
M) : v argming,_gs{ f(x) = f(X) = (v, x = %) } with M(0) = &.

According to the claim, we know that M(v) should lie in the interior of Bs(x) for small v. Therefore M(v) are also
critical points of f(x) — (v, x) for all small v . Since Jf is strongly metrically regular at ¥ for 0, then M(v) is single-
valued and Lipschitz continuous around 0. Therefore X gives a tilt stable local minimum of the function f. O

! After completing an initial version of this work, the authors became aware of recent work analogous to Proposition 7.2 below-see [14, Cor.
5.31.



[1] showed that for a proper lower semicontinuous convex function in a Hilbert space, the strong metric regularity
property of its subdifferential is equivalent to a quadratic growth condition involving the function.

Theorem 7.3. Suppose f : R* — Risa proper lower semicontinuous convex function. Then df is strongly
metrically regular at x for v if and only if there exist neighborhoods X of x and V of ¥ and a positive constant ¢ such
that, for any v € V there is ¥ € R” such that 8! f(v) = {¥} and

fx) = f(X)— v, X—x)+clx - %*> whenever x € X.
Proof. See [1, Cor. 3.9]. ]

Theorem 6.3 shows that tilt stability is equivalent to a quadratic growth condition for prox-regular and partly
smooth functions, which is also equivalent to the strong metric regularity of the subdifferential by Proposition 7.2.
On the other hand, Theorem 7.3 implies that strong metric regularity of the subdifferential is equivalent to a quadratic
growth condition, for convex functions. In this sense, Proposition 7.2 is an analogue of Theorem 7.3 for a broader
class of functions.
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